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STABILITY OF CONICAL SHOCKS IN THE THREE-DIMENSIONAL
STEADY SUPERSONIC ISOTHERMAL FLOWS PAST LIPSCHITZ
PERTURBED CONES*

GUI-QIANG G. CHENt, JIE KUANG!, AND YONGQIAN ZHANGS

Abstract. We are concerned with the structural stability of conical shocks in the three-
dimensional steady supersonic flows past Lipschitz perturbed cones whose vertex angles are less
than the critical angle. The flows under consideration are governed by the steady isothermal Euler
equations for potential flow with axisymmetry so that the equations contain a singular geometric
source term. We first formulate the shock stability problem as an initial boundary value problem
with the leading conical shock-front as a free boundary, and then establish the existence and struc-
tural/asymptotic stability of global entropy solutions of bounded variation (BV) of the problem. To
achieve this, we first develop a modified Glimm scheme to construct approximate solutions via self-
similar solutions as building blocks in order to incorporate with the geometric source term. Then we
introduce the Glimm-type functional, based on the local interaction estimates between weak waves,
the strong leading conical shock, and self-similar solutions, as well as the estimates of the center
changes of the self-similar solutions. To make sure of the decrease of the Glimm-type functional, we
choose appropriate weights by careful asymptotic analysis of the reflection coefficients in the interac-
tion estimates, when the Mach number of the incoming flow is sufficiently large. Finally, we establish
the existence of global entropy solutions involving a strong leading conical shock-front, besides weak
waves, under the conditions that the Mach number of the incoming flow is sufficiently large and the
weighted total variation of the slopes of the generating curve of the Lipschitz perturbed cone is suffi-
ciently small. Furthermore, the entropy solution is shown to approach asymptotically the self-similar
solution that is determined by the incoming flow and the asymptotic tangent of the cone boundary
at infinity.

Key words. conical shocks, structural stability, steady flow, supersonic isothermal flow, per-
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totic behavior
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1. Introduction. We are concerned with the structural stability of conical
shocks in the three-dimensional (3-D) steady supersonic flows past Lipschitz per-
turbed cones whose vertex angles are less than the critical angle. The shock stability
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Fic. 1.1. The strong straight-sided conical shock in the supersonic flow past a straight-sided cone.

problem of steady supersonic flows past Lipschitz cones is fundamental for the math-
ematical theory of multidimensional (M-D) hyperbolic systems of conservation laws,
since its solutions are time-asymptotic states and global attractors of general entropy
solutions of time-dependent initial boundary value problems (IBVPs) with rich non-
linear phenomena, besides its importance to many areas of applications including
aerodynamics; see [1, 5, 12, 15] and the references cited therein. As indicated in [12],
when a uniform supersonic flow with constant speed from the far field (minus infinity)
hits a straight-sided symmetric cone whose vertex angle is less than the critical angle,
there is a supersonic straight-sided conical shock attached to the vertex of the cone,
and the state between the conical shock-front and the cone can be obtained by the
shooting method, which is a self-similar solution (see Figure 1.1). In this paper, we
focus our analysis on the stability of the supersonic conical shock-front, along with
the background self-similar solution, in the steady supersonic Euler flows that are iso-
thermal and symmetric with respect to the z-axis under the Lipschitz perturbation
of the cones whose boundary surfaces in R? are formed by the rotation of generating
curves: y = b(x) for x > 0 around the z-axis (see Figure 1.2).

More precisely, the governing 3-D Euler equations for steady isothermal potential
conical flows are of the form

(1.1) {@c(pu) +0,(p0) = 22,

0 — Oyu = 0,
together with the Bernoulli law

24,2 2
ur +cEnp = %+021npm,

(1.2)

where (u,v) is the velocity in the (z,y)-coordinates, p is the flow density, and Uy, =
(oo, 0) T and po are the velocity and the density of the incoming flow, respectively.
The Bernoulli law (1.2) is derived from the constitutive relation for the isothermal
gas between pressure p and density p:

(1.3) p=cp,

where constant ¢ > 0 is the sound speed.

Without loss of generality, we may set p,, = 1; otherwise, we can simply scale:
p — 2 in system (1.1)—(1.2) which is invariant in terms of the form. For fixed sound
speecfoco > 0, the Mach number,

9

Uoo
M, =—
C
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F1G. 1.2. The strong conical shock y = x(z) in the steady supersonic flow past a Lipschitz cone.

is equivalent to u..; in particular, the condition that the Mach number M, is suffi-
ciently large is equivalent to that the incoming velocity u, is sufficiently large.
System (1.1) can be written in the form:

(1.4) 0, (U) + 0, H(U) = G(U, )
with U = (u,v) ", where

mmﬂmw1H@=wﬂN,WMFe%mi

and p is a function of U through the Bernoulli law (1.2).
When p > 0 and v > ¢, U can also be represented by W = (pu,v)—'—7 ie., U =
U(W), by the implicit function theorem, since the Jacobian

det(Vy W (U)) = —C%(u‘l —?) <0,

Regarding x as the time variable, (1.4) can be written as
(15) 0, + 0, H(U(W)) = GU(W), y).

Therefore, system (1.1) becomes a hyperbolic system of conservation laws with source
terms of form (1.5). Such nonhomogeneous hyperbolic systems of conservation laws
also arise naturally in other problems from many important applications, which ex-
hibit rich phenomena; for example, see [5, 6, 7, 8, 12, 15] and the references cited
therein.
Throughout this paper, the following conditions are assumed:
(Hy) The Lipschitz generating curve of the cone, y = b(x) < 0 for z > 0, is a small
perturbation of line y = bgx for some constant by < 0, and satisfies

b(z) = box for x € [0, z¢]
with some ¢ > 0, and

[0".(-) = bollpv(r,) <&  for some & > 0,

where V/, (z) = limy_,, 40 w € BV (]0,00)).
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(Hz) The incoming flow velocity Us, = (u0o,0) " is supersonic:

My, > 1.

Given a perturbed generating curve y = b(x) < 0 of the cone, the problem is
symmetric with respect to the z-axis. Thus, it suffices to consider the problem in the
following domain €2 in the half-space y < 0 outside the half-cone

Q={(z,y) 1 2>0,y<b(x)}
with its boundary:
0={(z,y) : 2>0,y="0bx)}
and the corresponding outer normal vector to OS2 at a differentiable point z € 9€:
(=¥(2),1)"
L+ (@)

n=n(z,b(x)) =

With this setup, the shock stability problem can be formulated into the following
IBVP for system (1.4):
Cauchy condition:

(16) U|z=0 - Uoo = (u0070)Ta
Boundary condition:
(1.7) U-n|pa=0.

We first introduce the notion of entropy solutions for problem (1.4)—(1.7).

DEFINITION 1.1. Consider IBVP (1.4)—~(1.7) in Q. A vector function U(z,y) €
(BVioe N L) (82) is an entropy solution of (1.4)~(1.7) if the following conditions are
satisfied:

(i) For any test function ¢ € C§°(R?),

oo
(18) [ (W0, + HUW))o, + GO0} dady+ [ W(U)0(0.5)dy =0,
0

(ii) For any convex entropy pair (€, Q) with respect to W of (1.5), i.e., VZE(W) >
0 and VOQ(W) = VEW)VH (U (W)),

(1.9) 5 {EW (U)o + QW (U))thy + VwEW (U))GU) } dady
+ /000 EW (Us))(0,y)dy >0 for any v € C§°(R?) with ¢ > 0.

We now state the main results of this paper.

THEOREM 1.2 (main theorem). Let conditions (Hy)—(Hsz) hold. Assume that

(1.10) [ b)) dute) < -

where p(x) = T.VAV (1) : 7 €[0,2)}. Then the following statements hold:
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(i) (global existence). If Mo is sufficiently large and € is sufficiently small, IBVP
(1.4)—(1.7) admits a global entropy solution U(x,y) with bounded total variation (TV)

(1.11) sup T.V. {U(z,y) : —co <y <b(z)} < oo
x>0
in the sense of Definition 1.1. The entropy solution U(x,y) contains a strong leading
shock-front y = x(z) = [ s(1) dr with s(z) € BV (R..), which is a small perturbation
of the strong straight-sided conical shock-fronty = sox, and U(x,y) between the leading
shock-front and the cone surface is a small perturbation of the background self-similar
solution of the straight-sided cone case, where sy denotes the slope of the corresponding
straight-sided shock-front when the straight-sided cone is given by y = byx.
(ii) (asymptotic behavior). For the entropy solution U(x,y) constructed in (i),

(1.12) Ili_)rr;osup {|U(gc,y) — w(000; Oxo)| + x(z) <y < b(m)} =0

with w(000; Oo) satisfying

(1.13) (5005 Ome) = O500)s (bl One) - (—H, 1) =0,

where

(1.14) Soo = lim s(x), b, = Jim v, (),

wW(000; Oco) is the state of the self-similar solution with oo, = i and Oy =

(XZ%,0) as its self-similar variable and center, respectively, for some X* determined
by the asymptotic limit of V', (x) as x — oo, and O(s) denotes the state connected to
state Uy, by the strong leading shock-front of speed s.

Some efforts have been made on the shock stability problem for the perturbed
cones that are small perturbations of the straight-sided cone during the last three
decades. The local piecewise smooth solutions for polytropic potential flow near the
cone vertex were given in [10, 11] for both a symmetrically perturbed cone and pointed
body, respectively. The global existence of weak solutions was first analyzed via a
modified Glimm scheme by Lien and Liu [21] for the uniform supersonic isentropic
FEuler flow past a piecewise straight-sided cone, provided that the cone has a small
opening angle, the initial strength of the shock-front is sufficiently weak, and the Mach
number of the incoming flow is sufficiently large. It is further considered in Wang
and Zhang [25] for supersonic potential flow for the adiabatic exponent v € (1,3)
over a symmetric Lipschitz cone with arbitrary opening angle that is less than the
critical angle, so that a global weak solution could be constructed, which is a small
perturbation of the self-similar solution under the conditions that the total variation
of the slopes of the perturbed generating curves of the cone is small and the Mach
number of the incoming flow is sufficiently large.

Another concern is whether global piecewise smooth solutions could be construc-
ted when the surface of the perturbed cone is smooth. Using the weighted energy
methods, the global existence of piecewise smooth solutions was established in Chen,
Xin, and Yin [23] for the 3-D axisymmetric potential flow past a symmetrically per-
turbed cone under the assumptions that the attached angle is sufficiently small and the
Mach number of the incoming flow is sufficiently large. This result was also extended
to the M-D potential flow case (see [20] for more details). In [26], the global existence
of the M-D conical shock solutions was established when the uniform supersonic in-
coming flow with large Mach number passes through a generally curved sharp cone
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under a certain boundary condition on the cone surface. On the other hand, by using
the delicate expansion of the background solution, the global existence and stability of
a steady conical shock wave was established in Cui and Yin [13, 14] for the symmetri-
cally perturbed supersonic flow past an infinitely long conic body, when the the vertex
angle is less than the critical angle. More recently, by constructing new background
solutions that allow the incoming flows to tend to the speed limit, the global existence
of steady symmetrically conical shock solutions was established in Hu and Zhang [18]
when a supersonic incoming potential flow hits a symmetrically perturbed cone with
the opening angle less than the critical angle. We also remark that some important
results have been obtained on the stability of M-D transonic shocks under symmetric
perturbations of the straight-sided cones or the straight-sided wedges, as well as on
Radon measure solutions for steady compressible Euler equations of hypersonic-limit
conical flows; see [2, 3, 4, 22, 27] and the references cited therein.

In this paper, we establish the global existence and structural/asymptotic stabil-
ity of conical shock-front solutions in BV in the flow direction when the isothermal
flows (i.e., ¥ = 1) past Lipschitz perturbed cones that are small perturbations of the
straight-sided one. Mathematically, our problem can be formulated as a free boundary
problem governed by two-dimensional steady isentropic irrotational Euler flows with
geometric structure. There are two difficulties for solving this problem: One is the
singularity generated by the geometric source term, and the other is that, for our case
~v = 1, the two genuinely nonlinear characteristics are superposed into a degenerate
one when the Mach number of the incoming flow tends to infinity, which is delicate
to handle in the construction of approximate solutions.

To overcome these obstacles and make sure of the nonincreasing of the ongo-
ing designed Glimm-type functional, we first develop a modified Glimm scheme to
construct approximate solutions Uay g (2, y) via the self-similar solutions as building
blocks in order to incorporate them with the geometric source term. To achieve this,
we make careful asymptotic expansions of the self-similar solutions up to second order
with respect to M !. In addition to the shock waves and rarefaction waves generated
by solving the Riemann problem, there is another new type of discontinuity gener-
ated by the center changes and the corresponding updated self-similar variables of
the self-similar solutions, owing to the Lipschitz perturbation of the cone. In order
to deal with this new discontinuity, we introduce new functionals L, Q‘(Nlc) , $32 , and
Qce (see Definitions 7.2-7.3) in the construction of the Glimm-type functional to con-
trol the center changes. Finally, in order to ensure the decrease of the Glimm-type
functional, we make a more precise asymptotic expansion analysis of the background
solutions with respect to the Mach number M., of the incoming flow, obtain their ex-
pansion formulas when M, sufficiently large, and then make full use of the reflection
coefficients K, Ky, K5, and p, of the weak waves reflected from both the boundary
and the strong leading shock, and the self-similar solutions reflected from the strong
leading shock to derive that

2
K (1wl + Bl ) = 1= (8bg + 265 + 1)mg Mt + O(MZ?) + O(e™moM=),

which is strictly less than 1 when M, is sufficiently large, where my = 2(1b7:§b(2]) > 0.
We do this expansion with respect to sufficiently large M, in order to overcome the
superposed singularity caused for the case that v = 1. Based on this, we can choose
some appropriate weights, independent of M, in the construction of the Glimm-type
functional and then show that the functional is monotonically decreasing. With these,

the convergence of the approximate solutions and the existence of an entropy solution
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are followed by the standard approach for the Glimm-type scheme as in [16, 19]; see
also [9, 15, 24].

