NEW LOWER BOUNDS FOR TRACE RECONSTRUCTION

ZACHARY CHASE

ABSTRACT. We improve the lower bound on worst case trace reconstruction from

Q (\;‘%) to Q2 ( n?/? ) As a consequence, we improve the lower bound on

log” n

average case trace reconstruction from log”/* n to Q log®’* n
8 V1oglogn (loglogn)7 ) *

1. INTRODUCTION

Given a string x € {0, 1}", a trace of = is obtained by deleting each bit of = with
probability ¢, independently, and concatenating the remaining string. For example,
a trace of 11001 could be 101, obtained by deleting bits 2 and 3. The goal of the trace
reconstruction problem is to determine an unknown string x, with high probability,
by looking at as few independently generated traces of x as possible.

More precisely, fix d,¢ € (0,1). Take n large. For each z € {0,1}", let u, be the
probability distribution on {0, 1}=" given by p,(w) = (1 — ¢q)*!g"1*l f (w; x), where
f(w; z) is the number of times w appears as a subsequence in x, that is, the number
of strictly increasing tuples (ii,...,%,|) such that z;, = w; for 1 < j < |w|. The
problem is to determine the minimum value of T = T'(n) for which there exists a
function f : ({0,1}=")T — {0,1}" satisfying Pumr[f(ﬁl, U7 =a] > 16 for
cach z € {0,1}" (where the U7 denote the T independently generated traces).

The problem of trace reconstruction was introduced by Batu, Kannan, Khanna,
and McGregor [1] as “an abstraction and simplification of a fundamental problem
in bioinformatics, where one desires to reconstruct a common ancestor of several
organisms given genetic sequences from those organisms.” [2]

Holenstein, Mitzenmacher, Panigrahy, and Wieder [3] established an upper bound,
that exp(O(n'/?)) traces suffice. Nazarov and Peres [4] and De, O’Donnell, and
Servedio [5] simultaneously obtained the best upper bound known, that exp(O(n'/3))
traces suffice. The lower bound of Q(n) was established in [1], by considering the
strings 0271102 and 02102 ~'. Holden and Lyons [2] obtained the (previous) best
lower bound known, by presenting two strings =/, # vy, € {0,1}" which require
Q(n®*/y/logn) traces to distinguish between. Their idea was to keep a 1 as a
“defect” in the middle of the string, but to “pad” with 01’s instead of 0’s.
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In this paper, we improve the lower bound, exhibiting two strings x, # y, €
{0,1}" which require Q(n%?2/log’ n) traces to distinguish between. In fact, our
methods show that Q(n*?/log"n) traces are required to distinguish between x/,
and y!, as well (a (messier) analogue of (12) holds). We also use the idea of padding
a “defect” 1 with 01’s. Our strings are slightly different than those considered in
2], for computational ease.

Let k > 1, n =4k + 3, and x,, = (01)*1(01)**1 y,, = (01)**11(01)*, i.e.
r, = 0101...0101 1 01 0101...0101
Y, = 0101...0101 01 1 0101...0101.

Theorem 1. Fiz q,6 € (0,1). Then there exists some constant ¢ = c(q,0) > 0 so
that at least cn®?/log" n traces are required to distinguish between x,, and vy, with
probability at least 1 — 0, under trace reconstruction with deletion probability q.

The main reason we are able to obtain an improvement over n®/* is that we explic-
itly compute (something very similar to) the quantity relevant to determining the
number of samples needed, rather than relying on a coupling argument to determine
only the total variation distance of the measures induced on subsequences.

A variant of the trace reconstruction problem is, instead of being required to
reconstruct any string x from traces of it, one must reconstruct a string = chosen
uniformly at random from traces of it. For a formal statement of the problem, see
Section 1.2 of [2]. The best upper bound known, due to Holden, Pemantle, and
Peres, is that exp(O(log'/®n)) traces suffice [6]. The (previous) best lower bound

log‘g/4 n

known was €( m) [2]. Proposition 4.1 of [2] together with Theorem 1 implies

Theorem 2. For all g € (0,1), there is ¢ = c(q) > 0 so that for all large n, the
probability of reconstructing a random n-bit string from clog®?(n)/(loglogn) traces
is at most exp(—n"1%), under trace reconstruction with deletion probability q.

Very recently, other variants of the trace reconstruction problem have been con-
sidered. The interested reader should refer to [7], [8], [9], and [10].

Here is an outline of the paper. In Section 2, we recall “the distance” (namely,
the Hellinger distance) between two probability measures that is directly relevant
for determining the number of samples needed to distinguish between them, and
we deduce Theorem 1 assuming an appropriate estimate. In Section 3, we prove
the estimate by obtaining closed form expressions for the probability distributions
induced by the traces of z,, and y, and related expressions. In Section 4, we give the
proofs of some lemmas used throughout Section 3. Finally, in Section 5 we establish
a result of independent interest, a nontrivial bound on the number of traces that
suffice to distinguish between any pair of strings with a very large Hamming distance
(in contrast to the small Hamming distance pair considered to get Theorem 1).
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2. A WARMUP TO THE PROOF OF THEOREM 1

Throughout the proof, A < B means A < C'B for some absolute constant C, and
A=< Bmeans A< B and B < A We take ¢ = 1/2 for ease; the (analogous) proof
works for any ¢ € (0,1). The variables (to be introduced later) j, ¢, a,b, f,m will
always be integers, the variables ¢;, ¢, will always be integer multiples of %, and all
expressions occurring in binomial coefficients will be integers (we clearly state when
it appears otherwise due to slight abuse of notation). For a string w, we let |w|
denote the length of w, and for any positive integers a,b with a < b, we denote by
W, the contiguous substring we, Wet1, - - ., Wp.

