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Problem 12.1
(a) Let R be a commutative ring with unit 1z and let  be a directed poset. Show that if

is a short exact sequence of directed systems of R-modules indexed by I, then the sequence
of R-modules

O%MAithBith@%O
is short exact.

Note that this implies that the direct limit of a directed system preserves kernels and
cokernels.

(b) Prove that if (A;);es is a directed system of chain complexes, then

li H,,(A;) = H, (lim A;).

Problem 12.2
(a) Let X be path-connected and non-compact and let G be an arbitrary abelian group.
Compute H(X; Q).
(b) Show that
H}YX xR™G) = H™(X;G) Vm <n.

Which earlier result in the lectures does this resemble closely?

Problem 12.3

Let M be a compact connected orientable 3-manifold without boundary. Suppose that the
fundamental group (M) is known. Determine the homology groups H,(M) as explicitly as
possible from this information.



Problem 12.4

We define the m-dimensional halfspace
™= {(z1,..., ) ER™ |z, <0}.

As a subset of R™, its topological boundary OR™ consists of those points with x; = 0.

An m-dimensional topological manifold with boundary is a Hausdorff space M with a count-
able basis of its topology, together with homeomorphisms ¢;: U; — V; with the following
properties. We have U; C M and V; C R™ are open, and (U;);c; forms an open cover of M.
A point z € M is called a boundary point of M if there is a homeomorphism ¢: U — V with
U C M open, z € U, V C R™ open, and p(z) € OR™. The set of boundary points of M is
denoted by oM.

Compute the following boundaries of topological manifolds with boundary:
9([0,1]) and ([0, 1] x [0, 1]).

o(D? x S').
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J(D? x D) and 9(D? x D?).

C

e) O(S! xSt \]D)Z) i.e. determine the boundary of the complement of an open disc in a 2-torus.

)
)
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(d) 9S" and ORP™.
)
f)
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(f) O(M x N), where M and N are manifolds with boundary.



