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Abstract

We study the system of nonisentropic thermoelasticity describing the motion
of thermoelastic nonconductors of heat in two and three spatial dimensions, where
the frame-indifferent constitutive relation generalizes that for compressible neo-
Hookean materials. Thermoelastic contact discontinuities are characteristic dis-
continuities for which the velocity is continuous across the discontinuity interface.
Mathematically, this renders a nonlinear multidimensional hyperbolic problem with
a characteristic free boundary. We identify a stability condition on the piecewise
constant background states and establish the linear stability of thermoelastic contact
discontinuities in the sense that the variable coefficient linearized problem satisfies
a priori tame estimates in the usual Sobolev spaces under small perturbations. Our
tame estimates for the linearized problem do not break down when the strength of
thermoelastic contact discontinuities tends to zero. The missing normal derivatives
are recovered from the estimates of several quantities relating to physical involu-
tions. In the estimate of tangential derivatives, there is a significant new difficulty,
namely the presence of characteristic variables in the boundary conditions. To over-
come this difficulty, we explore an intrinsic cancellation effect, which reduces the
boundary terms to an instant integral. Then we can absorb the instant integral into
the instant tangential energy by means of the interpolation argument and an explicit
estimate for the traces on the hyperplane.
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1. Introduction

We study the equations of nonisentropic thermoelasticity in the Eulerian coor-
dinates, governing the evolution of thermoelastic nonconductors of heat in two and
three spatial dimensions. The constitutive relation under consideration generalizes
that for compressible neo-Hookean materials (see CIARLET [13, p. 189]) and sat-
isfies the necessary frame indifference principle (see DAFERMOS [18, §2.4]). This
system can be reduced to a symmetrizable hyperbolic system on account of the
divergence constraints.

Our main interest concerns the stability of thermoelastic contact discontinuities
that are piecewise smooth, weak solutions with the discontinuity interface, across
which the mass does not transfer and the velocity is continuous. The boundary
matrix for the free boundary problem of thermoelastic contact discontinuities is al-
ways singular on the discontinuity interface. In other words, thermoelastic contact
discontinuities are characteristic discontinuities to the system of thermoelasticity.
As is well-known, characteristic discontinuities, along with shocks and rarefaction
waves, are building blocks of general entropy solutions of multidimensional hyper-
bolic systems of conservation laws (see, e.g., CHEN—FELDMAN [4]). Therefore, it
is important to analyze the stability of thermoelastic contact discontinuities when
the initial thermodynamic process and interface are perturbed from the piecewise
constant background state. Mathematically, this renders a nonlinear hyperbolic
initial-boundary value problem with a characteristic free boundary.

Our work is motivated by the results on 3D compressible current-vortex sheets
[6,28], 2D MHD contact discontinuities [22,23], and 2D compressible vortex sheets
in elastodynamics [8,9]. For ideal compressible magnetohydrodynamics (MHD),
there are two types of characteristic discontinuities: compressible current-vortex
sheets and MHD contact discontinuities, corresponding respectivelyto H-N|r = 0
and H - N|r # 0, where H is denoted as the magnetic field, I" as the discontinuity
interface, and N as the spatial normal to I". CHEN—WANG [6,7] and TRAKHININ [28]
established the nonlinear stability of 3D compressible current-vortex sheets inde-
pendently, indicating the stabilization effect of non-paralleled magnetic fields to the
motion of 3D compressible vortex sheets. The local existence of 2D MHD contact
discontinuities was proved by MORANDO ET AL. [22,23] under the Rayleigh—Taylor
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sign condition on the jump of the normal derivative of the pressure through a series
of delicate energy estimates. Notice that the extension of the results in [22,23] to
3D MHD contact discontinuities is still a difficult open problem. For the system
of thermoelasticity, CHEN ET AL. [8,9] recently obtained the linear stability of the
2D isentropic compressible vortex sheets associated with the boundary constraint
F - N|r = 0 for the deformation gradient F, by developing the methodology
in COULOMBEL—-SECCHI [15]. Comparing with the aforementioned two types of
characteristic discontinuities in MHD, we naturally introduce and investigate the
thermoelastic contact discontinuities that correspond to F - N|p # 0.

