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Spatially Homogeneous SIR Model

[Kermack and McKendrick, 1927]:
e S(t): The number of susceptible individuals at time t.
@ I(t): The number of infected individuals at time t.
e R(t): The number of recovered individuals at time ¢.

B : Infectious rate.

@ « :Recovery rate.
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Specially Nonhomogeneous SIR Model

The spatial movement is mostly described using;:
e Diffusion |[Langlais and Busenberg, 1997, Kim, 2006]

e Nonlocal movement [Kuniya and Wang, 2018,
Yang and Wang, 2023, Bentout et al., 2023, Li, 2023|

Nonlocal Social Interaction: Let x be an individual in compartment
X (X € {S,1,R}). The movement of x is affected differently by other
individuals in each compartment based on their affiliation.

@ @
\%Wm—.
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We assume that the kernels satisfy the following conditions.

D"We, € L'(R?) N L™(R?)
for all multi-indexes v with 1 < |y| <2 and for all &, € {S,I,R}. (2)
Wep(—x) = Wep(x) for all x € R? and for all £,n € {S,I,R}. (3)
The operators Vg, V;, and Vi model nonlocal aggregation of the
individuals in each compartment and are defined as:
Vs[S,I,R] =Wss xS+ Wgr I+ Wgsp* R,
Vi[S,I,R] = Wis* S+ Wi I + Wig * R, (4)
VR[S,I,R] =Wgg* S+ Wgr*I+ Wggr* R.
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Main Model

r€R2 te€[0,T]

S(z,t): The number of susceptible individuals in z at time ¢.

I(z,t): The number of infected individuals in = at time ¢.

R(z,t): The number of recovered individuals in z at time t.

B: Infectious rate.

o a:Recovery rate.
0pS = div (SV Vg[S, I, R]) — 5SI,
ol =div(IVVy[S,1,R]) + BSI — al, (5)
OR = div (RVVR[S, I, R]) + al.
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Main Theorem

Theorem 7 |[Existence and uniqueness of solutions]

Assume the interaction kernels Wy, satisfy (2) and (3). Assume the
initial data Sp, Iy, Ro belong to L'(R?) N L>®(R?) N H'(R?) and are
nonnegative. Then, for any arbitrary time 1" > 0, there exists one and
only one

(S,I,R) € L=([0,T]; (L'(R?) N L*®(R?) N H'(R?)))3

solving (5) in the weak sense and having (Sp, I, Ro) as initial datum.
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Approximated problem

We consider, for a fixed £ > 0, the approximated problem

S, = div (SVVs[S, I, R]) — ST + eAS,
I, = div (IVVi[S, I, R]) + BST — ol + eAl, (6)
R; = div (RV VR[S, 1, R]) + al + eAR.

Proposition 8

Assume (2) and let the initial condition satisfy

(So, lo, Ro) € (L1 N L*® (RQ))g. Then, there exists 7' > 0 such that
there exists one and only one classical solution

(S,I,R) € (C/2(R? x [0,T]))? to system (6) in R? x [0, 7] with initial
condition (Sp, Ip, Ro).
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There exists T > 0 such that there exists one and only one classical
solution u = (uy,...,uy) € (C;f(]Rd x [0, TN to the following system
in R% x [0, T7.
Opui(z,t) = eAu; + div(w; VVi[ua, ... un]) + gi(u, ..., un),
zeR?, >0, (7)

ui(,0) = u (),

where 1 = 1, ..., N, with nonlocal operators of the form
N
Vilui,...,un|(z) = ZWU * ui () ,
j=1

provided the interaction kernels W;; satisfy the same assumptions as in
(2), the functions g; : RN — R feature C' regularity, and u) € L' N L>.
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Lemma 10 [Non-negativity of solutions]

Under the same assumptions of Proposition 8, assuming further
nonnegative initial data, the local solution (S, I, R) provided in
Proposition 8 is nonnegative on its maximal existence time interval
[0,T7.
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Proposition 11 [Uniform L estimates and global existence|

Let (S, I, R) be the unique local solution to the system (6) found in
Proposition 8 and let p € [1,400]. Under the same assumptions of
Proposition 8, assuming further Sy, Iy, Rg € (L1 N L (]RQ)) are
nonnegative functions, then, there exists a constant C' > 0 independent
of time and of € such that

1SC, Ollowzy + 1G5 D) ze@ey + 1R )| o w2y
C
< (1+ [1Soll o2y + ol Loqgey + | Roll Loqgey) €10+, (8)

for all t € [0,T]. Consequently, the solution (S, I, R) found in
Proposition 8 exists globally in time.
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Sketch of the proof: the sequence of cut-off functions ¢, : R? — [0, 1]
such that, for any n € N, ¢, € C*(R) and