For the asymptotic behavior of the entropy solution, we need further estimates
on the approximation solutions Uag g (z,y). The key point here is that a new term
Cag,9(z) is introduced to measure the total variation for the changes of centers XX ,
in Uay,9(z, y) and show that this term eventually approaches zero by further estimates
of the approximate solutions, so that X3, , tends to a constant X} for Az — 0. This
is different from the wedge case that has been handled in [9, 29]. In addition, we
prove that the total variation of the weak waves approaches zero as x — oco. Then,
by employing the Glimm-Lax theory [17], we obtain the asymptotic behavior of the
entropy solution that tends to a self-similar solution with X% = lim,_, . X}(z,b(z))
as its center.

The rest of this paper is organized as follows: In section 2, we recall some basic
facts for the homogeneous system of (1.1), which are required for subsequent develop-
ments. In section 3, we analyze the background solutions for steady supersonic flows
past the unperturbed straight-sided cones and obtain some detailed asymptotic esti-
mates for the self-similar solutions as M, — co. In section 4, we solve two types of
Riemann problems, while a modified Glimm scheme is developed for the construction
of approximate solutions in section 5. The local wave interaction estimates are given
in section 6 for large M. In section 7, we construct the Glimm-type functional and
prove its monotonicity that leads to the existence theory by following the standard
procedure of [16, 19]; see also [9, 15, 24]. In section 8, we analyze the asymptotic
behavior of the entropy solutions. Finally, in Appendix A, we give a detailed proof of
Lemma 2.1.

2. Homogeneous system. In this section, we present some basic properties of
the homogeneous system of (1.1), i.e., G(U,y) = 0. For this case, system (1.4) can be
reduced to the following conservation form:

(2.1) 0. W (U) + 8, H(U) = 0.

For u > ¢, system (2.1) is strictly hyperbolic and has two distinct eigenvalues,

wo + (=1 evu2 + 02 — 2 .
2 (U) = ( )uQ — 2 for j=1,2,

and the corresponding two right eigenvectors,
ri(U) = e;(U)(=)(U), )" forj=1,2,

where e;(U) > 0 can be chosen so that r;(U) - VyA;(U) =1 for j =1,2.
The fact that e;(U) > 0,7 = 1,2, is a consequence of the following lemma whose
proof is given in Appendix A.

LEMMA 2.1. If X\;(U) is the jth eigenvalue of (2.1) and r;(U) is the corresponding
eigenvector satisfying r;(U) - VyA;(U) =1 for u > c for j = 1,2, then

(2.2)  ¢(U) = 72\24;4;1 (uv/M? -1+ (—1)J’+1u)3 >0  forj=1,2,

where M = 2 is the Mach number and q = vu? + v? is the fluid speed.
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Fic. 3.1. Steady supersonic flow past an unperturbed straight-sided cone.

3. Properties of the background solutions. In this section, we study the
conical flow past a straight-sided cone, i.e., b(z) = bozx for > 0. According to [12],
problem (1.4)—(1.7) admits a self-similar solution (u(c),v(0), p(0)) with o = ¥ as its
self-similar variable for this case. Then it can be reduced to a boundary value problem
of an ordinary differential equation, whose solution consists of a straight-sided conical
shock-front issuing from the cone vortex, when |bg| is less than the critical angle (see
Figure 3.1).

Let y = sox be the location of the shock-front. Then problem (1.1)—(1.6) (with

Poo = 1 by scaling) becomes

(ou —v)ps + opus — pvy = 22, 59 < 0 < by,
Uy + 0V; = 0, s < o < by,
(3.1) £Po + utlg + vvg =0, s0 < 0 < by,
p(usg — v) = UsoSo, o= Sgp,
U+ VSp = Uoso, g = 5o,
v —ubg = 0, o = by,
and
(3.2) (u(o),v(0)) = (Uoo,0), o < S0.

System (3.1),-(3.1); can also be rewritten in an equivalent form as

2

YT 1t o) (v —ou)?
(8:3) Ty (1+02)c? — (v—ou)?)’
Dy = pv(v — ou)

o ((1+02)c2 — (v—ou)?)’

To study the self-similar solution, we need some properties of the shock polar.

LEMMA 3.1. Let by < 0. Then there exist constants K' > 0 and K" € (0, K’)
independent of My, such that, for M., sufficiently large, the following system of equa-
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tions,
(3.4) P+ (Ug sy — v4) = UsoSy,
(3.5) Ug + VpSp = Uoo,
(36) U+b+ — V4 = 0,

2 2 2
(3.7) M_,_C?lanr:uioo’

2 2
has a unique solution (uy,v4,py,Sy) with
. M2 . M2 b2
(3.8) sp € (by — K'emmtMe by — K"emm M) Jormy = Q(T_Fbi)
In addition,
3.9 (L o yemem
(3.9) Uy = m‘*‘ (1e Uoo
b+ —mg M?
(310) Vy = (:H—bi —+ 0(1)6 + oc)Uoo,
(3.11) pt =exp{my M2 (1 —&—O(l)e‘m*M;)},
where O(1) is independent of My, .
Proof. We divide the proof into three steps.
1. Equations (3.5)—(3.6) yield
Uso b+uoc

3.12 = — = ——
( ) Ut 1+ bysy’ Ut 1+ byss’

which implies that uy > ¢ for sufficiently large M.,. Using (3.4), we have

5+(1+ 54D
(3.13) p+:+(7++),

Sy — b+
Then substituting (3.12)—(3.13) into (3.7) leads to
1 1+ b2 1+5b
(3.14) L 1)+ IH(M)M;}Q -0
2\ (1 +bysq)? sy — by

2. In order to solve (3.14), we define

1/ 1+0b% s(1+bys) 9
1 = —= -1 In(——)M_ f .
319) o) 5 (qrpte - 1) P <t

Since by < 0, it is direct to verify that

(3.16) lim ¢(s) = lim ¢(s) = co.

S—>b+— §—r—00
In addition, for K > 0,

(3.17) by — Ke™™ M) = h(I, M),
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where
(3.18)
1 14862 b2
hEK, M) == + -1 G S
(K, M) 2<(1+bib+Ke—m+M§o)2 >+2<1+b2+)

+ (I by — Kem™ M| 4 In(1 4 b2 — by Ke ™+ Me) — In K) M2,
Note that, for K > 0,
WK, M) < (In|by — Ke ™ M| 4 1n (1462 — by Ke ™M) —In K) M2,

\/] In(1+262 ~2,/6Z (62 +1)) |

Then, for My, > , we can choose appropriate K’ > 0 such

N
that
WK, Mao) < — U

In(1+ 262 —2,/b%. (b2 +1))
x {m (14262 —2/b2 (b2 + 1)K’ — by)
I (1403 = (14 262 = 21303 + 1)) K') ~In K"} <0,

On the other hand, since

lim InK = —o0,
K—0+

then, for M, sufficiently large, we can also choose another constant K € (0, K’) so
that

hK", My) > 0.
These lead to
p(by — K'e™m M) <0, p(by — K"e™ ™M) > 0,

which implies that ¢(s) = 0 has two solutions that lie in (—oo, by — K’e‘m+M§o) and
(by — K'e~m+MZ by — K"e’””Mzc), respectively.

3. The properties of the shock polar indicate that ¢(s) = 0 has at most two
solutions in (—o0, by ). Therefore, ¢(s) = 0 has a unique solution in (by — K'e~™+M5
by — K”e_”“ero), which gives the uniqueness of (uy,v4, py,s4+) and

sy € (by — Klem™ Mo, — K"emm+M),

Then, by (3.12)—(3.13), we obtain the desire estimates (3.10)—(3.11). O
Denote

©(s,b) := ;<(lljli)2 — 1) + 1n(8(i7fz‘9))M;2.

LEMMA 3.2. For M, sufficiently large and s € [5bg, bo], ©(s,b) = 0 has a unique
solution b = b(s) with b(s) € (s,0). Moreover,

b(s) = s + O(1)e ™M

where my = 2(117751)3), and O(1) depends only on by < 0 but is independent of M.
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Proof. We differentiate ¢(s,b) with respect to b to obtain

ob (b—s)(1+0bs)3

dp(s,b)  (b—8)2+(1+s2)(1+ bs)QMgOQ.

To estimate the zero points of W in b, let

1= (b—38)? 4+ (1 +s3)(1 +bs)2 M2

Then
1 _ 2 —2
v =2(b—s+ (1+5%)(1+bs)sM7?).
For sufficiently large M, % > 0. Thus, ¢; = 0 has at most one solution in (s,0),

which implies that w = 0 has at most one zero point in (s,0). On the other hand,

by a direct computation, we have

Jm (s, b) = oo,

and

1 K —moMfo 2 b2
(p(S,S +K€_moM§°) ( + (S+ € ) _ 1) 4 2( 0

(14 52 + sKe moM% )2 1+83)
(ln |s| 4+ In(1 + s% + sKe_moMgo) —In K)Z\lo_o2

b2 _ 52
(1406 201+ s?)

1
)
+

+ (In[s| +In(1+s%) —In K)M > <0

<
2

for appropriate K > 0 and sufficiently large M., which imply the existence of b(s). 0O

LEMMA 3.3. Let (u(so),v(s0), p(s0)) be a state on the shock polar passing through
(Uoo, 0, poo) with speed so. Then the following two statements are equivalent:
(i) The density increases across the shock in the flow direction:

(3.19) p(s0) > 1 = poc.
(ii) The shock speed so must be between A1(sg) and A\ (Uso):
(3.20) A1 (So) < S < )\2(80), S0 < M (Uoo)7

where

u(s0)v(s0) + (—1)7cy/u2(s0) + v2(sg) — 2
u?(sg) — 2

Aj(s0) = forj=1,2.

Proof. We divide the proof into two steps.
1. Case (i) = (ii). By the Bernoulli law and the Rankine and Hugoniot relation
in (3.1), we have

a? s2 Ina (v(s0) — sou(so))2
Ina=-—"2—-M2 = for o := :
2—1 %720+ a2—1 2¢2(1 + 53) or a := p(s0)
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Denote

fla) = In o for a > 1.

a? -1

Then

for a > 1,

where g(a) = o — 2Ina — 1. Since ¢'(a)
a > 1, which implies that

|{a>1} > 0, then g(a) > ¢g(1) = 0 for any

f'(a)|{a>1} > 0.

Then

s3 B ,
21+ s2) %= fla)> a{lgg fla).

Applying L’Hopital’s rule gives that lim,_,1+ f(a) = % Therefore, we have

_ s 2 1
2(1 + 2) 2
which yields that
1 =\ (U
S0 < —W = 1( CX))

In the same way, we can show that, for a = p(sg) > 1,

Ina  (v(s0) —sou(so))2 _
a2 -1 2c2(1+s?)

1
2’
which implies that so € (A1(s0), A2(s0))-
2. Case (ii) = (i). On the contrary, assume that p(sg) < 1 = ps. Then

f/(o‘)|{o<ag1} <0,
so that f(a) <lim, ;- f(e) for a € (0,1). It follows that

2
En 9 1

—_ < ,
2(14s2) > 2

that is,
1
So > ————,
M2 -1
which contradicts (3.20). The proof is complete. 0

Let O(s) = (a(s),v(s)) be the states on the parameterized shock polar of ST (Us)
as defined in section 4.2. Then we have the following lemma.
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v
(oo, 0)
0 U
E A
~—
Apple curve
F(bo, uoo)
B
Cone

Shock Shock polar

F1a. 3.2. The apple curve and the shock polar for the self-similar solutions.

LEMMA 3.4. Fors < \(Us), % 1s a strictly monotone increasing function with

respect to s.

Proof. From Lemma 3.1, we know that there is only one intersection point be-
tween the straight line v = bu with b < 0 and the shock polar S; (Us) in the super-

sonic region. This implies that the flow angle 6(s) = arctan(ggg) is a strictly mono-

tone function of s. Furthermore, from the properties of the shock polar S7 (Us,) (or see
[12, 29] for more details), we also see that 6(s) < 0 = 0(\(Us)) for s < A1 (Us). O

Now we consider the conical flows. We recall some properties of the apple curves

n [12]. Given a constant state (u{,v?) on the shock polar through state (oo, 0) (see

Figure 3.2), let (u1(0),v1(c)) be the solution of (3.3);-(3.3), with initial data

0
. u —Uu
with og = ot

0,0
) 1

(u17 1) |O‘:0’0 = (ul, U1

Then we can continue the solution, (u1(c),v1(0)), till endpoint (uq(oe),v1(0e)) so
that %fe)) = 0. The collection of the end states forms an apple curve through

(Uso,0). The solution, (u(o),v(s)), of (3.3);—(3.3), can be found by the shooting
method (see [12] for more details). Therefore, we see that

(3.21) v(bo) — u(bo)bo = 0, (v(o) — Uu(a))|{80<o<b0} # 0.

Indeed, we have the following lemma.

