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General aim: Study optimal-control problems for a system of interacting
particles (or multi-agent system).

Interactions can be encoded both in the (nonlocal) deterministic dynamics and
in the cost functional.




INTRODUCTION
@000

Plan

General aim: Study optimal-control problems for a system of interacting
particles (or multi-agent system).

Interactions can be encoded both in the (nonlocal) deterministic dynamics and
in the cost functional.

How we formulate the problem: Eulerian description in the space of
probability measures P2(R?); Lagrangian description in L2(Q; R9) for some
fixed parametrization space (2, B, P).
Tasks:

(Q1). Compare the above formulations;

(Q2). Study of limit theory for both formulations: prove stability and

-convergence results for the corresponding finite-particles systems to the
mean-field ones;

(Q3). HIB...
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Preliminaries: Measure Theory and Optimal Transport

E separable Banach space (usually E = RY)
(€2, B) standard Borel space, P non-atomic.

P,(E): probability measures y with finite quadratic moment [ [x|*dy < oco.
Push forward: if X : Q — E is a Borel map, P € P(Q),
X, is the law of the random variable X :  X;P(A) := P(X '(A)).
I(p,v): couplings v € P(E x E) with marginals  and v, e.g. v = (X, Y)4P,
XeP = p, YiP =v.
W2 (1, v) = min { / x = y[dy: v e, u)}

=min {E[|X - Y]] : X;P=p, iP=v}

If fin, o € P2(E) with Wa(gun, 1) — 0, then there exist Xy, X € L3(Q2; E) such
that

o X,,uIP’ = n, XgP = 1
o ||IX = Xa|l2—0
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Preliminaries: Measure Theory and Optimal Transport

E separable Banach space (usually E = RY)
(€2, B) standard Borel space, P non-atomic.

P,(E): probability measures y with finite quadratic moment [ [x|*dy < oco.
Push forward: if X : Q — E is a Borel map, P € P(Q),
X, is the law of the random variable X :  X;P(A) := P(X '(A)).

I(p,v): couplings v € P(E x E) with marginals  and v, e.g. v = (X, Y)4P,
Xu]P) = W, Yu]P = V.

W (. v) :=min{/lx—y2d7: V€ r(W/)}

=min {E[|X - Y]] : X;P=p, iP=v}

Main example: discrete measures

N N
1 1
= N 571 0x,y :={wi,...,wn}, P:= N Eﬂ Owns  X(wn) := Xa.
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@ A function V : [3(Q;RY) — R is law invariant if
V(X)=V(Y), forall X,Y such that X;P = Y;P.

Q Given v : Po(RY) — R, the lift of v is the function V : L2(;R?) — R
defined by

V(X) := v(XP).




INTRODUCTION

[e]e] o]

Preliminaries: Lift and law invariance

@ A function V : [3(Q;RY) — R is law invariant if
V(X)=V(Y), forall X,Y such that X;P = Y;P.

Q Given v : Po(RY) — R, the lift of v is the function V : L2(;R?) — R
defined by
V(X) := v(XP).

Notice that

@ the lift V of v is law invariant

@ v is continuous if and only if V is continuous
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Preliminaries: continuity equation

[Ambrosio-Gigli-Savaré]

Continuity equation Characteristic system
{?Mt + div(fip) =0, t€ (0,T), {«y(r) — £(3(8), t€(0,T),
fie=0 = pio € P2(RY). 7(0) = x € supp(yo).

o if f;(-) is locally Lipschitz in x unif. w.r.t. t
= pe = Defiuo;

o if f satisfies integrability assumptions

= e = edn, with n € P(C°([0, T]; R?)) concentrated on characteristics
v

XL
Ho x3
He = edim,

with e (y) = v(t)




Structural assumptions on dynamics and cost

Consider the following metric on RY x Pg(Rd), p>1,

d((x 1), (ysv)) 1= (Ix = yI? + Wa(u,)) /2.

