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Symmetrization of a function

Let Q be an open bounded set of RV and let f : Q@ — R be a measurable function.

We define E* as the ball (centered at the origin) such that |E*| = |E]|.
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Symmetrization of a function

Let Q be an open bounded set of RV and let f : Q@ — R be a measurable function.
We define E* as the ball (centered at the origin) such that |E¥| = |E]|.

Schwarz symmetrization of f (spherically symmetric decreasing rearrangement),
denoted by f*, is such that its level sets are balls of RV centered at the origin

having the same measure as the corresponding level sets of f.
In other words

{xe Q¥ Fi(x) >t} = {x € Q: |f(x)| > t}* t>0.
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Symmetrization of a function
More precisely, one considers the distribution function jif of f
ur(t) =[x € Q: |F ()] > 1}].

The function pf(-) is a decreasing function from pf(0) = | supp(f)| to
pf(400) =0 as t increases from 0 to +co.
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Symmetrization of a function
More precisely, one considers the distribution function jif of f
ur(t) =[x € Q: |F ()] > 1}].

The function pf(-) is a decreasing function from pf(0) = | supp(f)| to
pf(400) =0 as t increases from 0 to +co.

The one dimensional decreasing rearrangement of f is

f*(o) =sup{t>0: pur(t) > o} o €[0,+00),

that is, f* is the distribution function of p.
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Symmetrization of a function
More precisely, one considers the distribution function jif of f
ue() = [{x € Q1 [F(x)] > ¢}].

The function pf(-) is a decreasing function from pf(0) = |supp(f)| to
pf(400) =0 as t increases from 0 to +co.

The one dimensional decreasing rearrangement of f is

f*(o) =sup{t>0: pr(t) > 0o} o € [0,+00),
that is, f* is the distribution function of .
The one dimensional increasing rearrangement of f is

(o) =1 (12 —0)  0€(0,12)).
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Symmetrization of a function

The radially decreasing rearrangement (or Schwarz decreasing rearrangement) of f
is (wy denotes the measure of the unit ball in RV)

f*(x) = F*(wn |X|N) x € QF;
and we call the radially increasing rearrangement of f, the function

fi(x) = flon ") xeqh
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Symmetrization of a function

The radially decreasing rearrangement (or Schwarz decreasing rearrangement) of f
is (wy denotes the measure of the unit ball in RV)

i (x) = F(wn |x|Y) x € QF;
and we call the radially increasing rearrangement of f, the function

fi(x) = flon ") xeqh

From the definitions, one deduces that f*, f,, ff and f; have the same distribution
function as f, consequently, rearrangements preserve LP norms, that is, for all
p € [1,00]:

1flle@) = 1 e, = £l e(as)-
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Some properties of rearrangements

o/|f|dx§/ fix)dx, EcCQ
E Et
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Some properties of rearrangements
° /|f|dx§/ fi(x)dx, EcCQ
E E?
o Hardy-Littlewood inequality:

| Fstdx < [ ireldcs [ Fgiean

V. Ferone (Universita di Napoli Federico I1) Symmetrization for nonlocal problems July 7-11, 2025 5/29



Some properties of rearrangements
° /|f|dx§/ fi(x)dx, EcCQ
E E?
o Hardy-Littlewood inequality:

| Fstdx < [ ireldcs [ Fgiean

° / fi(x)dx < / g*(x)dx, VB, (ball of radius r, centered at the origin)
B, B,

4

Ifllee) < llglle@ 1< p<oo
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Symmetrization for local problems

Let us consider the following homogeneous Dirichlet problem in an open bounded
set Q ¢ RV

—(ajuy), =f inQ,

(1)
u=20 on 09,

where the measurable coefficients a;; = ajj(x) satisfy the ellipticity condition
ai(x)&& > €7, VEERN ae xeQ,

and the source term f = f(x) is assumed to belong to LP(§2) for suitable p > 1.
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Symmetrization for local problems

A nowadays classical result states that if u € H}(Q) is the weak solution to (1)
and v € H}(QF) is the weak solution to the “symmetrized problem”

—Av="f! in Qf,

v=0 on 9QF,
then
u¥(x) < v(x), x € Q. (2)
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Symmetrization for local problems

A nowadays classical result states that if u € H}(Q) is the weak solution to (1)
and v € H}(QF) is the weak solution to the “symmetrized problem”

—Av="f! in Qf,

v=0 on 9QF,
then
u¥(x) < v(x), x € Q. (2)

An immediate consequence of inequality (2) is, for example, that any norm of u
increases under Schwarz symmetrization.

