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Liouville equations for many-particle systems
Consider N particles dynamics: (X§, Vi) are random variables

d(f( Vi (Velocity)
d‘? = Fi(Xi, X{, Vi, Vi) (Interacting force).

We use fy to denote the joint distribution on the phase space R®V, and it
is constant along the trajectories of the system (Liouville's theorem in
statistical mechanics), namely,

N
dd—?_af"’ va,f,\, Vi 4+ Zvv,f,\, Fi

Liouville equations describe evolutlon of the joint dlstrlbutlon of N
particles. If we further assume particles are identical, then its solution’s
marginal gives one-particle distribution (m-particle, for fixed m € N)

fa 1 :/fN dv?dx?- - dvNaxN, fy ., = /deV’"H dx™ L. quN dxV.

0=
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Liouville equations for many-particle systems

For stochastic system, the Liouville equation is often given by It6's
formula, for test function ¢y on ROV

/aprN(t, dxt, dvl, ..o dxN dvN) =B fen(XE VE, L XN v |

The Liouville equation is a Fokker-Planck equation (Kolmogorov forward
equation), 0:fy = Lnfy. The solution is a probability measure containing
statistical information of N-particle system.

Question: What can we know from the Liouville equation? How does
the information pass to one-particle distribution when N is very large?

Heuristically, from Liouville equation 9:fy = Lyfy to limiting one-particle
distribution 0;f = OQf 7 as N — 00, we expect:

@ High-dimensional — Low-dimensional
@ Linear — Nonlinear
@ Nonlocal — Local
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BBGKY-hierarchy method

How to connect a high-dimension linear Liouville equation 0:fy = Lnfy
with a low-dimension limiting nonlinear equation 0,f = Qf ?
A systematic approach:
1. Dimension reduction: to get BBGKY (finite) hierarchy for
m-marginals (m=1,2,...,N —1)

Oify 1 = /L,Vf,v dx®dv?... dxNdvV = £y(fn 1) +/£2(f,v,2)dx2dv2,-..
2. Pass to the large N limit: to get infinite hierarchy (existence)
Oefy :£1(f1)+/£2(f2)dx2dv2, Oefy = £2(7‘2)+/£3(f3)dx3dv3,~~
3. A natural solution of the infinite hierarchy given by 9,f = Qf that
Ou(F)*™ = L ((F°7) + / Lo (P20 et aym,

4. Show the uniqueness: the unique solution of the hierarchy is given as
tensorisation A =f, h=FfQFf, ..., fn=(F)"".
5. Conclude the scaling limit that fy , — fom as N — co.
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BBGKY-hierarchy method

Idea:

Liouville equation — BBGKY hierarchy — infinite hierarchy — nonlinear PDE

Implementation: classical and quantum

Lanford ('75), Kings ('75), Gallagher-Saint-Raymond-Texier ('13):
Boltzmann equation from Boltzmann-Grad scaling

Erdos-Schlein-Yau (06',07"): Schrodinger equation from a moderate
scaling

Erdos-Schlein-Yau (10'): Gross-Pitaevskii equation from the local
interaction scaling

Mischler-Mouhot (13'): space-homogenous Boltzmann equation from
mean-field scaling

Chen-Holmer (23'): Boltzmann equation from weak-coupling scaling

Bresch-Jabin-Soler (24'): Vlasov-Fokker-Planck equation from
mean-field scaling
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Space-homogeneous Landau equation
Consider the 3D space-homogeneous Landau equation
o.f = Q(f), £(0) = fC,

which represents the density in the velocity of some kind of gas molecules
in a plasma, where the collision operator is given by

o(f) :divvl/ A(V* — v2)(F(v2)vV1 F(vt) — f(vl)vv2f(v2)> dv?
R3
=div [(Axf)VF— (Bx«f)f],
with the matrix A and the vector B given by

zZ® z

— +2
A(z) = 12204 =

), B=divA = —-2z|z|7.

v € (0,1]: Hard potential;

~v = 0: Maxwellian molecules;

v € [-2,0): moderately soft potential;
v € [-3,—2): very soft potential;

v = —3: Coulomb potential.

® 6 6 6 o
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Space-homogeneous Landau equation

Here, we focus on the Kac particle dynamics for the space-homogeneous
Landau equation: In the spirit of Kac ('56), Miot-Pulvirenti-Saffirio ('11)
analyses the Liouville equation

Oty = 7y Xy (divy — ivy) [A(V = ) (V0 = V,) ]

while Carrapatoso ('16) constructs a corresponding stochastic particle
system:

, Y . , N ol ,
Vi = 3 S0, B(Vi — Vi)t + /3 S A (V] — Vi) azl,
where the matrix A and the vector B given by

z®z)
|22 7

A(z) = |z|72(I1d — B = divA = —2z|z|", ~€[-3,1],

with the 3D-Brownian motions are anti-symmetric such as for i < j,
ZY = W/ while Z}'' = —W,’, and initial data are i.i.d. Law(V{) = fO.
Conservation:

1 i _ 1 ' 1 i2 _ 1 |2

ni Vi= w22 Voand i ) (Vi = 5 2 Vol as.
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Marginals and hierarchies
Liouville equation for Kac particles:

Oefn = iy Yy divyi_ys [A(V = V)V i yifn]
BBGKY hierarchy: (V,i_, :=V,i—V, div,i_, :=div, —div,)
at’L—N,m = % Z diVVi,Vj [A(Vi — V‘j)vvifvj fN,m]

i#j<m
N=m Zm:divvf/ [A(vi — V™YY i mia fy m+1] dvm™tt
NI R ’

Landau infinite hierarchy:

Otfm = Zdivv,- [/3 A(vi — vmth (Vyi_ymiifmi1) dvm"'l} ,
i=1 R

Landau equation:

O:f = div [/R3 AVt = vV (F(VDF(VP)) dvz} .

