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Abstract: We develop anew approach and employ it to establish the global existence and
nonlinear structural stability of attached weak transonic shocks in steady potential flow
past three-dimensional wedges; in particular, the restriction that the perturbations are
away from the wedge edge in the previous results is removed. One of the key ingredients
is to identify a good direction of the boundary operator of a boundary condition of the
shock along the wedge edge, based on the non-obliqueness of the boundary condition
for the weak shock on the edge. With the identification of this direction, an additional
boundary condition on the wedge edge can be assigned to make sure that the shock
is attached on the edge and linearly stable under small perturbations. Based on the
linear stability, we introduce an iteration scheme and prove that there exists a unique
fixed point of the iteration scheme, which leads to the global existence and nonlinear
structural stability of the attached weak transonic shock. This approach is based on
neither the hodograph transformation nor the spectrum analysis, and should be useful
for other problems with similar difficulties.

1. Introduction

We are concerned with the stability of attached transonic shocks in steady flow past
three-dimensional wedges with non-flat surfaces. This is a longstanding problem at least
dating back to Prandtl [34] in 1936, in which it was first conjectured that the weak shock
solution is stable. In this paper, we develop a new approach and employ it to establish
the global existence and nonlinear structural stability of attached weak transonic shocks
in steady flow past three-dimensional wedges with non-flat surfaces, governed by the
three-dimensional Euler equations for potential flow. The perturbations of the wedge
and the incoming flow are allowed up to the wedge edge, which removes the assumption
in [6] that the perturbations are away from the wedge edge.

As indicated in [21], when a uniform supersonic flow passes a symmetric wedge
with flat surface whose (half) wedge-angle is less than the critical angle, an attached
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plane shock is expected to be generated. There are two solutions satisfying the physical
entropy condition. The solution with smaller density of the constant downstream flow
is called a weak shock solution, while the other is called a strong shock solution. The
downstream state of the strong shock solution is always subsonic, but the downstream
state of the weak shock solution can be either subsonic or supersonic, depending on the
wedge-angle. Thus, a natural question is which one, or both, could be actually physical.
There has been a long debate about whether the strong shock or the weak shock, or both,
would be stable starting 1930s (see Prandtl [34], Courant-Friedrichs [21, Section 123],
and von Neumann [38]; also see [33,37]); this is partly because it is a basic principle in
physics that a physical shock solution should be stable under small perturbations in an
appropriate sense. Therefore, it is important to study the stability or instability of such
plane shock solutions to single out the physical ones.

Some satisfactory results for the two-dimensional case have been obtained. In partic-
ular, the existence, uniqueness, stability, and asymptotic behavior of solutions under a
small perturbation for both the strong and weak shocks have been established. We refer
the reader to [4,5,11-16,24,25,28,36,40-42] for more details; also see Chen-Feldman
[8]. On the other hand, the three-dimensional case is completely different. For the po-
tential flow, Li-Xu-Yin [30] showed that the three-dimensional attached strong shock
past a sharp wedge is not stable with respect to a periodic perturbation, while Chen-Fang
[6] proved that the three-dimensional weak shock is stable if the perturbations are away
from the wedge edge.

In this paper, we remove the restriction in [6] and prove that the three-dimensional
weak shock is stable even if both perturbations of the wedge edge and the incoming
flow up to the wedge edge are allowed. This provides an answer to the issue that has
been debated since Courant-Friedrichs [21] and von Neumann [38] for the stability of
the attached transonic shock governed by the potential flow equation.

To achieve this, we first formulate the shock problem as a free boundary problem and
then develop a different approach to handle the free boundary problem from the ones
used in [6,30] by identifying a good direction of the boundary operator of a boundary
condition on the shock along the wedge edge, based on the non-obliqueness of the
boundary condition for the weak shock on the edge. The identification of this good
direction allows us to assign an additional boundary condition on the wedge edge to
make sure that the shock is attached on the edge under the small perturbations. Based
on this observation, we design a barrier function of the solutions near the wedge edge,
which allows us to show the C!**—regularity of solutions near the edge. Then we can
establish the linear stability by constructing a solution of the linearized problem via
cutting off the wedge edge and passing to the limit. Based on the linear stability, we
adapt an iteration scheme and prove that there exists a unique fixed point of the iteration
scheme, which leads to the global existence and nonlinear structural stability of the
attached weak transonic shock. This approach is based on neither the partial hodograph
transformation nor the spectrum analysis, and should be useful for other problems with
similar difficulties.

There are other related references on various free boundaries for the Euler equations,
such as [1-3,7-9,17,23] for the global self-similar shock solutions past wedges and
[10,18-20,29,35,39] for the Euler flows without shocks of strong strength.

The rest of the paper is organized as follows: In Sect. 2, we formulate the shock
problem as a free boundary problem (Problem 2.1) and then state the main theorem
of the paper (Theorem 2.1). In Sect. 3, we reformulate the free boundary problem into
a nonlinear fixed boundary problem by introducing the coordinate transformation and
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then introduce the iteration scheme in the new coordinates. In Sect. 4, we show that the
iteration scheme is well-defined by proving that the linearized problem introduced in
Sect. 3 can be uniquely solved. Finally, we establish the main theorem (Theorem 2.1) in
Sect. 5 by applying the Banach fixed-point theorem.

2. Mathematical Formulation and Main Theorem — Theorem 2.1

In this section, we formulate the shock problem as a free boundary problem and then
state the main theorem of this paper, Theorem 2.1.

2.1. Wedge surfaces and the Euler equations for potential flow. Define the wedge
surface by

W:{X€R3 : (xl,x3)eDel,xzzw(x1,X3)}, 2.1)
where
D, = {(x1,x3) € R? : x> er(x3)}. (2.2)
Set
e2(x3) = w(er(x3), x3).
Then
E= {X = (x1,x2,x3) € R : x; = e (x3), X2 = e2(x3), x3 € R} (2.3)
is the wedge edge.

In this paper, we focus on the compressible flows past over the wedge surface W
governed by the Euler equations for potential flow:

div(p(|D¢|*)Dg) = 0, x e R?, (2.4)
where ¢ = ¢(x) is the velocity potential so thatu = D¢, g = |D¢| = |u| is the speed,
and p is the density with

—1 1
p@d = (1- L) = 2.5)

by scaling from the Bernoulli law for polytropic gases with adiabatic exponent y > 1,
and the gradient D := (y,, Ox,, Ox3)-
The sonic speed is

The flow is called supersonic if
|Dg| > c(IDgl) (2.6)
and called subsonic if

|Dg| < c(|Dg?). 2.7)
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By the definition of p in (2.5), supersonicity (2.6) is equivalent to
|Dp| > ¢,
and subsonicity (2.7) is equivalent to
|Do| < ¢4,
where ¢, = ﬁ
Moreover, the potential flow Eq. (2.4) can be written in the following non-divergence
form:

3
D aij(D)dx0 =0, (2.8)
i,j=1
where
aij(Dg) = *(ID[*)8ij — By 90 2.9)

and §;; = 1ifi = jand 0if i # j.