[Weinberger, 1962], [Maz'ya, 1969], [Talenti, 1976]
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Symmetrization for local problems

The approach used in most of the papers concerning symmetrization techniques is
based on the fact that after the use of a suitable test function allows one can
apply Schwarz inequality, Fleming-Rishel formula and isoperimetric inequality in

order to obtain a first order differential inequality involving u® and its radial
derivative, namely

NewprN=1 (—%u%r)) < /B, f*(x) dx.
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Symmetrization for local problems

The approach used in most of the papers concerning symmetrization techniques is
based on the fact that after the use of a suitable test function allows one can
apply Schwarz inequality, Fleming-Rishel formula and isoperimetric inequality in
order to obtain a first order differential inequality involving u® and its radial
derivative, namely

NewprN=1 (—%u%r)) < /B, f*(x) dx.

The solution v to the symmetrized problem satisfies the above inequality as an
equality and the comparison follows immediately:

u¥(x) < v(x), x € Q.
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Symmetrization for local problems

The approach used in most of the papers concerning symmetrization techniques is
based on the fact that after the use of a suitable test function allows one can
apply Schwarz inequality, Fleming-Rishel formula and isoperimetric inequality in
order to obtain a first order differential inequality involving u® and its radial
derivative, namely

NewprN=1 (—%u%r)) < /B, f*(x) dx.

The solution v to the symmetrized problem satisfies the above inequality as an
equality and the comparison follows immediately:

u¥(x) < v(x), x € Q.

A slightly different approach has been used in [Lions, 1981], where the author
observes that one can use the so-called Pélya-Szeg6 principle which states that, if
u € H}(Q), then

/|Du|2dx2/ |Duf)?dx. (3)
Q Qt
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Symmetrization for local problems

The literature about the possible extensions of the comparison result is wide
o elliptic equations with lower order terms
@ p-Laplacian type equations

porous medium equation

parabolic equations

anisotropic equations
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Symmetrization for nonlocal problems
Let us consider the following Dirichlet fractional elliptic problem

(-A)Yu="f in Q,

(4)
u=0 on RV\ Q,

where Q C RV (N > 1) is a smooth bounded open set, the source term f = f(x)
is assumed to belong to LP() for suitable p > 1 and s € (0, 1).
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Symmetrization for nonlocal problems

Let us consider the following Dirichlet fractional elliptic problem
(-A)Yu=f in Q,
(4)
u=0 on RN\ Q,
where Q C RV (N > 1) is a smooth bounded open set, the source term f = f(x)
is assumed to belong to LP(Q2) for suitable p > 1 and s € (0, 1).

The fractional Laplacian of a smooth real function u on RV can be defined in
terms of a hypersingular integral

(=AY u(x) =~(N,s) P.V./ ulx) = uly) ,

gy |x — y|N+2s 7

where the explicit value of the normalization constant (N, s) is given by
25 ( N+2s
_ 52T (M%)

r2l(1—s)

v(N,s) =
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Symmetrization for nonlocal problems

Let us consider the following Dirichlet fractional elliptic problem

(~AYu=f inQ,

(4)
u=0 on RN\ Q,

where Q C RV (N > 1) is a smooth bounded open set, the source term f = f(x)
is assumed to belong to LP(Q2) for suitable p > 1 and s € (0, 1).

Actually, the effect of symmetrization on fractional elliptic problems like (4) has
already been exploited in various papers
[Di Blasio - Volzone, 2012], [Vazquez - Volzone, 2014], ...
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Symmetrization for nonlocal problems

Let us consider the following Dirichlet fractional elliptic problem

(-A)Y u=f in Q,
(4)
u=0 on RN\ Q,

where Q C RV (N > 1) is a smooth bounded open set, the source term f = f(x)
is assumed to belong to LP(Q) for suitable p > 1 and s € (0,1).

