A RANDOM ANALOGUE OF GILBREATH’S CONJECTURE
ZACHARY CHASE

ABSTRACT. A well-known conjecture of Gilbreath, and independently Proth from
the 1800s, states that if ag, = p, denotes the nt" prime number and Gin =
|@i—1,n — @i—1n+1| for ¢,m > 1, then a; 1 =1 for all ¢ > 1. It has been postulated
repeatedly that the property of having a; 1 = 1 for ¢ large enough should hold for
any choice of initial (agn)n>1 provided that the gaps agn+1 — @o,, are not too
large and are sufficiently random. We prove (a precise form of) this postulate.

1. INTRODUCTION

Given any sequence of non-negative integers (a,),>1, we can form the sequence of
non-negative integers (|a, — an41|)n>1. Start with the primes as the initial sequence
and iterate this consecutive differencing procedure. Gilbreath’s conjecture is that
the first term in every sequence, starting with the first iteration, is a 1. Precisely,
if ag,, = p, for n > 1 and a;,, = |a;—1, — @j—1n41| for i,n > 1, then a,; = 1 for all
1 > 1. Below are the first few terms of the first few iterations.

2 3 5 7 11 13 17

1 2 2 4 2 4
1 0 2 2 2
1 2 0 0

Proth [6] discussed Gilbreath’s conjecture in 1878, before Gilbreath independently
made the conjecture. Many sources claim Proth asserted he had a proof of the
conjecture, and that his proof was wrong. However, we believe this claim is baseless.
See Section 7 for more details. Odlyzko [3] verified Gilbreath’s conjecture for 1 <
i < m(10") & 3.34 x 10", One is led to wonder how special the primes are in
Gilbreath’s conjecture and whether any sequence beginning with 2 followed by an
increasing sequence of odd numbers with small and “random” gaps between them
will have first term 1 from some iteration onwards.
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Odlyzko, at the end of Section 2 of [3], speculates that such a random sequence
indeed will have first term 1 from some iteration onwards. Additionally, Problem 68
of [2] asks what gap or density properties of an initial sequence suffices to ensure the
conclusion of Gilbreath’s conjecture. Despite Gilbreath’s conjecture being around
for over a decade and several additional sources postulating that the conjecture
should hold for initial sequences with small and random gaps, as of date, nothing has
actually been proven along these lines, nor about Gilbreath’s conjecture specifically.

In this paper, we initiate a rigorous study of Gilbreath’s conjecture by proving a
random analogue of it.

Theorem 1. Let f : N — N be an increasing function with f(M) < ﬁ&%
for M large and f(M) > 2 for all M > 1. Let ay,as,... be a random infinite
sequence formed as follows. Let ay = 2,a9 = 3, and forn > 2, a, 1 = a, + 2u,,
where u, is drawn uniformly at random from {0,1,..., f(n) — 1}, independent of
the other w;’s. Then, with probability 1, there is some My so that for all M > My,

after M iterations of consecutive differencing, the first term of the sequence is a 1.

Computations suggest that Gilbreath’s conjecture holds because 0s and 2s form to
the right of the leading 1 early on. We prove Theorem 1 by showing that our random
initial sequence indeed has that property almost surely. Since the first iteration is
1, 2usg, 2ugs, . .., if we ignore the leading 1 and divide by 2, what we wish to show is
encapsulated by the following theorem, which is the heart of the paper.

: 1 _loglogM
Theorem 2. For M large, for any C' with 2 < C < m%, if we form an

initial sequence of length M by choosing numbers from {0,...,C — 1} independently
20/ To5 0T

and uniformly at random, then, with probability at least 1 — e~¢ ot after e Viog M

iterations of consecutive differencing, everything is a 0 or 1.

The randomness in Theorem 2 is certainly necessary. For example, if the initial
sequence consists of only Os and 3s, then after any number of iterations, everything
is still a 0 or 3. However, there are more exotic examples of initial sequences

206 02265006 13223206 0 5
26 6 2041506 5 210136 6 5
4 0 42 4 3 45 6 1 3 1 112 3 01
4 4 2 2 1 1115 2 2 04011 31
0201000430 2010 2 2
221 10041 3 2 2 11 20
0101043 210101 2
1 111411111111
000 3 3 0000000

for which all future iterations have only 0s and 3s (say). These exotic examples'
suggest that we are far away from a proof of Gilbreath’s conjecture.

