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What is chemically active wetting

® (Classic wetting: Liquid drop on a surface. Governed by equilibrium laws
(Young—Dupré law). Droplets adopt spherical cap shapes on passive surfaces.

® Active wetting: Surfaces can actively bind/unbind components using chemical energy.
Breaks equilibrium- leads to persistent fluxes and non-standard droplet shapes.
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Figure: Passive vs Active Wetting ([Liese et al., 2025]
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Modelling active wetting!
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Modelling active wetting!

® Governing equations include continuum equations for droplet volume fraction ¢ and
membrane area fraction ¢, :

Op=-V-j Opm=—-V| Jm—s

where s = s,¢t — Sop is the net desorption flux.
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® Governing equations include continuum equations for droplet volume fraction ¢ and
membrane area fraction ¢, :

Op=-V-j Opm=—-V| Jm—s

where s = s,¢t — Sop is the net desorption flux.

® [luxes:

j = _A(¢)VM Jm = _Am(¢m)vH,Um

® Avoid detail balance: S“”:—f’} # exp [—%}
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The Bulk-Surface Cahn-Hilliard system

Let V' denote the bulk domain and m C 9V denote the membrane domain.

Oip=—-V -3 rzeVit>0 (1)
8t¢m:—V||'jm—S $€m,t>0 (2)
where
J = _A(¢)VM Jm = _Am(¢)mv||ﬂm
A((b) = D‘b(l - (25) Am(¢m) = Dm¢m(1 - ¢m)
K = —rAG+ f'(}) Hm, = *"QmAHGZ)m + fin(dm)
and D, Dy, k, kp, are positive constants and s is given by
s = ko(1 — ¢m)(1 — go)(ehm — ehtBuact), 3)

where kg is a constant, ¢ is the bulk volume fraction at the memebrane, and
AM = Xact(b()-

421



The Bulk-Surface Cahn-Hilliard system

Further, f and f,, represent the (respective) free energies given by

f(#) = plogp+ (1 — ¢)log(1 — @) + x&(1 — ),
Jm(Pm) = dm1og dm + (1 — ¢m) log(1 = dm) + Xm®Pm(1 — dm)
The system is subject to the following boundary conditions:

1 00
_EaTﬁo’
Vo-n=0, ze€dV\m

Vi¢m -t=0, z€0m

j m=-s, TEMmM
j-n=0, z€dV\m

Jm-t=0, xe€0dm.

rem

Vo -n=

where Q(¢g) is the coupling energy between the bulk and the membrane.
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Energy Functional and Strategy

The energy functional related to the system is composed of energies in the bulk and the
membrane surface as well as the coupling energy

Flo.0ul = | 10+ 51V + [ ulon) + B0 +20) @)
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Energy Functional and Strategy

The energy functional related to the system is composed of energies in the bulk and the
membrane surface as well as the coupling energy

Flo.0ul = | 10+ 51V + [ ulon) + B0 +20) @)

Show the existence of weak solutions to the system

To analyze the system,

We first work with non-degenerate mobilities, A, A\,, > b > 0, respectively

Replace the source term: s = koA (@) A (Pm) (b, — (10 + Aptaer))

Prove the existence of the resulting system and use this to approximate solutions to

the degenerate problem

® Derive suitable estimates for the approximate solutions that allow to pass to the limit
in the approximate equation ([Elliott and Garcke, 1996], but we also fall short!)
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Energy estimate and dissipation law

Energy estimates:

F6.00] = | 10+ 5167 + | Fulon) + 519 10mf +20)

GFO0ul®) = [ (10) = radoo+ [ wvo-noor
+ [ Unlom) — Bpom)on + 5 [ 200)
= [ 19 -8V + [ i (V- o) V) = 5)

~ [ @ = [ Ao Tygnl? + [ sl = )
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Energy estimate and dissipation law

[ st stm) =ko [ MO (6ot = 1+ st pm)
Z—ko/ M)A (Dm) (1t — pm)? / m(Pm) Aptact (1 — m)
+

P
<t (5 1) [ AN )+ 42 / CRINS
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Energy estimate and dissipation law

/ St — pim) =ho / AD) () (i — (1 + D)) (4t — fim)
— ko / AD) () (1 — pim)? / AD) A (D) Mt (1 — )