Actually, the effect of symmetrization on fractional elliptic problems like (4) has
already been exploited in various papers
[Di Blasio - Volzone, 2012], [Vazquez - Volzone, 2014], ...

In those papers a symmetrization result in terms of mass concentration (i.e., an
integral comparison, as in the parabolic case) is obtained in a somewhat indirect

way.
Indeed, it has been used in an essential way the fact that the fractional problem
can be linked to a suitable, local extension problem, whose solution, an extension
of u, is defined on an infinite cylinder.

[Caffarelli - Silvestre, 2007], [Stinga - Torrea, 2010], ...
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Symmetrization for nonlocal problems

Theorem ([F. - Volzone, ARMA, 2021])
Let s € (0,1) and let f € LP(2), with p > 2N /(N + 2s) when N > 2 and any
p>1for N=1. If u and v are the solutions to the following problems
(=AY u=f inQ (A v=rF  inQF
u=0 on RN\ Q v=0 on RN\ QF
we have
u=<v

and

[u]ws < [V]ne
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Symmetrization for nonlocal problems

Theorem ([F. - Volzone, ARMA, 2021])
Let s € (0,1) and let f € LP(2), with p > 2N /(N + 2s) when N > 2 and any
p>1for N=1. If u and v are the solutions to the following problems

{(—A)“’uzf in Q {(—A)sv=fﬁ in QF

u=0 on RN\ Q v=20 on RN\ QF

we have
u<v

and

[u]ws < [V]ne

u=<v (comparison of mass concentrations)
means that for all r > 0 it holds

/B, uf(x)dx < /B, v(x)dx
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Symmetrization for nonlocal problems

Theorem ([F. - Volzone, ARMA, 2021])

Let s € (0,1) and let f € LP(2), with p > 2N /(N + 2s) when N > 2 and any
p>1for N=1. If u and v are the solutions to the following problems

{(—A)“’uzf in Q {(—A)Sv=fu in QF

u=0 on RN\ Q v=20 on RN\ QF

we have

u<v
and

[u]ws < [V]ne

[u]ps = / 5 |u(x) — u(y )|2d dy)1/2

x =y

V. Ferone (Universita di Napoli Federico I1)

Symmetrization for nonlocal problems

July 7-11, 2025 11 /29



Symmetrization for nonlocal problems

Theorem ([F. - Volzone, ARMA, 2021])

Let s € (0,1) and let f € LP(Q2), with p > 2N/(N + 2s) when N > 2 and any
p>1for N=1. If u and v are the solutions to the following problems

(=AY u=fFf inQ (-A) v=rt in QF
u=0 on RN\ Q v=0 on RN\ QF

we have
u-<v

and

[u]ms < [V]me

The main novelty is that we give a new proof of the mass concentration
comparison which could be of interest because the arguments, based on a suitable
Pélya-Szegé, seem to be very flexible with respect to those used in previous

papers.
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Optimality of the result

One could ask if the comparison in terms of mass concentration could be
improved to give a pointwise estimate.
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Optimality of the result
One could ask if the comparison in terms of mass concentration could be

improved to give a pointwise estimate.
The answer is negative, as simple 1-dimensional counterexamples show.
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Optimality of the result

One could ask if the comparison in terms of mass concentration could be
improved to give a pointwise estimate.

The answer is negative, as simple 1-dimensional counterexamples show.

s=1/4 s=1/2

s=3/4

u (blue line) solution corresponding to source term f = |x|
v (purple line) solution corresponding to source term f# =1 — |x|
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A general nonlocal operator

Let K = K(x,y) be measurable nonnegative function such that
K(x,y) = K(y,x) V¥x,y eR",
x> [ KGxyymingle =y 1)y € L (RY)

One can consider the following general nonlocal operator:

Lu(x) = PV. / K(x, y)(u(x) — u(y))dy,

RN

where the principal value (P.V.) integral is meant in the sense that

Lu(x) = lim / K(x, y)(u(x) — u(y))dy.
RN\ B, (x)

e—0*
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A general nonlocal operator