ITo clarify, in the setting in which the primes are the initial sequence, the analogous situation
to having only Os and 3s is having only Os and 6s past the first index, making the first index very
likely to repeatedly change from 1 to 5 (see Lemma 3.5), thereby violating Gilbreath’s conjecture.

2



2. A GENERAL BOOTSTRAPPING ARGUMENT

In this section, we prove a result about random walks on regular directed graphs
that will be of use to proving Theorem 2.

Definition 2.1. A directed graph is reqular if there is a positive integer d such that
each vertex has in-degree and out-degree equal to d. We allow our graphs to have
self-loops (but no multiple edges). For our discussion, a simple random walk on a
regular directed graph of degree d is formed by choosing a starting point uniformly
at random, and then walking along the directed edges, with each out-edge chosen
with probability 1/d, independent of the previous steps.

Proposition 2.2. Let G = (V, E) be a regular directed graph. Suppose V is red-
blue colored such that the probability a simple random walk on G of length L consists
entirely of red vertices is at least c. Then the probability a simple random walk on
G of length |(1+ 35¢*)L] consists entirely of red vertices is at least 15c?

Proof. Let X1, Xs,... denote the steps of a simple random walk. Define functions
wi,...,w; on V by w;(v) .= Pr(Xy,..., X all red|X; = v). Note (by, e.g., induc-
tion on the number of steps) the regularity assumption implies

w;(v) = |V|Pr(Xy,..., X all red, X; = v).
Thus, for any 7, letting
V)= w;v)

veV
we have by assumption

V)=> |V|Pr(X;,..., X, all red, X; = v)

= |V|Pr(Xy,..., Xy, all red)
> c|V].
Let K = ’Vc%—" and let k17 .. kK be ]{] = L By Cau(:hy SChW&I'Z

(1) (ZZWMW) <

o elze)

SX ]

i<y’ v

= Vi

Note, since ||w;||s < 1, we have

S wy (v) <Zzwk = [V|Pr(Xy,..., Xy, all red) < K|V];
J v

J
also,

Zzwk]‘(v> = Zwk]-(v) > Kc|V|.
j 3



So (1) implies

KAV <|V| |K|V] —i-QZZwkj(v)wkj, ()|,
J<j v

and thus, since K2c?|V| — K|V| is increasing in K for K > 3/c?,

|V|<222wk wk, )

Jj<j v

By the pigeonhole principle, there are j < j’ with
13
Zwk v)wi, (v) 2 5535V

Using
wk]. (U) < Pr(ij+1, e ,XL all red|ij = v) = Pr(ij,+1, N 7XL+kj/—k'j all red]ij, = U),
which is true merely due to translation invariance of the random walk, and
wkj,(v) < Pr(Xy,... , X, all red|ij, =),

we obtain

1 3
= alVl< > Pr(Xy,..., Xi, all red| Xy, = 0) Pr(Xp, 41, .-, Xpk, -k, all red| X}, = 0)

= |V] ZPr(Xl, oy Xy, allred, Xy, = v) Pr(ij,_,_l, oo Xk -k, all red|ij, =)

=|V| ZPr(Xl,...,XH,%,_,W all red, X, = v)

= |V| PI‘(Xl, NN 7XL+kj/—kj all red),

yielding
1 3
Pr(Xy,... s X1tk —k, all red) > rE
Note K < 3 +1< 5,50 55 > 2 > s=c®. Since the proposition is trivial if

L <10/c? ,We may assume L > 10/c? to obtain kjy—k; > %—1 > %L—l > %L. O

Remark. Tt is natural to think that Proposition 2.2 can be extended, in some form,
to arbitrary length increases. However, such an extension is not possible in general
(note that iterating Proposition 2.2 results in only a summable geometric series of
length increases). For example, consider V ={1,...,n}, E={(1—2),...,(n—1+—

n), (n — 1)} with the vertices {1,..., gn} colored red and the rest blue. Then with
L= 2—0n and ¢ = 20, it holds that a simple random walk on G of length L will hit
only red vertices with probablhty at least ¢. However, of course no simple (random)

walk on G of length 5L = —n will hit only red vertices.