Fix n =3 (mod 4) large. Let k = 22, Let p be the probability measure for the
traces of x,, and v be the probability measure for the traces of y,,. Let E be a subset

of Up<pen{0, 1} with u(E), v(E) > 1 — O(e"2'°8""). We define E in Section 3.2.

It is well known, though seemingly folklore, that the number of samples needed
to distinguish between two probability distributions with high probability is pro-
portional to the inverse square of the Hellinger distance between them (see, e.g.,
Lemma A.5 of [2]):

1 1
H(p )2 S (Vi(w) — /v(w))?
Note
S (Vu(w) = Vw)? <3 (Vi(w) — Vw)? + Y (uw) + v(w)),
w weE wé&kE

(E°), v(E°) < Oe™219¢" ),
to show that Q(k’g—%) traces are necessary to distinguish between z,, and y,, it
suffices to show that

, _ log"n
> (Vilw) = Vr(w)? £ =55

And since
S (Vi) o)y < 3 [, A ] (Vw)— ) = Y U

to prove Theorem 1, it suffices to show

7

(1) Z (:U’(w) — V(IU))Z < IOg n

v(w) ~ops2




3. PROVING INEQUALITY (1)

3.1. Obtaining Closed Form Expressions for p and v

In this subsection, we obtain closed form expressions for the probability distributions
of the traces of ,, and y,. Let s, = (01)* = 0101...01 be of length 2k. Let f.(w)
denote the number of contiguous 01 appearances in w.

We will use the following simple and fortuitous combinatorial lemma. It is the
main reason we are able to obtain a simple(r) closed form expression.

Lemma 1. For strings w, z, let f(w;z) denote the number of times w appears as a
subsequence in z, that is, the number of strictly increasing tuples (iy,. .., 1) such

that z;; = w; for 1 < j <|wl|. Then, for any k >0, f(w;s;) = (H{;(w)) if |lw| = m.

Proof. (Due to Russell Lyons) The idea is that every 01 occurring in w is a chance
to put two consecutive indices in w in the same pair in s;. Take any 1 < j; < js <

- < jm < k + fc(w) Let [1 = jl and [p+1 = [p +jp+1 - jp - 1wp:0=wp+171 for
1 <p<m-—1. Foreach1l<p<m,leti,e {2I,—1,2I,} be such that w, = (sx);,.
We thus get an occurrence of w in sg; conversely, given any occurrence of w in sj via
(ip)1<p<m, We optain (I,)i1<p<m and then (j,)i<p<m as above. The correspondence
between (j,), and (4,), is a bijective one. O

Doing casework on whether w includes the “lone 1”7 (i.e. the 1 at index 2k + 1 in
x, and the 1 at index 2k + 3 in y, where the convention is that the first index is 1),
and if so, where it appears, Lemma 1 implies that

@) Tww0=(%%me)+ > ijxwm1v(k+1+ﬂ@wLm>

[l 1<5<lul -1 "
w;=1
n _ 2k + fc(UJ)) (k + 1+ fc(wl,jl)) (k + fC(wj+1,m))
w;=1

3.2. The “High Probability” Set E
We now define the “high probability” set used in Section 2. Let
2k
E={we{0,1}=": ||w| — 2k| < Vklog(k) and | fe(w) — ?‘ < VElog(k)}.

In this subsection, we show pu(E), v(E) > 1 —O(e~2°8""). To this end, and for the
purposes of proving inequality (1), we make frequent use of the following technical
lemma, used to estimate binomial coefficients. It is proven in Section 4.



Lemma 2. For any real n bounded away from 0 and 1, any positive integers A and
B such that nA,nB € Z, and any integers A and o such that A+ A, nA+o0, B— A,
and nB — o are non-negative, it holds that

[(fjﬁ) (5 } o

(34) (5)

o3 3 (A — )2 _ )2 _ )2 o2 2
(1405 + OGN + 0 +0TEZ T+ 0o HEZ D e (S 102204 20 - 250

o3 3 (A — )2 — )2 _ )2 o2 2
<140+ 0( N1+ 0+ 0Ty 0D exp (S0 4 5 2 - 250,

A corollary of Lemma 2 we will use frequently is that, if A < B, say, then the
3
product ( f;ﬁg ) ( fB_i ) is, up to a (1 + O(%)) multiplicative error, maximized at
o=A=

Formally, for any n, A, B, A, and ¢ with restrictions as in Lemma 2, we have
(4) A+A\/B-A < A B .
nA+o)\nB —o nA) \nB
For instance, (4), together with (2), implies that for any w € E, if m := |w| and
fi= f0<w)’1
2 u(w) < <2/<: + f) P (k + fc(wl,j-l)) (k +1+f- f;<wj+1,m>)

j j—1 m—J

m
2k+f>+ <k+a)<k+1+f—a)
m mn}%x 7j—1 m—7
< (2k+f)+m<k:;§)2
m 2
5) 5\/%(2k+f).
m

The following is another simple combinatorial lemma.

