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Degenerate Diffusion Equations & Localisation Limits
and where to find them...
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Localisation Limits
— ‘Historical’ approach in a nutshell

i — = — — —
o Strong compactness of n comes from

|
a bound like [[l VV, % n |2dxdt ~ ﬂ| Vn |2dxdt <C

Consider
5 and Aubln Llons / Rlesz Frechet Kolmogorov'
n ‘ _ R o
o / Now conS|der the system
4 on® .
with K, £V, %V, where V, - § P V- (nVIK, x (nD + n@)))
strong weak
| on w r
asv —>0: —=V-nVn)
ot K st K =
asv — 0:
on®
=V.
Degond, Mustieles (1990), Oelschlager (1990), Lions, Mas-Gallic (2001), ot .-
Carrillo, Craig, Patacchini (2019), Burger, Esposito (2023), Carrillo, Esposito, weak weak

Wu (2023), Carrillo, Esposito, Skrzeczkowski, Wu (2024), Craig, Jacobs,

Turanova (2025)

TECHNISCHE New Perspectives in Nonlocal and Nonlinear PDEs .
' Folie 3 DRESDEN \

UNIVERSITAT Anacapri / July 7th — 11th, 2025
DRESDEN TU Dresden / Faculty of Mathematics / Markus Schmidtchen concept A



Cross-diffusion systems as localisation limits
— What is known...

species 1
Burger-Esposito '23:

on . species 2

o V- (n(’)(aﬂVn(l) + aiZVn(z))), =12 P

Doumic-Hecht-Perthame-Peurichard '24:
on® . .
—V.|n® ) | —
> =V-|n ZaiJ-Vn , i=1,....N
J
Jungel-Vetter-Zurek '24:

on® . . . . .

Pyl eAn =V . n(’)z aijVn(J) +nD | by, — Z bijn(f) i=1,...,N

J J
Do not cover g; = 1.
David-Debiec-Mandal-S. '24: q;; = 1 for N =2 (i)
’ on (i) ()
Elbar-Skrzeczkowski 25: a;; = 1 for N = 2 + nonlinear or =V-|n"V Z n
Debiec-Mandal-S. 25:q; = 1 for NeNand N - oo J
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Cross-diffusion systems as localisation limits
— Degenerate hyperbolic-parabolic system

(1) ’/ﬂt pOPU|ation
on ressure
~ V- (nOVED + 1)) = nOGDOm)  PERTE o
two balance laws ot ( ) n:=n"+n
' (2)
(one per species) on _V. (n(2)V(n(1) + n@))) — n(Z)G(2)(n) pressure-dependent
ot

growth rate

Heinrich, Alert, Wolf, Kosmrli, Cohen 2022

Busenberg/Travis; Gurtin/Pipkin (1983/84), Bertsch, Gurtin, Hilhorst, Peletier, Mimura, lzuhara,... (2014/16), Carrillo, Huang, S. (2018), Carrillo,

Fagioli, Santambrogio, S. (2018), Gwiazda, Perthame, Swierczewska-Gwiazda (2019), Chaplain, Lorenzi, Macfarlane (2020), Price & Xu (2020),
Liu & Xu (2021), Jacobs (2021/22), David, Debiec, Mandal, S. (2024), ...
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Anisotropic cross-diffusion systems as localisation limits
— Motivation.

The media in which tissues grow are characterised by their anisotropic nature,
for instance, generated by the extracellular matrix.

Consider the following system ExtraCellular Matrix
an) *
a”t =V-nPAVm) +nVGV(n,)
on®
a; =V -mPAVm,) +nPG®(n,)

coupled through the anisotropic Brinkman law

—vV-(AVm)+m, =n,

where A = A(x, 1) € R s a given anisotropy tensor.

Incorporating an anisotropy tensor in the model comes at the price of several analytical
challenges...
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Anisotropic cross-diffusion systems as localisation limits
— Assumptions on data, growth, and anisotropy.