Examples of such “bad” colorings also exist on the graph we apply Proposition
2.2 to, namely a Debrujin graph. We don’t think these colorings are actually the
ones we need to address in our proof of Theorem 2, but we couldn’t prove that.
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3. A LOWER BOUND FOR ENDING WITH 0

We begin by exploiting the main property of the “dynamical system” of taking
consecutive differences: the supremum never increases. In fact, we use that it quickly
decreases provided there is no trivial obstruction to it doing so (Lemma 3.2).

Definition 3.1. We say non-negative integers asy,...,a; come from ay,...,a;41 if
|a; —@;+1| = a;j for each 1 < j <i. Given ay,...,q; and a subset E' C Z, an E-block
is a contiguous set of terms aj, 41, ...,a; such that a; € F for each j; +1 < j < jy;
the length of the block is ji — ji.

Lemma 3.2. Let ay, ..., a; be non-negative integers with d := max; a;. Let L denote
the length of the longest {0, d}-block containing at least one d. If L < i — 1, then,
after L iterations of consecutive differencing, the largest number is at most d — 1.

Proof. We induct on L. For L = 1, the result is clear. Assume L > 2 and the result
is true for all L/ < L. It is easy to see that, since d is the maximum, any {0, d}-block
containing a d after an iteration would have had to have come from a {0, d}-block
of greater length containing a d, so the longest {0, d}-block containing a d after one
iteration is at most L — 1, say L’. By induction, after L’ more iterations, the largest
number is at most d— 1. It follows that after L (total) iterations, the largest number
is at most d — 1. O

So, to prove Theorem 2, “all” we need to do is argue that long {0, d}-blocks
are unlikely to exist. In this next lemma, we observe that any large {0, d}-block
essentially must have come from a block with no 0s.

Lemma 3.3. Suppose that after i iterations, there is a dZ-block of length L. Then
either there was a dZ-block of length L + i in the initial sequence, or there is some
7,0 <1 <i—1, such that after i’ iterations, there is a block of length L + i — i’
with no 0s.

Proof. We prove by induction on ¢ the statement for all L. For ¢+ = 0, the result is
tautological. Take ¢ > 1, and suppose the result holds for ¢ — 1. The dZ-block of
length L had to come from either a dZ-block of length L + 1 or a block of length
L + 1 with no 0Os (since everything will have the same residue modulo d), so we are
done by the induction hypothesis. U

Another nice property of the consecutive differencing operation is that it “com-
mutes” with reducing mod 2. This allows for a decently explicit formula for the
parity of a term after a given number of iterations, merely in terms of the parities
of the initial terms.

Definition 3.4. For non-negative integers ay, as, define fi(a,as) = |a; — as|, and for
any 7 > 2 and non-negative ay, ..., a;+1, define fi(ay,...,a;11) = |fi—1(ag, ..., a;) —
fici(ag, ... a;41)|. Wesay aq, ..., a;11 ultimately iterate to fi(aq,...,ai11).

Lemma 3.5. For any i > 1, there is a subset J; C [i + 1] containing 1 and i+ 1 so

that for any non-negative integers ay, ..., a;1, fi(a,...,a;41) = ZjeJi a; mod 2.
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Proof. We induct on i. For ¢ = 1, the result follows from |a; — as| = a3 + as mod 2.
Assume ¢ > 2 and the result is true for ¢ — 1. Note that fi(aj,...,a;41) =
|fz»_1(a1, Ce ,CLZ‘) — fi_l(ag, Ce 7CLZ'+1)’ = fi_l(al, Ce ,CLi) + fi_l(ag, . 7ai+1) =

ZjeJi,l a; + ZjeJi,l ajy1 = ZjEJi—IA(Ji—1+1) a; mod 2. By induction, J;_; contains
1 and ¢, and so J; := J;_1/A(J;_1 + 1) contains 1 and i + 1, as desired. O

We take a moment to note some useful corollaries of Lemma 3.5 which tells us
that the parity of what aq,...,a;;; ultimately iterate to depends linearly on each
of the parities of a; and a;,;. For example, let a4, ..., a;;1 be drawn independently,
uniformly at random from {0,...,C' — 1}. Then, the probability as,...,a;;; ulti-
mately iterate to an even integer is between % and % And the probability that, for
Jj =1/2 say, all of f;(ay,...,a.;) are even, for t =1,...,i/2, is exponentially small
in /2.