Lemma 3. For positive integers a and [, the number of w € {0,1}' such that
e (141

felw) =ais (2a+1)'

Proof. The number of such strings is equal to the number of ways to place 2a + 1
indistinguishable flags in [ 4+ 1 spots. Indeed, any such string w = (wy, ..., w;) has
exactly 2a + 1 indices i (a “flag”), 0 < i <[ such that w; # w;y1, where we define
wo = 1 and wyy; = 0. And any choice of 2a + 1 flags corresponds to a w. This
correspondence is a bijective one. 0

1By 5 and %, we mean || and Lg] Similarly in the rest of the paper when 7 and % appear

in binomial coefficients.



Continuing from (5), Lemma 3 implies
2k 1
©  wwe e - msevE(P (BT,

We now argue that we can restrict to m close to 2k, allowing us to use Lemma
2 to then show that the right side of (6) is small for f far from 2. Since, for

any m, Zwe{o,l}mﬂ(w> = 2_”(;) and since 2_"(:1) = O(e‘lOgQ") for m & [5 —
Vvnlog(n), § 4 /nlog(n)] (by, e.g., Lemma 2), we have

(7) " U {0,1}™ | = O(e7be"),

mg[2k—k log(k),2k+v/k log(k)]

Now assume |m — 2k| < Vklog(k). Writing m = 2k + 6 and f = 2 4 ¢, we see that
(2k+f><m>_(%+e><2k+5)
m 2f ) \2k+6 %—1-26
(4520670
%+26 2—3{“—26—1-5

Continuing from (6), using Lemma 2 with A = %, B = %, A=c¢0=2—
n=2 =14 O(l‘z%k), we see that |f — %[ > Vklog(k) implies

u{w € {0,131 : fe(w) = [}) S 27 H Ve 5 (i:@ (%)

20

5, and

—log?n
<e :

Hence, since there are at most n? values of (m, f), it holds that

m —10277/
(8) n U {we 0,1} fulw) = f} | = O(e72"™).
me[2k—vk log(k),2k+k log (k)]
F 213 —VEklog(k), % +VEk log(k)]

Combining (7) and (8), we see

(9) p(E) > 1—Oe zm),
The same argument shows that
(10) V(E)>1—0(e 28" "),

We take a moment to prove the following lemma, useful in the upcoming two sec-
tions, which allows us to focus on the probablistically relevant ranges of the param-
eters involved.



Lemma 4. Let f and m be positive integers such that | f — 2|, |m—2k| < VElog(k).

k+a\ (k+1+f—a Clog?k [ 2
Then, for any positive integers a,j, it holds that ( )( e ) S e o8 (m?’/z)
unless |a — —| < Vklog(k) and |j — 2| < Vklog(k).

Proof. Lemma 2 implies, for any A, 8 = O(A"%) and  bounded away from 0 and 1,

(amvn) () = e () ()

We use A = Lk+%J7n:%=%+O(h§;

3.3. A Closed Form Expression

In this subsection, we obtain a closed form expression for an upper bound of
2
Y weE (pw)—v(w))” up to an acceptable (for the purposes of proving (1)) error. By

v(w)
the definition of £ and an obvious lower bound on v coming from (3), we have
— 2 1
1y > W < > SR > @ u(w) - 2"v(w))>.
wekE me[2k—Vk log(k),2k-+Vk log(k)] ( m ) |w|=m

FE12E —VE log(k), 2+ log (k)] Je(w)=f

We fix m and f and focus on estimating

> @ uw) - 2"v(w))? =
wl=m

fe(w)=f

2
k+ fe(wij—1) E+1+ fe(wjt1,m) - E+1+ fo(wij—1) kE+ fo(wjti,m)
\wlzzm <1<j<;wj—1< i1 )( m=J ) ( i1 >( m=j ))

fe(w)=f
k+ fo(wij—1)\ (k+1+ folwjrrm)|  (k+1+ folwij—1)\ [k + fo(wjt1,m)
7—1 m—j j—1 m—j

- T ¥
(k: + fc(wl,t_1)> <k +14 fc(wt+1,m)> - (k: 14 fc(wl,t_1)> (k + fc(wt+1,m)>:|
t—1 m—t t—1 m—t ’

f‘zlvlmf
where (12) refers to the expression occupying the final two lines. The first equality
follows from (2) and (3), and the second follows by expanding out the square and
interchanging summations.

we=1

(12)

X

We take the following page and a half to make restrictions on the variables involved
n (12), allowing us to make future estimates more effectively.



We may restrict (12) to j, ¢ € [2—Vklog(k), Z+vk log(k)] and w with | f.(wy j_1)—

L1 < VEklog(k) and |f.(wi—1) — L] < Vklog(k). Indeed, if at least one of those
four restrictions does not hold, then by Lemma 4 and (4),

(k + fc(wl,j1)> <k + fc(wj+1,m)> (’f + fc(wl,t1)> <k + fc(wt+1,m)> < o log?k ( 5 )2 2
j—1 m—j t—1 m—t ~ m/2)
A quick calculation shows that

</€ + fc(wl,j—l)> (lf +1+ fc(wj+1,m)> B <k +1+ fc(w1,j—1)> (k + fc(wj+1,m)>
i—1 m—j -1 ‘

m-=7

_ (kA fe(wiia) | [k + fe(wjtam) [ m—j _ j—1 ]
j—1 m—j kE+1+ fo(wjsrm) —(m—=3) Ek+1+ fe(wrj—1)—(G—-1)]"

The restrictions just made ensure that
-7 —1 log(k
(13) moJ . / , :0(%(W.
k+1+ fewjpm) —(m—j)  k+1+ fe(wij)—(0G—1) Vk