2.2. Shock solutions. Let S be a C'—surface separating an open domain £2 into £~
and £2*. Let ¢ be both a C!—function in each subdomain of £2* and a weak solution in
W1 (2) of (2.4) in the distributional sense in £2. Denote

+

T =glgr, @ =l

Then ¢* and ¢~ are classic solutions of (2.4) in £2* and £2~, respectively. We can see
from integration by parts that ¢ must satisfy the following Rankine-Hugoniot conditions
on S:

pr=9, (2.10)
[p(ID¢|*)Dg] - v =0, .11

where v is the unit normal on S, and the bracket of a function denotes the difference
between the limiting values (i.e., traces) of the function from both sides on S. Differen-
tiating (2.10) along the tangential direction T on S leads to

De"-1=D¢p -t onS. (2.12)
Therefore,
[De¢] is parallel to the normal v on S. (2.13)

Furthermore, surface S is called a shock provided that ¢ satisfies the additional
physical entropy condition on S:

p(|IDe~|>) < p(|De* ). (2.14)

if the flow direction is from 2~ to £2*. In this case, the corresponding piecewise C'—
function ¢ is called a shock solution in £2; also see [8,21,22].
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Set
H,v) = (p(uPu—p(vv) - @—v) foru,veR. (2.15)
It is direct to see that, by (2.13), condition (2.11) is equivalent to
H(Dgp~,Dp*)=0 onS. (2.16)

To study the stability of the attached planar shock, we regard the planar shock as a
background solution.

Definition 2.1. (Background Solutions). A piecewise constant function ¢ defined in £2
is called a background solution if ¢ satisfies the following conditions:

(i) The plane shock S divides £2 into 2~ and 227;
(ii) In both subdomains 2~ and £2*, D¢~ and Dg™ are constant vectors respectively;
(iii) @~ is supersonic and ™ is subsonic;
(iv) ¢~ and ¢* satisfy the Rankine-Hugoniot conditions (2.10)—(2.11) and the entropy
condition (2.14).

In this paper, we are concerned with the stability of the weak transonic shock back-
ground solution generated by a constant supersonic flow onto a flat wedge with (half)
wedge-angle 0,. It is direct from conditions (2.12)—(2.16) to find a piecewise constant
transonic flow in the following way: Define

Do~ :=U" = (uj ,uy,u3), Dy" :=U" = (u7, uj, u3).
The three-dimensional space for the phase states (11, u2, u3) is our phase space. Let
Uy =(q0,0,0), qo > cx.

Let ¢; be the angle between U, and the wedge edge. In the x—coordinate system, if the
flat wedge is symmetric with respect to the (x1, x3)—plane and the wedge edge passes
the origin, then the plane wedge function is

w(xy, x3) = (x1sin6; — x3cosB;) tan by,  defined on {x; > x3cotb;};

that is, e1(x3) = x3 cot 6;.

In the phase space, all the possible downstream velocity states U = (u1, u2, u3) of
piecewise constant transonic flows that connect with U;” by plane shocks together form
a balloon.

For the convenience of computation of the shock wave, we rotate the coordinate
system with a proper angle such that the plane wedge surface is the (x1, x3)—plane (i.e.,
the downstream subsonic flow is parallel to the (x, x3)—plane), and the x3—axis lies in
the shock plane (see Fig. 1). Now, in the new coordinates, e (x3) = O and w(xy, x3) = 0.

Without loss of the generality, we analyze the free boundary problem in the new
coordinates, which are still denoted by (x1, x2, x3). Then, in the coordinates, we know
that u} = 0 and, by condition (2.12), u} = u3 . Then we have

U, = (qo sin 6; cos Oy, —qo sin 6; sin Oy, go cos 6;), 2.17)
UJ = (uo, 0, go cos 6;). (2.18)

Notice that the wedge-angle 6y and the angle 6; between U, and the wedge edge are
independent of the change of the coordinates.
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T2

Supersonic U~ \

_—__—Sub%onic U*

Fig. 1. The new coordinates after the rotation

For the given weak transonic shock solution (U, Ua' ) defined in (2.17)—(2.18), the
shock surface is

Soz{xe]R3 D xo =o0x1,x1 >0}

with
9 sin 6; cos By — ug (2.19)
q0 sin 91 sin QW ’
Set
@y (X) = qo sin 6; cos Oy x| — go sin 6; sin Oy, x2 + qo cos Oix3, (2.20)
goar (X) = upx1 + gqo cos 6ix3. (2.21)
Then
h(x)  forx, > oxp,
pox) = { %0 : ! (2.22)
o (x)  forxy; <ox

is a piecewise constant transonic flow, which is used as our background solution for the
shock problem.

2.3. Free boundary problem and the main theorem. Given the piecewise constant back-
ground solution with planar transonic shock, we formulate the shock problem as the
following free boundary problem:

Problem 2.1. (Free Boundary Problem). Let a background solution (¢ , ¢§) with a
plane shock Sy be given by (2.22). Suppose that the incoming flow ¢~ defined in the
domain:

27 = {xe R Tt —eiw) < —er(n) <20 — (1)}
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is a small perturbation of ¢, and satisfies Eq. (2.8). Suppose that VV defined by (2.1)
in domain (2.2) is a small perturbation of the half (x1, x3)—plane with positive x1-axis.
Let

Fep 1= H(xz,xg) eR? : x; > ez(x3)} .
Find a subsonic solution ¢* and a shock surface (as a free boundary):

Si={xeR’: (x2,x3) € Fop,x1 = 5(x2,x3)}  with e1(x3) = s(e2(x3), x3),
(2.23)

which are also small perturbations of both the background solution ¢ and the plane
shock Sy, such that

(i) The Rankine-Hugoniot conditions (2.10)—(2.11) as free boundary conditions hold on
the shock surface S.
(ii) @* satisfies Eq. (2.8) in the subsonic domain:

2 :={xe R (x1,x3) € Doy, w(xy, x3) < X2, 5(x2, x3) < xi}. (2.24)
(iii) The slip boundary condition holds on the wedge surface VV:
Dy* -mlyy =0, (2.25)
where n = (—wy,, 1, —wy;) is a normal direction on V.

In order to measure the perturbations described in Problem 2.1 precisely, we first
introduce the following weighted Hélder norms: Let £2 be an open domain in R3 with
edge £ C 382. For any x, X’ in £2, define

8x := min(dist(x, &), 1), Oy x := min(dy, 8x),

Ax =[x +x5 +1, Ay x = min(Ay, Ay). (2.26)

Leta € (0,1), 7,/ € R, and k be a nonnegative integer. Let k = (k1, k2, k3) be an
integer-valued vector with k1, k2, k3 > 0 and K| = k; +ka+k3, and let DX = 95! 95202
We define

e = = sup ((8) XD ALK DK £ (x))), 2.27)
Kk
[f]]((‘,rgl;(l);ﬂ = sup ((SX’X,)max(k+a+r,0)Aglya %)’ (2.28)
x,X' €2, x#x
k| =k
() _ (1) (r)
I ke = Z[f]k o:0:2 ¥ Uk azn. (2.29)

Similarly, for a domain £2 in the (x, x3)—plane with boundary £ close to the x3—axis,
we modify the definition of Ay to

Ax = |x1|+1  forx = (x,x3) € £,
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and the definition of norms (2.27)—(2.29) above applies to the functions defined on §2
in the (x1, x3)—plane.
Finally, for either the R3 case or the (x1, x3)—plane case, denote the function space:

Cay @) =1 A1y < o) (2.30)

Then the main theorem of the paper is stated as

Theorem 2.1. (Main Theorem). There are @ € (0,1),8 € (0,1),Co > 0, and e > 0
depending only on the background state (¢, , @) such that, if

(—2—a)

- - (—2—a)
lo™ =0l aiprar

+letllzar + 1wl 2 %), < e (231)

then there exist an attached weak transonic shock S and a subsonic solution ¢* for
Problem 2.1 satisfying the following estimate:

—1- —1—
10" = 08 oy + s = 5ol by v,

_ _(=1— 11—
= Co(lle™ =@ 15 ) o+ letlam + WIS ) ),

(2.32)
where w(x1, x3) and e1(x3) are defined in (2.1)~(2.2), and so(x2) = o~ x. The solution
satisfying estimate (2.32) is unique. In addition, if |o™ —¢y |+| Do~ — D@y |+|e1|+|w| —
0asx3 — Foo(orasx3 — —o0) pointwise, then |¢* — @i |+| D™ — Dg(|+|s —so| — 0
as x3 — F00 (or as x3 — —o0) pointwise correspondingly.