+
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Weak form of the Liouville equation
Let fy(0) = (f°)®N, for any T > 0 and any test function oy € CZ(R3V),
it holds (dVy = dv!--- dvV)

/ onf( )va—/ on (FO2N dvy
R3N 3N

NZ/ /3NA(V (VV'V’SO’V VEiVJQON)deVth
R

i#
N Z/ /R3N V — VJ (VviQDN — vvj(p/\/)f/\/ dVN dt,
i#j
where
RHS < N||V2pp|| oo fOT Jgo VY = V22T fy o dv dv2 dt.
Then,

e For hard potential v € (0,1], it needs fy» € L! with higher moment
estimate (>2+7);
@ For very soft potential v < —2, we need higher integrability (> %)
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Assumptions for initial data
We assume the initial data satisfies the following two groups of conditions
Assumptions for hard potentials

1. f9 ¢ [}(R3), and it is supported in the ball centred at the origin and
with radius rp.

2. Finite entropy: H(f°) = [ f°log 0 < +o0.

Assumption for soft potentials

1. f9 € L1(R3) with finite energy:

/ f©=1, and / fOlv|? < 4o0;
R3 R3

2. Finite entropy: H(f°) = [gs f0log 0 < +o0;

3. Finite Fisher information: Z(f°) = [ps f°|V log f°? < +oc.
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Liouville equations with hard potentials [Guo 25+]

For v € (0, 1], under the assumption for hard potentials (compact
support+finite entropy), we have:

Proposition 1

Decay of entropy: -4 [oan fiv log fiy < 0.

Proposition 2

Propagation of the exponential moment uniformly-in-time uniformly-in-/\:

_4_
SUP;c[0,00) Jps €XP (froﬁ|‘/1|"’+2) fva(t, vt)dv! < oo

Relies on a sharpened version of Povzner's inequality + cut-off in time.

Proposition 3 (Existence)

For any fixed m € N and any T > 0, as N — oo,
fum — fm weakly in  L}([0, T] x R®*™) up to a subsequence,

where f,, is a weak solution and propagates exponential moment. 1/1




Uniqueness of solutions of hierarchy
Proposition 4 (Stability estimate)
For any t € [0, T], any 0 < 1 < 1, it holds

W3 (Fn(t), FEM(£)) < Cm(1 + T) (mW3(°, 7)) "

Construct corresponding SDE hierarchy up to level n (large) and couple it
with independent particles:

un(t) = DI E | U= OiF] . umea(t) = 75 E [|UE - i)

To get inequality hierarchy for large cut-off R (m < n—1) by It6's formula,

Combinatorics [Lacker 23'], for fixed m and arbitrarily large n (consistency)
W3 (£a(T), FE™(T)) < um(T)

_ Y Yy
SWR(F0, ) mexp(GLRTT) + C2Texp(C3R4 T)m n Csexp(GsRYT)
exp[CR7+2] n
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Existence + Uniqueness = Mean-field limits

N-particle Liouville equation:
Oify = ﬁ Zi;ﬁj divyi_y; [A(Vi - Vj)vvfvafN] . fu(0) = (FO)=N.
Space-homogenous Landau equation with hard potentials: v € (0, 1]
O f = divyr [ [ AV — V) Ve (F(V)F(V2)) dv?],  £(0) = fO.
Landau infinite hierarchy:
Otfm = S04 divyi [ fos A(V = v ) (V iz ymia Fpy1) dv™]
Under assumption f € L' N Llog L with compact support, we have:

Theorem 1 (Well-posedness of hierarchy) [Guo 25+]

For any fixed m € N, there exist a unique weak solution f,, of the Landau
hierarchy, which is given in tensorised form as f,, = f®m In particular, for any
t >0, Wa(fi(t), F®™(t)) = 0.

Theorem 2 (Mean-field limits) [Guo 25+]
The propagation of chaos holds fiy , — f&™ in L}([0, T], P(R3™)), as N — cc.
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Liouville equations with soft potentials [Carrillo-Guo 25']

Under the assumption for soft potentials (finite energy/ entropy/ Fisher),
we have:

Proposition 1

Decay of Fisher information:

d1

—— fy log fy|? < 0.
QEN Jran n|V log fy]” <

Two-particle Fisher [Guillen-Silvestre 25'] + Three-particle Fisher

Theorem 3 (Existence)

For any fixed m € N and any T > 0, for all t € [0, T], as N — oo, it holds
fu.m — fm  strongly in  L([0, T] x R®™) up to a subsequence,

where f,, is a weak solution of the hierarchy with the finite Fisher
information.

We obtain by embedding, for example, f; € L3~ (R3).

14 /17




Uniqueness of solutions of hierarchy for soft potentials
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Uniqueness of solutions of hierarchy for soft potentials

77
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