Indeed, since k+1+ fo(wj1,m) — (m—j) > £ —O(Vklog(k)) and k+1+ f.(w; ;1) —
G-1)>%- O(Vklog(k)), we have

m—J

. j-1
k+1+ fC(wj+1,m) - (m _]) k+1+ fC(wl,jfl) - (] - 1)

m—j J 1
ot Fowroam) — =)kt oy =5 T OW
_mk =2k — jfe(wisim) + (m — j) fe(wi,;—1) L O(l)
(k+ fe(wjgrm) —m+j)(k + fe(wij—1) — J) k
_ O(kvklog(k))
Q(k?)

log(k
_0 < og( )) _
Vk
Up to a multiplicative factor of 2, we may restrict (12) to ¢ > j (the argument
about to be made shows the diagonal ¢t = j term is sufficiently small). Furthermore,

we may in fact restrict to t > j 4 5; indeed, by (4), Lemma 3, and (13), we see that
expression (12) with the first sum restricted to j < ¢ < j + 5 is upper bounded by

4 4

- Z Z (k + g) log?(k) < log® (k) (k: + %) (m)

. — m k ~Y \/E m 2f Y
j€lk—Vklog(k),k+Vk log(k)] fll(vl—)glf

2 2

*The fact that this bound is (more than) sufficient to indeed make the said restrictions follows
from the same argument, about to be made, yielding (14).



and so summing this over [m — 2k| < Vklog(k) and |f — 2| < Vklog(k) with

weights m, we obtain an upper bound up to a multiplicative constant for

m

Z 2n(21k+f) Z Z |:<k7+fc(w1,j—1)) (k+1+fc(ufj+1,m)) B (k+1+fc(w1,j—1)) (k"l‘fc(wjﬁjl,rvl))]

[m—2k|<VEk log(k) m 1<j<tsm  |w|=m J-1 m=J J-1 m=J

153 1<V oath Rl T

« [(’C + fc(wl,t—l)) (k +1+ fc(wt+1,m)) _ (k + 1+ fc(wl,tfl)) (’f + fc(wt+1,m))]

t—1 m—t t—1 m—t
of
k42 kb IN m
log® (k) ("u) (") (2f> log®(k) _ log®(n)
14 Vklog(k))? su 5 2 < < )
ey VE (o) 28~ R S

=3 1<V log(k)
One should compare to (11), the equation involving (12), and (1).

The following very important paragraph, which ignores multiplicative constants,
explains the motivation behind the rest of the calculations in this paper.
4 10g2(k)

f
In the calculations just above, we used the trivial upper bound of (sz) =

2
for the summands of (12). If we did not restrict to t < j + 5 in the calculation
just above and used that same trivial upper bound (which is indeed valid for j, ¢ €

(5 — VElog(k), %5 + Vklog(k)]), we would get an upper bound for the right hand
side of (11) of %\/ﬁbg(n) = 5 () gince there are vk log(k) values of ¢ rather

than just 5. Therefore, we just need a savings of vk /log(k) over that trivial upper
bound to obtain (1). Note in that trivial upper bound, we just bounded each term
individually, not using any cancellation amongst the different summands. Our goal
in Section 3.4 is to analyze the left hand side of (13) very carefully, in order to exploit
cancellation between different summands of (12). To make the paper significantly
shorter, we do not repeatedly make the type of calculation just made above; rather,
we point out where Q(\/E) savings come from as we go along.

Fix some t and j with ¢ > j + 5.> We will now separate the sum over w in (12)
based on f.(wy ;1) and fo(wy—1). To relate fo(wq;-1) to fo(wjt1m) and fe(wys—1)
to fo(wit1,m) given fo(w), we need to do casework on w;_; and w;_y. We first do
the case of w1 = wy_y = 0. In this case, f.(wjt1m) = f — fe(wi,;—1) — 1 and
fe(wes1m) = f — fe(wii—1) — 1. This gives the “first case” of (12):

3 k+ fo(wij—1)\ (k+1+ fe(wjrrm) |  [(k+1+ fe(wij-1) ) (k& + fe(wjtim)
i-1 m—j -1 m—j

|lw|=m
3We wanted to restrict to ¢ > j+5 so that the following case analysis has no “boundary issues”.

fe(w)=f
wi—1=0,w;=1
wy_1=0,w¢=1



(lc + fc(wl,t_1)> <k 14 fc(wtﬂ,m)) - (k +14 fc(wl,t_1)> (k + fc(wt+1,m)>:|
t—1 m—t t—1 m—t

-2 2 GG

fe(wr j—1)=a
fe(wi t—1)=b

" k+o\(k+f—=b\ (k+1+b\(k+f-0—-1
t—1 m—t t—1 m—t '
Removing the product (that does not depend on w) from the inner sum, we wish

to count the set of w with |w| = m, fo(w) = fwj_1 = 0,w; = Lw,—y = 0,wy =
1, fe(wy j—1) = a, and fo(w1,—1) = b. Noting that f.(w; ;1) = fe(ws j—2), we use

felwig—1) = fe(wrja) + fe(wjmre) = fe(wij-1) + 1+ fe(wjsri-1)
and
fe(Wjgr-1) = fe(wjt1,-2)
together with Lemma 3 to get that the number of such w is (27&;11) (22:;:1) (27}1:275;:11)
So, the case of w;_1 = wy_; = 0 yields expression (15):

(15)
k+a\(k+f—a k+14a\(k+f—a—-1 ji—1 t—j5—1 m—t+1

> j—1 m—j | \ j—1 m—j 2a+1)\26—2a—1)\2f—20—1
k+b\[(k+f—b k+14+0b\(k+f—b—1
t—1 m—t | \ t—1 m—t '

w0
The other three cases of the value of the pair (w;_1,w;_1) yield very similar expres-
sions. The only difference between the expressions is that some binomial coefficients
have —1,—2,+1,+2, or 0 in certain places. However, these minor differences will
not affect our proceeding arguments. That is, our argument for a vk /log(k) savings
for the (w;_1,w,_1) = (0,0) case would show a v/k/log(k) savings for the other 3
cases. Therefore, we may restrict attention to the case (w;_1,w;—1) = (0,0).