Remark 2.1. More precisely, in Theorem 2.1, the pointwise convergence means that, if

lim =0, lim ,x3) =0,
x3—>+o00 e1(x3) )«:3—>:ﬁ:<>o,x1>0w(x1 *3)
Jim - (I(97 = ¢g)®)|+(Dg™ = Dey)(®)]) =0,
x1>0,5x1<x2<20x]
xX3—F00

then, correspondingly,

lim 0 [(s — 50)(x2, x3)| =0,

x3—100,x2>

li * _ oH)(X)| + (Dot — Do —0.
x2>0i(x11r_im(x2))>0(l(¢ 95)X)| +(De o5 (X))
x3—>=+00

Remark 2.2. In order to use the Banach fixed-point theorem, we assume the higher regu-
larity with the norms in (2.31) than those in (2.32), due to the coordinate transformation
introduced in Sect. 3.2 to flatten the wedge surface. The main reason is that, after the
coordinate transformation, the coefficients in the equations and the boundary conditions
depend on the derivatives of the wedge surface. We face the same situation when ap-
plying the partial hodograph transformation if the wedge surface is not flat, since the
coefficients of the lower order terms depend also on the derivatives of the wedge surface.
Therefore, the higher regularity in (2.31) for w(xy, x3) and e (x3) is essential in order
to employ the contraction mapping theorem.
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Remark 2.3. In [6], the stability of the piecewise constant weak transonic flow is obtained
in the sense that the perturbations are away from the wedge edge. In this paper, we develop
a different approach to remove the restriction such that the structure is stable with respect
to arbitrary small perturbations of the wedge edge and the incoming flow up to the wedge
edge.

Remark 2.4. From Theorem 2.1, we can obtain the asymptotic behavior of the weak
shock S and the subsonic solution ¢* of Problem 2.1. In fact, based on the definition
of the weighted norm in (2.26)—(2.29), it follows from (2.32) that Dg* converges to

Dgpar in §2; with the decay rate A,"? -1 as Ay — 00, and the slope of the shock surface S
converges to the slope of Sy with the same decay rate as Ay — oo.

Remark 2.5. We establish the existence of solutions ¢* that are uniformly bounded in
the x3—direction and sublinearly grow in the (x, x;)—directions. This observation allows
us to construct a barrier function first to show the uniqueness of solutions of the linear
problem (see the proof of Theorem 3.1 below), and then to show the uniqueness of
solutions of the nonlinear problem by the contraction mapping theorem.

3. Mathematical Reformulation

In this section, we reformulate the free boundary problem, Problem 2.1, by introducing
the coordinate transformation to fix the domain, and then introduce an iteration scheme
in the new coordinates. In other words, to solve Problem 2.1, we follow the procedure
as described below.

3.1. Background solutions: piecewise constant transonic flow. For (U , Uy) defined
in (2.17)—(2.18), condition (2.16) gives rise to

p(gd)ad sin® 6 — qouo(0(gd) + p(ud + g3 sin® 6;)) sin 6; cos by + p(ud + g3 sin® 6puf =0.  (3.1)

This implies as in [6, §2] that, for a fixed incoming flow Uy , the possible downstream
states Uy connecting by a shock form a balloon. Next, for a fixed wedge edge (i.e.,
the x3—axis), the possible downstream velocity states together form a curve that is the
intersection between the balloon and the plane orthogonal to the wedge edge (see Fig.
2: all the red lines and curve lie in a plane orthogonal to the edge with the plane also in
red). The properties of the curve are similar to the corresponding shock polar in the two-
dimensional case. Moreover, on the curve, P is the sonic point and P; is the detached
point. The detached point P; divides the two-dimensional shock polar curve into two
subarches. Let 6, be the dihedral wedge-angle such that the corresponding wedge plane
intersects the curve at P;. Clearly, when 6, > 6., there is no intersection point between
the wedge plane and the curve, which means that there is no attached plane shock for
this case.

When 6, < 67, the wedge plane intersects with the curve at two points: One of them
corresponding to the higher speed is the weak shock solution, and the other is the strong
shock solution. Let Uj be the intersection point lying in the subarch corresponding to
the weak shock solution. Next, let 6 > 0 be the sonic angle such that Uar = P when
0 = 6F. By [6, in Sect. 2], such 6 exists with 6 € (0, 6;). We know that the weak
shock solution is transonic if 6y, € (6, 65%) and is supersonic if 8y, € (0, 6;). Therefore,
the shock solution (U, Uy) is a weak transonic solution if 6y € (65, 6).
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Vg ﬂ\

U3

sonic line
S~ oAl

Fig. 2. Shock polar for the three-dimensional case

3.2. Coordinate transformation. Given a function s(x3, x3) close to so(x3) = o~ xy,
we first define the shock surface S as a free boundary x| = s(x3, x3), and then define
£25 by (2.24). Moreover, (2.10) holds on the shock surface, where ¢* is replaced by ¢:

O(s(x2,x3), X2, x3) = @~ (s(x2, X3), X2, X3).

Notice that, for each different function s(x7, x3), the shock surface is different, so
that the boundary condition (2.11) is on the different surface. Therefore, we need to
further introduce the coordinate transformation to fix the shock surface.

Let

Wo={y:y1>0,»=0 meR}, &:={y:y=y=0 y3eR}

For our convenience, we first define a coordinate transformation to flatten the boundary
of £2¢ and map £2; into the domain:

IT:={y: 0<y <oy, y3 € R} (3.2)

bounded by the plane shock Sy and the straight wedge Wy with edge &.
Given the wedge function w and the shock S, define the new coordinates in the
following way: First, let

y2 =x2 —w(x1,Xx3), Y3 =13, (3.3)

where xp = w(x1, x3) is the wedge surface, and (e (x3), w(e1(x3), x3), x3) is the wedge
edge. Then the shock surface becomes

x1 =s5(y2 +w(xy, ¥3), ¥3).

Solving for x1 gives

x1 =380y, y3).
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Let
85(y2, ¥3) 1= §(32, ¥3) — s0(y2) = §(32, ¥3) — 0 ' ya.