The anisotropy tensor:
2 :
A € WH°(0,T; L®(R?)) n Lq—_qd(O,T; Wh4(R?)), for some g > d
A(x, £) is symmetric for a.e. (x, 1) € R x (0,T)
A(x, t) is A—uniformly elliptic for £ - A(x, 1)é > A| & |2, VE e RY and ae. (x,1)

The growth rates:

. 104 — G(n
GY:R - RareC! )
. 0.8 1 9
(GD)Y < —a <0, forsome a > 0 0s ) 12
=
call 1% > 0 s.t. GO(7?) = 0, and set 71 := iV + 7® 04 S
(o)

The initial data: S
O S n(l)aln S ’/_l(l), fori — 1’2 o 0.0 02 0.4 06 08 10
n(i),in = Ll(le) N LOO(Rd)

: . ,bounded and tight densities"”
|X|2(l’l(1)’m + n(2),1n) = Ll(Rd) &
. TECHNISCHE New Perspectives in Nonlocal and Nonlinear PDEs .
@ UNIVERSITAT Anacapri / July 7th — 11th, 2025 Folie 7 DRESDEN h

DRESDEN TU Dresden / Faculty of Mathematics / Markus Schmidtchen . conce pt Sy



Main result — localisation limit for anisotropic system
— Statement

Under those assumptions, we prove the vanishing viscosity / localisation limit, v — 0.

Formally, the system becomes:
' =0V +n®
ong” (i OG0 T
— l l —
Y —V-(n0 AVn0)+n0 G'(ng), i=1,2

a degenerate parabolic cross-diffusion system constituting the anisotropic analogue
of the multi-species porous medium system associated to Darcy's law v = — AV (1" + n?).

Starting point: weak solutions n{) € L*(0,T; L'(RY) n L®(R%)) nonnegative, s.t.:

T T T
—[ J n{0,pdxdt + [ J nDAVm) - Vedxdt = J J enPGD(n )dxdt + J @ (x,0)n " (x)dx
0 JRrd 0 JRrd 0 JRA R4
for each ¢ € C®*(R? x [0,T)), as well as
-vV-(AVm,))+m,=n,
almost everywhere.
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Main result — localisation limit for anisotropic system
— Statement

Under those assumptions, we prove the vanishing viscosity / localisation limit, v — 0.
Formally, the system becomes:

anéi)
ot

a degenerate parabolic cross-diffusion system constituting the anisotropic analogue
of the multi-species porous medium system associated to Darcy's law v = — AV (1" + n?).

\
ny = n(gl) + néz)

=V - n"AVny) +n{’'GP(ny), =12

Forv >0, let n{Y,n®,m ) ., be a family of weak solutions to the nonlocal anisotropic model with
initial data (nV-", n®-"), Then, there exists a subsequence such that

n{) — nl weakly-* in L*(0,T; L' n L®(RY)), i = 1,2
n, — ng, strongly in LZ(O,T; L2(|Rd))

Vm, — Vny, strongly in L*(0,T; L*(R%))

m, — N, strongly in LZ(O,T; LZ([Rd))

where ny = n{" +n{? and (n{",n{?) is a weak solution to local system with initial data (n‘""", n®""),
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Proof. (localisation limit for anisotropic system)
— A priori estimates

L*—bound for n,.

Let (x*, £*) be a maximum point for n,, and assume that 7z < n(x*, £*). In such a point we have

on, .
Py =0, Vn,=0, G(’)(ny) < 0.

Therefore, at point (x*, r*) there holds

on

0= at” =Vn,-AVm,+nV - (AVm) +n VGV (n) + nPGPn,)
=0 <0
1
<— (my — ny) <0
1%

Proof of the last inequality. Set C := n(x*, t*) and test the anisotropic Brinkman equation by
|C —m,|_:=max(m, — C, 0) to get

—v|C-m,|_V-AV(m,-C)+|C—-m,|_(m,—C)=|C—-m,|_(n,—C) <0

where the last inequality holds because n, < n, (x*,r*) = C.
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Proof. (localisation limit for anisotropic system)
— A priori estimates

Integrating
—v|C-m,|_V-AV(m,-C)+|C-—m,|_(m,—C)=|C—-—m,|_(n,—C) <0

in space and time yields

T T
UJ J VlC—myl_-AV|C—my|_dxdt+J
R4

J |C —my|*dxdr <0
0 0 JRd

By ellipticity of the anisotropy tensor A, both terms are nonnegative, and we conclude

|C—m,|_=0, ie., m <C

V—

Hence, m, < n, in @ maximum point. However, then 0 = 9,n, < 0, which is a contradiction,
and therefore n, < 7.
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Proof. (localisation limit for anisotropic system)
— A priori estimates

L*®—bound. n(x, ) < 7.