3.4. Finishing the Proof of (1)

In this final subsection, we appropriately bound (15), thereby proving (1). As

explained in the last section, we may assume a € [% - \/Elog(k),g + Vklog(k)],
thereby, as before, yielding

k+a\(k+f—a k+1+a\(k+f—a—-1\

(j—l)( m—j)_<y‘—1 )( m—j )_
kE+a\[(k+f—a—1 m—j J 1
(j—l)( m—j )L«H—a—(m—j)_k+a—j+0(%>]
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Let 9, and €; be defined so that

and
m
6
Observe that
m—j R —2k; + ™ 4 me; — f9;
k+f—a—(m—j) k+a—j (k+f—a—2+06)(k+a—2-45;)
Since a € [L — \/Elog(k),é + Vklog(k)], we have ¢; = O(v/klog(k)). Since also

2

m = 2k + O(Vklog(k)) and f = Z + O(Vklog(k)), we see that

m—j ] TS P log? (k)
k+f—a—(m-—j) k+a—j_18k[€j 5J]+O< k ‘

Therefore, defining 6,* and ¢, so that

and

we see that (15) takes the form
324 k+a\(k+f—a—-1\[/j—1 t—7—1 m—t+1
(16 5> iy 9 o
k 7 —1 m—J 2a+1/\20—2a—1/\2f —2b—1

a?b’t7j
K4\ (k+f—b—1
LV | G IR S
log(k)

up to an acceptable error (the error is acceptable since it replaces a bound of o r
log® (k)

for |6; — €], say, with =5-%, giving our desired log(k)/ Vk savings). Recall that we
are summing over t,j € [k — vklog(k), k + vk log(k)].

We now claim that, unless b = a+ t%] +0(y/t — jlog(k)), the magintude of the sum-

mand corresponding to a, b, j,t is sufficiently small. Note that (22:%;_11) (2?:2'5:_11) =

5135 -5 .
(§(6t—6;)+éet—2e]-) (f—%,%—;et)' We may use Lemma 2 with A = 6, —9;, B = % —0pm =

—25,—2€; o —265,—2€;
f%—i(sjj =24 O(lfgk),A =0,0 = 2¢ — 2¢; — (% - %) (0; — ¢;) to deduce

29
that (b—a —52)* > (t — ) log?(k) implies an e~ °8"(" savings, verifying the claim.

2

4We are abusing notation here. Formally, define a function § by d(xz) = x — B, we use §; as

2
shorthand for 6(j) and &; as shorthand for §(¢). Analogously for €;, €.

11



Lemma 2 also implies that®

(fjf) <k+£—_z;—1) _ <k:—i—ta_+1tgj> <k+f—ﬂj_—ttgj—1> <1+0 (10%/{)))

for b=a+ 5L+ O(KkY! log®?(k)). Therefore, we see that (16) is, up to a multi-

plicative factor of 1 + O(lofjék) ), equal to
324 k+a\(k+f—a—-1\[/j—1 t—7—1 m—t+1
1 il
B () (L () (o
kta+S\ (k+f—-a-51 -1

where the sum is restricted to [b — a — 2| < /T — jlog(k).

Our strategy now to exploit cancellation occurring between different summands is
as follows. We split the term d; — ¢, into three terms and deal with each separately,
each by fixing 7, ¢, and a, and summing over b. We get cancellation from the second
term by pairing the summand corresponding to b to the summand corresponding to
the reflection of b about a natural symmetry (explained below). The third term has
magnitude a factor of vk less than 6, — ¢ (i.e. it is O(1)), so it can be ignored. The
first term requires the most work and is dealt with after the second and third are
handled.

Specifically, we split up

[0 — €] = [0 — 5] + {Ej + (%JQ_&]%] B %) (0 — ;) — Et}

f—§§j—26j 1
(S ) ees)

25 9.
For any fixed a, j, and ¢, by Lemma 2 with A = 6; —d;, B =5 —d;,n = I=50% 24 _

M R
59

_25. o,
24+ O(*EE)Y A =0,0 = 2¢, — 2¢; — (fg—j;’ - %) (0; — 9;), we have that

Vk
( 5t — 5j ) < 5 - O )
%(6t_6])+2€t_2€j f— gét_QEt

log® (k) < d¢ — 0; ) ( 5 —0; )
1+0 | —— 2 )
( (N/(st—(sj (00— 0)) + 268 — 2¢; ) \ [ — 56, — 2¢;

S5Technically, we are adding and substracting la + %J rather than a + t%j

12



25 9.
where € is the reflection® of ¢; about €; + %(féé—i&?ej - %)((575 —6;)." And therefore,
2 J

since

1 — 28; — 2¢;
€j+§<fn?fj&] 3) (0, —0j) — € = (wét d;log(k +10g k:))