Then we extend 85(y2, y3) to be a function of y = (y1, y2, y3) by defining

35(y) :=n(oy — yz)/Rzﬁ(yz, y3 +t(oyr — y2))&() dt, (3.4)

where £(¢) is a smooth mollifier satisfying

€0 20, suppe) =111, [ Ewar=1,
R
and n € C°(R) is a cutoff function with the following properties:

0<n@ <1 fortekR,
n(t)=1 fort € [—1, 1],
n(i) =0 fort € (—oo0, —=2] U [2, o0).

Let

Q={y:y1>0,»>0}  Fo={02 3 :y >0}
By Definition (3.4), we have

35ls, =685, supp(8s) C{y:—1<oyi—y <1}, (3.5)
—(=1— A (—1—
185115 0. by < CUSSIS o b 7 (3.6)

where the norm in (3.6) is defined in (2.29) via replacing £ by edge & = {(y1, y2, ¥3) :
y1 = y» = 0} in R3, or by edge & = {(y2, y3) : y» = 0} in R%. See Lemma 2.3 in [26]
for the details of the proof of (3.6).

Define y; implicitly by

X1 = y1 +05(y) = y1 +85(y1, x2 — w(xy, x3), X3). (3.7
Then we have

Lemma 3.1. If Dw and D (85) are sufficiently small in the C°—norm, then the coordinate
transformation (3.3) and (3.7) is invertible. Moreover, §25 in the X—coordinates defined
by (2.24) is mapped into domain I in the new y—coordinates defined by (3.2).

Proof. First, whenw = 0andds = 0, we know that the Jacobian matrix of the coordinate
transformation Jyy is the identity matrix /3. Thus, the coordinate transformation is
invertible when Dw and D(85) are small.

Next, itis direct from Definition (3.3) that y, > 0. Sinceitis easy tosee that y» < oyj,
it suffices to show that y» = oy on the shock. By the definition, we know that, on the
shock,

8§+0_1y2=§=x1 =y + 5.

The identity holds if and only if y» = oy, thanks to the implicit function theorem and
the fact that D(85) is sufficiently small in the C%—norm. This completes the proof. 0O
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3.3. Iteration scheme in the new coordinates. Based on Lemma 3.1, it suffices to con-
sider the problem in the fixed domain I7. In the new y-coordinates, we define

_ 20’ 3g
M :={y: 320 -y <y»=<=y »eck}

3
Denote
@: (¥) = ¢~ (x(y)), S (¥) = ¢; (¥) — ¢y (x(¥)) fory e I1™, (3.8)
o(y) = o(x(¥)), So(y) = @(y) — ¢j (X(¥)) fory € I1. 3.9

Define the iteration set L = K| x K7 by

K= {85 € D o) 850, v3) = 1), 18315, oz, < Coe ) (3.10)

2,a;(—
Ky = {5¢ c c(j;ﬁaf)(n) : ||5<p||(20}(°‘;) < Cos} @3.11)

The estimate in (3.10) for §§ guarantees that the shock surface in the y—coordinates stays
in [T~ if ¢ is sufficiently small.
In the y—coordinates, (2.8) becomes

3

3
> @ (y. Dy(39))dyy; (59) + > b (y. Dy(59))dy, (8) =0,
i,j=1 i=1

where

5 > dy; 0y;j

a;(y. Dy(b)) = Y aim(Dx(8p) + US o —L, (3.12)
k,m=1 Xm

3 3

by, Dy(9) = 3 arm(Dx(3) + U 3 (3.13)
k,m=1 Km

3 8y‘
axi<6<p>=¥a),j(8w>a—)é, Ug = Dx(¢§(x)). (3.14)

Hereafter, we write operator D for Dy in the y—coordinates when no confusion arises.

To solve the fixed boundary value problem above, we linearize the equation and the
boundary conditions, and then make careful uniform estimates required in order to apply
the Banach fixed point theorem. More precisely, for any given function (85, 3¢) € IC,
we solve the following linear equation:

Y aij UGGy, = £ (DEe), D*(69)), (3.15)
i,j=I1
where

3
£y, D), D*Bp)) = Y (aij(UR) — @) (59)yiy; — Zb(&o)y,. (3.16)

ij=1
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Condition (2.25) on boundary »V can be rewritten as

Dx(8¢) -nlyy = —Uy -1 = ugwy, + o cos Giwy,,

or
Dy(8¢)Jxy -nlyy, = —Uj -n in the y—coordinates.
Set the condition on W for Eq. (3.15) as follows:
3P 32lwy = 84 (s DEP) Iy (3.17)

where

g5, (y. D(89)) = (8¢)y, — (Dy(8@) Jxy + U$) - n (3.18)
withn = (wy,, —1, wy,) and

Wy [wy = Dyw(y1 +85(y1,0,y3), y3)Jxy ~ fori =1,3.

Finally, we rewrite condition (2.16) on the shock surface S in the x—coordinates into

Dx(8¢) - pls = &(x, Dx(8¢))|s (3.19)
with
&s(x, Dx(8¢)) = Dx(8¢) - 1 — H(Dxg™, Dx(8¢) + Uy), (3.20)
1 = (1, k2, u3) = Hy(Dxgy (X), Dxgg (X)) (3.21)
We write condition (3.19) in the y—coordinates as
Dy(8¢) Jxy - ils, = &s(X(¥), Dy(3¢) JxY)ls,- (3.22)
Thus, we impose the following oblique derivative boundary condition:
Dy(89) - s, = 85 (v, Dy(39))]5, (3.23)
where
83(y. Dy(5¢)) = Dy(8p)(I — Jxy) - i+ &s(X(y), Dy(5¢) Jxy). (3.24)

In order to keep the shock surface attached to edge &£, one of the main ingredients in
our new approach is to impose an extra condition on &:

(-9 )le =0, (3.25)
which can be written as
5Glg, = 85 (3.26)
in the y—coordinates, where
g(n) = (0~ (x(¥)) — ¢ (x(¥)))(0, 0, y3). (3.27)

Denote
o _ . +
a;; = a;j(Uy).

We first solve the following linear problem:
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Problem 3.1. (Linearized Fixed Boundary Problem). Given functions f1 defined in I1,
g1 in Dy, g2 in Fo, and g3 in R, solve the equation:

3
Y vy, = ind (3.28)
i,j=1
with the boundary conditions:
Vol = 81 (3.29)
Dv - puls, = &, (3.30)
vlg, = 8. (3.31)

We solve Problem 3.1 by proving the following theorem in Sect. 4:

Theorem 3.1. Assume Eq. (3.28) is uniformly elliptic, 1 > 0, ua > 0, and p -ngy, > 0,
where g, is the outer unit normal of the shock surface Sy. Suppose that the angle between
Woand Syisw € (0, Z 5)-Thentherearea, B € (0, 1) depending on (al] , )L, w) such that,

0,0;(2— 1 1- 1a;(1—
if fi e CRUTP D), g1 € TP (Do), g2 € CUGT TP (Fo), and g3 € CHe ),

the're exists a unique solution v € C(z_ali af )(1'1 ) of Problem 3.1 with the following
estimate:

1 1- - -
1S herr = CIAS A+ 18100y + 1820 oty + 83l ik )
(3.32)

where C > 0 is a constant depending on (ag., n,o,a, ).