Let K = K(x,y) be measurable nonnegative function such that

K(x,y) = K(y,x) V¥x,y e RY,
x| Key)minflx =y 1)y € Lic(RY)
One can consider the following general nonlocal operator:
£u(x) = PV. [ Key)(ul) = uly))dy.
where the principal value (P.V.) integral is meant in the sense that

Lu(x) = lim / K(x,y)(u(x) — u(y))dy.
RN\ B.(x)

e—0*

We also suppose that
Kix,y) = J(x—y)=0
and we consider the nonlocal operator associated to J*

L) =PV, [ B = y)(x) - vly))dy.

RN
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Comments

— In the recent paper [Galiano, 2024] some LP estimates of solutions of nonlocal
elliptic an parabolic problems with integrable kernels K are obtained by Talenti's

type symmetrization techniques. We remark that these results are consequence of
our general theorems.
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Comments

— In the recent paper [Galiano, 2024] some LP estimates of solutions of nonlocal
elliptic an parabolic problems with integrable kernels K are obtained by Talenti’s
type symmetrization techniques. We remark that these results are consequence of
our general theorems.

— The equations we are treating appear in several contexts, for instance, in
Probability theory (generators of stochastic Lévy processes, i.e. special stochastic
processes with jumps), Fluid mechanics (for example, in the quasi-geostrophic
equation) or in Mathematical physics (relativistic Schrédinger operators or the
Boltzmann equation), peridynamics theory.

(see, for instance, the survey [Ros-Oton, 2016] and the book [Fernandez-Real -
Ros-Oton, 2023]).
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To deduce an inequality involving v

Let us consider a solution v to problem

Lu=TF inQ,
u=0 onRN\Q,
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To deduce an inequality involving v

Let us consider a solution v to problem

Lu=TF inQ,
u=0 onRN\Q,

Using a suitable version of Riesz rearrangement inequality it is possible to prove

/B’ /f J(x = y)(u*(x) — u(y))dydx < / F#(x)dx

Bl’
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To deduce an inequality involving u?

Let us consider a solution v to problem

Lu=1f inQQ,
u=0 on RV\ Q,

Using a suitable version of Riesz rearrangement inequality it is possible to prove

/B’ /f J(x — y)(uF(x) — uf(y))dydx < / F#(x)dx

Br
while for the solution v = v# to problem

Liv="fF inQf,
v=0 on RV \ QF

it holds

S (x = y)(v(x) = v(y))dydx = [ Fi(x)dx
o) J,
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Theorem (Riesz rearrangement inequality [Almgren - Lieb, 1989])
Let F: RT x RT™ — R* be a continuous function such that F(0,0) = 0 and
F(UQ, V2) + F(u17 Vl) 2 F(UQ, Vl) + F(Ul, V2)

whenever up > uy > 0 and vy > v; > 0 (0?F/0udv > 0).
Assume that f, g are nonnegative measurable functions on RN, then we have the
inequalities

//F(f g(y))W(ax + by)dxdy < // F(f*(x), g*(y))W!(ax + by) dx dy

and

[ Feoedx < [ F(rGo. g700)dx

for any nonnegative function W € L1(RN) and any choice of nonzero numbers a
and b.
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Remark

v(N,s)

When K(x,y) = PRt

that is Lu = (—A)®u it turns out that
| =5 (0 = () dydx =
B, /B¢

=) [0 - dnoustr )

where

@N,s(np) — 1 (/I ;dHN—l(yI)> dHN—l(X/)

NWN |x'|=1

yi=t rx! = py!|N+2s
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Remark

N
When K(x,y) = |X’y_(|’,i)r25 that is Lu = (—A)u it turns out that

//cﬁx_ uf(x) = u¥(y)) dydx =

(N’s)/o (/ Oo( (1) = u*(p))Ows (T, p)p""ldp> N1dr

where

_ 1 ; N-1 N—1
Ons(r,p) = Noow /Ml (/y| T _py|N+2sdH (v )) dHN=1(x)

that is,

a N+ 2s N r? .