LEMMA 3.5. For state (u(sp),v(s0), p(s0)) on the shock polar through (uss, 0, poo)
with speed sg,

(3.22) u(so) >0, v(so) <0, v(so)— sou(se) >0,
so that
(3.23) v(o) —ou(o) >0 for sop < o < by.
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Proof. Using the Rankine-Hugoniot relations for (3.1) and Lemma 3.2 and noting
that sg < 0, we have

1 2
u(so) = 2<1+ °0 >uoo>0,

L+ 55 p(so0)
So 1
= 1-— 00 <0,
vl =17 s ( P(SO)>

S0Uoco

v(s0) — sou(so) = 0
( 0) 0 ( 0) (SO)

Hence, by (3.21), we obtain (3.23) for so < o < bo. 0

Now we state some properties about the self-similar solutions of problem (3.1)—
(3.2).

LEMMA 3.6. For o € (so,bo), the free boundary problem (3.1)—(3.2) admits a
unique solution (u(o),v(o), p(o)) that satisfies the following properties:

(3.24) (140 — (v(0) — ou(o))? > 0,
(3.25) v(o) <0, p(o)>0,
(3.26) ug(0) <0, ws(0) <0, py(o)>0.

Proof. We divide the proof into four steps.

1. Lemma 3.1 implies that the straight line v = bu intersects the shock polar
through (¢s0,0). Then, from the structure of the apple curve given in [12], problem
(3.1)—(3.2) has a unique solution (u(c),v(0), p(c)).

2. We now prove (3.24)—(3.26). Define

o) —ou(o)

O« :sup{ao 1 0< U(m

<c¢ v(o) <0, o€ [so,ao]}.

By Lemmas 3.3-3.5, we have

v(so) — sou(so)

V1483 ©

0< v(sp) < 0.

Therefore, o, > s¢.
3. We now prove o, > by. On the contrary, assume that o, < by. Then

(11(‘7*)1\/%(0*) - c)v(a*) =0,
() — ou(o)

v(o) —ou(o) >0, 0< NI ¢ for o € [sg,04).

V1402
By (3.3), we have

Ug(0) <0, v,(0) <0, ps(c)>0 for o € [sg,04).

Denote
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Then

W (o) = Uy (0) —ous(o)  u(o) +ov(o) <0 for o € [s0,02),

V1+ o2 (1+02)%

which implies that

v(ox) — oxu(oy) - v(s0) — sou(sg)
1+ 0?2 V1483

This leads to a contradiction to (3.27). Thus, o, = by.
4. From (3.1)—(3.2), we have

< cv(os) <wv(so) <0.

p(0) >0, wus(c)<0, v,(0)<0, ps(c)>0.

This completes the proof. 0

LEMMA 3.7. For sufficiently large M, solution (u(c),v(0),p(c)) of (3.1)~(3.2)
satisfies

(3.27) so = by + O(1)e ™M |
1 2

I —moMZ,
(3.28) u(o) = (1 T3+ O )uoo,

_ bo —mo M2
(3.29) (o) = (1 T O )uoo,
(3.30) p(o) = exp {moM2 (1 + O(1)e~2mo M=)
for o € [so,bo], where mg = Q(Ibiﬁ’bz), and the bound of O(1) is independent of M.

0

In particular, the largeness of My, implies that
(3.31) u(o) > ¢ for any o € (s0,bo).

Proof. We first prove (3.28). To do this, for given by < 0, consider problem (3.4)—
(3.7) of the planar shock polar solution with b4 = bg. Then m; = my. By Lemma
3.1, we know that solution s; of problem (3.4)—(3.7) satisfies

(332) Sy > bo — f(’@imOMi,

where K’ > 0 independent of M.
In order to obtain the conical shock with slope sg, we set

v(so0)

by = u(so)

Then, by Lemma 3.5, we have
bou(So) S bou(bo) = U(bo) S ’U(So) = bl’u,(So),
which leads to

bp < by <0.
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By Lemma 3.4, we can further deduce that
(3.33) sy < So.
Since sg < by, we obtain by estimates (3.32)—(3.33) that
(3.34) s0 = bo + O(1)e ™M
On the other hand, in the same way as in the proof of Lemma 3.1, we can prove
¢(s0,b1) = 0.
Then, by Lemma 3.2, we have
(3.35) by = 50+ O(1)e ™M = by + O(1)e "0 M,
Since (u(sp),v(sg)) solves the equations
u(s0) + sv(80) = Uoo, u(s0)b1 — v(sg) =0,

then, employing estimates (3.34)—(3.35), we have

1 1 2
— — 01 —T)’L()I\/Ioo oo
u(so) = 1y (1+b§+ (1)e )u ,

b bo o2
v(sg) = 1T bis <1—|—b3 +0(1)e >uoo.

Therefore, using the monotonicity of (u(c),v(o)) again that
u(s0)bo < u(o)by < u(bg)bo = v(bo) < v(o) < v(sp),

we derive estimates (3.28)—(3.29). Finally, by the Bernoulli law, together with the
estimates of (u(0),v(0)), we can obtain (3.30). Moreover, for M, sufficiently large,
by (3.28), we can obtain (3.31). O

LEMMA 3.8. For My, sufficiently large, the following asymptotic expansions hold:
For any o € [so, bo],

(3.36)  Ai(o) = by — (1+b2)2 ML + O(1)MZ2 + O(1)e oM,
(3.37)  Aa(0) = by + (1 +b2)FML + O(1)MZ2 + O(1)e oM,
1 3 2
(3.38) 6;:) = FETIE + 3bp(1 + bg)_EMO_Ol + O(l)MO—OQ + O(l)e—moMOC7
1 3 2
(3-39) ez:) = aryer Sl by) "2 M + O(1)M? + O(1)e~ oM,
e1(o) _ 2\1 a1 -2 —moM?Z2,
(340) - Cl 6bo(1+b3)2 ML+ O(1) M2 + O(1)e :
200

where ej(0) = e;(U(0)), j = 1,2, and the universal bound of O(1) is independent of
M.
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Proof. By Lemma 3.5 and Taylor’s formula when M, is large enough, we know
that

ZEZ% - 7Ml2_1 by — 14+ DEM + 0(1)e*m0Mio

80— 14+bo/T+ M + O(1)e oM

)\1(0’) =

=by— (1462 MI + O(1)ML% + O(1)e moM=,

The proof of (3.37) is entirely similar.
Next, for e;(o) in (2.2) with j = 1,2, using the same method again when M. is
large enough, we have

3
61(0’) M? 1 (w 1 v 1
A aEt o
Uso M2 M2 M2 qM

(1 b b ’
JF 0 0 o M2
_ o 1 oMZ,
\/1+b2 M2, (\/1+b2\/ +Moo> TOW)e

= o+ 3bo(1 4+ 03) T EM + O(1) M2 + O(1)e oM

e
The proof of < ( ) is similar. Finally, we combine (3.38) with (3.39) directly to obtain
(3.40). This completes the proof. d

LEMMA 3.9. For My, sufficiently large, the following estimates hold: For any
o € [0, bo],

(3.41) (o) = <(+O( Je ‘mﬂMi>uoo,

(342) UU(U) = - ((14—()3)2 + O(l)e_moMi’>uoo7

c

(343) 10(0) 4 M) =+ O Mo 1 O™,
(3.44) ’ug((f) —+ )\2(0)1}0(0) = ¢ + O(l)MooefmoMoo + O( ) 1 *moMZ ’

1+ b3

where the bound of O(1) is independent of My,

Proof. According to (3.3), Lemma 3.5, and Taylor’s formula, we have

2
v(o) 1C+l;:% +O(1)e~moM

(14 02) — (cu(o) —v(0))? - 02(1 + bg) + O(1)e—moMZ, too
b —moMgo
((1—|—b2) +0(1)e )uoo.

On the other hand, since v,(0) = —2u,(0), we finally obtain (3.42).

Ug (U) =
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By Lemma 3.6 and a direct computation,
U (0) + A1(0)vs(0)

bo —moM?2

1 2 3 2
- ( + 0(1)em°Moo) (b0 — (1+83)% ML+ O()MZ2 + O(1)e M2 Ju

(1+03)?
C 2 2
= —— 4+ O(1)Moe ™M 4 O(1) M e oMo,
In the same way, we can prove (3.44). This completes the proof. ]

4. Riemann solutions for the homogeneous system. In this section, we
analyze the solutions of the Riemann problem for the homogeneous system (2.1) with
piecewise constant initial data:

Ua for Y > Yo,
Uy  fory <yo,

where the constant states U, and U, denote the above state and below state with
respect to line y = yo, respectively, which are near the states of the background
conical flow.

4.1. Riemann problem involving only weak waves. Denote by I'(bg, tso)
the curve formed by the states on the conical flow constructed in section 3, so that
I'(bo, Uso) is the curve formed by state (u(c),v(c))T that is the solution of (3.1)-
(3.2). Then, on the solution curve I'(bg, ts ) of the conical flow, we have the following
properties.

LEMMA 4.1. If Uy € T'(bg, ueo), then

) det (Tl(Ub),Tz(Ub)) 2¢2
(4.2) Mifﬁoo My - (1+63)2’

) det (Tl(Ub),’l"Q(Ub)) B j+1 2 .
S L (i s T v A i M A

Proof. By Lemma 3.6, we have

det (Tl(](]\;Z;TQ(Ub)) _ ce1(U;jzjz(Ub) ()\Q(Ub) _ )\1(Ub))

_ 1) e2(Uh) (2(;2(1 +02)2 +O()ML! + O(l)MOOe*moMfo).

Uoo Uoo

Then it follows that

i det (rl(Ub), TQ(U[,)) 2c2
i = =.
Moo —00 M (1+ b%)a

Next, we turn to the proof of (4.3). By Lemma 3.9, we see that, for j =1,

det (r1(Us), r2(Uy)) 2¢2 J1+02 2

im .
Maooo ((up)s + A1(0)(05)o) Moo (1+02)F  c (1+05)?
The proof for j = 2 is similar. 0
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Using the results in [29] (see also [9, 24]) and Lemma 4.1, we have the following
solvability result.

PROPOSITION 4.2. Given states T'(bo,us) defined above, then, for My suffi-
ciently large, there exists a small constant € > 0 such that, for any states U, and
U, lying in Og(T'(bo, uoo)) with radius € and center I'(bg, ueo ), the Riemann problem
(2.1) and (4.1) admits a unique admissible solution consisting of at most two elemen-
tary waves: one for the 1-characteristic field and the other for the 2-characteristic
field. Moreover, states U, and U, can be connected by

(4.4) Ua = Pa(e2; P1(e1;Us))

with ®; € C?, ®jle;=0 = Uy, and %Lj:o =71;(Up) forj=1,2.
Remark 4.3. For simplicity, we set

(4.5) D(e1, 625 Up) = Pa(e2; Pa(e1; Up)),

and denote {U,, U, } as the solution of the following equation,

(4.6) U, = ®(e1,62; Up),

that is, {Up, Uy} = {€1,€2} throughout the paper.

For the statements above, the following interaction estimate was given in Glimm
[16] for weak waves (also see [25, 28, 29]),

LEMMA 4.4. If Uy € T'(bg, ueo), &, B, and 7y satisfy

(4.7) (73 Up) = B(; 2(B; Us)),
then

(4.8) y=a++00)Q%«f),
where

Q°(a, 8) = > {laillB;| : i and B; approach},
and O(1) depends continuously on My, < 00.

4.2. Riemann problem involving a strong leading shock-front. Denote
by S1(Us) the part of the shock polar corresponding to the 1-characteristic field. Let

ST (Uss) = {(u,v) € S1(Uso) & ¢® <u? +0% <uly, v <0} for Uy = (U0, 0) .

Following the ways in [25, 29] in a neighborhood Og(T'(bo, uso)) of T'(bo, o),
we can parameterize the shock polar S7 (Us) N Os(T'(bo, teo)) for the homogeneous
system (2.1) through Uy, by a C%-function © : s + O(s, Uy ), that is, O(s, Uy) is the
state that can be connected to Uy, by a shock with slope s and left-state Uy,. In the
following, we write ©(s,Us,) as O(s) for simplification, and denote by a(s) and o(s)
the components of O(s), i.e., ©(s) = (@(s),(s)) . Moreover, on the shock polar, we
have the following.
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LEMMA 4.5. For M, sufficiently large, the following expansions hold:

ao T o e,

i) T o,

(4.11) a;(j) = ibgg)Q +O(1)M2 e ™M 4 O(1)e oM
(4.12) @Z(:OO) = (11;%3)2 +O(1)MZe oM 4 O(1)e ™M

and, for j =1,2,

Ns Aj Ns b 1 _1 _ _
(4.13) = (So”uf‘))”‘ (s0) _ *1+Obg + (1P (L= 0)(L+05) = M+ O(1) M
+ O(1) M2 e ™Mo 4 O(1)e oM
~S >\ NS — — —
(a1a) Lels0) FA(0)B(0) 4 oporiy 2y 102 mot 4 0(1) M2

tis(s0) + A2(s0)0s(50)
+ O(1)MZe Mo 1 O(1)e oM
where ts(sg) = %(so),ﬁs(so) = %(50), and the bound of O(1) is independent of M.

