On a variational approximation of the
heat flow of harmonic maps

Antonio Segatti

Dipartimento di Matematica “F. Casorati”, Universita di Pavia
https://sites.google.com/unipv.it/antoniosegatti/home

New perspectives in Nonlocal and Nonlinear PDEs,
Anacapri

Joint work with: F.H. Lin, Y. Sire, C. Wang



Given (M,g), (N,h) two (closed) Riemannian manifolds,
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E(u) = %/M|du|§wg, |du|§ =gl - du

Here U:M — RX with u(x) € N for any x€ M (N is compact,

use Nash’s isometric embedding N<—>Rk) with
ue H'(M;N):={v: M—=RF:veH' (MR, v(M)cN}.
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A critical point of E is an harmonic map and solves

P,(~Au) =0, P,:R¥ = T,N, ort. proj.
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Given (M,g), (N,h) two (closed) Riemannian manifolds,
consider

1 )
E(u) = §/M|du|§wg, dul = glou - dyu

Here U:M — R¥ with u(x) € N for any x€ M (N is compact,

use Nash’s isometric embedding N<—>Rk) with
ue H'(M;N):={v: M—=RF:veH' (MR, v(M)cN}.

Or, equivalently
—Au = g"A(u) (du, 9u),

A being the 2™ fundamental form of the embedding N — RX.

Examples:
@ N=R or R¥, harmonic functions are harmonic maps

@ N=S2 and M a surface, the Gauss map is an harmonic
map iff M has constant mean curvature.
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Beside existence, difficult and interesting
regularity issues as r.h.s. ~ |Vuf?



Given (M,g), (N,h) two (closed) Riemannian manifolds,
consider

E(u) = /|du|gwg, dul = glou - dyu

Here U:M — RX with u(x) € N for any xé M (N is compact,

use Nash’s isometric embedding N<—>Rk) with
ue H'(M;N):={v:M—=RF:veH' (MR, v(M)cN}.

Or, equivalently
—Au = g'A(u) (du, du),

A being the 2™ fundamental form of the embedding N—%IRk.)

Extensively studied in the last 60 years: Morrey, Eells,
Sampson, Schoen, Uhlenbeck, Simon, Giaquinta,
Hildebrandt, Jost, Hardt, F.H.Lin, Evans, Hélein,
Béthuel, Rivieéere...




The heat flow of harmonic maps

Problem: Given U:M — N, we look for an harmonic map
U:M— N in [U], i.e. the homotopy class of U.
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Problem: Given U:M — N, we look for an harmonic map
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Recall that U is homotopic to Uy if there is a continuous

map H:[0,1]x M = N such that H(0,:)=u(:) and H(1,:) = u(")



The heat flow of harmonic maps
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"Deform” U via the [?-gradient flow of E, namely
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u(0)=u on M.
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The heat flow of harmonic maps

Problem: Given U:M — N, we look for an harmonic map
U:M— N in [U], i.e. the homotopy class of U.

"Deform” U via the L27gradient flow of E, namely

oru — Au = g'A(u) (Gu, ) in M x (0, +00)
u)=u on M.

@ If Ky<0 (Eells & Sampson, Hartman, Hamilton...)
unique smooth global solution with u(t) 2 e
harmonic map with U € [Up].

@ If Ky >0 (Struwe, Chen & Struwe, Chen & Lin...)

o Global weak solution that is partially smooth
o Singularity formation analysis, finite time blow

up. ..



The gradient flow structure

Let
1 2 . 1 .
E(u) := {5 Juldulg g if ue H'(M;N),

+oo otherwise in L2



The gradient flow structure

Let

E(u) = {% Julduigsg if ue H'(M:N),

+o0 otherwise in L2

Then
Py(—Au) = grad . E(u) = (OE(u))°

with OE the Fréchet subdifferential

¢ € OE(u) iff IiminfE( — Jué-(v—u

U) wg

v—u HV_ UH



The gradient flow structure

Let
2 .
E(u) = |2 Juldulgw it ue H'(M;N),
- +o0 otherwise in L2

Then
Py(—Au) = grad;. E(u) = (0E(u))°

with OE the Fréchet subdifferential

E(v (v—u)
€ OE(u) iff liminf (v) ~Jut Y9 > 0.
it S

To be precise, Vv smooth

P(-AY):D — L2, /Pu(fAu)~ng:/ Vu: VP,V wy.
M M



Convexity properties and gradient flow
When Ky <0 the energy E and
d?(u, v) ::/ di(u(x),v(x)) wg, dn geod. distance in N
M

are convex (along geodesics in LZ(M; N)) .
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Gigli & Savaré (Grad.Flows Book, 2005))




