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Abstract

Fourier series are a central topic in
the study of differential equations.
However, it can be difficult to gain
an intuition for these mysterious
decompositions. We will explore
how Fourier series naturally appear
in representation theory, and how
they can be used to solve differential
equations. Generalizations of our
techniques compose an extremely
interesting field known as harmonic
analysis.



Motivation
Gelfand's Program

Let G be a topological group acting on a topological space X.
Example:

G = GL(n,R), X ={X:Xis a lattice in R"}
G=UQ1)={zeC:|z|=1}, X=G
G=R, X=G

Answer questions about X by understanding the group action.
Problem: this is hard
Solution: linearize



Motivation

Gelfand's Program

Find a nice Hilbert space H related to X'. For example, a
function space on X. If G preserves a measure on X', we can
take H = L?(X). G will now act on H, and here we can make

use of linear algebra and analysis.



Motivation
Gelfand's Program

If our choices are made well, G will act on H by unitary
operators

7:G— UH)

Gelfand's program says that questions about X" should be
reformulated as questions about the representation of G on H,
where we can use tools from linear algebra.



Motivation
Linear Algebra

Definition

Suppose G is a topological group. A unitary representation of
G is a pair (7, H) consisting of a complex Hilbert space H,
and a homomorphism

7:G — Autc(H)
so that each operator 7(g) is unitary and

GxH — H
(g,v) = m(g)v

is continuous.




Motivation
Linear Algebra

We can think about a representation as a group action of G
onH, G OH.

Definition

An invariant subspace of the representation is a subspace W
of H which is preserved by all operators 7(g) (7(g)W C W).

Definition

A representation (7, ) of a group G is irreducible if there are
no non-trivial, proper, closed, invariant subspaces of H.




Let X be a Riemann manifold, G be a group, and D be a self
adjoint differential operator on W*?2(X’). Suppose L?(X) is a
representation of G, and D commutes with the action of G on
W*2(X). Then ker(D) is a representation of G.



Heat Equation

The heat equation describes the dissipation of heat through a
material. Mathematically, the heat equation is

7y _ou
1(9x,-2_8t

1=

where v is a function of x1,--- , x, and t.



Heat Equation on a Circle

Consider a circle.
51 .

If we want to study how heat would dissipate through a circle
like this, we need to solve

0%u _ Ou

9~ ot (1)

we will denote equation (1) by ugg = u;. This is equivalent to
finding the kernel of the operator ugg — u; on H, where H is a
suitable function space (L2, differentiable, etc) on S x R.



Heat Equation on a Circle

Let G be a group of symmetries of St x R.
G=UQ1)xR={(e’x):0c]0,2r), xeR}

G acts on S! by rotation and R by translation. This leads to a
unitary representation of G:

T G — U(L*(S* x R))
T (g)f(x) =f(g7"x)

forxc S! xR and g € G.



Representation Theory

Theorem (Peter-Weyl)

—

L2(51) ~ Cein&

nez

as representations of U(1). Therefore, any f € L%(S!) can be
written as an infinite sum

f(0) = Z c,e™

nez

This is called the Fourier Series of f.



Representation Theory

Question

How do we find the constants ¢,?
Projection formula:

<f7 ein9> inf
Hein9H2

27
(2 o)
1 2 —in inf
= (%/0 f(¢)e ¢d¢)e

So we have a formula for the constants:

PrOjeine ( f) =

1 2w

f(¢)e " do

Cn



Representation Theory

Theorem (Peter-Weyl)

—

[(R)= [ Ce**
EER

as representations of R. Therefore, any f € L?(R) can be
written as a direct integral

f(x):/ cee’t
¢eR

This is called the Fourier Transform of f.



Spectral Theory

Heat Equation on a Circle

Representation theory tells us we can get a basis for this space:

[*(S' x R) = / Ce giét
(n&)eZxR
Since our operator ugy — u; is self adjoint and commutes with
the action of G, the eigenspaces of ugg — u; will be preserved
by G. So finding the zero eigenspace of ugy — u; reduces to a
simple calculation.



Spectral Theory

Heat Equation on a Circle

(ugg — up)e™e®t = 0
_nPeimeit _ jcgingitt

—n*—if =0

— £ = in?