Proof. The first two expansions are directly from Lemma 3.5. To obtain the other
expansions, we first see that, on the shock polar, the Rankine-Hugoniot conditions
hold:

(4.15) p(s)((s)s — v(s)) = uoos,
(4.16) (s) + 0(8)s = Uoos

and the Bernoulli law
(4.17)

We take the derivative of (4.15)—(4.17) with respect to s and then let s = sy to obtain
s (S0)

All(SO)T I A12(80)'[~}s(5())

oo o0

= Bl(so)v

A21(So)@ + AQQ(SO)% = Ba(s0),

where
A1(s0) = s0(1”(so) — %) — ﬁ(so)ﬁ(so)’ Ara(s0) = c? —v%(so) + soﬂ(so)f)(so)7
Az1(s0) = =1, Ax(so) = —so, Bi(so) = M’ Bs(sg) = 6(50).
p(SO)uoo Uoo
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For M sufficiently large, it follows from (4.9)—(4.10) that
Ar1(s0) = —bo + O(I)Mfoe_moMgo + O(l)e—mgjwzo,

Ara(se) = 14+ O()MEe ™M Agy(sg) = —by + O(1)e ™M=
1 bo

7m0M§C
1+ngr 1—|—b2+0() '

Bi(so) = O(1)e ™M By(sg) =

Thus, by Cramer’s rule, we have
s (50) _ Aza(50)B1(s0) — A12(s0)B2(s0)
Uso Aq1(50)A22(s0) — A12(s0)A21(s0)
2bo 2 —moM? —moM}
=0 1) M2 e~moM2 1)e~moM
0s(s0) _ Aq1(s0)B2(s0) — A21(s0)B1(s0)
Uoco A11(80)A22(80) - A12(80)A21(80)
_1-0b
(14 63)2
Next, for j = 1, we use Lemma 3.6 and (4.11)—(4.12) to obtain
ts(s0) +Aj(s0)0s(s0) _  2bo

+ (b0 = (1 + B)EMZ + O(1)MZ2 + O(1)e M)

+O(1)MZe ™M + O(1)e™moM=,

+O(1)MZe ™ML 1 O(1)e ™M

1- b 2 —moM? —moM2
1 mo P 1 mo oo
X <(1+b(2))2 +O0(1)Me +0(1)e

bo

= (1)1 +B) T EMI + O M2
14063

+O(1)M2 e ™M 4 O(1)e MM,

The case, j = 2, can be handled similarly. Finally, by the Taylor formula, we have

Us(s0) + A1(s0)0s(s0)
)

ﬂs(SQ) +A2(SO 1~) ( )
i )BT E M + O M + O(1)ME e oM 4 O(1)e oMo
1_1;0,,2 — (1 =01 +b3) 2 ML + O(1) M + O(1) M2 e~ oM + O(1)e~mo M

= 14205 (1= B\ /1 + B MZ + O()MZ2 + O(1) MZ e ™M 4 O(1)emoMox

This completes the proof. 0
According to Lemma 4.5, we can obtain the solvability of the above Riemann
problem near the strong shock as below.

PROPOSITION 4.6. For My, sufficiently large, there exists a constant dg > 0 such
that, for states Up = Uso and U, € Oz(T'(by, teo)) NOs, (O(s0)), the Riemann problem
(2.1) and (4.1) admits a unique admissible solution that contains a strong 1-shock and
a 2-weak wave of the 2-characteristic field—either a 2-shock or 2-rarefaction wave.
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5. Construction of approximate solutions. In this section, we construct
global approximate solutions of IBVP (1.1)—(1.7) under the assumptions of Theorem
1.2. We develop a modified Glimm scheme with the Riemann solutions of the ho-
mogeneous system (2.1) and the local self-similar solutions of problem (3.1)—(3.2) as
building blocks in order to incorporate the geometric source term.

To do this, denote Az and Ay as mesh lengths in x and y, respectively, and Ao
as a uniform grid size for the self-similar variable ¢. The initial numerical grid sizes
Az and Ao are suitably chosen so that the usual Courant—Friedrichs—Lewy condition
holds:

Ay
X 2g%§{sgplki(U)l}-

We also choose a set of points { A }x—o with Ay = (zk,br), where z = o+ kAz and
bk Zb(l‘k) for kZO,l,....
Define

for x € [z, xk+1) and k > 0.
Let

Qazr ={(z,y) : 2 Sz < Tpy1, Yy <bal®)}, Qae={(z,9) : >0, y <ba(x)},
Tazk = {(sc,y) Xk <X < Tpyl, Y= bA(l‘)}7 Tar = {(:v,y) x>0, y= bA(:r)}.
Denote

%) for k > 0,

0o = arctan by, 0 = arctan(
b(zo) — b(0)

), wg = 041 — O for k>0,
Zo

wo = arctan(

so that wy, represents the change of angle at the turning point Ay for each k& > 0.

From hypothesis (H;), when x > xq, the cone boundary is approximated by a set
of line segments I'ay ; with I'ay p = Ar Ak for £ > 0, so that the slope of I'az i is
negative and uniformly bounded. Then we can extend I'a, ; so that the extension of
I'apk and the z-axis intersect at point (X}, 0) with

br—
kol Ax;

5.1 Xp=xp_1 — —F—
(5.1) k= Thk-1 be — b1

point (X}, 0) is called the center of the self-similar solution for each k > 0. Moreover,
by a direct computation, we have the following.

LEMMA 5.1. For k > 0,
(5.2) X; — Xi_1 = O(1)by_1(tan 0y, — tanOy_1),

where O(1) depends only on by, independent of k.
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Proof. By (5.1), we have

bk,1 bk72
Xp Xy m o~ P Aa (- )
o N

br—1 br—o
=(1- + Az
( b —bp—1  bp—1 — bk72)

br—1
= ———(tanf, — tanf_1),
tan@ktanek,l( k k1)

which leads to the desire result by assumption (Hj). |

We now describe the construction of the difference scheme and corresponding
approximate solutions. In region {(x,y) : 0 < z < zg,y < bozx}, the approximate
solution is defined as the unperturbed conical flow with center at (0,0). For = = x,
the grid points are the intersection points of x = zy with the self-similar rays centered
at (0,0):

y = (tanwg + hAo)x for h=0,-1,-2,....

Choose an equidistributed sequence ¥ = (Jy, ..., Vk,...) € 132 ;(—1,1). Suppose
that the approximate solution Uaz ¢(x,y) has been defined for z < xj, and the grid
points have been defined for « < xj, for £ > 1. The approximate solution Uag o (z1, )
is a piecewise smooth solution of problem (3.1)—(3.2) on each vertical grid line z = ;4
for I < k. That is, at any continuous point (z,y) of this approximate solution, it has
the form

UAz,ﬂ(xv y) = Uself(o—(xa y))7

where o(z,y) = —%=, Usar(0) is a self-similar solution of system (3.1)—(3.2), and
X* = X*(z,y) (called the center of Ust) is a piecewise constant and right-continuous
function. As part of the induction hypothesis, we also assume that center X* of the
constructed self-similar solution has been specified on {z = z;, yp—1(1) <y < yn(l)}
for il <k, h=0,—1,...,and X* € {X*},>0 for & < x}, where y = y;(I) is the grid
points on = = x; and yo(l) = b(xy).

Then we define the approximate solution Uagz ¢(z,y) and the numerical grids
inductively for regions Qa4 1 for £ > 1. The construction of the approximate solution
on Qa, between z < o < xk41 is based on the following three cases.

5.1. Case 1: Away from the cone boundary in region {z) < z < Tk41}N
Qax. We construct the approximate solution Uaz ¢(,y) in the following four steps:

(i) Define the approximate solution on any interval y, (k) < y < ypy1(k),h < —1,
on line x = x. Let U(xy,y) be the solution of system (3.1)—(3.2) with the following
initial data given at the mesh point:

(5.3) Ulzg, axn) = Unz9(Tr—, ar,n),

where ay, j, is a random choice point and can be represented as yp (k) + Ok (ypy1(k) —
yn(k)). This is the Cauchy problem (3.1)—(3.2) of the ordinary differential system,
whose solution is self-similar with variable o that is defined below. It should be noted
that the initial value above does not uniquely determine the nonautonomous system
(3.3), and the center of the self-similar solution needs to be specified. We specify
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center X*(zy,y) to be the center of the self-similar solution Uay g (zr—, ak,n) through
the random choice method. That is,

X*(xg,y) = X" (2p—, ar,n) for yn (k) <y < yny1(k).

In other words, when the center on line x = x;— is defined, the center for
{z = zi+,yn(k) < x < yn41(k)} is the same as the center for (zx—,ay;). Then
this yields the self-similar variable

Y

o= —"a .
zp — X*(vk,y)

(ii) The approximate solution on line z = z; defined above may have discon-
tinuities on the grid points (zg,yn(k)),h = —1,—2,.... Therefore, we construct
Ungo(x,y) in {(z,y) : ox < < Tp41, yn(k) <y < yny1(k)} by solving a series of
Riemann problems of system (2.1) with the initial data

Unz,o(yn(k)+, xr+) for y > yn(k),
UAw)ﬁ(yh(k)—7 l‘k—‘r) for y < yh(k)

That is, if Ungo(yn(k)E, 2p+) € Os(L (b, uso)) N Os, (O(s0)), then it follows from
Proposition 4.1 that this Riemann problem is solvable, and the solution is a function
of £ = %*;(f) and consists of shocks and/or rarefaction waves.

(iii) To include the information of the geometric lower order term, we make a
so-called self-similar modification for the approximate solution constructed above.

Let

(54) UAgc,ﬂ(:Cay) = {

Y

o=o(z,y) = TS X )

From the above steps, o(z,y) is well defined and satisfies

)\1<UAm,ﬁ(1’ay)) < U(IE,ZJ) < )\Q(UAm.ﬂ(xay))'
Denote

Yn—1 + Yn
O—h—%(k) =o(zK—, #)
Then, along ray 3’;27’;(5) = ¢ for each &, the approximate solution Uay g(x,y) in
{or <@ < arr,01 (k) < o(z,y) < 0441 (k)} is defined as the solution of (3.3)

with the initial data U(€) at = zy, + 0, where
Y

0= T X* ? X;;h = X(xk_’ a’k,h) fOI' € > é—k,ha
— Ak
_ Y X —x I
0= T X* k,h—1 = (=, ag,n—1) or § < &k ns
T— Ak h—1

and U (&) is the solution of the Riemann problem given above. For this, the center
keeps invariant along the rays.

(iv) Finally, as in [21], the grid lines between x = z and = = 11 are defined
by the rays going through every grid point on z = x, and the numerical grid points
on © = x4 are defined to be the interaction points between the corresponding
grid lines and © = zp41. The new centers on © = xy41 inherit those centers on
x = zp+ through the random choice. Then we obtain the approximate solution in
region {z; < x < Tg41} N Q. and extend it to the whole domain Qa, by induction.
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5.2. Case 2: On the cone boundary {zr < < x4+1} NTax. In general,
a 1-wave is produced and emerges into the domain owing to the turning angle of the
cone boundary. It can be a shock or rarefaction wave depending on the change of
the boundary angle toward (or away from) the flow. Meanwhile, the 2-wave issuing
from (zx,y—1(k)) is reflected on the boundary, and a 1-wave is formed. We define the
approximate solution in the following three steps:

(i) As before, we first solve problem (3.1)—(3.2) on {z = zx, y_1(k) <y < yo(k)},
where the center is chosen the same as the center of the initial data.

(ii) Next, we solve the initial boundary problem of system (2.1) with initial data

Uzr,y) = Unz,o(xr—, yo(k)—) for y_1(k) <y <wyo(k),
and with the boundary condition on I'a, :
v =oo(k)u,

where

0 Thy1 — Tk

The solution of this problem contains only a 1-wave. Between the lower edge of the
1-wave and the cone boundary, the center is chosen as the intersection point of the
ray through (zx, yo(k)) with slope og(k) and the z-axis, i.e., (zp — ZZEQ;, ). We point
out that the center changes of the self-similar solutions in the whole domain between
the cone boundary and the leading shock-front are due to the changes of the cone
boundary slopes. As to the centers below the lower edge of the 1-wave, it has been
defined for Case 1 in section 5.1.

(iii) We also make a self-similar modification for this solution as in Case 1. Then
the approximate solution is extended to

N =

{(M) cap < < xpgr, Yo(k) 4 5 (wo — y—1(k) <y < yo(k) + oo(k)(x — xk)}

as before with center zj — g‘;%g

5.3. Case 3: Near the leading conical shock-front next to the uniform
upstream flow traced continuously. Suppose that the approximate solution has
been constructed for < xj. Let (x,y,s(x)) be the locus of the front of the strong
leading 1-shock. Suppose that yn,_1(k) < ys(x) < yn,+1(k). As in [21, 25], interval
Yno—1(k) < ys(x) < yn_41(k) is called the front region at x = xj. Inside the front
region, we first solve the self-similar solution of system (3.3) with the initial data

U(xk, arn,) = Unz,o(Tk—, ag,n,)

and self-similar variable

Yy
zr — X*(2k, agn,)

g =

The solution is denoted as Uset (2, y) that satisfies

M (Usett (k) < o(xk,y) < Xo(Userr(zk,y))-
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Next, we solve the Riemann problem of system (2.2) with the initial data

o B Usett (T, y) for ys(k) <y < yn,+1(k),
to=end Uso for y < ys(k).

The solution, U(z,y), contains a weak 2-wave and a strong 1-shock denoted by y =
Xagz,9(x) with speed si11. Solve (3.3) again on interval ys(k) < y < yp 41(k) with
initial value U (xg, ys(k)+) = Us and self-similar variable o = m Denote
its solution by U_ (o). Now we can define the approximate solution in the front region:

U_(o) for ys(k) <y < yn1(k),

UAw,ﬁ(xa ZU) =
Uso for y < ys(k).