Lk
<ko ((;‘ - 1> [ A1 = o + /m A(Gm) Ay
choose a € R so that 3 —ko(l—f) > 0,
d
GFB IO+ [ AGITUP + [ A0l Visn +5 | NOn(bm) =i < CJ

A Gronwall argument yields

91l oo 0,111 (vy) + 1Pl Loo 0,11 (my) + el 220,707 (vyy + Nl 220,287 (m)) < C
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Existence for positive mobilities

Galerkin scheme:

{&Yien CHY (V) : {¢itien CH'(m) :
—A& =vi&§ in V —AG =0;¢G; in m,
V& -n=0 on 9V ViG-t=0 on 0Om
Galerkin ansatz: Let N € N and T' > 0 fixed and for z € V,¢ € m,t € [0,7T] define
N N
oV (t,x) = al (t)&(x), S (t,5) =Y N (£)Gi(<)
i=1 =1
N N
pN(tz) =) Y (HE(), ph(t6) =Y dYN (£)¢i(),
i=1 i=1
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Galerkin approximation for positive mobilities

The scalars a;, b;, ¢;, d; are determined such that the following weak formulation holds:
for every £ € span(&y,...,&N) and ¢ € span((y,-..,CN),

[ e == [ MoMwu-ve [ Ve
[e=n [ vov-ves [ roMes [ e
/matqucz—/v m(¢m>Vuum‘Vn€—/msNC

[ mic = [ vl wic [ gelic

Nk /m @ An(9m) (110 = (1™ + Aptacr))

together with initial conditions,
N N

SN (0) =D (0", &) 12 Im(0) =D (D Gi) 121G 021



Galerkin approximation for positive mobilities

Testing with ;, (; correspondingly gives an initial value problem of ODEs for

(at,...,an),(c1,-..,¢N) ¢
afm> Ve Ve + / sV,

N
— bfv//\
; V(k

N
bj(t):IiVjGéV+/Vf/ Zafvgi) fjw/ 13

=1

N

1

N

N
di(t) = —dev/ Am (Z CNCk) VG- VG —/ sV
i—1 m m

k=1

aé‘v(o) = <¢Oy£j>L2(V) ¢ (0) <¢m’C]>L2 11/21
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Compactness and limit passage

We obtain ¢V, iV € C([0,T); HX(V), ¢, uN € C([0, T]; H(m) satisfing the weak
formulation.
From the energy estimate after a Gronwall argument we obtain

® 1™l Loo(0,7501 (V) 10D Lo (0,751 (m)) < C
o || 20,150 (v BBl L2 0, ) < C
(N poo 0,150 vy M Loo (0,750m1 )y < C

* 10N 20,7501 (v))) 1060 | 20,1 (111 (vyyy < €
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Compactness and limit passage

Sending N — oo and applying Aubi-Lions compactness lemma, there exist ¢, ¢y, i, fbm
such that

¢~ — ¢ strongly in  C([0,T); L
¢% — ¢m  strongly in - C(]0, T]‘Lz(m
T};
I;

o = ¢ weak—xin  L°°([0,T]; HL(V))
N = ¢ weak—x in  L®([0,T); H (m))
N = weakly in  L2([0,T]; HY(V))
uN = pm weakly in - L2([0, T]; H (m))
oo — 9y weakly in  L2([0,T); (H*(V))")
iy, — Orpm  weakly in - L2([0,T1; (H' (m))")
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Nondegenrate limit

by G, Iy W4 Satisfy the following weak formulation: for all
£€ L0, T HY(V)),&n € L*(0,T5 H (m)),¢ € HY(V), ¢ € H' (m),

T
/0 (), 000 11 vy vy = — /V AO)Vji - VE+ / s

/V =k /V Vo VC+ /V FO)C+ /m 2 ()¢

T
/0 <£m<t>v8t¢m(t)>H1(m),(H1(m))’:_/m)‘(¢m)vMm'vfm"i‘/ 8&m

m

/m fimom, =Fim /m V6 - Vi + /V F1a( )
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Strategy to approximate the degenerate limit

In the degenerate case, we approximate them by solutions of nondegenerate equations
with positive (small) mobility. We also modify the bulk and membrane free-energies f, f,,
so that it is defined (not singular) on all R. We introduce for each ¢ > 0,