Convexity properties and gradient flow
When Ky <0 the energy E and

& (u, v) ::/Md,zv(u(x),v(x)) wg, Oy geod. distance in N
are convex (along geodesics in L2(M;N)).

Then, for any given Up € H'(M;N) there exists a unique
solution of the gradient flow (Mayer (1998), Ambrosio &
Gigli & Savaré (Grad.Flows Book, 2005))

Features
@ PDE = 1imit of the minimizing movement scheme
@ No smoothness of the target is required

@ Importance of the joint convexity of E and of d?



A different point of view (for Ky<0, for now)

Following Ilmanen (1994) and De Giorgi (1995), we
introduce Ve >0

LIV] = /ODO (5 lavt)? + Ev) at

Note that [ : H!

loc

(Ry; L2(M; BK)) — [0, +0c].
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u.(x,0)=u on M x {0} (bndry cond.)
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A different point of view (for Ky<0,
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introduce Ve >0

00 A—etl
L= [T (G lamo)F + Evny) at

Note that L :Hl (Ry;L2(M;RK)) — [0, +oc].
Consider U, € argmin  [L[V]

ve{w:w(0)=u}

for now)

Py, (753,2u6 + Ol — AUE) =0, inMxR, (Euler-Lagr. Eq.)
u.(x,0)=u on M x {0} (bndry cond.)

0 .
Problem: Uai> solution of the heat flow?

YES, and the proof follows by the general strategy of

Rossi, Savaré, S., Stefanelli (2019)

Weighted Energy-Dissipation principle for Gradient Flows in Metric Spaces,

JMPA (2019)



@ Ilmanen (1994) ~-» Brakke’s flow
@ Mielke & Ortiz (2008) ~+ Rate independent evolutions

@ Mielke & Stefanelli (2010) ~» Gradient Flows in
Hilbert spaces for convex energies

® Rossi, Savaré, S., Stefanelli (2019) ~» Gradient
Flows in metric spaces
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W.E.D. approach to evolution

@ Ilmanen (1994) ~» Brakke’s flow
@ Mielke & Ortiz (2008) ~+ Rate independent evolutions

@ Mielke & Stefanelli (2010) ~» Gradient Flows in
Hilbert spaces for convex energies

@ Rossi, Savaré, S., Stefanelli (2019) ~» Gradient
Flows in metric spaces
Moreover,

@ De Giorgi (1995) ~» De Giorgi’s Conjecture on
nonlinear Wave equation

@ Solved by Stefanelli (2010) and Serra & Tilli (2012)

See U. Stefanelli, The Weighted Inertia-Energy-Dissipation principle (2025) M3AS



@ Direct method of Calc. Var. ~ 3 of U,

@ Time inner variation ~»

4 (Ee() - 5 10w0)) = |00

® The Value Function V.(U):= min, )=z k[V]



@ Direct method of Calc. Var. ~ 3 of U,

@ Time inner variation ~

& (B(0) - 5 low(0)]17) = [9rue(0)]7

® The Value Function V.(U):= min, )=z k[V]



The convergence proof of (RSSS) in a
nutshell

@ Direct method of Calc. Var. ~+ 1 of U,

@ Time inner variati%? ~ )
4 (E(0) - 5 10w(0IF ) = loru=(0)]

@ The Value Function V.(U):= min, )=z k[V]

The Value Function satisfies the Dynamic programming
principle

€

te*E t
V@) = min VO - (gnaw2+E(v(s)>)ds+ve(v(t))ee]

and the Hamilton-Jacobi equation

1 _ 11
5 llgrad,z Vo(D))? = CE(0) - _Ve(B) Vae H'(M; N)




The convergence proof (cont.)