L'— bound. Integrate both equations to get

d .
— [ n,dx < max G(0) J n,dx
dt Jpa i=1,2 Rd

Regularity of m,. From testing the Brinkman equation
—vV-(AVm)+m, =n,
by m, and using ellipticity, we deduce

llv 1/2vmul|L°°(O,T;L2(Rd)) <C

for some C > 0 independent of v.
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Proof. (localisation limit for anisotropic system)
— Regularity of the velocity field

Using the Brinkman equation —vV - (AVm,) + m, = n, and properties of the anisotropy tensor A
2
A € L®0,T;L2(R%Y), VA e Li-7(0,T; LYRY))

we can derive the following regularity:

V-(AVm)) € L*(0,T; L®(RY)), directly from Brinkman

m, € L*(0,T; H(RY)), testing by m,, + ellipticity

Dzm,/ e L*0,T; LA(R?)), testing by — Am,, + ellipticity + interpolation
AVm, € L*0,T; H{(R%)

IV(AVm,) ||%2(O’T;L2(Rd))

T
2 2 2 2 2
< ”A”Loo(o’T;Loo([Rd))”D ml/”LZ(O,T;U(Rd)) + J J ) | VA | | me' dxds.
0 ‘R

T

+2[|A|l Loogo,7:Lo(ReY) J
0
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Proof. (localisation limit for anisotropic s
— Towards dissipation control

Claim. There holds, uniformly in v:

T
[ J nV|VmU|2dxdt <C
0 JRe

Proof. Using the symmetry of A, we observe

J n,o0m,dx = (—VV -(AVm)) + m,/) o,m,dx
Rd JRa

= dt(—vV : (AVmU)+mv) mydx—y[

JRa Rd

Hence, using the equation for n, and the ellipticity of 4,

1 d v
—— | nmdx=| onmdx——| Vm,-0,AVm,dx
:Z (1t Egd mgd :Z mgd
1%
< - I n,Vm, - AVm,dx + CJ nm,dx — —
R4 R4 2
2
< —AJ n,|Vm,|“dx + CJ
R4 R4
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Proof. (localisation limit for anisotropic system)
— Towards dissipation control

Moment & entropy control. With those properties we can derive

d
—J |x|2nydx§C[ |x|2nydx+C[ n|me|2dx
dt Rd R4 R4

and therefore

sup sup [ |x|2nydx <C
Rd

v>0 0<<T

as well as

sup sup [ n,|logn,|dx < C
Rd

>0 0T

Testing with & € L*(0,T; H'(RY)) yields
| comar < Clym Vm sall Vel + Ol
[Rd

and we get

”ny”Lz(O,T;H—l(Rd)) S C
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Proof. (localisation limit for anisotropic system)

— Dissipation control

Then, we derive the entropy identity

Hn(T)] = H[n"™] -

J

0

T

n,V - (AVm, )dxdt

JRd

n

log n,(n\"GV(n,)) + PGP (n,))dxds

JRd

by writing an equation for n, := n x, 5, testing with log(é + n.) and integrating.

Letting ¢ —» 0 and then § — 0, the identity follows.

As a consequence, we obtain

0

with C > 0 independent of v.
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Proof. (localisation limit for anisotropic system)
— Strong convergence of m,

Now, we proceed with the following steps

n? = n\", n, = ny = n{" +n'?, weakly in L*(0,T; L*(R%))

m, — ny, weakly in L2(0; T; L>(R%)), by passing to the limit in the Brinkman equation
—UHV -(AV@)m dxdr + ﬂgbmydxdt = J]gbn,ﬂxdt
Moreover: m, — n, strongly in L*0,T; L*(R%) and Vm, — Vn,weakly in L*0,T; L*(R%))

1H| Vm, |*dxds < vay - AVm,dxdt < — J m,V - (AVm,)dxdt

< - J]n,N - (AVm,)dxdr — J(my -n,)V-(AVm)dxdr < C

which yields Vim, — Vn,weakly in L2(0,T; L*(R%)) and n, € L*0,T; H'(RY)).