The discontinuities at point (zg,yn,+1) are resolved in the same way as in Case 1.
Moreover, we must also specify the center of the self-similar variable near the leading
shock-front as

- k
X*(2,y) = Xin, for xp < * < xp41 and sp41 < % < Ekohot1-

In this way, we complete the construction of the difference scheme and corresponding
approximate solutions Uaz ¢ (z,y) globally in Qay UTA,.

6. Local interaction estimates. In this section, we establish some uniform es-
timates of the approximate solutions constructed in section 5. For these, the following
formulas are used:

(i) If f € C*(R), then

1
(6.1) f(z) — f(0) = x/ fo(pz) dp for any x € R.
0
(i) If f € C?(R?), then, for any (z,y) € R?,

(62)  F@.y) — f(2,0) — £(0,9) + £(0,0) = zy / / Foy (i, 7y) dpdr.

LEMMA 6.1. Let o = zkyfx and o = m?—k)’( fork=1,2, with X,X > 0 as their
centers. Then '

(6.3) AG = Ao+ O(1)|X — X||Ac| + O(1)|X — X]jzg? — =7,

where Ao = 09 — 01, AT = 69 — 71, and O(1) is independent of X, X, and Ao.

Proof. Since
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then
- Y2 Y1 -
AG — Ao = = — _ X-X
((mz—X)(ﬂfz—X) (wl—X)(wl—X)>( )
1 Y2 Y1 >
= _ — X-X
xQ—X(xQ—X xl—X)( )
Y1 T1T2 —1 N
+ — = (T, —x X-X
xl—X(xl—X)(xg—X)(Q ! )( )
=0(1)|X — X||Ac| + O(1)|X — X|lz3" — a7,
where O(1) is independent of X, X, and Aoc. 0

From now on, we use Greek letters «, 3, 7, and § to represent the elemen-
tary waves in the approximate solution, and «;, B;, v, and d;, ¢ = 1,2, denote the
corresponding ith components of the respective waves. To avoid confusion, when
U(z,y) = (u,v) T (x,y) is the solution of problem (3.1)—(3.2), we often use w(o; O) to
stand for the states, where o = ﬁ is the self-similar variable with O = (X}, 0) as
the corresponding center. In addition, we use ¥ = ¥ (o — 0, 09; w(0oo; O)) to be the
solution of system (3.3) with initial data:

\I/‘ :w(00;0)7

o=0(

where w(0g; 0) € Os(T'(bo, Uoo))-

Asin [9, 24, 25, 29], a curve I is called a mesh curve if I is a space-like curve that
consists of the line segments joining the random points one by one in turn. Then I
divides region Qa, into two parts: I~ and I, where I" denotes the part containing
line x = xy. For any two mesh curves I and J, we use J > I to represent that every
mesh point of curve J is either on I or contained in I'. In particular, we call J an
immediate successor to I, provided that J > I, and every mesh point of J except the
one is on I

Let

QJArz,j = Qaz,; N {y > xaz0(@)}, sz,j =0z, N {y < xaz0()},

where curve y = xag,0(z) is the approximate strong leading shock-front with speed
SAg,9(T).

We make the following inductive hypotheses:
(P1)(x) The approximate solution Uaz,9(x,y) has been defined in
{O <zx< kALE} N Qag.
(P2)(x) For any (z,y) € sz)j
UAr,ﬁ € Og(r(bo, uoo)) N 050 (@(50))7
and, for any (z,y) € Q,, ; with 0 < j <&,
UAr,ﬁ - Uoo

(P3)() For any weak wave a,

Al(UAm,ﬂ(xafa )) < O—(xafa ) < >\2(UA1,19(5E0477 ))a
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—
yn(k—1)

\\
—
Yn—1(k—1)

\

1)
Th—1 T Tht1

Fic. 6.1. Interactions involving only weak waves.

where (zq,yq) denotes the point with z, € {z; : 0 < j < k} from where the weak
wave « issues, while o(z4,y,) represents the corresponding self-similar variable, and
Uaz,9(z,y) stands for its approximate solution.

Then we prove in the following subsections that, under suitable conditions, Ua,s
can be defined in {0 < 2 < (k+ 1)Ax} N Qa, and satisfies (P1) 1)~ (P3) 41y, As
in [16] (also see [9, 15, 24]), we carry out this step by considering any pairs of the
mesh curves I and J with J as an immediate successor to I, where I and J are in
{(k—1)Az <z < (k+1)Az} N Qa,.

Now let A be the diamond between I and J. Suppose that

Unzo(x,y) € Os(T'(bo, so)) N Os, (O(s0)) for any (z,y) € IN (QZTk UQAzk+1),
and
MUazw(Ta—)) <o(za—-) < A2(Uago(xa—,-)) for any weak wave o crossing I.

6.1. Ais between y = ba(x) and y = XAx,s(x). In this section, we consider
the interactions involving only weak waves. By the construction of the approximate
solution, the waves entering A are denoted by a = (a1,0) and 8 = (51, f2) that issue
from (zx_1,yn(k — 1)) and (zgp—_1,yn—1(k — 1)), respectively. Let § = (d1,d2) be the
set of waves issuing from (zx, yn—1(k)) (see Figure 6.1).

We now consider the case

(6.4) w(o1;01) = @(a; w(51; 02)),
(6.5) @ (02; O2) = @(B;w(03; 03)),
(6.6) w(o9;01) = ©(d; w(d3; 03)),

where O; = (X,0), Oz = (X,0), and 03:(5(70)._ o
For notational convenience, we denote T := | X — X|,Z; := | X — X|, and Uj :=
w(3; O3) from now on.

LEMMA 6.2. For the waves described above,

(6.7) d=a+ B+ 0(1)Q(A),
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where Q(A) = Q°(A) + Q' (A) + Q¢(A) with

Q(A) = Z {le||B;] : a; and B; approach},
Q'(A) = |al|Ad],
Q°(A) = (|Ao| + \a:,;l — a:,;l1|)5:o,

and Ao = o1 — o2, and O(1) depends continuously on My, but is independent of
a, B,Ac, and xg.

Proof. We combine (6.4)-(6.6) to obtain
(6.8) U(Ad, 09; D(5;Us)) = ®(c; U(AT, 52; ©(5; Up)))-

Lemma 3.9 yields

. oP(6; Uy) 1
1 ENG V) -
9 (G5 omsesomsomesn ) 712
g @) 2

Then, by the implicit function theorem, system (4.7) has a unique C?-solution:
0= 5(a7 Bv AU? A(_Ta Zos Ub)

in a neighborhood of (a, 8, Ao, Az, zq; Up) = (0,0,0,0,0; Us).
Let ¢’ = §(«, B, Ao, Ao, z0; Up). By (6.1), we have

(6.9) § =08+ K'|Ag — Ao,
where K" = [ % d¢, and ¢’ solves the equation
U(Ao,09;®(8";Up)) = ®(a; U(Ac, 59; D(B;Up))).

Moreover, by Lemma 3.9 again,

lim (MOO 99

{a=B=Ac=Ac=x0=0} )

Moo —+00 0(Ad)
. M Qe 4 \o(Up) g2
Moc =00 det (r1(Up),r2(Up)) \ —§2 — A1 (Up) g2
2\2

By Lemma 4.4, we have
&' =a+p+0(1)(Q°(A) +Q ().

Substituting this formula into (6.9) and combining then with Lemma 6.1, we conclude
(6.7). O
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— U1 [ —
yo(k—1
yo(k
aq
B2 51
—
y—1(k—1)
Tp_1 - .
Tk Tk4+1

F1a. 6.2. Reflection at the boundary.

6.2. A covers the part of y = ba(z) but none of y = xagzs(x). We
now consider the wave interactions near the approximate boundary. Suppose that
A is the diamond centered at (z,yo(k)). We denote the two waves entering A by
ay and By that issue from the grid points (zx—_1,y0(k — 1)) and (xx_1,y—1(k — 1)),
respectively. Let §; be the 1-wave issuing from the grid point (xg, yo(k)) with Us as
its above state (see Figure 6.2). Suppose that the center below the weak waves oy
and d; is O1 = (X, 0), between a; and the boundary is O = (X,0), and above §; is

03 = (X,0).
Denote
o0 = volk) ;1= pob = 1) 1), oy = solk = 1) ;
T — X Tp—1 — X Th—1 — X
— Yok —1) N Yo (k)
oo = v - =
L1 — X zp — X
and let
U = w(60;02), Us=w(60;03), Up=w(01;01),
Ao =0g—01, AG=o0y—01, To9=I|X—-X]|
Then

Ui = ®1(oq;w(02;01)), w(02;01) = U(AG, 01; Pa(B2; Usp)),
Us = ®1(61;w(00;01)), w(o0;01) = V(Ag,o1;Up).

By the construction of the approximate solution, we have
(610) (I>1(§1; \I’(ACT, 013 Ub)) ‘N = @1(0[1; \II(A&, 015 (I)Q(ﬂg; Ub))) ‘N1 = O,

where ny = (—sin 0, cos ;) for each fixed & > 0 is the outer normal vector of the
boundary.
To solve (6.10), we first have the following.

LEMMA 6.3. lim m
Moo —00 Moo

=c(1 +b%)_%.
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This can be seen via direct computation by using Lemma 3.6:

. r1(Up) - mg . e1(Up) . .
e T M T e M g PG+ costh)
=c(1 +b§)—% < 0.
Then we have the following lemma for the existence and estimate of d;.
LEMMA 6.4. Equation (6.10) has a unique solution
51 - 51(&17 BQa AO’, A&,Wk, UOC) S 02
in a neighborhood of ay = Po = Ao = A = wi, = 0 and Uy = Uy, such that

(6.11) 61 = a1 + K, B2 + Kpwi + O(1)|B2]|Ac| + O(1) |zt — 21, |70

with
(6.12) sup  |Kp| < oo,
1< Moo <00
cos? (0o + Oma)
(6’13) Kr'{oq:ﬁg:wk:Ao':i()IO, Hk:GO} = M7

which implies that
(6.14) Ky =1—4boy/1 42 MZ' + O(1)MZ2 + O(1)e oM

where the bound of O(1) depends continuously on M.

Proof. We divide the proof into four steps.
1. A direct computation gives

iq>1(51; U (Ao, o1;Up)

a0, r1(Up) - np.

)y, | {a1=fo=wr=Ac=AF=0, =60}

Then, by Lemma 6.3 and the implicit function theorem, we can find a unique C?-
solution:

61 = 61 (alv BQa Wik, AU7 Aa—a 013 Ub)

near (ayq, B2, Ao, Ad; Up) = (0,0,0,0; Us).
Notice that, by a direct computation,

AG — Ao =03 — 69 + 69 — 00 = O(1)Zo|xy ' — ;.
Then we have

51 =8 + O(1)|AG — Ag| = &, + O(1)Ze|lay ! — 21y,
where &) (a1, B2, wi, Ao) = 01| r5_n, sOlves the equation
(6.15)  @1(63; ¥(Ao,01;U)) -1y = @1 (ar; U(Ao, 015 P2(B2;Up))) - gt
Let

51'(011a527A0) = 5“%:0 = 01(a1, 82,0, A, Ac, 01; Up).
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Then there exists some K3, € C! such that
(5/1 - 5/1/ = wak-
2. To estimate K}, we compute

a6,
8@%

{a1=Po=wr=A0=0, Or=00}

To do this, we take the derivative of both sides of (6.15) with respect to wy, and then
let a1 = By = wr, = Ao = 0 and 6, = 0y to obtain

001
0 8wk

r1(Up) -1 = Uy - (cos bg, sin by).

{a1=p2=wr=A0=0, 0 =00}

Then we have

K ’ 092 uyp, cos 0y + vy, sin O
b By — _ _ = = )
{on=fr=wn=80=0. 0x=0o} Qi |\, _p1 _erpmAo—io=0, 500} m(Us) - 1o

. K| I uy, cos By + vy, sin Oy 1 <

im = lim = 00
Moo PHB2=wr=00=0, 0k=60} — 5 "o r1(Us) - mo V1+03 ’

which is uniformly bounded as M., — oo.
3. Now we are in position to estimate 67 (a1, 82, Ac). Notice that

5 (a1,0,A0) = 6 (a1,0,0) = a.

Then, by (6.2), we have

87 (a1, B2, Ao) = 6{ (a1,0,Ac) + 67 (1, B2,0) — 67 (e1,0,0) + O(1)| 2| | Ac|
= 07 (a1, B2,0) + O(1)| 32| |Ac].

Let 0{"(a1, B2) = 67 |p,—o- Then there exists K, € C' such that

87" (0, B2) = 81" (01, 0) + K 3.
Note that §7" (a1, S2) solves the following equation:
(6.16) (87" Up) - ng—1 = ®(a1; Po(B2; Up)) - mpe—1.

We take the derivative of both sides of (6.16) with respect to 82 and let a; = 2 =0
and 0, = 0 to obtain

95"

(r1(Us) - no) B

= Tg(Ub) - 1g.

{a1=B2=0, Or=00}
It follows that

003

B ro(Up) -ng  cos?(0y + Oma)
Kr|{041:ﬁ2:019k:90} - 87/82

{o1=PB2=0,0,=00} - Tl(Ub) Ly a COSQ(QO - ama)7

which gives the formula for K.
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\
Yhgt2(k—1) \
Yns+2(k) \
\
Y
aa
\-
Yne+1(k—1) )
he+1(K)
\
ab
]
Yng (k—1)
Yhs (k)
ys(k—1) Sk I
Sk41
—_— ys(k)
Yhg—1(k—1)
—1(k)
\
Tp—1 Tk
Tk+1

Fic. 6.3. Interactions between weak waves and the strong wave.