@ U a compact subset of a Banach space, called control set;

o f:RI x Ux P2(RY) — RY a continuous vector field satisfying

[f(x,u, 1) = F(y, u,p)| < L d((x, 1), (v, 0))
for some L > 0 independent of u € U,

@ C:R? x U x P2(RY) — [0, +oo[, employed in the running cost,
Ct : RY x P2(R?) — [0, +-c0[, employed in the terminal cost,
be continuous satisfying

C0x, u, )] < D (1+ x| + m3(w))
Cr(x, )| < D (14 [x]? + md(w))

for some D > 0, for all (x,u, 1) € RY x U x P2(RY),
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SETTING
oeo

Different approaches

Eulerian (E)
1 € AC([0, T]; P2(RY))

Orpe + div(wepe) =0,
we(x) := F(x, ue(x), pe),
Ht=0 = HO-

n € P(I' 1) concentrated on

yeTlT st
7(t) - f(ﬁ"(t)f Uf("/)v/['f):
eofim = po-

Lagrangian (L)
X € AC([0, T]; L2(Q;RY))

{Xt(m = F(Xe(w), ue(w), pe),
Xi=o(w) = Xo(w).

Ho
uy(x)
/
T
Hi R?
Ho n
\&m
\/Rd
pe = Xe jp Ho
Xo(w) ) Xi(w) |y (w)



SETTING
oeo

Different approaches

Eulerian (E)

Ho
u € AC([0, T]; P2(RY)) ()
—
Oepe + div(wepe) = 0, >
we(x) == £(x, ue(x), pe), He /R
Mt=0 = HO-
Ut = €ty M Ho n
n € P(I 1) concentrated on 7
yelrst —_— uy(7y)
3(8) = F( (1), el o) \/Rl
eofin = po.
1
Lagrangian (L) pe = Xt jIP ! X
Xowh—"_— Xi(w) (¢
X € AC([0, T; L2(: RY)) o) ) uw)

{Xt(w) = f(Xt(w)7 uf(w):/-"t)v \/}T{‘]
Xi=o(w) = Xo(w).



SETTING
ooe

Different approaches

T
Eulerian (E) Je(p, u) = /0 /Rd C(x, up(x), pe) dpe(x) dt
1 € AC([0, T]; P2(RY))

Orpe + div(vept) = 0, + /Rd Cr(x, pr)dur(x)

ve(x) := f(x, ue(x), pe), ve(po) = inf{Je(u, u) : (1, u) € Ae(po)}

Ht=0 = HO-

n € P(I' 1) concentrated on

vyeTlTr st
A(t) = F((1), ue (), pe),
€oim = 1o-

Lagrangian (L)
X € AC([0, T]; L2(: RY))

{Xt(m = F(Xe(w), ue(w), e),
Xi=o(w) = Xo(w).

[
N
=



SETTING
ooe

Different approaches

.

Eulerian (E) Je(, u) :/ / C(x, ue(x), pe) dpe(x) dt
d

1€ AC([0, T]; Pa(RY)) C

Orpe + div(vept) = 0, + /Rd Cr(x, pr)dur(x)
ve(x) == F(x, ut(x), pe), ve(po) = inf{Je(u, u) : (1, u) € Ae(po)}
Ht=0 = HO-

n € P(I' 1) concentrated on
vyeTlTr st

{*m = F(y(t), ue(y), pe),

eofin = po-

Lagrangian (L) (X, u) = / /C(Xf(w), ur(w), pe) dP(w) dt
X € AC([0, T]; L2(S; RY)) o Ja

Xt(w) = f(Xt(w)7 uf(w)z.u't)v + /CT(XT(W)v .“’T) dP(W)
Xi=o(w) = Xo(w). 2
WL (Xo) = inf{(X,u) : (X,u) € A(X0)}



SETTING
ooe

Different approaches

Eulerian (E)
€ AC([0, T]; P2(R9))
815/11: + diV(thLt) = 07
{Vr(X) = f(x, ue(x), pe),
Ht=0 = HO-

n € P(I' 1) concentrated on
vyeTlTr st

{a(r) = F(y(t), ue(), e,

eofin = po-
Lagrangian (L)
X € AC([0, T]; L2(; RY))

{Xt(m = F(Xe(w), ue(w), e),
Xi=o(w) = Xo(w).