2 j
letting b* denote the b corresponding to €;, we deduce that

Z (22 _ ga_—11> (27;3—_;;—11) [Ej + (%ﬁ;g B %) (0 = 9) - Et}
' 2. <22 ] 2551) (27;}—_2tb+—11> [Ej * (%j;;q h %) (0 = 05) = Et}
+(2bi_—j2;—1 1) (2?—_22jj 1> [63' + (% B %) (0 =05) = e:] ‘
(2£ _ 2551) (27;—_5;—11) [Ej + (%jz_;q a %) (9 = 9) = Et}
ol ) () e (SR -0
>3 (22 _ ;;j1) (27;3__2tb+—11>0 (%) <\/710g + log’ k)>
3] [ Sy IEC

is small enough, since we rid of a factor of 52(\/%) potentially coming from 0, —¢;. And

—25.— €4 . .
since (%—%)((ﬁ—@) = O(1) rather than Q(v/k), the expression corresponding
J

to the second term, namely

t—j—1 m—t+1 f—26;—2¢ 1
;<2b—2a—1><2f—26—1) ng——zéj_§) <5t_5f)]’

is small enough. Therefore, for any fixed a,j,t, the part of the sum in (17) with
terms containing b is, up to negligible error, the expression corresponding to the
remaining term:

(18) zb: (22 _ é; —1 1) (2?: ;b+—11> 0 =6l

6To be precise, the reflection of z about y is defined to be 2y — z.
"We might have to round €; a bit (so that % + % — % + ¢/ is an integer), but the induced error
in this rounding is negligible, by Lemma 2.

13



If £t > j + 5, Lemma 5, proven in Section 4, states that

) Y ol e[

And using the general combinatorial identity

zc:(lc)) (F]fc) - (D;E)

(we may extend the range of b and restrict it freely, since the b outside a + t%] +
VT — jlog(k) yield exponentially (in log?n) small terms), we see that

19 2 (0 () = Gro (7)) (o 70l)

Therefore, noting that d; —e€; does not depend on b and then plugging (19) into (18),
we see that (17) is, up to a negligible error, equal to

en R (o () G )G bl )

a,j,t
kta+ SN (k+f—-a-5L-1
« t_13)( EI JOR RO

where, to reiterate, the sum is restricted to ¢t > 7 + 5.

We can rid of the O( ) term trivially. Indeed, using (4), we can upper bound
(k‘+a)(k’+f—a—1> (
j—1 m—j
k+a+50\ (k+f—a— k+§2
t—1 m — S o ’
I (Cmed N < (5Y
20+1)\2f —-2a—2) ~\f) '

noting that for each A > 5, the number of pairs (¢,7) € [§ — \/Elog(k),% +
VElog(k)] with t — j = A is at most vk log(k), we thus obtain an upper bound of

and

INY /m 2 Vklog(k) .
162\/_10g( )\/Elog(k)<k—£2> (;) Z lgA(k)7
2 A=5

which is small enough; i.e., t—j is on average vk, which gives us the required savings
(note we get the log”(n) from here, since summing over m and f picks up two extra

log(k) factors). Note that we needed the error in Lemma 5 to be O(log k)) rather

14



than the trivial O(log ), since the latter would have led to the sum Z\Flog(k) g (k)

Vi=j va
which would have yielded a k'/* factor rather than a log(k) factor.
Let
162 (k+a\ (k+f—a—-1\[j—1 m—j
f(5j> Ej) = 72 : ;
k j m—j 20 +1)\2f —2a — 2
and

k+a+ S0\ (k+f—a—-5—1
9(5’*’69'>:( t—13>( m—t )

We break up the remaining expression, i.e., expression (20) without the O(lofi(jk))
term, as follows:

D fle )65 — €9 (6o )6 — €] =

€5,0;5,0t

5t>5j+5
(21)
ST TG00 —€) D g(0e) (0 — ) + fle 25— 065 —0;) > g(6u,€)(0 —€j) | -
€j 0;>¢; 5¢>0;+5 8¢>2€;—0,+5

We claim that g has symmetry® in &, about ¢; and f has symmetry in d; about ¢;:
90, €5) =~ g(2¢; — 04, €¢5) and f(e;,0;) ~ f(e;,2¢; — 9;). This is the content of the
quite fortuitous Lemmas 6 and 7, respectively.”

Lemma 6. For any positive integers f and m with |f — %], Im — 2k| < Vklogk
and for any integers 0y, ¢; with ||, |e;| < VEklogk and % +¢; €Z, it holds that

k+i+ %46\ (k+i-%—¢ :(1+O<10g3(k))> [ A YRy
m—i—ét m—ét \/E m+6t—263 *—6t+263 ’
2 2 2

Proof. Lemma 2, with A = k+i,B = k+i, = m/2 _ §-1—0(1%4’?),A = 5—t+€j70 =

ket
0; and A = 3 — ‘%ﬂ, = 0; — 2¢; shows that both products of binomial coefficients
k 3(61—e;)?
are (1+ O(5{8)) exp(~ 2555 (417)° -