Let [0]0:{0,70—1}

The following proposition shows that Os are not too rare, which will be useful
in conjuction with Lemma 3.3. Before the proof, we introduce some notation (for
a given C' and 7). Define ip = ¢ and i;41 = |1is) for 0 < j < C — 3. For
1 <75 < C -2, let E; denote the event that after ¢ — 4;_; iterations there’s a
{0, C' — j}-block of length (at least) i;_; —i;. For example, E; is the event that after
0 iterations, there’s a {0, C'— 1}-block of length i — iy, and E, is the event that after
i — iy iterations, there’s a {0,C — 2}-block of length i; — is.

Proposition 3.6. For any C > 2 and any i > (200C%)%C, if a,...,a; are chosen
independently and uniformly at random from {0,...,C — 1}, then the probability

they ultimately iterate to 0 is at least W'

Proof. Fix C' > 2 and i > (200C?)%¢. If C = 2, then Lemma 3.5 gives the result,
so assume C' > 3. We may suppose that the desired probability is at most 0.01.
Let By denote all i-tuples in [C]) that ultimately iterate to something 0 mod 2; we
say “conditional probability” when speaking of the conditional probability that By
induces. Then, by Lemma 3.5, the conditional probability of ultimately iterating to
0 is at most 0.03, and so the conditional probability of not having only Os and 1s
after some iteration is at least 0.97.

Therefore, with conditional probability at least 0.97, some FE; occurs. Indeed,
otherwise, repeated use of Lemma 3.2 shows that after : —ic_5 iterations, everything
isa 0 or a 1: after i — 4, iterations, there are no more (C' — 1)s and thus no (C'—1)s
ever again; after ¢ — iy iterations, there are no more (C' — 2)s and thus no (C' — 2)s
ever again, etc..

Therefore, by the pigeonhole principle, there is some 7, 1 < 5 < C' — 2, such

that E; occurs with conditional probability at least %. Clearly j cannot be 1,

since we have the uniform distribution after 0 iterations. Also, 7 must be such that
C — j is odd, since by Lemma 3.5, the probability of having 2i; evens in a row is
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at most ()% < (3 2)202000*) (gince, as is easy to verify, i; > ic_s > (200C%)C for
each j). Smce after i — ;1 iterations, there are only #;_; indices, a block of length
i;—1 —1; must contain the block [i; + 1,71 — ;] (see figure 1). So, with conditional
probability at least 0972, all indices i; + A, for 1 < A < 4;_4 — 24;, will be a 0 or
C—j.

Let aq, ..., a; be the initial sequence, and note that, after ¢ —i;_; iterations, none
of the indices i;+A depend on a; or a; (only the first and last indices do). Therefore,
by Lemma 3.5, with (unconditional) probability at least g?’%, all i; + A will be 0 or
C — j. Now, note that after ¢ := ¢ — i;_; iterations, the integer at any index r is

equal to fi(a,, Gry1, ..., a,7). — (451 — 1j)
J— J

0 ij ’L'jflf’ij ij,1 ’L'fijfl i*ij 1

0 ij Z'j,1 7ij ij,1
Figure 1: Indicates which initial indices (in [i]) a particular index after 4 iterations depends on.

Define a (regular) directed graph on [C]} by (z1,...,2;) — (za,...,2;,y) for
any i,...,25y € [Cly. Color a tuple (z1,...,2;) € [C]} “red” if and only if it
ultimately iterates to 0 or C' — j. The fact that, with probability at least %, all
filar, arga, .. a,,;), for i +1 <7 < (1 —¢€;)er...€j_1i, are 0 or C' — j corresponds
exactly to: with probability at least %23, a simple random walk in [C]i of length

L :=1i;_4 — 2i; consists entirely of red vertices.

Hence, by Proposition 2.2, with probability at least
length? (1+ 556
since it is equivalent to 4002 i1 > 2+ locg)zj, which is true since i; <
have thus shown that, if a1,..., a4, 1

2002 a snnple random Walk of
)L Consists entirely of red vertices. Now, (1+5565)L > (1+ ez 4002 )ij—1

. Toocz- We
)i;_147 are chosen mdependently and uni-

40C2
formly at random from [Co, then with probability at least 55, all fi(a,, ..., a,,5)

for 1 <r < (14 ﬁ)ij_l are either 0 or C' — j.