T
JE(,LL,U):/ /C(x,ut(x),/tt)d/tt(x)dt
0 Rd

+/ Cr(x, ur)dur(x)
rd
ve(ro) = inf{Je(p, u) : (1, u) € Ae(no)}

k(n, u) / / ~v(t), ue (), pe) dn(y) dt
f / Cr(x,ur)dur(x)
Jrd

Vi (po) = inf{Jk(m, u) : (n,u) € Ax(po)}

L(X,u) = / / (Xe(w), ue(w), pe) dP(w) dt

+/CT(XT(W)7ILT)dP(W)
Q
VL(Xo) = inf{IL(X, u) = (X, u) € AL(X)}

[
N
=



RESULTS Q1
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(Q1). Compare the previous formulations;

(Q2). Study of limit theory for both formulations: prove stability and
-convergence results for the corresponding finite-particles systems to the
mean-field ones;

(Q3). HIB...
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Q1: Existence of minimizers for K, E & Equivalence results

We say that the convexity conditions hold if
o U is convex;

o u > C(x,u, ) is convex;
o uwrr f(x,u,p) is “affine”.
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We say that the convexity conditions hold if
o U is convex;
o u > C(x,u, ) is convex;
o uwrr f(x,u,p) is “affine”.

Theorem (Existence of minimizers for convex E and K)

Assume the convexity conditions. For each pp € P2(R?) there exist
(n, B) € A(po) and (g, u) € Ae(po) such that

Jk(n, 0) = Je(p, u) = Vi(ro) = ve(po)-

The proof for E follows by a suitable compactness property and lower semicontinuity
of Jg. For K use the SP.
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RESULTS Q1
0e00

Q1: Existence of minimizers for K, E & Equivalence results

We say that the convexity conditions hold if
o U is convex;
o u > C(x,u, ) is convex;
o uws f(x,u,p)is “affine”.

Theorem (Existence of minimizers for convex E and K)

Assume the convexity conditions. For each pp € P2(R?) there exist
(n, B) € A(po) and (g, u) € Ae(po) such that

Jk(n, 0) = Je(p, u) = Vi(ro) = ve(po)-

The proof for E follows by a suitable compactness property and lower semicontinuity
of Jg. For K use the SP.

Assume the convexity conditions and P without atoms. If Xo € L>(; R?), then
VL(Xo) = ve((Xo0):P). In particular, Vi is the lift of ve.

The proof passes through the equivalence with K

10/26



RESULTS Q1
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Q1: Continuity of the value functions

Theorem (Continuity of vg)

Assume the convexity conditions and o € P2(R?). If {1§}nen C P2(RY) is a
sequence such that Wa(pg, o) — 0 as n — +o0, then

lim ve(ug) = ve(po).
n——+o00

Under the convexity conditions, being Vi the lift of vg, we already observed:
Ve continuous < V| continuous

However, we can get the result without assuming the convexity conditions:

Theorem (Continuity of )

(No convexity assumption required). Let P be without atoms and
Xo € L2A(RY). If {X§ new C L2(Q;RY) is a sequence such that
| Xg — Xoll;2 — 0 as n — 400, then

lim VL(X(?) = VL(X()).

n—-+o00

11/26



RESULTS Q1
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Q1: Non existence of minimizers for L

In general, the Lagrangian problem does not have minimizers, even under
convexity assumptions. Indeed, the choice of the initial condition Xj is reIevant.J

Example:
e d=2 T=1; U= Bg(0) CR?
e Q=10,1], P = E‘l[oyl];

@ fix a reference measure v = 6‘2[071]2 € P(R?) with compact support and set
f(X7 U7H):U7 C(X7 U,,LL): ‘U‘Q, CT(X,M): W22(/_I,7V);
0 Xo: Q—RY, Xo(w) = (1/2,w), po = XosP = H}1 )y ¢ o1




RESULTS Q2
@000

(Q1). Compare the previous formulations;

(Q2). Study of limit theory for both formulations: prove stability and
I-convergence results for the corresponding finite-particles systems to the
mean-field ones;

(Q3). HIB...