4. Finally, we combine the estimates of §], ¢7, and 07’ with the property that
87" (a1,0) = a1 to conclude the desire result. O

6.3. A covers part of y = Xxaz,9(x) but none of y = ba(x). We take
three diamonds simultaneously. As shown in Figure 6.3, let Ay, | (), Ak, y,_ (1), and
A g1 (k) De the diamonds centered in (xx, yn, —1(k)), (Tk, yn, (k)), and (2, yn+1(k)),
respectively. Denote A = Ag () U Dy, (k) U Ak y, (k). Let o and v be the
weak waves issuing from (xg_1,yn,+1(k — 1)) and (xg—1, yn,+2(k — 1)), respectively,
and entering A. We divide « into parts a® = (a},0) and a® = (a4, a2) with a® and
a’ entering Aknyhs(k) and Ak7yhs+1(k)7 respectively. We also assume v = (71,0), and
denote ¢ as the outgoing waves that issue from (zk, yn.+1(k)).

The center in the region between s; and the lower edge of « is defined as Oy, in
the region between the upper edge of o and the lower edge of  is defined as Os, and
above the lower edge of v is denoted as Os.
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Denote the z-coordinate of O; by X7, j = 1,2,3, and denote Zj :

_ *
= [X

and Z; := | X5 — XJ|. We also use the coordinates o = o(z,y) = =, 0 = 0(z,y) =

“ 1

xfy)(é‘i’ and ¢ = 6’((E7y) = Ify)(g . Also denote

0o = 0(xk-1,Yn41(k — 1)), 0s(k — 1) = o(zk-1,ys(k — 1)), 0s(k) = oz, ys(k)),
o = 0(@h1,9n41(k = 1)), 05k —1) = o (21,95 (k = 1)), o3(k) = 7wk, ys(K)),
Aoy =04 — 0s(k), Aos, = os(k) —os(k —1),
AGy =& (xk, Yn,+1(K)) — 0(2h—1,Yn.42(k — 1)).

To obtain the estimates of (sx11,d), we first consider the following equation:

(6.17) U(Fa = 0s(k), 05 (k); P2(e2; O(sk+1)))
= ®1(a1; V(00 — os(k — 1), 05(k — 1);O(s1))).

With solutions (Sg41,e2) of (6.17) and the construction of the approximate solution,
we now give the estimates on the weak wave §.

LEMMA 6.5. The following asymptotic expansions hold:
(6.18) &1 =af+7 +O0M)QA),
(6.19)  6a = a5 + Kol + Ao, +O(1)Q(A),
(6.20) Spi1 = sk + Kl + psAoy, + O(l)(|Aaa| + |Aog, | + |x,;1 - x,:1|)5co,
where
Q(A) =Q%(a%,7) + [Ada(Jaf] + &0) + |Ady, |(|Ada| + F0)
+ 188, |(19] + 31) + |2 ' = 2314 [(To + 21).

In addition, for o/{ = Aoy = Aos, =20 =0 and s, = o,

~e1(50) @ia(50) + A1 (50)7s(s0) B el(so)()\z(so) - )\1(50))

(6.21) Ky = e2(50) s (50) + A2 (50)3s (50) Ks = Uis(s0) + A2(50)0s(s0)
_ Us(80)vo (50) — s (50)uo (50) _ Ua(50) + A2(s0)vs(50)

(622) U = 62(50)(’&8(80) T /\2(80)65(50)) ’ - ﬂS(SO) + )\1(30)55(30) .

Furthermore, for My sufficiently large,
Ko = 142651 (1+208)(/ 1+ 03 M + O(1)M2 + O(1)e ™M=,
Ko = =265 /14 B M + O(1)MZ2 + O(1)e oM,

(6.23)
p = =1 = by (14 262)\/1 + B3 M + O(1) M2 + O(1)e oM

fis = by A1+ B2 ML + O(1) M2 + O(1)e oM

where O(1) depends continuously only on M.
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Proof. We divide the proof into four steps.
1. Lemmas 3.8 and 4.5 imply that

. det(ra(©(s0)),Os(s0)) . €2(50) Us(s0) + Aa(50)Vs(50)
- 62b0 <
BRI

Then, by the implicit function theorem, (6.17) admits a unique C2-solution (2, sx11)
such that

£2 = ea(af, sk, 00 — 0s(k = 1),50 — 55(k), 05(k — 1),55(k)),
Sk+1 = sk+1(al{, Sk, 0o — 0s(k —1),04 — 05(k),0s(k — 1), 75(k)).
2. Denote
ey = £5(a], s, Aoa, 05(k)) = 52’{aa—Es(k):cra—as(k—l)ﬁs(k):&s(k—l)}’
Sh1 = Shy1(ad, s, 800, 03(R) = 5541l 5o, 20 ok 10001 =a (k1))

Then, by a direct computation, we have

(6.24) g2 = &5+ O(1)(Gs(k) — G5(k — 1))
+0(1) (60 — 05(k) — (00 — 0s(k — 1))),
(6.25) Ski1 = Shyy +01)(Fs(k) — as(k — 1))

+0(1)(6a — 65(k) — (00 — o5(k — 1)),
where (g5, 5}, ;) solves the equation
(6.26) V(oo — os(k = 1),05(k — 1); ®a(e5; O(s}41)))
=&y (a1; V(00 —os(k—1),05(k — 1); O(sg))).
Using the Taylor expansion, we have
(6.27) eh = Kyal 4 &}, S = Kool + 5],
where (g5, s}, ;) satisfies
(6.28) V(o0 = o5(k = 1),05(k — 1); ©2(5: O(s)41)))
=U(oq —0s(k—1),05(k —1); O(sg)).

Since €5, o (k—1)=7o—0} = 0 and SZH‘{%_US(IC_U:%:O} =0, by (6.2),

(6.29) e = O(W)Fo|Ada|,  sii1 = O(1)Fo|Adyl.

Notice that

(6.30) Gs(k) — o5(k — 1) = Aoy, + O(1)Zo (| Ao, | + |zt — z;441),
(6.31) o — 0s(k) — (00 — 0s(k — 1))

QI

a—0s(k—=1) = (04 —0s(k — 1)) + 0s(k — 1) — 74(k)
=—Aog, + O(l):EO(|A0a| + | Aoy, | + \x,?l — x,?_11|)
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Combining estimates (6.24)—(6.31) together, we obtain the estimates of (€2, sp41):

(6.32) g = Kwo/{ + Ao, + O(l)io(|Aaa| + | Aoy, | + |:17,;1 - x;_11|),
(6.33) Ska1 = Sk + Ksal{ + psAos, + O(l);ﬁo(|Aaa| + | Ao, | + |x,;1 — x,:1|)

3. To compute coefficients Ky, K, piw, and pug, we differentiate (6.16) with respect
to al{ and Aoy, , and let o/{ = Ao, = Ao, = Zo =0 and s = so to obtain

r2(0(50)) K + Os(s0) Ks = 11(O(s0)),

72(O(50)) phw + Os(50) s = a(z\i)(o, os(k); ©(s0)).

Cramer’s rule implies

Ko — det(r1(0(s0)), Os(s0))  e1(so) Gs(s0) + A1(50)s(s0)
Y det(r2(0(s0)), Os(s0))  ea(s0) Us(s0) + Aa(s0)Vs(s0)’
_ det(r2(O(50)), 11(O(s0))) _ e1(s0)(A2(s0) = Ai(s0))
® det(r2(©(s0)), Os(s0)) s(s0) + A2(80)0s(s0)

and

det (512475 (0, 05(k); ©(50)), ©s(50))
)

Ho = det(r2(O(s0)), O (s0) ’
_det(’f‘g(@( ))78(8A‘1;S (O Ub(k‘),@( ))
fe = det(r2(6(s0)), Os(50))

Then, by Lemmas 3.8-3.9 and 4.5, we can estimate K, K, v, and us as expected,
when M, is sufficiently large.

4. We finally give the estimates of 6. By the construction of the approximate
solution, we have

(6.34) D(0; U (AT, T5(k); O(sk+1)))
= U(AGy, 6 (2k—1,Yn.+2(k — 1)); @(7; ¥(0y — Ta, a3 Ur)))

with
(6.35) Ur = ®(a®; (AT, 0s(k); Pa(e2; O(sk+1))))-
Then, as was done in section 6.1, we obtain (6.18)—(6.20). ad

LEMMA 6.6. For Ax sufficiently small,
(6.36) |Us(k -1) - sk’ > 6|Aocs, |-
Proof. Notice that

ys(k) —ys(k —1) _
Az o os(k) = xp — X7

S —
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Then, by a direct computation, we have

ys(k) - ys(k - 1)

low(k — 1) — si| = = (k= 1)|
| = XD) ol = D = XD)
Ax
os(k) —os(k—1 N
NEACETAES TP
> 6’0'5(]6) —og(k—1)| for Az sufficiently small. |

Denote 65(k) = |os(k — 1) — sg|, which measures the angle between the leading
shock sj and the line passing through (2x_1, ys(k—1)) and the center of s;. Moreover,
we have the following estimate for 65(k).

LEMMA 6.7. For M., sufficiently large and Ax sufficiently small,
(6.37)  Os(k) — Os(k+1) > |Aoy, | — | Ksl||a}| — CZo (|Acq| + |Acy, | + |zt — ;4 ]),

where k > 0, Ky is given by Lemma 6.5, and constant C > 0 is independent of My
and Ax.

Proof. The proof is divided into two subcases.
1. o5(k — 1) < s so that og5(k — 1) < o5(k).
o If sp41 > o4(k), then, by Lemma 6.5,

Os(k) —O0s(k+1) =5, —os(k—1) — (5k+1 — as(k))
= (1 — ps)Aos, — Ksal{
+ 01 (|Aca| + [Acg, | + |25 " — 2124 ])
> |Aoy, | — Ko — Cio(|Aoe| + Ao, | + |zt — 24, ).
o If 55,11 < os(k), then, by Lemmas 6.5-6.6,
Os(k) —O0s(k+1) =5, —os(k—1) — (sk+1 — O'S(k‘))
=2(sk — 0s(k = 1)) + sp11 — 0s(k) — (s — 0s(k = 1))
> (11 + ps)| Ao, | + Ko
— Cio(|Acal + |Aos, | + |:r,;1 - x,:_llf)
> |Aog, | + Ksalf — Cﬂ'f:o(\Aaa| + |Aog, | + |x;1 — xl;llb

2. s < os(k — 1) so that o4(k) < o5(k — 1).
e If 5511 > o4(k), then, by Lemmas 6.5-6.6,

bs(k) — O5(k + 1) = sg — 05(k) — (sp41 — os(k + 1))
= 2(3;c — Us(k)) +sp—os(k—1)— (8k+1 — Us(k))
> (ps + 11)| Ao, | — Kyl
— Cio(|Aaa| + | Ao, | + |x,;1 — x,;lll)

> |Ao, | — Ksal{ - C’:%O(\Aaa| + | Ao, | + |:c,;1 - a:,;_llb
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o If spy1 < os(k), then, by Lemma 6.5,
Os(k) —O0s(k+1) =05k — 1) — s, — os(k) + Sg+1
= (1 )| Aoy, | + Koaf
+ 0o (|Aca| + [Acg | + |2p " — 2324 ])
> |Aoy, | + Kb — Co(|Aca| + |Ac, | + |x;1 - xl;llb

In the above estimates, we have used the fact that ps € (—1,0) for M sufficiently
large. This completes the proof. ]

7. The Glimm-type functional and the convergence of the approxi-
mate solutions. In this section, we first apply the difference scheme and the local
interaction estimates obtained in section 6 above to construct a suitable Glimm-type
functional for the approximate solutions, and then prove its monotonicity so that the
TV of the approximate solutions in y is uniformly bounded in z. Thus, we first state
a lemma which is important to prove the monotonicity of the Glimm-type functional.

LEMMA 7.1. Let K, Ky, Ks, and py be given by Lemmas 6.4-6.6. Then, for
Mo sufficiently large,

(7.1) K| (| K|+ K| []) < 1.
Moreover, there exist positive constants Ky, Ko, and K3 such that
(7.2) |K| — Ko <0, Ksluw|— K3 <0, Ks|lKy|+ K3/Ks|]—1<0.

Proof. By (6.15) in Lemma 6.4 and (6.24) in Lemma 6.5, we obtain that, for My,
sufficiently large,

(7.3) Kl (| + 1K | )
= 1= 205 (1 + B3) (88 + 207 + 1) M + O(1)M2 + O(1)e oM,

Note that the second term on the right-hand side of (7.3) is negative. Thus, we
can choose M, sufficiently large such that (7.1) holds. It follows that there exists a
constant Ko > 0 such that

Ky > K|, Ko (Kl + [ Kllpw]) < 1,
which leads to
Kol Kol < 1= Kol K.
Then we can choose another constant K3 > 0 such that
Ks|pw| — |K3] <0, |K5|| Ks| + Ko | K| — 1 < 0.

This completes the proof. 0

We now turn to the construction of the Glimm functional and study its properties.
Let J be a space-like mesh curve connecting the mesh points. Denote I'; as the set
of the corner points with A, lying in JT, i.e.,

L'y :{Ak A = (xk,bk),Ak €J+,k20}.