Combining the Hamilton-Jacobi equation and the Dynamic
Programming principle we get

1 1 d
5 10 * + 5 llgrad;e Va(ue) [° + S Ve(uo()) =0 ae.in (0, +oc)



The convergence proof (cont.)

Combining the Hamilton-Jacobi equation and the Dynamic
Programming principle we get

1 1 d
5 10nc]? + 5 [lgradye V() | + V(D) =0 ae.in (0, +x)

~ U, is a curve of maximal slope for V..



The convergence proof (cont.)

Combining the Hamilton-Jacobi equation and the Dynamic
Programming principle we get

1 1 d
5 1Oz + 5 lerade Vo(u)|? + g (U() =0 aein(0.+00)
~ U 1s a curve of maximal slope for V.. Moreover,

/T||8,u82dt < C(T)E(w), sup E(u.(t)) < E()
0

>0



The convergence proof (cont.)

Combining the Hamilton-Jacobi equation and the Dynamic
Programming principle we get

d .
2100+ 3 llradys Ve ) P+ SVe(un(B) =0 aein (0, +00)

~+ U is a curve of maximal slope for V.. Moreover,
T
| lowlPar< oME@.  sup E(u.(t) < E@)
0 >0
Thus

u. =% u in C°([0, T]; L?) forany T > 0,
lim inf Vo (ue(1)) > E(u(1)) vt > 0.
e—



The convergence proof (cont.)

Combining the Hamilton-Jacobi equation and the Dynamic
Programming principle we get

d
HatuEH + = ngaszV (Ua)H2 + T V.(u(f)) =0 a.e. in (0, +00)

~+ U, is a curve of maximal slope for V.. Moreover,
T
/ |9puc |2 dt < C(T)E(D), sup E(u-(t)) < E(D)
0 >0
Thus

u =% u in C°([0, T]; L?) forany T > 0,
lim i(r)1f Vo(u=(t)) > E(u(t)) vt > 0.
e—

More in general L?(M;N) ~ X metric space and
E ~ ¢p: X = (—00,+x] convex, l.s.c., coercive.



Our new contribution (1)

U :MxRy -RK is a minimizing harmonic map with values
in N. 1Indeed,

U. € argmin /.[v] = argmin /

|dx,tV|ZE Wy,
MxR,

namely U is a miminizing harmonic map from the cylinder
(MxRy,0.) with values in N
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U. € argmin I.[v] = argmin/ |dX,tV|3 wg,
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namely U. is a miminizing harmonic map from the cylinder
(MxRy,0.) with values in N
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As such U, is smooth for any fixed € >0 (see Jost).



Our new contribution (1)

u. : MXR+—>Rk is a minimizing harmonic map with values
in N. 1Indeed,

U. € argmin /.[v] = argmin /

|dx,tV|25 Wg.
MxR,

namely U, is a miminizing harmonic map from the cylinder
(MxRy,0.) with values in N

2 t m
ge =¥ (ag+dt2) ) pe(t) = p— (—; -3 '°gg)

As such U, is smooth for any fixed € >0 (see Jost).

Problem: Is is possible to obtain the smoothness of the
limit FROM the approximation scheme? J




For any e>0 set 6:(u)(x,t):=5[0ul? (x,t) + § |ducl? (x.1).



Our new contribution (2)

For any >0 set e.(u:)(x,t) = 5[0t (x. 1) + 5 [du: |2 (x,1).  e.(uc)
satisfies a Bochner inequality

—cd?e.(u.) + ore.(u.) — Ae.(u.) < Ce.(u.) inMxR,.



Our new contribution (2)

For any € >0 set e (u)(x,t):= 2|81u6\ (x,t) + %|du8|§(x,t). e-(u.)
satisfies a Bochner inequality

—cd?e.(u.) + ore.(u.) — Ae.(u.) < Ce.(u.) inMxR,.

Thus, with some work

(energy estimate + Moser iteration
scheme) ,

the Harnack-type inequality

€ 1 _
e.(u)<c — | E(T), Ve<r?
gt o =0 + a0 ves

where Pr(2y) = Br(x0) x (fo — r?, ty + r?).