RESULTS Q2
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Q2: Limit theory - the N-particles case

Lagrangian: we recover the N-particles case LY choosing
o Q¥ ={1,..., N} with the counting measure P" = % Zgzl O

@ or, equivalently, (2, P) with P without atoms, requiring the admissible
trajectories and controls to be constant over the elements of a partition
PN such that P(A) = + for every A € PV

14 /26
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0e00

Q2: Limit theory - the N-particles case

Lagrangian: we recover the N-particles case LY choosing
o Q¥ ={1,..., N} with the counting measure P" = % 25:1 O

@ or, equivalently, (2, P) with P without atoms, requiring the admissible
trajectories and controls to be constant over the elements of a partition
PN such that P(A) = + for every A € PV

Eulerian: we denote by EV the Eulerian problem with the additional constraint
that admissible trajectories satisfy: e € P"(RY) for every t € [0, T], where

N
1
PYRY) == N Z 8y for some x; € R?

i=1

RMK: asking 0 € PV(R?) doesn't imply that i, € PV (RY) for every
t € [0, T]... the control is not Lipschitz!

14 /26
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Q2: Equivalence result for N-particles

Proposition (Equivalence result for N-particles)

For any Xo € (R?)", denoting by po := %Zf\il 5X6" we have

Vin (Xo) = ven (ko).
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RESULTS Q2
[e]e] o)

Q2: Equivalence result for N-particles

Proposition (Equivalence result for N-particles)

For any Xo € (R?)", denoting by o := %Zf\il 5X6" we have

Vin (Xo) = ven (ko).

v

Theorem (empirical Superposition Principle)

Let t — u absolutely cont., i € P"(IR) for every t € [0, T]. Then
o 3! (integrable) w : [0, T] x RY — R? s.t. u solves

8:[11— =+ diV(WtNt) = O7 in [0, T] X Rd.
N
N 1
e IneP(lr), n= N 257"’ s.t. (e:)§n = e for every t € [0, T] and for

i=1
any i =1,..., N, ~; solves

4i(t) = we(7i(t)) for ae. t €0, T].

.

15 /26



RESULTS Q2
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Q2: Finite particles approximation for L and E

Let P be without atoms and assume the convexity conditions.
o If Xo € L2(;RY) and XJ : QY — RY, N € N, satisfy X' — Xp as
N — +o0, then
lim Vi (X3') = Vi (Xo).
N—+o0

o If uo € P2(RY) and pd € PY(RY), N € N, satisfy W, (1), j10) — 0 as
N — +o0, then
lim vew (o) = ve(po)-
N—+oo
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Q2: Finite particles approximation for L and E

Let P be without atoms and assume the convexity conditions.

o If Xo € L2(;RY) and XJ : QY — RY, N € N, satisfy X' — Xp as
N — +o0, then
lim Vi (X3') = Vi (Xo).
N—+o0

o If uo € P2(RY) and pd € PY(RY), N € N, satisfy W, (1), j10) — 0 as
N — +o0, then
lim vew (o) = ve(po)-
N—+oo
o In particular, if (X3');P" = p it holds that

lim  Viw(Xg') = ve(uo).
N—+oco

16 /26



RESULTS Q3 & OPEN PROBLEMS
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(Q1). Compare the previous formulations;

(Q2). Study of limit theory for both formulations: prove stability and
-convergence results for the corresponding finite-particles systems to the
mean-field ones;

(Q3). HIB...

17 /26



RESULTS Q3 & OPEN PROBLEMS
O®00000000

Q3: Hamiltonians for L and E

Given p € P2(R?), the classical Hamiltonian H,, : RY x R? — R is defined by

HH(X3 q) = ?uB{_f(Xv u, ,LL) q— C(X7 D7 I’L)} .
ue
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RESULTS Q3 & OPEN PROBLEMS
O®00000000

Q3: Hamiltonians for L and E

Given p € P2(R?), the classical Hamiltonian H,, : RY x R? — R is defined by
HH(X3 q) ‘= sup {_f(X7 u, ,LL) q— C(X7 D7 I’L)} .

oeU

The Hamiltonian for L, Hy : L3(Q;RY) x L2(Q;RY) — R, is given by

mw@:/ﬁmwwmwmwm:/ Hxe (x, @) d[(X, C):P] (x. ).
Q R

d wRd

Given p1 € P2(RY) and ¢ € L2(R?; R?), we define the Hamiltonian for E

He(u, €) = mwﬂnmmm:/ Ha(x. ) d[(id, €)z41] (x, q).

