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Given (M, g), (N, h) two (closed) Riemannian manifolds,
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E(u) :=
1
2
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M
|du|2g ωg , |du|2g := g ij∂iu · ∂ju

Here u : M → Rk with u(x) ∈ N for any x ∈ M (N is compact,

use Nash’s isometric embedding N ↩→ Rk) with

u ∈ H1(M;N) :=
󰀋

v : M → Rk : v ∈ H1(M;Rk ), v(M) ⊂ N
󰀌
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Pu (−∆u) = 0, Py : Rk → Ty N, ort. proj.
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A being the 2nd fundamental form of the embedding N → Rk.

Examples:

N = R or Rk, harmonic functions are harmonic maps

N = S2 and M a surface, the Gauss map is an harmonic
map iff M has constant mean curvature.
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󰀌
.

Or, equivalently

−∆u = g ijA(u) (∂iu, ∂ju) ,

A being the 2nd fundamental form of the embedding N → Rk.

Extensively studied in the last 60 years: Morrey, Eells,
Sampson, Schoen, Uhlenbeck, Simon, Giaquinta,
Hildebrandt, Jost, Hardt, F.H.Lin, Evans, Hélein,
Béthuel, Rivière...
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Problem: Given ū : M → N, we look for an harmonic map
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The heat flow of harmonic maps

Problem: Given ū : M → N, we look for an harmonic map
u : M → N in [ū], i.e. the homotopy class of ū.

”Deform” ū via the L2-gradient flow of E, namely

󰀫
∂tu −∆u = g ijA(u) (∂iu, ∂ju) in M × (0,+∞)

u(0) = ū on M.

If KN ≤ 0 (Eells & Sampson, Hartman, Hamilton...)

unique smooth global solution with u(t) t→+∞−−−−→ u∞
harmonic map with u∞ ∈ [u0].

If KN > 0 (Struwe, Chen & Struwe, Chen & Lin...)

Global weak solution that is partially smooth
Singularity formation analysis, finite time blow
up...
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ξ ∈ ∂E(u) iff lim inf
v→u

E(v)− E(u)−
󰁕

M ξ · (v − u)ωg

󰀂v − u󰀂 ≥ 0.

To be precise, ∀v smooth

P·(−∆·) : D → L2,

󰁝

M
Pu(−∆u) · v ωg =

󰁝

M
∇u : ∇Puv ωg .
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When KN ≤ 0 the energy E and

d2(u, v) :=
󰁝

M
d2

N(u(x), v(x)) ωg , dN geod. distance in N

are convex (along geodesics in L2(M;N)).

Then, for any given u0 ∈ H1(M;N) there exists a unique
solution of the gradient flow (Mayer (1998), Ambrosio &
Gigli & Savaré (Grad.Flows Book, 2005))

Features

PDE = limit of the minimizing movement scheme

No smoothness of the target is required

Importance of the joint convexity of E and of d2
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YES, and the proof follows by the general strategy of
Rossi, Savaré, S., Stefanelli (2019)

Weighted Energy-Dissipation principle for Gradient Flows in Metric Spaces, JMPA (2019)
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Mielke & Stefanelli (2010) ⇝ Gradient Flows in
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Rossi, Savaré, S., Stefanelli (2019) ⇝ Gradient
Flows in metric spaces

Moreover,

De Giorgi (1995) ⇝ De Giorgi’s Conjecture on
nonlinear Wave equation

Solved by Stefanelli (2010) and Serra & Tilli (2012)

See U. Stefanelli, The Weighted Inertia-Energy-Dissipation principle (2025) M3AS
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Direct method of Calc. Var. ⇝ ∃ of uε

Time inner variation ⇝
d
dt

󰀓
E(uε(t))− ε

2 󰀂∂tuε(t)󰀂2
󰀔
= 󰀂∂tuε(t)󰀂2

The Value Function Vε(ū) := minv ,v(0)=ū Iε[v ]

The Value Function satisfies the Dynamic programming
principle

Vε(ū) = min
v ,v(0)=ū

󰀥󰁝 t

0

e−
s
ε

ε

󰀓 ε

2
󰀂∂tv󰀂2 + E(v(s))

󰀔
ds + Vε(v(t))e−

t
ε

󰀦

and the Hamilton-Jacobi equation

1
2
󰀂gradL2Vε(ū)󰀂2 =

1
ε

E(ū)− 1
ε

Vε(ū) ∀ ū ∈ H1(M;N)
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󰁝 T

0
󰀂∂tuε󰀂2 dt ≤ C(T )E(ū), sup

t≥0
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Thus

uε
ε→0−−−→ u in C0([0,T ]; L2) for any T > 0,

lim inf
ε→0

Vε(uε(t)) ≥ E(u(t)) ∀t > 0.

