Nucleation of vortices in type-II superconductors in increasing magnetic fields

S. J. Chapman Mathematical Institute, 24-29 St. Giles, Oxford OX1 3LB July 5, 2000

Abstract The stability of the superconducting solution of a limiting form of the Ginzburg-Landau model is examined, to determine the point of first nucleation of vortices.

Keywords. superconductivity, vortices, instability, generation.

When a type-II superconductor below the critical temperature is placed in a sufficiently weak magnetic field, the field will be expelled from the interior of the sample except in thin boundary layers (this is known as the Meissner state). If the magnetic field is then increased there will be a point at which this superconducting state becomes unstable, and the magnetic field will begin to penetrate the sample in the form of quantised flux tubes, each circled by a vortex of superconducting current.

A popular model describing the response of a superconducting material to an applied magnetic field is the Ginzburg-Landau model [3, 6]. We consider a cylinder of superconducting material, unbounded in the z-direction, in an applied axial magnetic field (0, 0, H_0). In [2] the following limiting form of the Ginzburg-Landau model was derived for large values of the Ginzburg-Landau parameter:

H = λ curl Q in Ω, (1) −λ^2curl^2Q = ( 1 − |Q|^2 ) Q in Ω, (2) Q · n = 0 on ∂Ω, (3) H = H_0 on ∂Ω, (4)

where H = (0, 0, H(x, y)) is the magnetic field, Q = (Q_1(x, y), Q_2(x, y), 0) is the magnetic vector potential, Ω ∈ IR^2 is the cross-section of the cylinder, and λ is known as the penetration depth of the magnetic field; typically λ ≪ 1^1. The solution of (1)-(4) was shown to be unstable whenever |Q| > 1/ √ 3, and it is conjectured that this instability will lead to the formation of vortices. In [1] it was shown that this instability will occur first on the boundary of the domain.

Many authors have examined the magnetic field at which the instability occurs under the assumption that Ω is large and ∂Ω is slowly varying by comparison to λ, in which case the superconductor is approximated by a halfspace [4, 5, 7]. The aim of this letter is to determine the point on the boundary at which the instability will occur; this will be the point of first nucleation of vortices.

1In [2] lengths were scaled with λ. Here they have been scaled with the size of the domain.

Let the boundary ∂Ω be given by Γ(s), where s is arc length. We define x = Γ(s) + λrn, λ ≪ 1. (5) Then r, s form a local orthogonal curvilinear coordinate system, with scaling factors g_s = 1 − λrκ, g_r = λ, where κ is the curvature of Γ, positive if the centre of curvature lies in Ω. Equations (1)-(4) become − ∂H ∂r = ( 1 − Q^2_r − Q^2_s ) Q_s r > 0, (6) λ 1 − λrκ ∂H ∂s = ( 1 − Q^2_r − Q^2_s ) Q_r r > 0, (7) H = λ 1 − λrκ ∂Q_r ∂s − 1 (1 − λrκ) ∂ ∂r ((1 + λrκ)Q_s) , r > 0, (8) H(0, s) = H_0, (9) Q_r(0, s) = 0, (10) Q_r, Q_s, H → 0, as r → ∞. (11) We expand H, Q_r and Q_s in powers of λ: H = H^{(0)} + λH^{(1)} + · · · , (12) Q_r = Q^{(0)}_r + λQ^{(1)}_r + · · · , (13) Q_s = Q^{(0)}_s + λQ^{(1)}_s + · · · . (14) Equating coefficients of powers of λ in (6)-(11) gives at leading order Q^{(0)}_r = 0, (15) ∂^2Q^{(0)}_s ∂r^2 = ( 1 − ( Q^{(0)}_s

)_2)

Q^{(0)}_s , r > 0, (16) ∂Q^{(0)}_s ∂r (0, s) = −H_0. (17)

Thus Q^{(0)}_s is simply the solution corresponding to a halfspace, which for ease of notation we will denote simply by Q, and the slow variations in Ω are not noticed at leading order. Equating coefficients of powers of λ at the next order in (6)-(11) gives

Q^{(1)}_r = 0, (18) ∂^2Q^{(1)}_s ∂r^2 − κ dQ dr = ( 1 − 3Q^2 ) Q^{(1)}_s , r > 0, (19) ∂Q^{(1)}_s ∂r (0, s) = κQ(0), (20) Q^{(1)}_s → 0, as r → ∞. (21)

Thus we see that the position on the boundary s appears only parametrically through the function κ(s). We find the solution of (19)-(21) is given by

Q^{(1)}_s (r, s) = κ(s)A(r), (22)

where d^2A dr^2 − dQ dr = ( 1 − 3Q^2 ) A, r > 0, (23) dA dr (0) = Q(0), (24) A → 0, as r → ∞. (25) The instability of the boundary current is controlled by the magnitude of Q. We have |Q|^2 = Q^2 + 2λκQA + · · · . We take the leading order solution Q to be such that we are just on the point of instability, i.e., such that Q(0) = 1/ √ 3. Then

|Q(0, s)|^2 = 1 3 + 2 √ 3 λκ(s)A(0) + · · · , and the instability will occur first at the point at which κA(0) is largest. Clearly then the nucleation site will be the point of largest curvature. In order to determine whether this will be positive or negative curvature we need to determine the sign of A(0).

Since dQ/dr < 0 we see that A cannot have a negative minimum. Integrating (23) we find that ∫_∞ 0 ( 1 − 3Q^2 ) A dr = 0. Since Q^2 < 1/3 we conclude that A must take both signs. Then, in order to satisfy (25), we must have A(0) < 0. Hence the nucleation site will be the point of largest negative curvature.

Conclusion We have examined the stability of the superconducting solution to a limiting form of the Ginzburg-Landau model in a large and slowly varying domain. The solution first becomes unstable at the point of largest negative curvature of the domain boundary. This, we conjecture, will be the point of first nucleation of superconducting vortices.

References

[1] Berestycki, H., Bonnet, A. & Chapman, S.J., “A semi-elliptic system arising in the theory of type-II superconductivity”, Comm. Appl. Nonlin. Anal., 1, 3, pp. 1-21 (1994).

[2] Chapman, S.J., “Superheating fields of Type II superconductors”, SIAM J. Appl. Math., 55, 5, pp. 1233-1258 (1995).

[3] Chapman, S.J., Howison, S.D. & Ockendon, J.R., “Macroscopic models of superconductivity,” SIAM Review, 34, 4, pp. 529-560 (1992).

[4] Fink, H.J. & Presson, A.G., “Stability Limit of the Superheated Meissner State due to Three-Dimensional Fluctuations of the Order Parameter and Vector Potential”, Phys. Rev., 182, 2, pp. 498-502 (1969).

[5] Fink, H.J. & Presson, A.G., “Superconducting Surface Sheath of a Semi- Infinite Half-Space and its Instability due to Fluctuations”, Phys. Rev. B, 1, 3, pp. 1091-1096 (1970).

[6] Ginzburg, V.L. & Landau, L.D., “On the theory of superconductivity”, J.E.T.P., 20, p. 1064 (1950).

[7] Kramer, L., “Vortex Nucleation in Type-II Superconductors”, Phys. Lett.

A, 24, p. 571 (1967).