Our new contribution (2)

2 2
For any €>0 set e:(U)(X,t):= 50wl (x,t) + 3 [du-fy (x, 1), e-(u)
satisfies a Bochner inequality
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Note the parabolic scaling even if the problem is
Elliptic at €>0.



Our new contribution (2)

2
For any € >0 set e(u.)(x,t):= 2|31U5\ (x,t) + %|du€|g(x, . elu)
satisfies a Bochner inequality

—ed?e.(u.) + dre-(u.) — Ae.(u.) < Ce.(u.) inM x R,.

Thus, with some work (energy estimate + Moser iteration
scheme), the Harnack-type inequality

1 _
sup e-(u:) <c [ m€+2 + —m] E(Z), Ve<r?
P (20) r

where Py(2y) = Bi(x0) x (fo — r?, 1 + r?).

Note the parabolic scaling even if the problem is
Elliptic at €>0.

The energy estimate is inspired by a similar one in
Audrito ”On the existence and HOlder regularity of solutions to some nonlinear Cauchy-Neumann
problems” J. Evol. Equ (2023)
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Our new contribution (3)

The (geodesic) convexity of d? and of E ~ V. is
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Therefore, when ¢ -0, U is unique and verifies
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Our new contribution (3)

The (geodesic) convexity of d? and of E ~ V. is
(geodesically convex).

Muratori & Savaré JFA (2020) ~» U. satisfies the Evolution
Variational Inequality

%fwwyn+%ww»gmwy in D'(0, +00), Vv € D(V.).
Therefore, when ¢ -0, U is unique and verifies
%¥UM%W+EWUDSEWL in D'(0, +o0), Vv € H'(M; N).

Moreover U € CPC} (thanks to Harnack) and is a curve of
maximal slope for E and thus
since

|97 A()[0u, 9u]| < C|Vuf € L=(M x R}),

U is smooth in MxR,.



Our new contribution (4): Eells &
Sampson at level ¢

We start from the simple observation:
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~ A minimum of V., is a minimum of E.
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(4): Eells &

Our new contribution
Sampson at level ¢

We start from the simple observation:

1 E(v) - V.
V.(v) < E(v) Vv  and > llgrad, . V. ()| = M
~> A minimum of V. is a minimum of E.
) =t t).

Now, for any fixed €>0, take t, 400 and U
Thus 1 U(()f,) such that

ule) 2oy @) in €0([0,1]; L), 9ulP) = 0.
The E.V.I. for V. gives, for any Vve D(V.),

MMWSWM+¥QW*”%M$SMﬁ




Our new contribution (4): Eells &
Sampson at level ¢

We start from the simple observation:

2 E(v) - V(v)

V.(v) < E(v) Vv and %ngadLgVS(v)H .

~» A minimum of V. is a minimum of E. J

Now, for any fixed € >0, take t, ~+oco and u#j::lk(t+-&).
Thus d U&) such that

Ul P2 4O in €0([0,1; L), 9l = o.

~ u§) is (the) minimum for E and does not depend on € J

and on I,.




Our new contribution (4): Eells &
Sampson at level ¢

We start from the simple observation:

V.(v) < E(v) Vv and %ngasz Va(V)||2 _ M

~» A minimum of V. is a minimum of E. J

Now, for any fixed € >0, take t, ~+oo and u,(f) =u(t+ty).
Thus d U(()i) such that

ul) T2 o) in €0([0,1]; L2), Ul = 0.

~ Uy 1s homotopic to U. J

U (-, t+1ty) € [U] via E.V.l. and for n>>1 dy(u:(x,t+1t), Uso(X)) < in
~ Ug(y 4 th) € [Us] via the unique geodesic.



@ New proof (with a novel geometric interpretation) of
the celebrated Eells & Sampson Theorem

® The argument is essentially variational ~»
potentially applicable to non smooth settings.



Conclusion & Perspectives

@ New proof (with a novel geometric interpretation) of
the celebrated Eells & Sampson Theorem

@ The argument is essentially variational ~»
potentially applicable to non smooth settings.