Remark 3.1. Propositions 5.1- 5.2 later will guarantee the assumptions in Theorem 3.1
for the weak transonic shock. In fact, the non-obliqueness assumption, i.e., 1 > 0
and o > 0in Theorem 3.1, allows us to assign the boundary condition (3.31) on the
wedge edge, which means that the shock is an attached shock. It is the key difference
from the strong transonic shock, where the non-obliqueness assumption fails. That is the
mathematical reason why we expect the weak transonic shock is stable [6], but the strong
transonic shock is unstable [30], for the attached plane shock over a three-dimensional
flat wedge with respect to the three-dimensional perturbations.

Remark 3.2. Problem 3.1 is for the linear stability of Problem 2.1. Thus, if Theorem
3.1 is proved, then we conclude that Problem 2.1 is linearly stable.
It follows from Theorem 3.1 that, given (85, 590) € IC, we solve Problem 3.1 with

v=230, fi = f'. g1 = &% g2 = g3 and g3 = g{.
Now, we use condition (2.10) to update the shock function in the following way:
Solve the equation for xi:

(¢~ — ¢3)(x1, y2 + w(x1, ¥3), y3) = 8¢ ya, y2, ¥3) (3.33)

by the implicit function theorem to obtain x; = 5(yz, y3). Set 85 := § — s¢9. Define a
map .7 on K by

T (85, 8¢) = (85, 8¢). (3.34)

We will show that the assumptions in Theorem 3.1 hold and establish the required
uniform estimates for applying the Banach fixed-point theorem to ensure the existence
of a fixed point of map .7 in Sect. 5 to conclude the proof of Theorem 2.1.
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4. Linear Stability: Proof of Theorem 3.1

Without loss of generality, in Problem 3.1, we may assume

810, y3) = g2(0, y3) = g3(y3) =0, (4.1)

where g1, g2, and g3 are in the boundary conditions (3.29)—(3.31).
Indeed, we can extend g3 from domain & to I7T (c¢f. Lemma 2.5 in [26]). Denote the
extended function by g3 so that

suppgs C{y € T:yi+y3 <1}, (@)ywls, = g1ls,. D& kg, = 8215
-~ o (=1— _ _
18315 e = C (N1 gy, + 82000y, + sl ).

Then assumption (4.1) is satisfied if Problem 3.1 is solved for v = v — g3.

To solve Problem 3.1, we truncate domain I7 by a ball Br(O), centered at O with
radius R, so that we can work on a finite domain. Furthermore, since «; > 0 and
w2 > 0, conditions (3.29)—(3.30) are not oblique at the wedge edge &y (cf. [32]). In
order to resolve this difficulty, we also truncate the wedge edge. It is convenient to use
the cylindrical coordinates (7, 0, y3) for the truncation and the estimates later. More
precisely, the truncation is given as follows:

nf ={yennBg) :r>R"}, W={yeWonBr(0):r>R"}
St=lyeSnBr0): r>R"}, TR=am"\(WFuUSF),

where R > 4.
Now we first solve the following problem in the truncated domain IT%:

Problem 4.1. (Problem in Truncated Domains). Given f1, g1, and g as in Problem 3.1
with assumption (4.1), solve the boundary value problem:

3
> @ = indI® (4.2)
ij=1
with boundary conditions:
Uy lwr = 81, 4.3)
DU . M'SR = gz, (44)
vl7r = 0. 4.5)

For Problem 4.1, we have the following lemma.
Lemma 4.1. Under the same assumptions for a?j, I, and w as in Theorem 3.1, there are
o, B € (0, 1) depending on (a?j, I, w) such that, for the same functions ( f1, g1, g2) as

in Theorem 3.1 with assumption (4.1), there exists a unique solution v € C 2eI®yn
CO(ITR) for Problem 4.1 satisfying the following estimate:

(=1—a) (I1—a) (—a) (—a)
lv]l as( /3);17§ = C(”fl”(),a;(Zfﬁ)in + Hgl“],a;(lfﬂ);'Do + ”82”1’0‘;(1,&;]:0)7 (4.6)

where C > 0 is a constant depending on (a?j, I, o, B), but independent of R, and
the weights for the superscripts in (3.32) are to the wedge edge &.
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Proof. We divide the proof into three steps.
1. Let

C*(IT®) .= c°(TRy n (IR uWR U SR).
By Theorem 1 in [31], there is a unique solution vg € C*(HR) for Problem 4.1. Then,
to prove Lemma 4.1, it suffices to obtain the uniform estimate (4.6).
2. Let
_ (1—a)
”fl”()a -B);11 + ”gl”l o (1 B):Do + ”32”1 o (1 B):Fo” 4.7

Then we need the following estimate, independent of R:
lvr(y)| < CM min(r™**, r#)  fory e ITR. (4.8)

To achieve estimate (4.8), we scale (y1, y2) into the following coordinates (y1, y2):
I . - = -2 2.1 »

1, y2) = (diy1, day2)  with (7, 0) = ((7 +y2)2,arctan(y—)), 4.9)
1

1 1
where (d1, d2) = ((af}) 72, (a3))™2).
Set the comparison function in the following form:

v* = 7l sin(t0 + 6p), (4.10)

where [, ¢, and 6y > 0 will be determined later such that v* is a barrier function.
A direct calculation shows

Z ajv . = (0} + 030" = (1> = P)F' P sin(t0 + 6p).

i,j=1

vy2|Wo = =Lyt cos by,

Dv* - pls, = F ' uidy (I cos @ sin(td + 6p) — t sind cos(1é + 6p))

+ 77 pads (I'sin & sin(1é + 6g) + t cos & cos(1é + b))

=7 udd? + p3d3 (U — 1) cos(d — @) sin(td + ) + 1 sin((t — 1) + 6 + D)),
where
wads

d
w= arctan(—2 tan w), @ = arctan( ).
dy nid

First, for a fixed 8 € (0, 1), choose! = B,t = B+ 19, and Oy = % + 70 1in (4.10), and
set

vi = CMv* = CM# sin((B + 10)8 + % +70).

where 1) > 0 is suitably small and C sufficiently large, depending on (a?j, n,w, p).

Since w € (0, %), which follows from tanw > 0 and the fact that d; and d, are
positive, we can find 79 > 0 and 8 > 0 sufficiently small such that (8 + 79)0 + % +710 €
(% + 10, 7 — 70) in ITR. Thus, following the computation above, we have

3 3
3wy, < — CMP 2 sinn < fi= Y alir)yy,  in TR, (411
i,j=1 i,j=1
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WDyl < — CMP daBsinty < g1 = (WR) v, Iy (4.12)
Du - pls, > CM#P~! B sin(min(®, % — @) > g2 = Dug - pls,, (4.13)
vi|rr >0 = vR|r=. (4.14)

Therefore, by the comparison principle, we conclude
lur(y)| < CMrP  foranyy e ITX. (4.15)
Second, we now show the estimate of solution v (y) related to the C'**—regularity

up to the wedge edge, thanks to the assumptions that 1 > 0 and pu> > 0. Choose
[=1+a,t =14+a+1],and Gy = % + 11 in (4.10), where « and 77 are sufficiently small

and positive constants depending on (a?j, It, ®). Define the following barrier function:

vy = CMv* = CMi™ sin((1 + o +11)6 + % +11).

