Syllabus: M722 Topics in Topology: Symplectic Topology and
Fukaya Categories, Spring 2020

Outline:

The goal of this class is to introduce some standard techniques in Floer theory, and focus
on Fukaya categories of symplectic manifolds.

We will start by reviewing some basic definitions, results and open questions from contact
and symplectic topology. Then in preparation for Floer theory we will review the construc-
tion of Morse homology, and the Morse category, a nice and simple toy model for the Fukaya
category.

We will then follow Seidel’s book (chapters 1 and 2) and introduce the compact Fukaya
category in the exact setting.

If time permits, we will introduce the wrapped Fukaya category, corresponding to sym-
plectic manifolds and Lagrangians that are ”conical at infinity”.

In order to pass, you will have to give a presentation on a topic of your choice, related to
this class. A list of suggestions is given below, but you are free to choose other topics. You
can work in groups on a same topic, and are encouraged to.

Bibliography:

e McDuff-Salamon, Introduction to symplectic topology, 3rd edition

e Hutchings, Lecture notes on Morse homology (with an eye towards Floer theory and
pseudo-holomorphic curves)

e Fukaya, Morse homotopy, Ay -category, and Floer homologies

e Seidel, Fukaya categories and Picard-Lefschetz theory

e Abouzaid, On the wrapped Fukaya category and based loops

e Abouzaid, A geometric criterion for generating the Fukaya category

e Auroux, A beginner’s introduction to Fukaya categories

e Smith, A symplectic prolegomenon

Suggested topics:

e Biran, Cornea, Lagrangian Cobordism and Fukaya categories

e Abouzaid, On the Fukaya Categories of Higher Genus Surfaces

e Abouzaid, Kragh Simple homotopy equivalence of nearby Lagrangians

e More general approaches, bounding cochains, immersed Floer theory (Akaho-Joyce)

e Joyce, Conjectures on Bridgeland stability for Fukaya categories of Calabi-Yau man-
ifolds, special Lagrangians, and Lagrangian mean curvature flow

e Contact analogues: dga of a Legrendrian, augmentation categories, augmentation of
a Lagrangian filling...

e Something about Homological Mirror Symmetry

e Relations with Instanton homology: the Atiyah-Floer conjecture and the Donaldson
category

e Hedden, Herald, Hogancamp, Kirk The Fukaya category of the pillowcase, traceless

character varieties, and Khovanov Cohomology
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e Wehrheim-Woodward’s theory: quilts, the geometric composition theorem, A-infinity
functors, The symplectic category...

e Auroux, Fukaya categories of symmetric products and bordered Heegaard-Floer ho-
mology

e Pascaleff, Poisson geometry, monoidal Fukaya categories, and commutative Floer
cohomology rings (needs quilts)

e Haydys, Fukaya-Seidel category and gauge theory



Plan of the course

1. Introduction to contact and symplectic topology p.4
1.1 Physics origins p.4
1.2 Symplectic manifolds, Hamiltonian flows p.4
1.3 Lagrangian submanifolds p-9
1.4 Almost complex structures, pseudo-holomorphic curves p.14
1.5 Contact manifolds p.21
1.6 From instanton theory to Donaldson’s category p.26
2. Morse theory and Fukaya’s Morse category p.28
2.1 Morse functions p.28
2.2 Morse homology p.32
2.3 Orientations p.35
2.4 Compactness p.37
2.5 Transversality p-39
2.6 Glueing p.44
2.7 Functoriality, invariance p.46
2.8 Product structure, the Morse category p-5H1
2.9 Some A, algebra p.59
2.10 From Morse to Floer p.67
3. The Fukaya category p.71
3.1 Compactness p.72
3.2 Transversality p.78
3.3 Maslov index and gradings p-90
3.4 Families and parametrized moduli spaces p.106
3.5 More A, algebra p.122
3.6 Invariance p.132
3.7 Orientations p.137
3.8 Definition of the Fukaya category p.160
3.9 The PSS isomorphism p.163
3.10 Surfaces p.167
3.11 More general approaches p.172