N_I:252F1( 2 ,5+1,§,E> |f0§r<p<+00
eN,S(rap): )

a N+ 2s N )

NJIFVQSzFl( > ,s+1;5;lr)—2) if0<p<r<+4oo
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Remark

In the case of s-laplacian it is possible to rewrite the above inequality in terms of
the spherical mean function.
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Remark

In the case of s-laplacian it is possible to rewrite the above inequality in terms of
the spherical mean function.

Let us define the following spherical mean function

[x]
U(x) = U(Ix)) = ﬁ /0 o (p)o"dp.
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Remark

In the case of s-laplacian it is possible to rewrite the above inequality in terms of
the spherical mean function.

Let us define the following spherical mean function

[x]
U(x) = U(x]) = ﬁ / o (p)o"dp.

It turns out that

A(ns) [ ( [ wo-ve)end p)pN-ldp) Ny = (A Ur)

A formula for the fractional Laplacian computed on radial function contained in
[Ferrari - Verbitsky, 2012] has been used.
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Remark

In the case of s-laplacian it is possible to rewrite the above inequality in terms of
the spherical mean function.

Let us define the following spherical mean function

[x]
U(x) = U(x]) = ﬁ / o (p)o"dp.

It turns out that

A(ns) [ ( [ wo-ve)end p)pN-ldp) Ny = (A Ur)

A formula for the fractional Laplacian computed on radial function contained in
[Ferrari - Verbitsky, 2012] has been used.
Then
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Remark

For the solution v to the symmetrized problem we have

(=D)gn:2V(r) = r’V/ f(p p"tdp

where V(r) is the spherical mean of v,

1 x| N1
Ve = Vi) = 1 [ vlon™
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Remark
For the solution v to the symmetrized problem we have
(=D)gn:2V(r) = =N / f(p p"tdp

where V(r) is the spherical mean of v,
1 x| N1
Ve =VIx) = | i)™ dp.

A classical comparison result gives

U(r) < V(r)

that is,

u=<v.
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Some applications of the method

Fractional p—laplacian (p > 2)
(—Ap)u=f inQ
u=0 on RN\ Q

[F. -Volzone, DCDS, 2022]
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Some applications of the method
Fractional p—laplacian (p > 2)
(—Ap)u=f inQ
u=0 on RN\ Q
[F. -Volzone, DCDS, 2022]
Nonlocal problem with singularity (elliptic and parabolic)
(~aypu=" g
u”

u>0 in Q2
u=0 onRNV\ Q

[de Bonis, Brandolini, F., Volzone, Asympt. Anal., 2023]
[de Bonis, Brandolini, F., Volzone, Nonlinear Anal. RWA, 2025]
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Theorem ([F. - Piscitelli - Volzone, JMPA, 2024])

Let £ and L* be defined as above, f € L?(Q), c € L>(Q) such that c(x) >0 in
Q. If u and v are the solutions of:

Lu+cu=1Ff inQ, £ﬁv—|—cﬁv:fti in QF,
u=0 on RN\ Q, v=0 on RN\ QF,

respectively, then
u=<v

Moreover we have the following energy estimate:
3 [ L KO () = )P dv [ c)uP ()
2 Jrv SRy RN
<5 [ ] P00 v dvder [ axviaae
2 RN JRN RN
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Theorem ([F. - Piscitelli - Volzone, JMPA, 2024])

Let £ and L* be defined as above, c € L>(Q x (0, T)) is nonnegative,
feL?(Qx (0, T)). Ifuand v are the solutions of-

ur+Lu+cu=1~f inQx(0,T),
u=0 in (RV\ Q) x (0, T),
u(x,0) = up(x) in RN,

and
v,:—|—,/3ﬁv—|—cﬁv:fﬁ in QF,
v=0 in (RV\ Q%) x (0, T),
v(x,0) = v(x) on RN,

where ug € [2(Q) and vy = v € [2(Q) are such that / ud(x)dx < /
B, B,
Yr > 0, then

/ uP(x, t) dx < / v(x,t)dx VYr>0 Vte][0,T].
B,

r

vo(x)dx
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Comparison principle