)1, x€ By(0)
Cn(m) - {07 Z ¢ Bn-‘rl(o) (9)

[VCn| 4+ [AG| < C'lCal- (10)

e Step 1 - L? estimate of S for p € [1, +00].

d
L e de =
dt Jo 2 e p/Rz

= —p(p— 1)5/ SP2|\V S| Cuda — pe/ SPIVS . V¢, dx
R2 R2

—p(p—1) / SP=IVS . VVs[S, I, R]Cudx
R2

SP=1 (e AS + div (SVVs[S, I, R]) — BSI) (pda

—p / SPVVs[S, I, R] - Vndz — Bp / SPIC,dx .
R2 R2
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A v ()dw < (p—1) / SPAVS[S, I, RlC(2)da
dt Jp2 R2

te / SPACn(2)dz — / SPYVs[S, I, RV G () dz,
R2 R2

IVVsIS. L, Rl e gty + | AVS[S. I, Rl e e

< C (ISl ey + Mllagaey + 1Rl 21 se))
1511 o r2) < € [1Soll 1o m2)

e Step 2 - LP estimate of I for p € [1, +o0].
e Step 3 - L? estimate of R for p € [1,400].
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o Step 4. Global existence. Assuming by contradiction that the
maximal existence time 7" in Proposition 8 is finite, then estimate
(8) implies we could extend the solution by continuity to time
t =T and prove existence and uniqueness of solutions to the
Cauchy problem starting at time ¢t = T', with local existence for
some further interval [T',T + 7) for some positive 7 > 0. This
contradicts T" being maximal.
|

* The result in proposition 11 implies that for all "> 0 the family of
solutions (S, I, R.) to (6) parametrised by ¢ is weakly compact in
LP for finite p > 1 (resp. weakly-* compact in L*°) on the
space-time domain R? x [0, T] provided the initial functions
So, 1o, Ro belong to Lp(Rd).
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0,8 = div (SVVs[S, I, R]) —BSI,
oI = div (IVVy[S, I, R)) +8ST — o,
O:R = div (RVVg[S, I, R]) + al.

Proposition 15 [Uniform H' estimates]

Let (S, I, R) be the unique solution to the system (6). Assume the
interaction kernels satisfy (2) and that the initial functions Sy, Iy, Ry
belong to L'(R?) N L>(R?) N H'(R?) and are nonnegative. Then, for a
given T > 0, the H'-norm of (S(-,t),I(-,t), R(-,t)) is uniformly
bounded on [0, 7] with respect to € > 0.
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Proposition [Vanishing viscosity limit]

Let (S, I, R:) be the unique solution to the system (6) with the
diffusion constant € > 0. Under the assumptions of Theorem 7, there
exists a solution

(S,I,R) € L>=([0,T]; H*(R?))?

that solves (5) which is the £ N\ 0 limit of a subsequence of (S;, I., R;)
in the L?(R? x [0, T])-sense for all T > 0.

Proposition 16 [Uniqueness]

Under the same assumptions of Theorem 7, for a fixed T' > 0, there
exists at most one weak solution to (5) with

L>([0,T]; LY(R?)N L*>®(R?) N H'(R?)) regularity with a given initial
condition (Sp, o, Ro) satisfying the assumptions of Theorem 7.
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SIS Model

S =—BST +al,
I=p8SI—al.

«

(11)

Basic Reproduction Number:

where N = S5+ 1.
Steady States:

o disease free equilibrium (S,1) = (N,0) in case Ry < 1

e endemic equilibrium (S, 1) = <%, N — %) in case Rp > 1
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A specific repulsive-attractive potential

We restrict for simplicity to the one-space dimensional case and we set

W) = 2* — lal (12)

for some constant v > 0.

S = 0, (SW' (S +1)) — BSI +al ,
Ol = 0, (IW' % (S+1))+ BSI —al.

Basic Reproduction Number:

M
Ry = M3
Yo

where N =5 + I and

M:/RN(x)da:>0.
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Theorem 19 [Steady states]

The stationary system of the model (13) with W given by (12) with
~v > 0 has the one-parameter family of solutions

M
S(Z‘) = 71[7'#2,7/2](1‘)7 I(I) =0

for all M > 0. Moreover, it has the additional one-parameter family of
solutions

M
S(z) = %1[_7/2,7/2} (@), I(z)= (7 = g) 1y 272 ()

M € (?,—i—oo) .

for all
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Numerical Simulations - Disease Free Equilibrium
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Numerical Simulations - Endemic Equilibrium
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