Therefore, solutions of the heat equation on the circle can be

written as
E :Cn inf —n t
neZ



Motivation
Gelfand's Program

For example, let X be a pseudo-Riemannian manifold, and G
be a group of isometries of X'. Under suitable conditions, the
Laplace-Beltrami operator —V2 on X’ is self adjoint. In this
case, G will preserve the spectral decomposition of —V?2.
Conversely, if the action of G is transitive, then any
G-invariant subspace of L2(X) will be preserved by —V?2.
Therefore the problem of finding the G-invariant subspaces of
[2(X) is a refinement of the spectral problem of —V? on X'



Representation Theory

Question

What functions, f, have the property that

for some g : St — C.

Answer:
If £(§) = ™ for an integer n € Z, then

£(6) = €04 = e — g(0)f(0)



Representation Theory

Theorem (Peter-Weyl)

—

H= Ce'm

nezZ

We can write a generic initial condition as a linear combination
of basis elements e?:

f(0) = Z c,e™

nez

This is called the Fourier Series of f.



How do we find the constants c,?

« =

DA



Representation Theory

Question

How do we find the constants c¢,?
Projection formula:

Projane () =



Representation Theory

Question

How do we find the constants ¢,?
Projection formula:

<f7 ein9> inf
Hein9H2

27
(2 o)
1 2 —in inf
= (%/0 f(¢)e ¢d¢)e

So we have a formula for the constants:

PrOjeine ( f) =

1 2w

f(¢)e " do

Cn



Heat Equation on a Circle

Now we want to solve ugy = u; with initial condition
u(6,0) = e,



Heat Equation on a Circle

Now we want to solve ugg = u; with initial condition
u(6,0) = e Let us take a guess that the answer will look

something like _
u(f,t) = e™g(t)

where we need to determine the function g.



Heat Equation on a Circle

Let us take a guess that the answer will look something like
u(f,t) = eg(t)

where we need to determine the function g. Solving a
differential equation with this method is called separation of
variables. If we plug our guess into the differential equation we
get
_n2€in9g(t) =y = U= eineg/(t)
_n26in9g(t) _ eineg/(t)
—-n’g(t) = g'(t)



Heat Equation on a Circle

Let us take a guess that the answer will look something like
u(f,t) = e"g(t)

where we need to determine the function g. Solving a
differential equation with this method is called separation of
variables. If we plug our guess into the differential equation we
get
_n2ein9g(t) =y = U= eineg/(t)
_nZeian(t) o einag/(t)
—n’g(t) = g'(t)

So in order to find g(t), we just need to solve the ordinary
differential equation.



g'(t)
dg
dt
dg

—n’g(t)

—nPdt




Heat Equation on a Circle

g(t) = —n’glt)
g — _n2g
dt
d,

% _ —n’dt
g
1

/—dg = /—nzdt

g

In(g) = —n*t+c
gty = Ce

From our separation of variables assumption, we know that
u(,0) = e g(0) = e, so g(0) = 1 implies that C = 1.



Heat Equation on a Circle

Now we can state the solution to the heat equation on a circle
with initial condition u(f,0) = e™:

(9 t) ln@ 7n t



Heat Equation on a Circle

Now we can state the solution to the heat equation on a circle
with initial condition u(f,0) = e™:

u((g’ t) — einGefnZt

We can extend this solution to a solution for any initial
condition f(6) with the Fourier series.



Heat Equation on a Circle

Now we can state the solution to the heat equation on a circle
with initial condition u(f,0) = e™:

u(f,t) = et

We can extend this solution to a solution for any initial
condition f(6) with the Fourier series. If

f(9) = Z cpe™

nez

then the solution to the heat equation with initial condition
f(0) will be a linear combination of solutions of the heat
equation with initial conditions e



Heat Equation on a Circle

We can apply the principle of superposition to get the solution
to the heat equation with initial condition f(6)

u(d,t) = Z creMe ™t

nez



Heat Equation on a Circle

We can apply the principle of superposition to get the solution
to the heat equation with initial condition f(6)

u(d,t) = Z c,eMe "t

neZ

Now we need to note that the right hand side of the equation
has real and imaginary values. The real values are what we are
interested in, because they tell us what the temperature is at a
given location and time.



Heat Equation on a Circle

A small calculation gives us

R(u(d,t)) = co+ Z ap sin(2mnd) + b, cos(2mnb)

n=1

2
= f(o)d

G /0 (¢)d¢
27

a, = 2/ f(¢)sin(2mng)deo
027r

b, = 2/ f(¢) cos(2mng)d¢
0

This is called the general solution to the heat equation.