We're nearly done, as (f;(ar,...,a,,7))1<r<1 is the whole sequence after i iter-
ations; since C' — j is odd, we just need to additionally ensure that the ultimate
iterate is even. Specifically, we argue as follows.

2To be light on notation, we suppress ceiling and floor functions in the rest of this section.
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We now deduce that, for L' := 7;_4, if ay,...,a; are chosen independently and

uniformly at random from [Clo, then with probability at least [m=z, they ulti-
mately iterate to something 0 mod 2 and each fi(a,,...,a,;), for 1 < r < L/,
are either 0 or C' — j. Let § = ﬁ. By Lemma 3.5, the proportion of walks

(X1, .., X(payr) in [C]) of length (1+6)L’ that have at most 2 values of j € [§L]
with® (X1, X190, ..., Xjo1r) € B is at most* 54L (51://4)2 o < 40102. Therefore,
since the proportion of walks (Xi,..., Xays) with Xi,..., X144 all red is at
least if we let A denote the walks (X1, ..., X(1445)1/) such that Xi,..., Xqys1

t J—L/ values of j with (X1, Xjto,..., Xj41/) €
So on one hand,

2002 )
are all red and such that there are at leas

By, then the density of A is at least

4OC'2
oL
oL 1 -
E § : i v(14+6)L -1
]-(Xj+1,...,Xj+L/)EBQ 2 4 40020 C )
(X17~-~7X(1+5)L/)€A Jj=1
while on another hand,
sL’ sL’
2. 2l =, ) 2. !
(X1,.. 7X(1+5)L/)€.A Jj=1 Jj=1 (Xg+17 7XJ+L/)EBO X17"'7Xj7Xj+L’+1?"‘VX(1+6)L’
(Xl,...,X(1+§)LI)EA
sL’

§ : § : 5L’
< C 1Xj+17---7Xj+L’ all red

L (Xj415eX 4 11)EBo
1 ~SL!
=0L'C E Ixy,...x,/ all red-
(Xl,...,XL/)EB()

We deduce that

Z 1Xz, X all red = 160CQCZCL/ 1

(Xla"'vXL/)EBO

which is what we wanted to deduce. O

Corollary 3.7. For any C' > 2 and anyi > 1, if aq, ..., a; are chosen independently
and uniformly at random from {0,...,C — 1}, then the probability they ultimately
iterate to 0 is at least (&)@00C**.

Proof. For i > (200C?)2¢, Proposition 3.6 yields a lower bound of 20002, and for

1 <4 < (200C%)%¢, we use the trivial lower bound coming from a; = 0 for all j. O

3Here we have abused notation, by associating the i-tuple that X;iq,...,X;47 form with
(X1 Xjyrr):
4The inequality following this footnote follows from the well known (2) < (%)k, giving

8L (5o ) 2708 < SR (EBLL)OL /4g=0L" < 81 (0.91)0L. Note 0L/ > 15 (200C2)C.




4. FINISHING THE PROOF OF THEOREM 2
We now finish the proof of Theorem 2, copied below for the reader’s convenience.

Theorem 2. For M large, for any C' with 2 < C < ﬁ%, if we form an

initial sequence of length M by choosing numbers from {0, ..., C —1} independently
and uniformly at random, then, with probability at least 1 — e™¢ QW, after e Viog M
iterations of consecutive differencing, everything is a 0 or 1.

Fix M large and C' in the range [3, ﬁ%] (the case C' = 2 is trivial). Let
E; denote® the event that after 0 iterations, there is a {0,C — 1}-block of length
R :=e VI8 M [t B, be the event that after 2R iterations, there is a {0,C—2}-block
of length R?. Let E3 be the event that after 2R? iterations, there is a {0,C' — 3}-
block of length R3. In general, for 2 < j < C' — 2, E; is the event that after 2R7~!
iterations, there is a {0, C' — j}-block of length R’. Since 2R~ > 2R7=2 + R~} for
3 < j < C —1, we see that, as before, by Lemma 3.2, if no F; occurs, then after