3.12 Kuranishi structures and vfc’s p.185
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3.3 Maslov index and gradings
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3.4 Families and parametrized moduli spaces
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3.5 More $A \infty$ algebra
Sl owaz
LR
//D—ng}, /4’\~ A%\ G\l(a’? Vd 'S gxﬁu;’gy (VV\A}«Q ;p
VX cObA D <y c Endi) sk
B F(Cy) =0
: /V\l(e)( o) = /—|)Mox S (a,ex s @

A s (o alobgally) L OHA)
towi ol
Eﬁi. . shA@/ i lod = b ©
RTINS 4 ety ok btk
o A e
s 3 ndioms an pucelle omutdly equicdlal-



PR . l) z).__) C,/Y\ )4’)5)
ok R“ﬁ%6(6@@7;;$Aw@%a

A a)\' T F—=& « -
AAWM?VW&&%.%U "
wo1 o omep 3 (T :
4 o fam (1o X ) = Ko (X0 G0 ) -
R 1%<X4—\)M)®“ od QM (X))
\NL(/v\ 0k=0/ —\b: XHTXG&WBY /67

4 5 o= ng gg SLAJ/\ /Vua)r 7 N g
/Emwg(\/(}z‘(h\(AB) © o Ao — CAJ*/ e "4




oo <w@“(¢4)x,,q\u’>)‘,./7{..)}—\—5 Oy )

s T (%) |

4

B

W
| LT




IRy aE

ﬁ&A , AL ohfind Lk 52



D,%ﬁ‘ A mcgﬁmaQ memsﬁmwﬁm S @
(/0(7/& T : 7«' C‘—>:
PLI CoLomo(MM ke Clreon Lmhu\_y]ﬁc/) jpdmmm

\
’r\y
Q\Q A ”T TR = HA e NG H
}

H§
%): X F—%[TBXU N @
bk Frano firm.




- ompralen fundrr G A— B

Qéx%;m-fm(a,«pw%@, B)
Rg, o Pun [ 476) = o= B (B,E)

Bpds s Gnnstion ) Acofudinns TE AL D

__J_

(oee) - /{Pﬁ?
/ o
O s L= A )

I 1 ”L
earALr TG b /
f ,; ‘W‘f oYy T ) B0 )

S+










Def A B cowmbl Ag - ah | en Ant fuden
P AR s C;M .'f, H(F\'.HQU»H(J&) A O

Y ASDR W O‘MW—G%Y\-QWGL:} HFY HA) S HR) s am

eé{‘,i-x\L/Qe/w < .

—E., F AR Tm-%wﬂ%u) %%%\%zﬂé éfwweq
S’\AA\’&«)( (%1’3—— A//I”(A w ‘HO( %M<04,A)>
Folg 2 Ty i (4 (38)

Db mad] A cunkd AL of
0- me-mod ) = - WM(K dy o i i op

O gy ol = gw% P Meohs o g - U )

M P o, by o ()= el 76}

Mg okl /f #(/l{) s o, e 1{ e)(dum (%), ) Hom o M 18) nthsan 1d

HW



Moo ebedding A ol Ay b
\1 (@;A\ ) Oj éO)O</M )> : 3/\30(): kp,ow(xl\/’)
Q- Pyt

— wowidd Ao fode by A QS Yk ol
c @“4 Rk - A — ok A “ELD
X“ \—3:71 ~ (J(C)i Ajo =2 A{ji Ais c-unlad
A o
Y00 o o (K1, Kar ) e (0) = (0]

'L& 4, ®.. O, L /_1&-'1/@%'&&_').,.)&4)

VTS TS A q“(%,..,cd); Y, =Y
Y00 o o (K0, Kacr ) B (9) = Y (0)

1&& al  &...0a, —_ Mp/%-—y%,*). A1y %)

M \D c (e (;L
Xs a’I‘?Yu’)" 'XA-l ’“7\?'5L’\/, — - -)\(le \



3.6 Invariance
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3.7 Orientations
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3.8 Definition of the Fukaya category
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3.10 Surfaces
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3.11 More general approaches
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