As discussed above we get

/B, /Bf F(x —y) (P (x) — u*(y)) dydx+/13, e (x)u (x)dx < / F2(x)dx,

r
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Comparison principle

As discussed above we get
/ / J(x —y) (u*(x) — u(y)) dydx —I—/ c(x)uf(x)dx < / f*(x)dx,
B, JB¢ B, B

while, as regards the weak solution v to the symmetrized problem we have

f(x — v(x)—v X c(x)v(x)dx = t(x)dx.
[, e 00 - vomarss [ apaviode= [ #icos

r
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Comparison principle

As discussed above we get

/ J(x —y) (u*(x) — u(y)) dydx +/ c(x)uf(x)dx < / F*(x)dx
B, JB¢ B, B
while, as regards the weak solution v to the symmetrized problem we have

/B,/B,cﬂ(x_y)(v(x)—V(y))dde+/BCu(x dx—/ F(x)dx.

r

Subtracting, we have:

JH(x = y) (UF(x) — u¥(y)) dydx — JHx = y) (v(x) = v(y)) dydx
Jods L

+ [ (w0 — v)dx <o
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Comparison principle

As discussed above we get

/ J(x —y) (u*(x) — u(y)) dydx +/ c(x)uf(x)dx < / F*(x)dx
B, JB¢ B, B
while, as regards the weak solution v to the symmetrized problem we have

/B,/B,cﬂ(x_y)(v(x)—V(y))dde+/BCu(x dx—/ F(x)dx.

r

Subtracting, we have:

JH(x = y) (UF(x) — u¥(y)) dydx — JHx = y) (v(x) = v(y)) dydx
Jods L

+ [ (w0 — v)dx <o

It remains to prove that
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Proposition

Let u, v be two nonnegative, radial and summable functions on Bg. Let us
assume that the function

relo, R]»—>/B(u(x)—v(x))dx

admits a positive maximum point at ¥ > 0, that is,

refo,R]

0< /B;(u(x) — v(x))dx = max (/B,(U(X) - v(x))dx) .

Then, if by is a positive radially increasing function such that (u(x) — v(x))h(x) is
summable on Br, we have

/ (u(x) — v(x))b(x)dx > 0.
Br

An analogous result holds true if the following function admits a negative
minimum point

re[0,R] — -, (u(x) = v(x))dx
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Comparison principle
In order to prove the desired comparison result we suppose by contradiction that
relo0,R] — / (u*(x) — v(x))dx
Br

admits a positive maximum point at 7 > 0 and, using the above Proposition we
show that inequality

f e w0 - e [ [ ) (0 - )y

+ [ a0 - v <o
B,

gives a contradiction at r = F.
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Comparison principle
In order to prove the desired comparison result we suppose by contradiction that
relo0,R] — / (u*(x) — v(x))dx
Br

admits a positive maximum point at 7 > 0 and, using the above Proposition we
show that inequality

JL L0 @0 =) v [ ) (40 = )
+ [ al(wit) = viex <o.
gives a contradiction at r = F.
In order to apply the Proposition, we use the fact that
o ®&y(x)= [ J*(x — y)dy is radially increasing for any |x| < r;
BC

o dy(y fB J¥(x — y)dx is radially decreasing for any |y| > r.
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Parabolic case

We consider the problem where the time derivative u; is replaced by a difference
quotient
Upy1 Up .
L —= =f+ — Q
Upy1 + Cplpy1 + At n + At n
Upy1 =0, on RN\ Q

where n =0,...,k — 1 and ug = up(x) is given in the initial conditions.
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Parabolic case

We consider the problem where the time derivative u; is replaced by a difference
quotient

n Un .
{Lun+1 + Cplpy1 + A_:_l =fp+ At in Q

Upi1 =0, on RN\ Q
where n =10,...,k — 1 and ug = ug(x) is given in the initial conditions.
The corresponding symmetrized problems are

Vv .
L1 + (Cn)gVat1 + Zrtl = (fn)ji + Aint in QF
Vpy1 =0 on RV \ QF,

with vo = vp(x).
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Parabolic case