Heat Equation on the Torus

Ug, 0, + Ug,0, = Ut

92 62

D

\—/
01

Now we can use two different rotational symmetries to find a
basis for the space of functions on the torus.

f(¢1,¢2)(01’ 92) = f(01 + Cbl, 0> + sz)



Representation Theory of T2
Find a basis of L?(T?)

Which functions have the property that

fl1,60)(01,02) = F(01 4 ¢1,02 + ¢2) = g(b1, D2)f (61, 02)



Representation Theory of T2
Find a basis of L?(T?)

Which functions have the property that

f(¢17¢2)(017 92) = f(91 + ¢1, 02 + ¢2) = g(¢17 ¢2)f(917 92) (2)

Answer:
If n,m € Z, then

f(el’ 92) — ei”91 eim@g

satisfies (4). So we want to solve our PDE with initial
conditions u(fy,0,,0) = e ¢im?:



Heat Equation on the Torus

Again, let us assume that our solution will have the form
u(fy,05,t) = eMrem2g(t).



Heat Equation on the Torus

Again, let us assume that our solution will have the form
u(fy,05,t) = erem2g(t). Then

u9191 _'_ U9292 - Ut
(_nQeineleim92 _ m2eineleim92)g(t) _ ein91eim92g/(t) = u,
(=n* —m’)g(t) = g'(t)

—n?t _—m?t

g(t) = e "'e



Heat Equation on the Torus

Again, let us assume that our solution will have the form
u(fy,0,,t) = erem2g(t). Then

. . . u91€1 + Uge, = Uf .
(_nZemGl e/m92 . m2em91 elm92)g(t) _ em91 elm92g/(t) = u,
(=n* —m?)g(t) = g'(t)
g(t) — efn2tefm2t

So our general solution has the form

. . o, 2
U(01,92,t) — § E :Cn7me/n91e/mﬁge nte m-t

n€Z meZ

2 27
Cn,m = 47T2 / 91, ) —inf, ef'm92d91d92



Representation Theory

Fourier Transform

Instead of the circle, consider functions on the line R:

R

Now we have the symmetry



Representation Theory

Fourier Transform

R

Question: When does f have the property



Representation Theory

Fourier Transform

R

Question: When does f have the property

Answer: If f(x) = e'**, then
fc(X) — eig(xfc) — eficﬁeicx — g(C)f(X)

for any £ € R.



Representation Theory

Fourier Transform

So if f(x) € L*(R), then

f(x) =) _c(§)e™ = / c(&)e*d¢

£eR

where c(£)e®* is the projection of f(x) onto e’**:

c(§) Z/f(X)e"fxdx

for any ¢ € R.



Spectral Theory

Heat Equation on a Circle

Instead of looking at the space of initial conditions, let us
think about the space of all functions whose domain is a point
on the circle and a time (square integrable, differentiable, ...).



Spectral Theory

Heat Equation on a Circle

Instead of looking at the space of initial conditions, let us
think about the space of all functions whose domain is a point
on the circle and a time (square integrable, differentiable, ...).
We will call this space of functions H.



Spectral Theory

Heat Equation on a Circle

Instead of looking at the space of initial conditions, let us
think about the space of all functions whose domain is a point
on the circle and a time (square integrable, differentiable, ...).
We will call this space of functions H. So if u solves our
differential equation, then u(0,t) € H.



Spectral Theory

Heat Equation on a Circle

Representation theory tells us we can get a basis for this space:
T EB Cein gitt
EER,nEZ

Question: Which of these basis elements actually satisfy our
differential equation?



Spectral Theory

Heat Equation on a Circle

Representation theory tells us we can get a basis for this space:

1 =~ @ Cein gitt

EER,NEZ

Question: Which of these basis elements actually satisfy our
differential equation?
Answer:

_nZemGe/ft — ,-gemee,gt
—n® =

— ¢ = in?



Spectral Theory

So any solution to the differential equation can be written as a
linear combination of basis elements which satisfy they
differential equation.

u(, t) = @ creMe ™t
neZ

This is the answer we got before! But we never used
separation of variables.



Dirac Equation

Dirac equation on R3 x R:
9 9
. . _ 2
/hfyoa — ihc jEZl fyja—xj = mc*/

We can generalize this to a differential equation on a general
Lie group and study the space of solutions in terms of
representation theory.