Following the computation argument from (4.10) to (4.11), we have

23: a)y()y,y; < — CMi* 'tfsint < f1 = i a);(vR)yy,  inII%, (4.16)
i,j=1 i,j=1

(W), lwy < — CMidrasinty < g1 = (VR)y, Iy, (4.17)
Dv; - pls, = CMi®a sin(min(®, % —®)) > g = Dvg - pls,, (4.18)
vl7r = 0 = vgl7x. (4.19)

Thus, v2 meets the conditions for the comparison principle so that
lvr(y)] < CMr'*®  foranyy e IX. (4.20)

Combining (4.15) with (4.20) leads to estimate (4.8).

We remark that, for estimate (4.18), we use the assumptions that @; and w, are
positive such that @ € (0, 7). Since the assumptions are not correct for the strong
transonic shock, we cannot expect (4.20) and then cannot expect the C'"*—regularity of
solutions of the strong transonic shock near the edge generally.

3. Based on estimate (4.8), the standard Schauder estimates, and the scaling argument
lead to (4.6). We now sketch the proof for the self-containedness.

Let E be abounded domain, and let u be a function defined on E. Define the following
norms:

k
/ i / / K+
Il g =Y d/uljoe. Nl gp = lullp +d** Ul e,
j=0

where d = diam E.
For any point y0 € ITR/? with cylindrical coordinates (7o, 6o, y3), it falls into one of
the following three cases:

w 3
Casel. — <0< —,
4 4
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3
Case 2. Ta) < 6y < wo,

o
Case3. 0<0y < ik

For Case 1, let

~ ro . w
F=sing, B = B;(¥"), By = By(y").

By the definition, it is easy to see that By C B, C ITR. By the Schauder interior estimate

(cf. Theorem 4.6 in [27]), for solution v € C>*([T%) N CO(F) of Problem 4.1, we
have

A2
1ol g5, < C(Ivll0.0:85 + P21 fillh . 5,)- @.21)

The definition of M (see (4.7)) and assumption (4.1) imply

. — -2
£ g5, < CM minGg ™", r) 72, (4.22)
. —1
g1l .5, + 18211} oo, < CM min(g, rj ). (4.23)

Estimates (4.21)—(4.22) and (4.8) give rise to
0l 4. 5, < CM minGrg*®, rf). (4.24)
For Case 2 and Case 3, we use the Schauder boundary estimates. Let

w
f=sinz, Bf = B;(y)n TR, By = By:(y*)n Ik, T =By ") namk.

Similar to the arguments in Case 1, the Schauder boundary estimates (cf. Theorem 6.26
in [27]), together with (4.8) and (4.22)—(4.23), lead to

/ A l ~2 1 . p—1
10 e = C(I0l00:5; +7 Y 18l air + 721 fill gy ) = CM minG, rf ™.
i=1,2
(4.25)

Note that, by the standard scaling argument,

—1—
ol$ k)

/
2,a;(—B); B = B—1 ”v”2,a;31’

min(rg,ry )
or

(—=1—a)

/
”v”2,a;(—ﬂ);3f — ﬂfl)”v”Z,Ol;BIr'

min(r,

Therefore, estimate (4.6) follows by combining the interior estimates (4.24) for Case 1
with the boundary estimates (4.25) for Cases 2-3. This completes the proof. O

Now we are ready to prove Theorem 3.1.
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Proof of Theorem 3.1. For each R > 4,by Lemma 4.1, there exists a unique solution vg
for Problem 4.1 satisfying estimate (4.6). Therefore, by the Ascoli-Azela theorem, we
can choose a sequence Ry — oo such that the corresponding sequence of solutions {vg, }

. : 2,05 (~
converges to a function v in each C; "% P

(—1-a’)
indicates that v € C (2_0;112,)3 ) (IT) and satisfies estimate (3.32). Clearly, v is a solution of

Problem 3.1 in I7.
To show the uniqueness of solutions of Problem 3.1, we need to prove that, if v €

C(zfllf;'f )(IT) and solves

R
(I"[Tk) for0 < o/ < . Hence, estimate (4.6)

3
0 . .
Z a;;Vx;x; =0 in I71

i,j=1
with boundary conditions:
Ux2|W0 =Oa Dv'”"S() =Oa U|€0 =07

then v = 0. We now construct a barrier function and use the comparison principle to
achieve this. It is based on the observation that the solution is uniformly bounded in the
x3—direction and sublinearly grows in the (x1, xp)—directions.

For B’ € (B, 1), set

=P §in((B' + 12)0 + =
v3 =" sin((B +‘L'2)9+5+‘E2),

where 75 > 0 is suitably small. From estimates (4.16)—(4.18), we have

Z al(v3)y,y, < —crr? 2 inl, (4.26)
i,j=1

W)yl < — er? 1, (4.27)
Dvs - pls, > e3rP 1. (4.28)

Let vy = |y|/3/. It is easy to see the following estimates:
IDyval < ClyP~' D5, val < ClyIP 2 (4.29)
Given any T > 0, define
vs = t(Crv3 + vg).
With estimates (4.26)—(4.29) and the fact that » < |y|, we know that vs satisfies the

following properties:

3
0 .
Z aij(US)x,-xj- S O mn H1

i,j=1
(US)x2|W0 = O’ DUS . M|SQ = Oa v5|go = Ov
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provided that C is suitably large. We know

vs(y) > g > t|y|f PrP,

2,05(—P)

so that v € C(_l_a)

(IT) implies that there exists C» > 0 such that

)| < Car’.
Since B’ > B, there exists Ry > 0 depending on (z, C3) such that, when R > Ry,

vs(y) > |v(y)|  for|y| = R.
Thus, by the comparison principle, we have
lv(y)l <vs(y) fory e ITN Bg(O0).

Since R can be arbitrarily large, the above inequality holds forally € IT. Letting t — 0,
we conclude that v = 0, since vs — 0 everywhere in IT as T — 0. This completes the
proof. O

5. Fixed Point of the Iteration Map: Proof of Theorem 2.1

In order to apply Theorem 3.1, we need to verify the assumptions in Theorem 3.1 for
the weak transonic shock problem. First, we verify the uniform ellipticity of Eq. (3.15),
which is summarized in the following proposition:

Proposition 5.1. If ¢ is a uniform subsonic solution, then there exists 1. > 0 depending
on @} such that

’%
. 1
MEP < D ajEit; < SIE7 forany§ € R, (5.1)
i,j=1

that is, Eq. (3.28) is uniformly elliptic.