R RY xR9

18 /26



RESULTS Q3 & OPEN PROBLEMS
O®00000000

Q3: Hamiltonians for L and E

Given p € P2(R?), the classical Hamiltonian H,, : RY x R? — R is defined by

HH(Xv q) = ?Ul[.;{—f(X, B? :U’) q— C(X7 D7 I’L)} .
ue

The Hamiltonian for L, Hy : L3(Q;RY) x L2(Q;RY) — R, is given by

H(X,C) = / Hxye (X (@), C (@) dB(w) = / Hxe (x, @) A [(X, C)¢P] (. ).
Q R

d wRd

Given p € P2(R?) and ¢ € L2 (R R?), we define the Hamiltonian for E

He(,€) = [ Hulx,€00)) du(x) = / Ha(x. ) d[(id, €)z41] (x, q).

R RY xR9

Proposition
o Hy is law invariant in L3(Q; RY) x L3(Q; RY).
e For any X € L3(;RY), € € LinP(Rd;Rd), it holds

() Hu(X, &0 X) = He(X,P, £).

18 /26



RESULTS Q3 & OPEN PROBLEMS
0O0@0000000

Q3: Important remarks

[Lions, Gangbo-Tudorascu, Jimenez-Marigonda-Quincampoix]

Let V : L3(;R?) — R be law invariant and differentiable at X. Then there
exists p € Tan)—%ﬂ,(Rd) such that

DV(X)=poX forany X st. X;P = X;P.

In this case, we denote D v(z) = p.

19 /26
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Q3: Important remarks

[Lions, Gangbo-Tudorascu, Jimenez-Marigonda-Quincampoix]

Let V : L3(;R?) — R be law invariant and differentiable at X. Then there
exists p € Tan)—%ﬂ,(Rd) such that

DV(X)=poX forany X st. X;P = X;P.

In this case, we denote D v(z) = p.

Notice that, differently from
Gangbo - Tudorascu
Jimenez - Marigonda - Quincampoix

Jimenez

in our case, we have that

@ both Vi and Hy are not defined in an abstract way from vg and He (by lift
or by (%)), but they come from an optimal control problem in L3(Q;R9);
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Q3: Important remarks

[Lions, Gangbo-Tudorascu, Jimenez-Marigonda-Quincampoix]

Let V : L3(;R?) — R be law invariant and differentiable at X. Then there
exists p € Tan)—%ﬂ,(Rd) such that

DV(X)=poX forany X st. X;P = X;P.

In this case, we denote D v(z) = p.

Notice that, differently from
Gangbo - Tudorascu
Jimenez - Marigonda - Quincampoix

Jimenez

in our case, we have that

@ both Vi and Hy are not defined in an abstract way from vg and He (by lift
or by (%)), but they come from an optimal control problem in L3(Q;R9);

e in particular, Hy is already defined over the whole L2(Q;R?) x L3(Q;RY)
and thus it doesn’'t need to be extended.
19/ 26



RESULTS Q3 & OPEN PROBLEMS
0O00@000000

Q3: Sub-differential in (P2(R?), W,) and sub-test function in L3(Q;RY)

Definition (subdifferential in (P>(R?), W-))

Let v : [0, T] x Po(R?) — R. Given (%, /i) € [0, T] x P2(R?), we say that the
pair (pz, pa) € R x L3(R?) is a viscosity superdifferential of v at (%, i), writing
(pr, Pr) € D*V(E, 7). if

@ pg is an optimal (anti)displacement from f;

e for all (t, 1) € [0, T] x P2(R?) and o € [(fi, p),

V(1) — v(E ) < pr (£ —F) + / o7 = 51 7)== 0B

Rd

20/26



RESULTS Q3 & OPEN PROBLEMS
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Q3: Sub-differential in (P2(R?), W,) and sub-test function in L3(Q;RY)

Definition (subdifferential in (P>(R?), W-))
Let v : [0, T] x P2(RY) — R. Given (%, 2) € [0, T] x P2(RY), we say that the
pair (pz, pa) € R x L3(R?) is a viscosity superdifferential of v at (%, i), writing
(pr. Pr) € D v(E i) if

@ pg is an optimal (anti)displacement from f;

e for all (t,u) € [0, T] x P2(RY) and o € [(f, 1),

V(1) — v(E ) < pr (£ —F) + / o7 = 51 7)== 0B

Rd

Definition (subtest function in L3(Q; R?))