We consider the problem where the time derivative u; is replaced by a difference

quotient

At At
Upy1 =0, on RN\ Q

where n =10,...,k — 1 and ug = ug(x) is given in the initial conditions.
The corresponding symmetrized problems are

Vv .
{Eﬁvnﬂ + (Cn)p V1 + — Tnit _ (fn)ji + = in QF

Up Un .
{LufH»l + Cnlny1 + —— e fot+ — in Q

At At
Vpy1 =0 on RV \ QF,
with vo = vp(x).
From the comparison result

/ n+1(x)dx < / Var1(x)dx  Vr>0.
B

r r
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Parabolic case

We consider the problem where the time derivative u; is replaced by a difference

quotient
1 u .
Lupi1 + Colip1 + Zt =f,+ A—"t in Q
Upi1 =0, on RN\ Q
where n =10,...,k — 1 and ug = ug(x) is given in the initial conditions.
The corresponding symmetrized problems are

Vv .
{Eﬁvnﬂ + (¢n)gVnt1 + Zrtl = (f,,)ji + Aint in Qf

Vpy1 =0 on RV \ QF,

with vo = vp(x).
From the comparison result

/ n+1(x)dx < / Var1(x)dx  Vr>0.
B

r r

it is possible to deduce

/ uP(x, t)dx < / v(x, t)dx forall r>0,te (0, 7).
B, B

r
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An eigenvalue problem

Let us consider the following nonlocal eigenvalue problem

{ (—A)Yu=Au in Q,
u=0

= on RV\ Q,
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An eigenvalue problem

Let us consider the following nonlocal eigenvalue problem

{ (—A)Yu=Au in Q,
u=0 on RN\ Q,
We are interested in the case where A = A\1(Q) is the first eigenvalue. We denote

by Br C R" the ball (centered at the origin) having the same first eigenvalue as
Q, that is A\1(Bgr) = A1(Q).
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An eigenvalue problem

Let us consider the following nonlocal eigenvalue problem

{ (—A)Yu=Au in Q,
u=20 on RN\ Q,

Theorem ([Brandolini - de Bonis - F. - Volzone, in preparation])

Let u be a positive eigenfunction for corresponding to A = A\1(Q2) and let v the
positive solution to the following eigenvalue problem

{ —A)v=XA(Q)v in Bg,
v=0 on RN\ Bg,
satisfying

Ivilx(sr) = lullz@)-
Then:

/, u¥(x)dx < /B v(x) dx,

b

where B, is the ball (centered at the origin) having radius r.

(5)
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Remarks

@ The proof of the Theorem uses the fact that the spherical mean function
U(x) satisfies an inequality involving the s-laplacian in dimension (N + 2)
and some relations between the eigenvalues of balls in dimensions N and
(N + 2) proved in [Dyda, 2012].
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Remarks

@ The proof of the Theorem uses the fact that the spherical mean function
U(x) satisfies an inequality involving the s-laplacian in dimension (N + 2)
and some relations between the eigenvalues of balls in dimensions N and
(N + 2) proved in [Dyda, 2012].

e Estimate (5) implies, for p > 1,

[1Vllercs
lellusiny < 11vllioceey = (g 2 ellsco
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Remarks

@ The proof of the Theorem uses the fact that the spherical mean function
U(x) satisfies an inequality involving the s-laplacian in dimension (N + 2)
and some relations between the eigenvalues of balls in dimensions N and
(N + 2) proved in [Dyda, 2012].

e Estimate (5) implies, for p > 1,

|[vI]er(Br)
|| 2 (@)

[Ivlex

[ullr@) < NIVI|e(r) =

The above inequality has been proved for the first eigenvalue of the (local)
laplacian; in such a case, for p =2 and N = 2, it reads as

/ vPdx < — (/ |u|dx> (Payne-Rayner inequality)

[Payne - Rayner, 1972], [Kohler-Jobin, 1977], [Chiti, 1982], [Alvino - F. -
Trombetti, 1998]
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Remarks

@ The paper by Chiti is based on some comparison results, contained in a
different paper, which state a comparison result in terms of mass
concentration in the same spirit as our theorem.
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