Lemma 7. For any positive integers f and m with |f %| Im — 2k| < Vklogk
and for any integers 0;, ¢; with |6,], |e;| < Vklogk and % 3 +¢€; € Z, it holds that

ktd+ 34\ (k+i-%-¢)_ 1o (log' (k) k+5+gf—5ﬂ kL% 4%
m 4y m g, Vk ™6, — 2 ™5+ 26

and

T+ 5 =9 = <1+0 (LOgS(k))) 5 26 -9 T2 +5
f+ 7+2E] f*%*2ﬁj \/E f+105]*7 f7105]+

8See footnote 7 on page 13.
9The additive factors of —1, 41, and —2 have been omitted for ease. The proofs are the same
with them present.
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Proof. The first approximation is the content of Lemma 6. For the second, use
Lemma 2 with A = %, B = %,n = 2f 3 —l—O(logk) A =dj,0 = 253 + 2¢; and

A =2 — 65,0 = 1?;]' — % to see that both products of binomial coefﬁ(nents are

o0g® 187\ rm\2
(1+0( M) exp(—2) (%) -

Lemma 6 implies that, for each fixed ¢; and ¢;, we have

Z 901, €)(0i—€;) = Z 9(01,€;) (6 —¢€;)+0 (lo%k)) Zg@t’ej)\(st—ﬁﬂ-

5t>2€j—5]‘+5 5t>5j+5

Indeed, for example, if §; < ¢;, then

> 9lne)Gi—e)— > g(0ne) (6 —¢))

5t>5]‘+5 6t>2€j_5j+5
= > 9(t,€) (6t — €;)
Ej—(éj— j)+5<5z§€j+(€j—5j)+5

= 9000, €5) — 9(2¢; = b1, )]0 — ¢5)
€;<0t<ej+(ej—0;)+5

-y o(b%’ﬂ))g(&,q)(&tej»

€; <5t§€j+(€j—(sj)+5

Therefore, (21) is, up to negligible error, equal to

(22)
D> e 8)(65 =€) + flej 265 = 8,)(e; = 6,)] > 9(61,€)(0 — €)
€ 0;>€;5 0¢>6;+5

Lemma 7 then allows us to write (22) as

SN LI6G =€)+ (6= fle65) D 9(0e65)(0 =€)

€5 (5j>€j 5z>(5j+5

up to a negligible error. But this is just 0, and so we’ve established (1).

4. REMAINING PROOFS OF LEMMAS

In this section, we prove lemmas 5 and 2, restated here for the reader’s conve-
nience.

Lemma 5 For any fized positive integers a, j,t,m, f with |m — 2k|,|j — Z|, |t —
21— 2] e — —\ < Vklog(k) and t > j, the following holds:

() ay) = Gro (R 26t
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where the first sum is restricted to b with |€ —a-— t%]| < Vt—jlog(k), and the
second sum is restricted to b with |b — 2a — 25%| < 2/t — jlog(k).

Proof. The sum on the right contains all b in the range [2@—1—2%—2«1& — jlog(k), 2a+
2522 + 2/t = jlog(k)], while the sum on the left contains only even b in that range.

Therefore, due to the factor of 1, we wish to show (23):
(23)

OISR B DY CEE NN SRR RIC = ) D I A (oAt

b even b odd

where the range of b is restricted to |b — 2a — 2%| < 24/t — jlog(k).

The idea of the proof is to pair every even-b term with % times the (odd) term
before it and § times the (odd) term after it. Specifically, to establish (23), it suffices
to show (24):

(24)
2/ t—j5—1 m—t+1 1/t—j—1 m—t+1 log? (k) t—j—1\/m—t+1
7<2bf;a71)<2f72b+1)+§(2bf;a+1><2f72b71> - (1+O< tgfj )) (Qbi2a>( 2f — 2b )
As mentioned on pages 14-15, the error O(l(:/gjj ) is trivial (it follows from pairing

even-b terms with odd-b terms); our 2—% weighting gives the (necessary) improvement

3
to O(log ")), Observe that

2( t—j-1 m—t+1) 1 t—j-1 m—t+1
3\2b—2a—1)\27—26+1) "3\2—2a+1)\2f—26—1

is, by using the equations (dfl) = ﬁ(;) and (d+1) = ﬁ(Z)’ equal to
t—j—1\(m—t+1
2b—2a )\ 2f—2b
NE 2 — 2a m—t+1—(2f—2b)  1t—j—1—(2b—2a) 2f — 2b
3t—j—1—(2b—2a)+1  2f—2b+2 3 2b-2a+1 m—t+1—(2f—2b)+1]"
Since

m—t+1—(2f—-2b) 1 log(k)
=—-+0
2f —2b+2 2 Vk
2f —
f—2b 940 log(k) 7

m—t+1—(2f—2b)+1 Vk
we may replace the expression above in brackets with, up to an acceptable error,
2 b—a 1t—j—1—(2b—2a)
3t—j—1—(2b—2a b—a
Writing b = a + &= ] L+ A transforms 25) into
(= 1)2 + 2A?
(t—é—l)g t— 1A_2A2’

and

(25)
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which is 14+ O <log ) the critical point being the lack of a = ] ZIZLA term (which is
why we chose the factors 2 and ). This finishes the proof of (24) and thus (23). O

Lemma 2. For any real n bounded away from 0 and 1, any positive integers A and
B such that nA,nB € Z, and any integers A and o such that A+ A, nA+o, B—A,
and nB — o are non-negative, it holds that

(S E]
(G ()

o3 A3 1 (A —0)? A(A —0)? 1(A-0)2 1062 1A%
1+ 05 + 0N + 0 +0XEZ T+ 0 HEZ D e (3102204 22 - 250

3 o — 2 — 2
<(1+0(Z) 40N+ 0( N1+ 0TE Ty 1+ 0(REZ ) e

1(A-0)2 102 1A2
2(1-n)B 29B 2B/’