For strong compactness, we need some control on d,m, ...
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Proof. (localisation limit for anisotropic system)
— Strong convergence of m,

Time control. Let ¢ € H'(R? and compute Jq)dtmydx. But first solve: —vV - (AVE) + & = .
Testing by & gives

yﬂvg C(AVE)dxdr + Jmlflzdxdt = fgq)dxdr < %JJlflzdxdt + %Jchplzdxdt

and thus, independently of v

]lélzdxdt < ]|¢|2dxdt

Similarly, testing by —V - (A Vé) and using éllipticity gives, again, independently of v:
H | VEPPdxdt < A7 |ANl Leso.z:100ma) H| Ve |*dxds

Then

[ pom,dx = | (=vV - (AVE) + E)om dx = vaatmy “(AVE) +éom,dx
Rd J

= n(—l/V -(AVom,)) + dm )édx = [6t(—yV -(AVm,)) + m,)Edx — vJVf - (0,AVm,)dx

= |[d,n,Edx — v[Vé (0,AVm,)dx < C(l|9,n,|lg-1, IVm |l DNE g1 ey

< Clloll g re
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Proof. (localisation limit for anisotropic system)
— Strong convergence of 1,

Now, we proceed with the following steps

nlfi) — néi), n, — ng:= nél) + néz), weakly in L2(0,T; LZ(Rd))
m, — ngy, weakly in L(0; T; LA(R%))

m, — ng strongly in L*(0,T; LA(R%)) (Aubin-Lions)

Vm, = Vnyweakly in L*(0,T; LA(R%)) (Banach-Alaoglu)

next: n, — n, strongly in L*(0,T; L2 (R%)) — ellipticity + entropy-identity because...

2 2 2
”ny - nO”LZ(O,T;LZ(IRd)) S ||my o n0||L2(()’T;L2([Rd)) + ”my _ nV”LQ(O,T;LZ(IRd)) — 0
T T
2
[ J |m, —n,|"dxdt = I/J J (m,—n,)V - (AVm,)dxds
0 JR4 0 JRrd
T
= — UJ J nV-(AVm,)+Vm,-AVm,dxdt < Cv
0 JRA
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Proof. (localisation limit for anisotropic system)
— Strong convergence of 1,

Now, we proceed with the following steps
nlfi) — néi), n, — ng:= n(gl) + néz), weakly in L2(0,T; LZ(Rd))
m, — ngy, weakly in L%(0; T; L(R%))
m, — ng strongly in L*(0,T; LA(R%)) (Aubin-Lions)
Vm, = Vnyweakly in L*(0,T; LA(R%)) (Banach-Alaoglu)

next: n, — n, strongly in L*(0,T; L2 (R%)) — ellipticity + entropy-identity because...
deduce that ny is a weak solution to

on
d_to = V - (nyA Vng) = niPGD(ng) + n'?G@(ny)

with initial data 7110 4 p(2)n,

We do not know if nél), no(z) satisfy the corresponding equations!
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Proof. (localisation limit for anisotropic system)
— Strong Compactness of Vi,

The limit, n,, satisfies the entropy identity:
T o

H[ny(T)] — H[n™] — nyV - (A Vmg)dxdt
Jo JRd

= log no(n{"GV(ng) + n'PG(ny))dxdr
Jo JRd
Comparing it with that for n,, we find

T

T

lim sup[ J Vm,-AVm,dxdr < J J Vng-AVnydxdz.
v—0 0 JR4 0 JRd

But since A is symmetric and positive definite, and m, — n:

T

T
lim ian J Vm,-AVm dxdr > J
R4

J Vn,-AVnydxdz.
v=0Jo 0 JRd

By ellipticity of A

T
A|Vm, — V”O”iZ(o,T;U(Rd)) < J [ (Vm,—Vny) - A(Vm, — Vny)dxdr — 0,
0 JRd
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Proof. (localisation limit for anisotropic system)

— Passing to the limit

To summarise, we have

m = ngd,m, = ng = ngD + ng®, weakly in L*(0,T; L*(R)

m,,n, — ng, strongly in L*(0; T; L*(R%))
Vm, — Vny, strongly in L?(0; T; LA(R%))
We can pass to the limit in

T

T T
—J J n0,pdxdr + J J nDAVm,) - Vedxdt = J
Rd Rd

J gony)G(i)(ny)dxdt+J @ (x,0)n " (x)dx
0 0 0 JRd

Rd
and obtain

T

T T
—J J n(gi)atgadxdt + J J néi)(A Vng) - Vepdxdr = J
R4 R4

J (pnéi)G(i)(nO)dxdt+J @ (x,0n D" (x)dx
0 0 0 JR4

Rd

Summary of the strategy.
use entropy (in)equality to deduce new uniform bounds for the velocity field (weak convergence)
compare with the entropy structure of limit equation (upgrade to strong convergence)
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