A(e)  for u<e An(e)  for u<e
A (u) = Alw)  for e<u<l—ec A (u):= Ap(u)  for e<u<l—e
A(l—¢) for u>1-c¢ Ap(l—¢) for uwu>1-¢

Let ¢%, ¢5,, u°, 1s, denote the weak solutions to

og =V - A(¢)Vp in Vr Npm =V - AL, (dm) V| pum — s in - mr
p=—rAo+(f)(¢) in Vp pm == EmD b + (f7,) (dm) in - mr
kVe-n=—0Q'(¢) on mr Vo-t=0 on Jmr
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Degenerate limit - goals and requirements

Goal: to pass to the € — 0 limit in the weak formulation: for any
£ € L*(0,T; HY(V)),&m € L*(0,T; H' (m))

T
/0 (€00 gy = — | A6 )V (—kAG + (F) (6°)) - VE + / e

Vr mr

T
) iy == [ A0+ (55 60 Vi~ [
5 = KA (6) Am(65,) (—RAGT + k85, + ([5)(65) = (F)(6°) — Ataet)
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Degenerate limit - goals and requirements

Goal: to pass to the € — 0 limit in the weak formulation: for any
£ € L*(0,T; HY(V)),&m € L*(0,T; H' (m))

A (6°)V (—hAGE + (f)(67)) - VE + / <t

mr

A (65 (—m A 65 + (F2)(65)) - Vm — / S

mr

T
/0 (6,000 s oty = —

Vr
T

/0 (Ems Ordr) 1 (11 y = —
5 = koA (6°) A (65,) (—RAG + k5, + (£ (85) = () (6°) = Aptaer )

We need:
e Uniform bounds for ¢°, ¢¢, in L?(0,T; H') and for VA¢® in L?(0,T, L?).
e Strong convergence for ¢°, V¢°, ¢5,, Vg2, in L2(0,T, L?)
® Weak convergence for A¢®, A¢s, in L?(0,T, L?)

mr
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Limitation(s)

Since Vu© € L2(Vr), Vyus, € L¥(my) and V() (6°) = (£)"(¢°)Ve* € L*(Vr), we
have VA¢® € LQ(VT), V”AH(qf)fn) S LZ(mT).
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Dealing with the degenerate mobilities ([Elliott and Garcke, 1996])

Tackling the degenerate mobility: Define ¥¢ W¢ as follows

1 1
\I/E// — \I/EIO:\IIEOZO \I/E " —
(') = ey (FVO) =¥ =0 (¥5)0) = .
Since (¥¢)", (¥¢))" are bounded, we have (V) (¢°) € L?(0,T; H*(V)) and
(Ve Y (¢2,) € L0, T; H'(m)) are admissible test functions.

T
/O () (69), 00 ) (ary = — | A%(@)V(=rA" + (f9)'(¢)) - (¥)"(¢°) Ve +

Vr

+/ SE(\IIE)/(¢E)
T
/0 (U5, (65.), Bud) s iy = — / NS (G5 (—rm A + (f5) (65) - (T5)" (65) V5

-/ ) 65
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Dealing with the degenerate mobilites

It follows that
£/ L€ K £12 e\ 1€ 62 e/ 40 e\ [ LE
/V‘I“WT”* /VT!A¢!+(f)(¢)V¢>\ /\If<¢> / (T (6°)+

/m A (¢

/ S, (65(T)) + i / AGE[2 + (f2)"(65) V5 ? < / e (60,) / (W5, (65,)

m mr m mrT
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Dealing with the degenerate mobilites

It follows that
/ VD) +r [ AFP + (£)(6) VP < / v (6") + / (T (6°)+
\% Vr

/m A (¢

/ S, (65(T)) + i / AGE[2 + (f2)"(65) V5 ? < / e (60,) / (W5, (65,)

m mr m mrT

Further, for any z > 1 and z < 0, by making an expansion of ¥¢(z) around 1 — ¢ and —¢
respectively. we obtain that

[ -vis [ <ce [ v
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Missing links and future ideas

1. In order to have the right compactness to pass to the limit € — 0, we need a uniform
bound (6% 20,7 m2(vy) + 197 20,7 12(v)) < C; which is missing for now.

2. New source term and binding energy

3. Particle approximation

4. Stationary states
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