Proof. Since ¢ is a weak transonic solution, ¢; is a uniform subsonic solution. By the
definition, a?j = a;j(U$) = 2(I1Dg1*)8ij — dx,030x, (. Hence, claim (5.1) follows
immediately from the fact that the background solution ¢ is a uniform subsonic solution.
]

Next, we verify the obliqueness of the boundary condition on the shock and the non-
obliqueness of the boundary condition at the wedge edge. More precisely, for a piecewise
constant weak transonic flow (¢, ¢), we need to check the direction of u defined by
(3.21), which is described as follows:

Proposition 5.2. If (¢, , ¢3) is a weak transonic shock solution, then
w1 >0, wu2>0, w-ng >0,

where N, is the outer unit normal of the shock surface S.
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Proof. In Eq. (2.15), we fix the incoming flow u = U, given as in (2.18). By the
Rankine-Hugoniot condition (2.12) and the fact that the x3—axis is the wedge edge
(i.e., the x3—axis lies in the shock plane), we see that v3 = ggcos ;. Then v, can be
considered as a smooth function of v by solving (2.15) for vy. There are two solutions
of equation vz (v1) = 0 (owing to the choice of the coordinates such that the downstream
subsonic flow is parallel to the (x1, x3)—plane in Sect. 3.1); also see Fig. 2. We denote
the two solutions by v and vy,, which correspond to the strong and weak transonic shock
solutions, respectively. Using the convexity of the two-dimensional shock polar for the
potential flow (see e.g. [8, Lemma 7.3.2, page 249]), we have the following properties:

Vs < Uy, Uh(v5) >0, v5(vy) <O,
v(v) >0 for any vy € (vg, vVy).
Take the weak transonic flow by letting vg = vy. Then we have the downstream flow
Ug = (vo, 0, go cos 6;) in (2.18). Differentiating
H(Uy , vi, v2(v1), gocos6;) =0
with respect to vy and letting v = vy, imply
(Hv1 + Hvzvé)(UO_, Ui =0.
By the definition that p = Hy (U, , UJ), v5(vy) < O implies pipu2 > 0. A direct
computation shows
w2 = gosin6;sin 6w (p(1Uy %) + p(IUG %) > 0,
which yields that iy > 0.
Next, we show that p - ng, > 0. Notice that

ng, = (=0, 1,0),

1
Vito?
where o is the slope given by (2.19). Thus, it suffices to prove

—m1o + uy > 0.
To simplify the notation, denote
Uy = (ur,u2,u3), Ug = (v1,0,u3),
p~=p(Us D), p"=p(US1P), ¢ =c(UFP).
Then we have
B

bl

uy
2
vy
(c*)?

w2 = —uz(p” +p"),

11 =p+< —1)(u1 —v) —p ur+prv,

so that
+

—o +pa = =2 ((1- i Y = v +3).
i\ ()

By the subsonicity of UZ, we see that v% < (¢*)?. Together with the fact that us < 0,
we conclude that —p o + up > 0. |
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Therefore, based on Propositions 5.1-5.2, the assumptions in Theorem 3.1 hold for the
solutions that are small perturbations of the weak transonic plane shock. Using Theorem
3.1 and following the iteration scheme introduced i in Sect. 3, given ((Ss dp) € K, we
solve Problem 3.1 uniquely with v = 8¢, f1 = f g1 = gw, 8 = gs, and g3 = ge,
where /C is defined by (3.10)—(3.11), and the expressions of fo gw, gs, and ge are given
by (3.16), (3.18), (3.24), and (3.27), respectively. Then we are going to show Theorem
2.1 by establishing the contraction of .7 defined by (3.34), where 45 is given by (3.33).

Proof of Theorem 2.1 (Main Theorem). The proof is divided into four steps.

1. We first show that the map is well-defined: .7 is a map from K to itself.

Based on Propositions 5.1-5.2, the conditions in Theorem 3.1 are satisfied so that we
can uniquely solve §¢ = v with the following estimate:

~ i (—=1—
18G5 o “hyerm

o . - )
= C( IS0 pyorr + 188N o premy *+ 1881ty + 18E I ) (5:2)

First, we need to estimate the right-hand side of (5.2) carefully. Based on the definition
of the coordinate transformation (3.3) and (3.7), a straightforward calculation gives

By 1+ 08wy

_ we0), 5.3
dx1 L+ (85)y, W 0 Y
9 35

—y = —&, 17 0)7 (54)
X7 L+ (85)y,

Y _ (O =69y (5.5)
o3 e, '

Thus, we have the following estimate:

P R Wi 1)
ox, UL (=p):T T NGy 9x,, 0@ (2=B).1T

(—1-a) S(=1-0)
= C(”w”la;(—ﬁ);Del " ”‘Ss”z,a;(—ﬁ);?o>
foranyi, j,k,m =1,2,3.
Then, by the definition of f* (see (3.12)—(3.13) and (3.16)), we have
§(1—a)
”fs ||0,0l,(2—ﬂ),n
3
(-1-) 7 751 (1—)
= ”5‘/’”2,a;<—ﬂ);n< Z lafy =l ara—gym + 2 ”bf”o,a;a—ﬁ),n)
i,j=1 i=
(-1-0) (—1-a) S(—1-0) (—1-a)
= C||5‘P”z,a;<—ﬁ>;n(”w”z,a;(—ﬁ);ul + 185113 ; (—py; Dy * ”59"”2,a;<—ﬁ>;n)
< CC}é?

provided that Coe < Ao, where A9 > 0 is a fixed constant depending on ¢, and C
depends on XA¢. Similarly, by definitions (3.18), (3.20), (3.24), and (3.27), we have the
following estimates:
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§ (—a) (—1-a)
lewhm | aza—pyy = Clwlly e pyp,, = Ce

-3 (—a) —(=1—a) (—1—a) 2
lastsoll -y < C<||5‘p§ 2.0 py:rr- + (9011202 ). 1) )

§ (—a) (—1-a) (—a)
”g;|50| Las(1-):Fp = C”‘s@”lw;(fﬁ);ﬂnl o J"ynl,a;(lfﬁ);n

5 (=)
+]8lls, | 1,aof<1—ﬂ>;fo

< C(e+Ceh),
§ —(=1— —1-
851 g = C(I80 1S ot “hyer + 101 o “hyom, + lletlliace) < Ce.
Therefore, we obtain

i (=1—
||5¢||§,a;(j‘f3);n < Ce(1+C3e) < Coe, (5.6)

1
C_g .
Next, we consider the estimate for §5 obtained via (3.33). Rewrite (3.33) into

by choosing Cp > 2C and ¢ <

_ _ _ ~ ~ - Y2
(@™ —9p) +(@y — ¢3))(s0+ 85, y2 +w(so + 85, y3), y3) = 3G y2, y3)-
Since (¢, — ¢J)ls, = 0, the equality above gives

. 1 .
35(y2, y3) = ;w(SO +85,y3)

N 8¢(Lya, v2,y3) — (97 — @y ) (50 + 85, y2 + wlso + 85, y3), ¥3)
qo sin 6; cos Oy, — ug

(5.7)

which leads to the following estimate:
< (—1—a)
”83”2@:;(—/3):}'0
~ i (—1—a) - —(=1—a) (=1—a)
= C(IG1S o “yor + 6™ = 05 1S % o + 1008, ) = Coee (58)
Therefore, we have shown that .7 is a map from K to itself. Finally, we remark that
estimate (5.8) for §5 also guarantees that the updated shock surface in the y—coordinates
staysin I1™.
2. In this step, we shqw the contraction of ﬂ . ' ‘
Given two pairs (857, 8¢@) e IC, let (8659, 8¢y = T (85D, 8¢D) fori = 1, 2.
By the definition of .7, we know that v = 83" — §3® solves Problem 3.1 with

fi = 1, D), D2y — 17 (v, D), D260, (5.9)

g1 =84 (v. D™ — g8 (v, D)), (5.10)

2 =" Doe™M) - g (v, DG,

a=g" g (5.11)
Since

§O

g = (07 — ) 6590, y3), w50, 3)), ¥3) = (¢~ — @) (e1(13), €2(33), ¥3),
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we have

S(1) :(2)
83=8 —8 =0. (5.12)

Denote the coordinate transformation related to 8§ by y)(x), and set
B (y) = wn +850 (), y3), B () = wy; (1 + 850 W), y3).
It is direct to see