2RC2 iterations, everything is a 0 or a 1. Note that 2RC~2 < e Ve M o it suffices

e 2\O/log M

to show that the probability that some E; occurs is at most e™ . By the union

bound, it suffices to show Pr(£;) <e™° IW, say, for each 1 < j < C — 2.
Clearly, Pr(E;) < M(%)R < e © IW, so fix some j with 2 < 57 < C — 2. By
Lemma 3.3, if E; occurs, either there is a (C' — j)Z-block of length R’ in the initial
sequence or there is a block of length R/ in the first 2R7~! —1 iterations containing no
0s. Once again, the first option holds with probability at most M (%)Rj < %e‘e 1?’/@’
so by the union bound, it suffices to show that for each 0 < i < 2R/~! — 1, the

probability that there is a block of length L := R = e/ VI8 without Os after
_e Wiegw

iterations is at most e , say.
So fix some i € [0,2R~! —1]. Let by, ..., by _; denote the sequence after i itera-
tions. Let’s first focus on the block by, ..., by. Say the initial sequence is ay, ..., ay.

Note that britiy41 = fil@k@+1)41, -5 Gr1)arny) for 0 <k < %R — 1. Since
(%R -Di+1)+1< %R(z +1) < L and the sets {ax@it1)41, - - - 5 Gkr1)(+1) } are dis-
joint as k ranges, by independence the probability that by, ..., by are all nonzero is at

R/2

most (1 — (é)(mocz))w) by Corollary 3.7. Using the standard 1 —z < ™%, we see
R/2 .

that (1 — (%)(20002)20> < exp <_§( )(20002)2C> < exp (—%e*(k’gc)eom gc> <

_ L loglog M 15 11
exp _§€ (logloglog M)eT9 < exp (—%6 \/1ogM> < exp <_e Vlog M . There-

1
C

fore, by the union bound, the probability that there is some block of length L after

Y Ioa 7T DY e .
1 iterations containing no Os is at most Me™*¢ PR < pme VRN e proof is thus
complete. 0

5To be light on notation, we suppress ceiling and floor functions in this section.
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5. PROOF OF THEOREM 1
In this section we deduce Theorem 1 from Theorem 2. We start with a lemma.

Lemma 5.1. Take M large. Let f : [M] — {2,3,..., LWIO%J} be an increas-

ing function. Form a random initial sequence by, ..., by by choosing b,, uniformly
at random from {0,1,... ; f(n) — 1}, independently of the other b;’s. Then, with
probability at least 1 —e™ 20 log? M after 34—
everything is a 0 or 1.

o QM iterations of consecutive differencing,

Before proving Lemma 5.1, let’s prove Theorem 1 assuming it.

Proof of Theorem 1. Let Ajp; denote the event that after M iterations, the first term
is not a 1. We wish to show that, with probability 1, only finitely many A,;’s occur.
By Borel-Cantelli, it suffices to show that for all M large, the probability of Ay,
occurring is at most e~ 198 M Note that Ayps is equivalent to ag,...,ap not
ultimately iterating to 1. For M large enough, by Lemma 5.1, with probability at
least 1— e~ 20 108" M , after 31 747 Lterations of consecutive differencing beginning with
initial sequence U, ..., un, everything is a 0 or 1. Therefore, with probability at
least 1 —e 20 108" M after 31 757 iterations of consecutive differencing beginning with
initial sequence 2u2, ceey 2upyg, everything is a 0 or 2. It follows that with probability
at least 1—e~20 108" M after 1—1—31 47 iterations of consecutive differencing beginning
with initial sequence ay,...,ay 41, the obtained sequence starts off with an odd

number at most 150&% followed by only Os and 2s. By Lemma 3.5, with

probability at least 1 — e~ 10 log” M the second term of the sequence is congruent
to 2 mod 4 at least élog M tlmes out of the log? M iterations following the (1+

3l M M)th iteration. Therefore, with probability at least 1 — e~ 35108° M _ o= log® M >
1 — e 30 lo8”M = 2M + log® M iterations, the
first term will be a 1, and therefore will remain a 1 all the way until the final (i.e.,
M*™) iteration, since everything else is a 0 or 2. 0

, starting with aq,...,ap41, after 1+ 3

Definition 5.2. Let aq,...,ap 41 be non-negative integers. We say that an index
i € [M + 1] influenced the index j € [M + 1 — t] after t iterations if 0 < i — 7 < t.
Recall that fi(a;,...,a;4+¢) is the value at index j after ¢ iterations.

We finish by proving Lemma 5.1. The idea of the proof is as follows. By Theorem
2, the blocks on which f is constant will become all Os and 1s after not too many
iterations. Although there are some indices that were influenced by indices where
f took different values, these indices are contained in not too many not too large
intervals, so we can let all the Os and 1s drop the values at these “bad indices” with
a few extra iterations.