More in general L2(M;N) ⇝ X metric space and
E ⇝ ϕ : X → (−∞,+∞] convex, l.s.c., coercive.
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uε ∈ argmin Iε[v ] = argmin
󰁝
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namely uε is a miminizing harmonic map from the cylinder
(M × R+, gε) with values in N

gε = eϕε(t)
󰀓
εg + dt2

󰀔
, ϕε(t) =

2

m − 1

󰀕
−

t

ε
−

m

2
log ε

󰀖

As such uε is smooth for any fixed ε > 0 (see Jost).

Problem: Is is possible to obtain the smoothness of the
limit FROM the approximation scheme?
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E(ū), ∀ε ≤ r2,

where Pr (z0) = Br (x0)× (t0 − r2, t0 + r2).



Our new contribution (2)

For any ε > 0 set eε(uε)(x , t) := ε
2 |∂tuε|2 (x , t) + 1

2 |duε|2g (x , t). eε(uε)
satisfies a Bochner inequality

−ε∂2
t eε(uε) + ∂teε(uε)−∆eε(uε) ≤ C eε(uε) in M × R+.

Thus, with some work (energy estimate + Moser iteration
scheme), the Harnack-type inequality

sup
Pr (z0)

eε(uε) ≤ c
󰀗

ε

rm+2 +
1
rm

󰀘
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Thus, with some work (energy estimate + Moser iteration
scheme), the Harnack-type inequality

sup
Pr (z0)

eε(uε) ≤ c
󰀗

ε

rm+2 +
1
rm

󰀘
E(ū), ∀ε ≤ r2,

where Pr (z0) = Br (x0)× (t0 − r2, t0 + r2).

Note the parabolic scaling even if the problem is
Elliptic at ε > 0.
The energy estimate is inspired by a similar one in
Audrito ”On the existence and Hölder regularity of solutions to some nonlinear Cauchy-Neumann
problems” J. Evol. Equ (2023)
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(geodesically convex).
Muratori & Savaré JFA (2020)⇝ uε satisfies the Evolution
Variational Inequality

d
dt

d2(uε(t), v) + Vε(uε(t)) ≤ Vε(v), in D′(0,+∞), ∀v ∈ D(Vε).

Therefore, when ε → 0, u is unique and verifies

d
dt

d2(u(t), v) + E(u(t)) ≤ E(v), in D′(0,+∞), ∀v ∈ H1(M;N).

Moreover u ∈ C0
t C1

x (thanks to Harnack) and is a curve of
maximal slope for E and thus
since 󰀏󰀏g ijA(u)[∂iu, ∂ju]

󰀏󰀏 ≤ C |∇u|2 ∈ L∞(M × R+),

u is smooth in M × R+.
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The E.V.I. for Vε gives, for any v ∈ D(Vε),

Vε(uε(t)) ≤ Vε(v) +
d2(ū, v)

2t
⇝ Vε(u(ε)

∞ ) ≤ Vε(v).
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Vε(v) ≤ E(v) ∀v and
1
2
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ε

⇝ A minimum of Vε is a minimum of E.

Now, for any fixed ε > 0, take tn ↗ +∞ and u(ε)
n := uε(t + tn).

Thus ∃ u(ε)
∞ such that

u(ε)
n

n→+∞−−−−→ u(ε)
∞ in C0([0, 1]; L2), ∂tu(ε)

∞ = 0.

⇝ u∞ is homotopic to ū.

uε(·, t + tn) ∈ [ū] via E .V .I. and for n >> 1 dN(uε(x , t + tn), u∞(x)) ≤ iN
⇝ uε(·, t + tn) ∈ [u∞] via the unique geodesic.
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