Let V : [0, T] x L3(;R?) — R. Given (%, X) € [0, T] x L5(2;RY), we say that
®: [0, T] x L2(;RY) — R is a super-test function of V at (%, X) if

@ & is law invariant, continuous and differentiable at (%, X);

e ®(t,X) = V(,X) and (%, X) is a local maximum point for V — &

20/26



RESULTS Q3 & OPEN PROBLEMS
[e]e]e]e] lelelelele)

Q3: Viscosity solutions in (P2(R9), W,) and in L3(Q; RY)

Definition (viscosity solution for HJB in (P2(R%), W,))

Let v : [0, T] x P2(RY) — R and consider the equation
— Oev(t, ) + H(p, Buv(t, 1)) =0, in (0, T) x Po(RY). (1)
v is a viscosity subsolution of (1) if v is u.s.c. and
—pe +H(p, pu) <0,

for all (t,u) € (0, T) x P2(R?), (pe, pu) € D¥v(t, ).
Analogously, we define supersolution and solution...

Definition (viscosity solution for HJB in L3(Q;R?))

Let V : [0, T] x L3(2;RY) — R and consider the equation
— 3 V(t, X) + H(X,0xV(t,X)) =0, in(0,T)x L3(LRY).  (2)

V is a viscosity subsolution of (2) if V is u.s.c. and (2) holds with < for any
(t,X) € (0, T) x L3(Q;RY) and any super-test function ® of V at (t, X).
Analogously, we define supersolution and solution...
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Q3: Results for HIB

Under the convexity conditions, the value function vg is a viscosity solution of

—0ve(t, 1) + He(p, O ve(t, 1)) =0, in (0, T) x Pa(RY).

Idea for the proof:
e DPP

@ Use the Superposition Principle...
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Q3: Results for HIB

Under the convexity conditions, the value function vg is a viscosity solution of

—0ve(t, 1) + He(p, O ve(t, 1)) =0, in (0, T) x Pa(RY).

Idea for the proof:
e DPP

@ Use the Superposition Principle...

Can we get a similar result for \.?
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Q3: Work in progress

[Jimenez-Marigonda-Quincampoix, Jimenez]
If v : [0, T] x P2(RY) is continuous and for any u € P»(R?) the map
p — H(w, p) is continuous in Li(Rd), then the following are equivalent:
@ v is viscosity subsolution of (HJ) in P»(R);

o the lift V of v is a viscosity subsolution of (HJ) in L3(€;RY), with
Hamiltonian build by (x).
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Q3: Work in progress

If v : [0, T] x P2(RY) is continuous and for any u € P>(R?) the map
p — H(u, p) is continuous in L2(R?), then the following are equivalent:

e v is viscosity subsolution of (HJ) in P»(RY);

o the lift V of v is a viscosity subsolution of (HJ) in L3(€;RY), with
Hamiltonian build by (x).

Using the previous result, we expect to get the following.

(Under the convexity conditions) the value function Vi is a viscosity solution of

—eVL(t, X) + Ho(X,0xVi(t,X)) =0, in (0, T) x LB(Q;RY).

23 /26
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Future tasks

What next:
e Comparison principle for HIB in P2(R?) and/or L*(Q;R?)/ ~ with less
regularity conditions
Cardaliaguet, Lions, Gangbo - Tudorascu
Marigonda - Quincampoix, Jimenez - Marigonda - Quincampoix, Jimenez
Bertucci
Conforti - Kraaij - Tonon

Zidani - Jerhaoui - Aussedat

e Limiting theory for HJB: from E" to E, and from L" to L, as N — +o0.

24 /26
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Thank you!

giulia.cavagnari@polimi.it

analysis@polimi GNAMPA
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