We start by proving a lemma that allows us to isolate these “bad indices”. For an

interval I C N let L(I) and R(I) denote its left and right endpoints, respectively.
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Lemma 5.3. Suppose M is large, and let Cy; be a positive integer with Cyy <
loglog M. Let Ih,...,I, C [M] be disjoint intervals with r < Cy and |I;| <
CreVioeM for each t. Then there are pairwise disjoint intervals Jy,...,Js C [M],
each containing some I, such that the following two hold.

e Forallt, 1 <t <r, there is some m with I; C J,,.

e For any m, 1 < m < s, if we let B,, denote the smallest interval con-
taining all of the I;’s in J,,, then we have that either L(B,,) — L(Jp) >
(log® M)“™|B,,| or R(J,,) — R(B,,) > (log® M)“™|B,,|, with both being true
if Jn contains neither 1 nor M.

Proof. For a subset A of [r], let B4 denote the smallest interval containing U413,
and let J(A) denote the smallest interval containing U;e 4 I; such that either L(B4)—
L(J(A)) > (log®> M)°™|By| or R(J(A))—R(B4) > (log® M)“™|B,|, with both being
true if J(A) contains neither 1 nor M; if no such interval exists, we let J(A) = ). Let
Co=4{J({t}) :1 <t <r}. Fori>0,if C; contains two intervals J(A;), J(Az) that
intersect, we define C;;1 to be the same as C;, except we replace J(A;) and J(Asz)
with J(A; U Ay) (Ciyq1 thus could depend on the choice of intersecting intervals).
Say Cp, . ..,Cr_1 are the defined collections. It is clear that k£ < r and that if each
element of C;_; is non-empty, then the elements of C;_; satisfy the conditions of
Lemma 5.3. The largest diameter of an interval in Cy is at most (2(log® M)“™ +
1)Chre V105 M < 3(log? MM Chre V198 M 1f J(A;) and J(A,) each have diameter at
most D and intersect, then the diameter of J(A; U Ay) is at most (2(log® M)®™ +
1)(2D) < 6(log® M)“™ D. Therefore, each interval in any C;_; has diameter at most
61 (log? M) (=D 3(log? MM e Vs M < 67 (log? M) O CypeVios M < o VioaM
To finish the proof, it just remains to note that J(A) # () if the diameter of Uscal;
is at most e Ve M 0

Proof of Lemma 5.1. Do e Viog M jterations of consecutive differencing. For 2 < C' <

1—&% =: ('yy, we say that an index j is C-pure if f took the value C' at

all indices in the initial sequence that influenced j (after e Viog M iterations). Let [
denote the indices that are not C-pure for any C'. Write [ = Uj_, [, as a disjoint
union of intervals with » minimal. Clearly r < Cy;. Also, crudely, |I,| < Cyre Vs ™
for each t.

Let Ji,...,Js be the intervals guaranteed® by Lemma 5.3, and let By, ..., B, be

as in Lemma 5.3. For any C, by’ Theorem 2 applied to the (interval of) C-pure

20oa TT
indices, the probability that all C-pure indices are 0 or 1 is at least 1 — e™® l gM,

6We are applying Lemma 5.3 with M —e Viog M ingtead of M , but all bounds are essentially the
same.

TAs stated, Theorem 2 only applies to initial sequences of length M. However, given any shorter
initial sequence, we can independently add elements uniformly chosen from {0, ...,C'—1} to obtain
a sequence of length M, then do e Viog M iterations, and then truncate the sequence to keep only

indices influenced by the original initial sequence.
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and therefore the probability that all indices that are C-pure for some C' are 0 or 1
is at least 1 — Cpe™¢ Vs >1— e VisM 1y particular, with probability at least
1—e VI8N gl indices in US,_, (Jy, \ By) are 0 or 1; we from here on condition on
this being the case. For 1 < m <sand 1 <j <y — 1, let Jﬂ'n denote the interval
(of length |J,,| —2(log® M)?| B,,|) whose indices after 2(log* M)?|B,,| iterations past
the e Ve M} are influenced by indices only in J,,, and let B/, denote the interval (of
length |B,,|+2(log® M)7|B,,|) whose indices after 2(log® M)’|B,,| iterations past the
e Vs M} are influenced by at least one index in B,,. Note that Lemma 5.3 implies
Bl C JJ foreach 1 < j < Oy — 1 (since 2(log> M)~ B,,| < (log® M)“™|B,,|).