Proof. Using Stirling’s approximation
= (1 +0 (%)) Zn omn,
(:A++AU) (fB:Aa) } - 1 1
~ndde wmBool | — (14 0(5)(1+ O(=
{ (A (2 ( ()¢ (hHx

(1A +0)"™ 7 (L= A+ A — ) I DAFE T (1B — )P (1 — ) B — (A= )" (A-m AA RS
(nA)7A (L= mA) =D A (BT (1= mB)(= PP (A+ A)A+A(B - A)P=5

we obtain

— a0+ og) [ B )
» [(1 —n)ﬁiia—a) (1777)%7 ?Aia)r( N ;LA)nA(1+ (lA:nt)fA)u—m
X (1— WLB)"BQ - AA A1 — —n‘)’B)u—n)B(H BfA)B
Now, using that log(1 +z) =z — ﬁ + O(m3) for small z,
a +n7)"A( (A:W;A)“’")A(l n‘;)”B(l et -G n;‘B)u vy )P
. <nA (;A (e +o<;i;>)> exp< < ELANCEY w(m;:f)))

« A A +1 A? +0( B +1 o? +O(03) y
exp | — - e — + == =
P A+A " 2(AfA)?2 (A+A)3 AT\ B T 2 2B2 B3

A—o 1 (A—-o0)? (A—a)3 A 1 A A3
exp<7(1in)B<(1—n)B+5(1—n)232+O( ) ewB B—A+5(B—A)2+O((B—A)3)>>

&3 3 _ )3 o2 _ )2 2 2
— @+ o5 na+ oG+ o yep- 3 2 - 0= L5 2
2 2 2 2
<1+ 0(Z N+ 0+ 0B L2 LB 147, A

2nB 2(1-n)B 2 B

And using the simpler log(1 + z) = z + O(z?) for small z,
[ nA+o (1*77)3*(A*U)]”
(1-mA+(A-o0) nB —o

_ [1+ (l—n)aB—(A—a)nBJro(l—n)A—n(A—a)A]"
(1=mnAB+ (A —-o)nB —o(l —n)A—-o(A—o0)

- o A—o o A—-o (A —0)? o? (A —0)?
_exp<0<n77m+n?*m+o(f)+0( )+O(§)+O( 52 )))
18



and

[(1—n)A+(A—o) B—-A }A
A+ A (1-n)B—-(A—-o0)
(Afo)Bf(177;)AB+(A70)A7(1777)AA]A

(1-nAB+(1—-n)AB—-(A—-0)A—A(A—-0)

A—-o A A—-o A (A —0)? A? (A —0)? A2
=exp(A<7— o - 21O ) +0(55) + 05— >+O<§>>>-

[

(1-mA A (1-nB A2

Combining everything yields the lemma. 0

5. LARGE HAMMING DISTANCES

The lower bounds established for trace reconstruction thus far have come from
pairs of strings with small Hamming distance. A natural question is what can
be said about strings with very large Hamming distance. Of course, a pair of
strings that differ in all but O(1) indices can be distinguished very easily (in O(1)
traces). However, what if we insist on “padding” two strings that always differ, at
the beginning and end by some arbitrary strings?

We say that a pair of strings x,y € {0,1}" essentially always differ if there are
indices k1, ks < n such that z and y agree at all indices at most k; and at least ko,
and disagree at all indices between k; and ks.

Proposition 8. Let x,y € {0,1}" be a pair of strings that essentially always differ.
log® n
logglogn

Then x and y can be distinguished in exp(C ) samples. Here, C > 0 is an

absolute constant.
We use the following lemma, found as E7 on page 64 of [13].

Lemma 9. Let p(z) = a,z" + -+ + a1z + ag be a polynomial of degree n with

a; € {£1} for each i. Then, p(z) has at most g;izz zeros at 1, i.e., (z — 1)™ does
loogl(ﬁzm + 1. Here, C' > 0 is an absolute constant.

not divide p(z) for m = |

With this lemma, we deduce Proposition 8 as follows. We first claim that there is

some 0 — 1 string w of length at most k := L%J + 1 such that f(w;x) # f(w;y)
(see Lemma 1 for notation). Indeed, if f(w;x) = f(w;y) for all w of length at most k,
that is, if the so-called “k-decks” of x and y are the same, then by Section 5 of [11], it
must be that )" | z;i" =Y "y forall0 <m < k—1. Ifwelet p(z) = > " [z;—
y;]2', then it’s easy to see that the equalities imply p(1),p'(1),...,p* " Y(1) = 0,
which imply (z — 1)* | p(z). Now, since z and y essentially always differ, p(z) takes

the form p(z) = e, 2" + € 412M T+ + €, 12771 + €4, 2" for some €., 6, €
{£1}. Therefore, by factoring out z*', since ky — k; < n, Lemma 9 implies that
< Clog®n o contradiction. The claim is established.

— loglogn’ ~
With this claim, we can distinguish between x and y by simply looking at f(w;U)

for traces U; indeed, E,[f(w: U)] = f(w;z)(1—q)~1!. Since |w| < Cligglzgnn, it holds
19




that exp(C’ Clog” logn) traces suffice to distinguish between x and y. For details,

loglogn

see the proof of Theorem 14 of [10].
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