Then we define the following Glimm-type functional.
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DEFINITION 7.2 (weighted TV). Denote

L(()i)(J) = Z {|0¢i| Dy is an i-weak wave crossing J}, 1=1,2,

L1(7) = 3 {0+ b4 = Ay €T},
Ls(J) :=65(J) for 05(J) as 65(k) in Lemma 6.7 when s crosses J,
L.(J) = Z {|X;+ - X:_|(14+2.") : ais a l-wave crossing J from x = xa},

where T € {x) + k > 0}, and X2, denote the limits of X* on the right and left of
a. Then the weighted TV is defined as

(74)  L(J) = L)) + KoL (J) + Ky Ly () + KsLg(J) + Ky Le(J),

where K1, Ks, and K3 are given as in Lemma 7.1, and K4 > 0 is a constant to be
specified later.

Next, we turn to the construction of quadratic terms for the total interaction
potential.

DEFINITION 7.3 (total interaction potential). Denote

Qo(J) = Z {|ai||ﬂj| : oy and fB; are weak waves that cross J and approach},
{|a| —04) @ ais a l-weak wave crossing J},
{|a| 0" —0q) 1 ais a 2-weak wave crossing J},

— X2 |(05(J) —04) : « is an i-weak wave crossing J, i = 1,2}7

Qce(J) = Z {|X:;+ — X0 || X5y — X5_| : a and B are weak waves crossing J},

QW) = Z {|ﬁj||X;+ —X2_| + ais a 1-weak wave above a j-weak wave B; on J}

for j = 1,2, where X}, denote the right and left limits of X* of a, 04 is the o-
coordinate of the grid point where « issues, and oS (J) is the o-coordinate of the grid
point where the center of the self-similar solution passing through J changes from X _
to X5, . In addition, denote

0" =bo+ Cry (L+|belwel,  on=s0-0,

where sqg is the speed of the leading shock-front for the background problem, by is the
unperturbed boundary slope, o and Cy are positive constants chosen so that Q1(J),
Q2(J), and Q.(J) are nonnegative. Note that o and (14 |bg|)|wk| are chosen small so
that the largeness of My, implies the smallness of sg — by that leads to the smallness

of o* — o.. The summation in QWC( ) is taken over for all couples of weak waves

(v, 35), j=1,2.
Then the total interaction potential is defined as
(7.5) Q)= > Qi)+ > EDQWU)+ Kee Qee( ),

1=0,1,2,c 1=1,2

where K‘Efg,i = 1,2, and K. are positive constants to be specified later.
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Finally, we give the definition of the Glimm-type functional.

DEFINITION 7.4 (Glimm-type functional).
(7.6) F(J):=L(J)+ KQ(J),

where K > 0 is a constant to be given below.

Let
Q(A) (defined in section 6.1),
(7.7)  Eazo(A) =< B2 + (14 |bg])|wk] (defined in section 6.2),
Q(A) + o8] + |Acs, | (defined in section 6.3).

With the notations given above, we now prove the decreasing property of our func-
tional F'(J) by specifying constants K, K; with i = 1,2,3,4, K., and K with
i=1,2.

We first have the main global interaction estimate as stated below.

PROPOSITION 7.5. Suppose that My is sufficiently large and S5~ (1+ |by|)|ws]
is sufficiently small. Let I and J be a pair of space-like mesh curves with I < J, and
let A be the diamond between I and J. Then there exist positive constants n, K; with

i=1,2,3,4, K& withi=1,2, Keo, and K such that, if F(I) <,

(7.8) F(J) < F(I) ~ {Baca(A),

where Eng9(A) is given by (7.7).

Proof. By induction, on the mesh curves, it suffices to consider the case that J is
an immediate successor to I with only one diamond A between I and J. Let I = IouI’
and J = IpUJ’. As in section 4, we also divide our analysis into three cases depending
on the location of the diamond. From now on, we denote C' > 0 a universal constant
depending only on the system, which may be different at each occurrence.

Case 1. A lies between the cone boundary and the leading shock-front. We now
consider the case as in Lemma 6.2. Notice that

(L§Y + KoL) () — (L6 + Ko L§) (1)
(K1Ly + KsLg)(J) — (K1Ly + KsLg)(I) =

IN

CQ(A),

and

Le(J) = Lo(I) = [X = X|(L+ ;") = [X = X[(1+2;L)) — | X = X[(1+ a1y

< ot =2 (@0 + 3).
Then

L(J) = L(I) < CQ(A) — Kylz,' — x. ' |(30 + #1).
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For QQ, we have

Qo(J) = Qo(I) < CLNQ(A) — Q°(A),
(Qu+Q2)(J) = (@1 + Q2)(I) < C(0" = 0.)Q(A) + Co| B — Ao,
QC(J) - QC(I) < CxoZ1 — |AU|1~70a

> RWW) =Y QW) <= K|BilF,

i=1,2 i=1,2 i=1,2

ch( ) ch( ) _moxl

This implies that

QM) —QU) < —(1=C(L(I) + 0" — 0.))QA) + | " — x4 o

(K(l )|51‘x07 ( 2) - )|62|1'0 ( *C)‘%O"fl

Therefore, it follows that

F(J) - F(I) < f{K(l —C(LI) + 0" —0.)) — O}Q(A)
— (K4 — K) ot — o}y 70 — K (K — O[]0

— K(K® - 0)|B2|d0 — K (Kee — C) o1

1

< —1Q),

provided that L(I) and ¢* — o, are small enough, and K with i = 1,2, K, and
K > K, are sufficiently large.

Case 2. A covers part of the cone boundary but not the leading shock-front. We
consider only the case as given in Lemma 6.4. Since |X —X| = O(1)|by]|wk| by Lemma
5.1, a direct computation yields that

L&V () = L) < |Kol|Ba] + [ K llwi] + ClBollAc] + Clat — 232 |0,
LE(J) = LD (1) = —|Bal,

Li(J) = La(1) = —(1 + [by )],
Le(J) = Lo(I) < —|ai " = a0 + C(1 + ) |bellwrl,
Ls(J) — Ls(I) = 0.

Then

L(J) = L(I) < —(K2 — |K:|)|Ba| — (K1 — |Kp|)|wi| — (K4 — CO)|a " — 2t 1o
— (K1 — KaC (1 + z;.")) [bi| Jwi| + C'[Ba]| Aa|.
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For QQ, we have
Qo(J) = Qo(I) < C(|Ba| + |wi| + [Bal|Ac| + |zt — a3t |70) L(T),

Q1(J) — Q1(1) < C(1B2| + lwi| + 1Ba|Ac| + [zt — 212 |T0) (0 — o)
+ CL(I)|by||wr],

Q2(J) — Q2(1) < —|B2||Ac],
Qc(J) = Qe(I) < C(0* — o) [be|wi| + C L(I) |z — ;L |0,
(KL QW + KRQW) () — (KL QW + KR QW) (I) <0,
Qee(J) — Qee(I) < C L(I)|bg||wp]-
Thus, we obtain the following estimate for Q:
Q(J) = Q) < —(1 = C(L(I) + 0" — 0.))|B2||Ac|
+C(L(I) + " = 0.) (18| + lwr| + [bpllwn| + |2t = 232, |o).
Finally, we obtain the estimate for F'(J):
F(J)—F(I) < —(K; — |K;| = KC(L(I) + 0* — 0..))|Ba|
— (K1 — |Kp| = KC(L(I) + 0" — 0.)) |wk|
— (K1 = K4C(1 + 2y ") — KO(L(I) + 0* — 0..) ) |bi| |wr|
— (K4 —C = KC(L(I)+ 0" — 0.)) |z " — 24|70
— (K1 = C(L(I) + 0* — 0.)) — O)|B2]|Ac].

Using Lemma 7.1, choosing K sufficiently large, and letting L(I) and o* — o, be
sufficiently small, we have

1
F(J) = F(I) < =7 (1B2] + (1 + [bi]) w])-
Case 3. A covers a part of the leading shock-front. By Lemma 6.5, we have
L§" () = Ly (1) < —Ja}| + CQ(A),

LY () - L <I><\K [lab] + sl Aos, | + CQA),

Li(J) = Li(I) =

Ly(J) — Ly(I ><C(\Aoa|+|Aask\+|xk — a4 ])F0 — [Aoy, | — K[},
Le(J) = Le(T) = X7 = X3|(1+ 2 ") — X7 = X311+ 231

— X5 = X311+ ;L))
|t =230 + 3).
Then we combine the estimates for L(()l), Léz), Ly, Ls, and L. to obtain
L(J) = L(I) < —(1 = K2| K| + K3|Ky|)|0}| — (K3 — Kol l)| Aoy, |
— (K4 — K30)|x,;1 — $EE1|500 — K4\x,;1 — x;}1|£1

+ CQ(A) + C(|Agy| + |Ads, |) Zo.
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Next, we estimate Q:
Qo(J) = Qo) < =Q°(a”,7) + (lnwllAcy, | + | Kwllat| = [a]|) L(I) + CL(DQ(A),
Q1(7) = Q1(1) < —llAG,| —|ai[|Aca| + Claf|z: + C(o* — 0.)Q(A),
Q2(7) = Q2(I) < (0" — o) (|Kwllaf] + |pw||Acs,[) + Clag|r + C(o* — 0.)Q(A),
Qc(J) = Qe(I) < —[A0q|Zo — [AT, [T + Clody,
(KWW + KRR () — (KRQW + KRR (1) < ~K{af |31 — KQ|ag|2,
Qee(J) = Qee(I) < —ToT1.
Then

Q(J) - QD)
—(1=C(LI) + 0" = 0.))QA) — (KL — C)|af |31 — (K — C)|ag|in
— (Kee — C) i@ + (|Kwl(0" — o) + (K| = 1)L(I)) 0}
+ (lnwl + DLU) + 0" = o) Aoy, | + oy — 23ty |(F0 + 31).
Finally, we combine the estimates of L and @ to obtain
F(J) - F(D) < ~{K(1- C(LU) + 0" = 0.) - C}Q(A)
— {1 = Kol Kol + Kol K| = K (|Kl (0 = 02) + (IK| = DLD) o]

— {Ks = Kalpel = K(1+ ) (L) + 0" = o) }Ac, |
— (Ky — K3C — K) |zt — 2 |80 — (Ky — K) |zt — 2|34
- K{(K{ = O)laflas + (K& - C)las|ir + (Koo — C)dod }.

Using (6.2), choosing K > Ky, Kv(vlc), KV(V2C)7 and K. sufficiently large, and taking L([I)
and o* — o, sufficiently small, we have

F(J) = F(I) < = (QA) + |af| + Aoy, ).

e~ =

Now we choose an appropriate constant ¢ such that, for any 1-wave a after inter-
action, o, > sg — 0. By (6.21), we have

|sk41 — sk| < |Ksa1| + |/’LSAJSk| + C(|A0a| + ‘AJSkl)jO

Then the monotonicity of the Glimm functional implies that there exists a constant
C5 > 0 such that

D ka1 —sk| < C2 > (F(I) = F(J)) < C2F(0),

k>0 J>I

which leads to
S0 — CQF(O) S Sk+1 S S0 + CQF(O)

Since o, satisfies o, > sp+1 — CF(0), there exists a positive constant C3 such that
0 > 8o — C3F(0). Then we choose p = C3F(0). d

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/15/21 to 163.1.81.184 Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

2854 GUL-QIANG G. CHEN, JIE KUANG, AND YONGQIAN ZHANG

For any weak wave «, denote o(x4, Yo ) as the corresponding self-similar variable
for point (4, yq) from where the weak wave « is issued, with x, € {z : k > 0}.
Denote Uaz,9(z,y) as the approximate solution. Then we have the following.

PROPOSITION 7.6. For M., sufficiently large and Y- (1 + |bi|)|wk| sufficiently
small, if

(7.9) M Uazw(ta—)) <o(za—-) < Xe(Uago(xa—,")),
then
(7.10) )\1(UA$719($Q+, )) < O’(:L‘a-i-7 ) < )\Q(UAw,ﬁ(iva—l—, ))

Proof. For any two mesh curves I and J satisfying I < J, we prove the lemma
by induction.
Since by, — br—1| = O(1)|wg|, we assume that

k k
[be —bo| <Y Ibj —bj—1| = O(1) Y |wi| < C(F(0) - F(I)).
j=1 j=0
Then, using assumption (7.9), Lemma 6.4, and Proposition 7.5, we have
(7.11) |br1 = bo| < [bk41 — br| + [bx — bol
< Cluia| + C(F(0) - F(1)
< C(F(I)—-F(J)+ F(0)— F(I))
< CF(0).
Similarly, for sy, assume that
sk — so| < C(F(0) — F(I)).
Then, using assumption (7.9), Lemma 6.5, and Proposition 7.5 again, we have
(7.12) k1 — So| < [sk41 — skl + sk — sl
< C(laf| + Ao, | + &0) + C(F(0) — F(I))
< C(F(I)- F(J)+ F(0) — F(I))
< CF(0).
Since
Sp+1 — CF(0) < o(xo+,-) < bpy1 + CF(0),
it follows from (7.11)—(7.12) that
(7.13) so — CF(0) < o(zaq+,-) < by + CF(0).