1
o — @ =/O wy, (v + 785D () + (1 — 0)85@ (y)dr (851 — 85@),  (5.13)

1
o — ;?:/ Wy, 01+ 1850 (p) + (1 = 1)85P (y))dr (650 — 552). (5.14)
0

xJ

Thus, with assumption (2.31), we have

”w(l) _ w(2)”(_1—“) + Z ”w(l) (2) (=a)

2,0;(=B); Do Wy; la;(l—ﬁ);Do
(=1-a) A(l) ~A2) ) (—1-a)
= Cllwy ”2,a;(—ﬂ);D 185 — &5 ”2,0t:(—ﬁ);fo
~ ~ —1-
< Cell88M) — 88PNT 0 g (5.15)

Then expressions (5.3)—(5.5) and estimate (5.15) lead to

ay“)

() () _ s2@(~1-)
- !I]a;a,,g);nscaws o Ly e (5.16)

82 (1) 82 (2)

(1-a) () sa@(=1-a)
axjaxm ax,axm ||0‘a;(H);n < Ce¢||88 85Ny e e (5.17)

I}

Since the definition of f in (5.9) involves (3.12)—(3.13) and (3.16), estimates (5.15)—
(5.17) imply

1 ~ N —1— —1—
118 gy = Co (1850 = 85PUS) % 5 + 1800 = 80 P15 ) ).

(5.18)

In the same manner, we can obtain the following estimates for g; in (5.10) and g» in
(5.11):

(—a) (—a)
81| La;(1-B):Dy T | 22, “La;(l—ﬂ);fo (5-19)
s 2(2) ) (=1-a) (1) Q) (=1—a)
= Co (1550 = 8515 L m + 1800 = 8915 )- (5.20)

Therefore, by Theorem 3.1, estimates (5.12), (5.18), and (5.20) imply

- 1 ~ ~ —1— 1
186 = 8515 o ey = Ce(1830 = 5N 2+ 130D = 50PN )

(5.21)
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We now estimate the difference between the two updated shocks. By identity (5.7),
we have

85D — 55@

1 1
= —w(so+ 8651, y3) — —w(so + 852, y3)
o o

1
qo sin 6; cos Oy — ug

- 1 B 1
X <5<p“)(;yz, ¥2,93) — 6<p(2)(;yz, ¥2. y3)
— (97 — 05 )50+ 85V, y2 + w(so + 851, y3), y3)
+ (07 =050+ 85D, 2+ wiso + 852, y3), v3) ).

Following the same approach from (5.13) to (5.15), we can write 85 — 85@ in an
integral form and use assumption (2.31) to obtain the following estimate:

”55(1) — 55D ”(*1*0!)

2,a5(=p);: Fo
(=1—a) - —(=2-a) (D 22) | (=1-a)
< (I 1Sy, + 0™ =g 1520 0 NSD = 85U 5
>(1) ~(2) | (=1—a)
+Cll6gp" —d¢ ”2)0(;(,5);17
- ~ —1- - - 11—
< Cellss ™ = 85N + CUOG Y — 86PN ) e
Choosing ¢ sufficiently small so that Ce < %, we conclude
~ - —1- - - 11—
1850 — 855 O < CISGED = 86 NS (5.22)
This, together with (5.18), gives rise to
“() _ 52 (—1-a)
18557 = 85 i~y
(D 22) ) (=1—a) 1) ) (=1—a)
= Co (1550 = 85D m, + 180 = 80P 1S ). (5.23)
Estimates (5.21) and (5.23) imply
(1) <) (1) ~(1) ~(2))(—=1—a)
1657 = 8571y, 01— pyeiry + 10077 = 0073 a0~y
(1) 2(2)(=1-a) (1) Q) (—1-a)
= Co (1550 = 8515 m + 1800 = 80PN ) (524)

which leads to the contraction of .7, provided that ¢ is sufficiently small.

3. Based on (5.24), by the Banach fixed-point theorem, there exists a unique fixed
point (8s*, 8¢*) of 7 in K. It follows from the definition of the coordinate transformation
(3.3)—(3.7) that s* uniquely determines transformation y(x). Thus, by (3.9), we set
et (x) := ¢*(y(x)), which is the unique solution of Problem 2.1.

To show estimate (2.32), we set

_ — i (=1— 11—
e = ll0” =g ly o hyor + letliar + Wiy p -
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By estimates (5.6) and (5.8), we obtain

18515 “hye i + 1867 1S g “hyerr < CEs (5.25)
which is equivalent to (2.32) in the x-coordinates when transforming the variables back.

Moreover, the uniqueness follows directly from the contraction of mapping 7.

4.1f o~ — @y | +|Dp~ — Dgy | + |er| + |lw| — 0 as x3 — oo (or as x3 — —00)
pointwise, then, in the fixed domain [T, for any fixed (yi, y2), |9~ — ¢y | + [De™ —
Dgy| — 0as y3 — oo (or as y3 — —oo). Without loss of the generality, it suffices
to consider the case that y3 — o0, since the same argument works for the case that
y3 — —oo if replacing y3 + r, by y3 — r, in the argument below for any sequence
r, — ooasn — 00.

Let ¢u(y1, ¥2, ¥3) = @(¥1, y2, ¥3 + 1) on I1, and s5,(y2, y3) = s(y2, y3 +7,) on
Fo. Let @ (x1, x2, ¥3) = @(x1, 2, X3 + 1) on 27, € (x3) = e1(x3 +r,) on R, and
wy, (x1, x3) = w(xy, x3 +r,) on D, . Then it follows from (5.25) that

—1— —1—
In = 500l “pyc 7, + 0n = 951y = €

where

(=1-a)
2,0;(—pB);S2¢

(n) (—=1—-a)
+ ||€1 l,e:R + lwp ”la;(_lg);pel s

e =g, — o
which is independent of n, by the definition of (¢", ein), w,) and the Holder norms in
(2.26)—(2.29). Thus, by the compact embedding for the bounded weighted Holder norms,
there exist subsequences (still denoted as) (s;, ¢,) and functions (5, ¢) such that, for
0<d <a,

—(=1—a’ —(=1—a'
Mo = @5 o byerr + 1sn = Sl g oy = 0 asn — oo,

Moreover, because ¢, — ¢ , ei") — 0, and w,, — 0 pointwise, going back to the
original x—coordinates, it is direct to see that the subsonic solution ¢ with the shock
surface x; = 5(x2, x3) is a solution of Problem 2.1 with the incoming flow ¢, the
wedge surface xo = 0, and the wedge edge (x1, x2) = (0, 0). In addition, 5 and ¢ satisfy

- —1— _ —1-
1% = G515 e ez, + 15 = solls gy, < Ce'- (5.26)

Note that <p6r with the shock surface x; = sg(x2, x3) is another subsonic solution of

Problem 2.1 with the incoming flow ¢, the wedge surface x, = 0, and the wedge edge
(x1, x2) = (0, 0), and satisfying estimate (5.26). By the uniqueness of such solutions,
we obtain that § = s and ¢ = . Since all the limits of converging subsequences of
@, and s, tend to the same functions ¢* and s as n — 00, we have

lo™ — @5l + D™ — Dggl+1|s —sol = 0

as x3 — 0o pointwise.
This completes the proof of Theorem 2.1. O
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