For 1 < m < s, let EY denote the event that there is a {0,y }-block in J,
of length (log® M)|B,,| containing a Cy;. For 1 < m < sand 1 < j < Cy — 2,
let EJ denote the event that, after 2(log® M)/|B,,| iterations (past the e VesMth),
there is a {0, Cyy — j}-block in JJ, of length (log” M)’*!|B,,| containing a Cy; — j.
Fix m with 1 < m < s. As in the proofs of Proposition 3.6 and Theorem 2, since
2(log® M)"™*|B,,| > (log® M)™*|B,,|+2(log® M)?| B, |, if none of EO | EL ... ECm~2

occur, then after 2(log? M)“¥~1 iterations, the largest number in J$¥ =1 is a 1.

Note that any Cy,’s in J,, lie in B,,, so by Lemma 3.5, the probability that
E° occurs is at most 2(%)%log2M , since either to the left or to the right of B,,
must be %log2 M consecutive 0s. Similarly, the length of the longest {0,Cy; — j}-
block in JJ is at most the whole of B} and Os surrounding it, so the probability
FEJ, occurs is at most 2(%)5%2]‘/1 . Therefore, the probability that at least one of
EC, ..., ESM=2 occurs is at most 2(1)218" M 4 (Chy — 2)2(L)3 108" M < emplog” M,
Since BEM~1 C JCv=1 if none of EY ..., ES"~2 occur, then the elements of (the
growing) B,, became 0 and 1 quickly enough to not affect anything outside of (the
shrinking) J,,,. In particular, if none of E?,, ..., ES%~2 occur for any m (i.e. for each
m, none occur), then® after 2(log? M)“ ! max; < <, | Bm| < QM#M iterations past
the emth, everything is a 0 or 1. Since the probability at least one EJ (over all
Jj,m) occurs is at most se~10108” M < e~ 20 log” M , Lemma 5.1 is established. [

6. ADDITIONAL MATHEMATICAL REMARKS

The proof of Theorem 2 can be relatively easily adapted to handle any distribution
(not just the uniform distribution) on {0, ..., C'—1} that gives not too large, positive
weight to each of 0,...,C — 1 (one should create duplicate vertices in [C]} so that
the obtained simple random walk models this different probability distribution).

In Theorem 2 we did not try to optimize e~® VN ot e VBN A proof allowing
C to go all the way up to log? M, or even a power of M, would be interesting. We
expect that, in reality, the highest C' can go is M, in that if C' = o(M), then with

81t is clear from Lemma 5.3 that |B,,| < W for each m.
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probability 1 — o(1), after % iterations, everything is a 0 or 1, while if C' = w(M),
with probability o(1), after % iterations, everything is a 0 or 1.

7. A HISTORICAL REMARK

Various sources (websites, blog posts, etc.) have claimed that Proth believed he
had proven Gilbreath’s conjecture, and that his proof turned out to be wrong.

Not only do we currently have no evidence for this claim, the apparent source of
this claim has retracted it.

The claim seemed plausible, for Proth did publish a paper [6] on (what later
became known as) Gilbreath’s conjecture and did, admittedly confusingly, call it a
“theorem”. However, a reading through the paper shows he did not seriously claim
a proof. Indeed, Hugh Williams who made the claim about Proth without reference
[7, p. 123], said “On rereading his actual paper ... I can find no support for my
assertion. ... My apologies for seeming to have started a myth” [8].

We also take this time to correct another historical error, which actually is com-
posed of two suberrors. The first suberror is that many sources incorrectly cited
[5] when referring to Proth’s discussion of Gilbreath’s conjecture, referring to the
correct title “Théoremes sur les nombres premiers” but citing Comp. Rend. Acad.
Sci. Paris, 85 (1877) instead of Comp. Rend. Acad. Sci. Paris, 87 (1877). The
former actually corresponds to a completely unrelated paper of Pepin [4]. The sec-
ond suberror is that, the intended reference, [5], didn’t even discuss Gilbreath’s
conjecture! We were only able to find Proth discussing Gilbreath’s conjecture in [6].

We refer the reader to [1] for more information surrounding all of this.
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