On the other hand, since

M(Unz,9(Tat,)) = A (O(sk41)) = O(1)F(0),
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it follows from Lemma 6.5 and Proposition 7.5 that
A1(O(sk41)) = A1(O(s0)) = O(1) (k11 — 50) = O(1)F(0).
Then
M(Unzw(@at, ) — A(O(s0))

= M(Unz,9(Tat,)) = A1(O(sk41)) + A (O(sk41)) — A1 (O(s0))
= O(1)F(0),
which leads to
(7.14) M (Unao(zat, ) = bo — (1 +b3) 2 M + O(1)F(0)
+ O()M2 4+ 0(1)e ™M
Similarly, for A2(Uagz.9), we have
(7.15) X2(Unz,o(zat, ) =bo + (1+b3) 2 ML + O(1)F(0)
+O()MZ2 + O(1)e moMz
Finally, by (7.13)—(7.15), we obtain
(7.16) M (Ungo (ot ) — 0(zat, )
< —(1+B)EMZ + C(F(0) + M2 4 e ™M),
(7.17) o(za+,) — Ae(Ung9(xat,*))
<—(14+B) ML + C(F(0) + MZ2 + e moMx).
=0(1)

Since M is sufficiently large and F'(0)
then, by (7.16)—(7.17), we obtain

O(1) Y7 o (1+|bk|)|wk| is sufficiently small,

A1 (UAxﬂg(.Ta—F, )) < cr(xa—l-, ) < Ao (UAxﬂg(Ia—F, ))

This completes the proof. 0

Then, applying Proposition 7.5 and following the methods as done in [9, 29], we
conclude the following.

THEOREM 7.7. Under assumptions (Hi)—(Ha), if My is sufficiently large and
Y orso(L + |be])|wr| is sufficiently small, then, for any ¥ € I (—1,1) and every
Ax > 0, the modified Glimm scheme developed above defines a sequence of global
approzimate solutions Uaz g(x,y) such that

(7.18) sup T.V. {Unz,9(z,y) : —00 <y < ba(z)} < oo,
>0

0
(7.19) t/I%m%w+MMD4AMMW+%mM®§@m7m,

where Cy > 0 is independent of Uag.9, Az, and V.

Denote

(7.20) $Az,0(2) = L(kAx,(k4+1)Az) Sk for k>0,
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where 1 4 stands for the characteristic function on set A. Then, by direct computation,
we have

(7.21) Xazw(T) = / SAg9(T)dT.
0
Moreover, by Lemma 6.5 and Proposition 7.5, we have the following.
COROLLARY 7.8. There exists a constant Cs > 0 independent of Uny 9, Ax, and
¥ such that
(7.22) T.VAspzw(z) : z€[0,00)} < Cs.

Once the uniform boundedness of the TV of the approximate solutions Uag g is
obtained, then, by Proposition 7.5 and Corollary 7.8, the convergence of Ua, ¢ follows.
We can prove that its limit Uy is actually an entropy solution of problem (1.4)—(1.7).
This can be summarized as the following theorem whose proof is standard and similar
to [9, 16, 29], so we omit the details here.

THEOREM 7.9. Let assumptions (Hy)—(Hs) hold. Assume that
(7.23) |+ b duto) < 2
0

where p(x) = T.V.{b/ (1) : 7 € [0,x)}. Then there is a null set N such that, if Mo
is sufficiently large and € > 0 sufficiently small, for each ¥ € (1132 ((—1,1)\N), there
exist both a subsequence {A;}2, C {Azx} of mesh sizes with A; — 0 as i — oo and a
pair of functions Uy(z,y) € Os(T'(bo, uso)) and xy(x) with x9(0) =0 such that

(i) Ua,s(z,-) converges to Uy(z,-) in L' (—o0,b(z)) for every z > 0 as i — oo,

and Uy 1is a global entropy solution of problem (1.4)—(1.7);
(i) sa,0(x) converges to sy(x) € BV(]0,00)) with |sg(x) — so| < CE&;
(iii) xa,w0(x) converges to xy(x) uniformly in any bounded x-interval such that

(7:24) xo(@) = [ so(r)ar,
0
and xo(x) < b(x) for any x > 0, where C' > 0 is a constant depending only

on the system.

8. Asymptotic behavior of global entropy solutions. To understand the
asymptotic behavior of global entropy solutions Uy(z,y), we need further estimates
of the approximate solutions Ua, 4 (z, ).

LEMMA 8.1. There exists a constant M; independent of Ung.9, Az, and 9 such
that

(8.1) > Eara(A) < My
A
for Eag9(A) given as in (7.7).

Proof. By Proposition 7.5, for any interaction diamond A C {(k — 1)Az < z <
(k+1)Azx}, k> 1, we have

> Enro(A) <4> (F(I) - F(J)) < 4F(0).
A A

Then estimate (8.1) follows by choosing M; = 4F(0) + 1. d

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/15/21 to 163.1.81.184 Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

STABILITY OF CONICAL SHOCKS IN SUPERSONIC FLOWS 2857

For any 7 > 0, let £; 9(T—), j = 1,2, be the TV of j-weak waves in Uy crossing
line x = 7, and let £ oz 9(7—), j = 1,2, be the TV of j-weak waves in Ua, ¢ crossing
line z = 7. In addition, denote by Cy(7—) the TV for the centers in Uy when the
self-similar lines cross line = 7, and let Caz 9(7—) be the TV of the center changes
in Ua,,9 when the self-similar lines cross line x = 7. Then we have the following.

LEMMA 8.2. As x — oo,

2
> Ljg(@—)+Co(z—) — 0.
=1

Proof. Let Ua, 9(x,y) be a sequence of the approximate solutions stated in The-
orem 7.9, and let the corresponding term Ea,; g(A) be defined in (7.7). As in [16],
denote by dEa,, ¢ the measures of the assigning quantities Ea, 9(A) of the centers of
A. Then, by Lemma 8.1, we can select a subsequence (still denoted as dEa, g) such
that

dEAMg — dEy as Ai — 0

with Eﬁ(A) < 00.
Therefore, for € > 0 sufficiently small, we can choose zz > 0 (independent of
Ua,;9), A, and ¥ such that

Z EA,i,ﬂ(Ak,n) <E.
k>[zs/Ax]

Let X! = (ze,xa,0(z2)) and X2 = (zz,ba,(ze)) be the two points lying in the
approximate 1-shock y = xa, ¢(x) and the approximate cone boundary I'a,, respec-
tively. Let x7, y be the approximate j-generalized characteristic issuing from X7 for
J = 1,2, respectively. According to the construction of the approximate solution,
there exist constants M; > 0 for j = 1,2, independent of Ua, 9, A;, and ¥, such that

|X£,i,ﬁ($1) - xﬁhg(rzﬂ < Mj(\xl — x| + Ai) for xq,x2 > xe.
Then we can choose a subsequence (still denoted by) A; such that
xin’ﬁ(x) — Xf;(a:) as A; — 0
for some ng € Lip with (ng)’ bounded.
Let the two characteristics xJ}(z) and x%(z) intersect with the cone boundary
0 and shock-front y = xg(x) at points (¢}, x'(¢})) and (¢2, x*(¢2)) for some ¢} and

t2, respectively. Then, as in [17], we apply the approximate conservation law to the
domain below XlAi,ﬂ and above XIAM% and use Lemma 8.1 to obtain

Linw@=)<C > Eao(Aen) < CE
k>[zs/Ax]

Carp(z—=) <C > (1+|be])|wr| < C&
k>[zs/Ax]

for j = 1,2, and = > t} + ¢2, where the bound of O(1) is independent of Ua,9, Az,
and 9. These lead to

L;s(x—) = O0(1)¢, Co(x—) =0O(1)¢
for j=1,2, and z > té + tg. This completes the proof. 0
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Denote

(8.2) Xz = lim X*(z,b(x)).

Tr—r00

THEOREM 8.3. Let Uy be the entropy solution of problem (1.4)—(1.7) given by
Theorem 7.9. Denote soo = limy_so0 $9(2) and bl = lim, o0 b, (x). Then

(8:3) Jim sup {|Us(z,y) — @(0oe; Occ)| + xo(x) <y <blx)} =0,
where @(0o0; Oo) is the state of the self-similar solutions with 0o = —%5 and
Oc = (X2,,0) as its self-similar variable and center, respectively, and satisfies

(8.4) (5005 O0o0) = O(500), @(by;O000) - (b, 1) =0
with ©(s) as the state connected to state U by the 1-shock of speed s.

Proof. From the construction of the approximate solution, there exists a state
w(ok; Ok) such that Ua, g(z,y) = w(ok; Ok) for some k > 1 with o, = and
Or = (X},0). Let « € [(I — 1)Az,lAz) for some [ > 1, and let

bi—1

Xl* =T]—-1 — mAz

Y
=X

Then, for every = > 0,
|Ua,0(z,y) — @w(oi;00)| = |w(ow; Or) — w(o1; Oy))|
<C( > Liawla-) +CA1~,19($—)>7
j=1.2

where C' > 0 is independent of Ua, g, A;, and 9.
On the other hand, for every z > 0

[ (015 01) — @(000; Oco)| < CCazyo(z—),
where C' > 0 is independent of Ua, ¢, A;, and ¥. Thus, for every x > 0, we obtain

| (58,05 01) = O(sa,,0(2))| + [@(Vy, (2); Or) - (—b,, 1)
+[Ua, 0(2,-) = @(000; Oco)|

< sup |Un,;0(x,y) — @ (o1; 01|
Xa;,9(2)<y<ba,(z)
+ sup |ww(01;01) — @(000; Ooo)|

Xa;,9(2)<y<ba,(x)
< O( Z Ej’A“ﬂ(x—) + CAMg(.T—)).
§=1,2
By Theorem 7.9, letting A; — 0, we have
@ (59; 01) — O(s9(2))| + |[@(b)y.(2); On) - (=, 1)
+ sSup |U19(x,y) 7w(aoo§ooo>|
xo (2)<y<b(z)
< C( Z Lio(x—)+ Cﬁ(l'_)> for every z > 0,
j=1,2

which leads to the desire result by using Lemma 8.2. O
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Appendix A. Proof of Lemma 2.1. In this appendix, we give a proof of
Lemma 2.1 by showing the fact that system (2.1) is genuinely nonlinear for u > c.
We first introduce some notations for the computational convenience.

Denote ¢ = Vu? +v%, M = £, 0 = arctan £, and \; = \;(U), j = 1,2. Then the
eigenvalues can be rewritten as

(A1) A =tan(0 + (=1)0p,)  for j =1,2,

where 0,,, is the Mach angle,

A2 O = arct .
(A.2) arctan( T 1)

Moreover, 0, = arcsin(4;) € (0, %) for supersonic flow. Then we have the following.

LEmMMA A.l. Ifu > c, then
CuV/M? -1+ (-1

(A.3) cos(0 + (—1)70ma) = e >0 forj=1,2.

Proof. By direct computation, we obtain the first equality:
cM?cos(0 + (—1)0ma) = uv/ M2 — 1 + (=11 for j =1,2.

Since (uy/q% — 02)2 —c*v? = (u? — ?)¢? > 0, then

uv/ M2 —1 > |ul.

This completes the proof. 0
LemMMA A.2. Ifu > ¢, then

@_COSQ @—Sine %—_Sine @_COSQ 89111& 1
87_L_ ’ an_ ’ au_ q ) v q P aq M M2—1

Proof. We prove only for the last identity above, since the proofs for the others
are similar. From (A.2), we have

cosf. . — ﬂ
ma — M .
Therefore, we have
0Opma M 9 1
=— = COS* Oppg = ————F———.
dq (M2 —1)2 cMy/M? —1
This completes the proof. 0
LeEmMMA A.3. Ifu > ¢, then
O\ 9 , o\ . 1 .
L —gec?(0+ (—1)0ma), —2L = (=1)/" ————sec®(0 + (—1)0a
5 = S0+ (1), T = (1) sec (04 (<17 0a)
forj=1,2.
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LEMMA A4. Ifu > c, then

. —1)J ; j
c _
6)\j (_1)j+1

B - A1 cos(0 + (—1)70ma) sec”(0 + (—1)? Oma) for j =1,2.

Proof. For j =1, from Lemmas A.2—-A.3, we have

o _ 0N o0
ou 00 Ou  Oq Ou

_ 9 sin 0 1 9

= —sec”(0 — Oma) . + M =T sec” (0 — Oma) cos
1

= —C\/ﬁ Sln(9 - gma) SeC2(9 - 9ma)7

O\ _ M0 on oy
ov 00 dv  Oq Ov
=sec?(0 — Oma) cos

1
+
cM o eMA/M? -1

1
= m COS(G — Qma) S€C2<9 — Oma).

sec?(0 — Oa) sin 0

The case for j = 2 can be carried out in the same way. This completes the proof. 0O

LEMMA A.5. Foru > c,

OX; O);
A4 0TIy (=X 1) =
( ) (auaav)(/\.ﬂ) CM2—].

forj=1,2.

Proof. We consider only the case that j = 1, since it is similar to j = 2. By
(A.1)-(A.4) and Lemma A.4, we know that

o1 O sec®(0 — O,,) Sin(0 — O sec2(6 — Opyn) cos(0 — O,
O DA (0 B S0 ) | 50 — B oS0 i)
Ou’ Ov cvVM? -1 cvVM? -1
_ sec3 (0 — Oma)
evMZ =1
This completes the proof. ]

From Lemma A.l, we know that system (2.1)—(2.2) is genuinely nonlinear for
u > c.

Then, according to Lemmas A.1 and A.5, we have the following property that
leads to the proof of Lemma 2.1.

LEMMA A.6. For u > c,

(A.5) e;j(U) = g% — c2cos® (0 + (—1)70ma) >0 forj=1,2.
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