The goal of this paper is to explore the stabilizing mechanism in thermoelas-
ticity such that the thermoelastic contact discontinuities are stable. More precisely,
we identify a stability condition on the piecewise constant background states and
establish the linear stability of thermoelastic contact discontinuities in the sense
that the variable coefficient linearized problem satisfies appropriate a priori tame
estimates under small perturbations. In particular, our tame estimates do not break
down when the strength of thermoelastic contact discontinuities tends to zero. As
far as we know, this is the first rigorous result on the stability of thermoelastic
contact discontinuities in the mathematical theory of thermoelasticity.

In general, for hyperbolic problems with a characteristic boundary, there is
a loss of control on the derivatives (precisely, on the normal derivatives of the
characteristic variables) in a priori energy estimates. To overcome this difficulty,
it is natural to introduce the Sobolev spaces with conormal regularity, where two
tangential derivatives count as one normal derivative (see SECCHI [25] and the
references therein). However, for our problem, we manage to work in the usual
Sobolev spaces, since the missing normal derivatives of the characteristic variables
can be recovered from the estimates of several quantities relating to the physical
constraints.

In the estimate of tangential derivatives, there is a significant new difficulty,
namely the presence of characteristic variables in the boundary conditions, which
is completely different from the previous works such as [5-9,15,22,28]. New ideas
are required to control the boundary integral term arising in the estimate of tangential
derivatives owing to the complex nature of the boundary conditions. To address this
issue, we utilize a combination of the boundary conditions and the restriction of the
interior equations on the boundary to exploit an intrinsic cancellation effect. This
cancellation enables us to reduce the boundary term into the sum of the error term
Ra (cf: (7.19)) and the instant boundary integral term R3 (cf. (7.18)).

To establish the energy estimates uniform in the strength of the thermoelastic
contact discontinuity for /R and R3, we cannot use the boundary conditions for
the spatial derivatives of the discontinuity function v, owing to the dependence of
the coefficients on the strength (cf. (5.15d)). In order to overcome this difficulty, we
develop an idea from TRAKHININ [29, Proposition 5.2] and explore new identities
and estimates for the derivatives of i with the aid of the interpolation argument.
We make the estimate of R3 differently for the cases whether it contains a time
derivative. More precisely, we first consider the case with at least one time deriva-
tive. Thanks to the restriction of the interior equations on the boundary, the time
derivative of the deformation gradient in R3 can be transformed into the tangential
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space derivatives of the velocity (cf. (7.31)). As a result, the estimate of traces on
the hyperplane (cf. Lemma 4.2) can be applied to control the primary term R3;
(cf- (7.42)). Employing the identities and estimates for the normal derivative of the
noncharacteristic variables, we can reduce the estimate of the instant tangential en-
ergy into that with one less time derivative and one more tangential spatial derivative
(cf- (7.48)). Then we are led to deal with the case containing the space derivatives.
For this case, we derive estimates (7.62) and (7.68) by means of the identities and
estimates for linearized quantities (1, ¢) (cf. (6.29)—(6.32)) and Lemma 4.2. With
these estimates in hand, we can finally obtain the desired estimate for all the tan-
gential derivatives under the stability condition (3.23) on the background state. The
methods and techniques developed here may be also helpful for other problems
involving similar difficulties.

It is worth noting that our tame estimates are with a fixed loss of derivatives
with respect to the source terms and coefficients. As such, the local existence and
nonlinearly structural stability of thermoelastic contact discontinuities could be
achieved with resorting to a suitable Nash—Moser iteration scheme as in [5,16].

Let us also mention some recent results on the classical solutions and weak—
strong uniqueness for the system of polyconvex thermoelasticity. CHRISTOFOROU
ET AL. [11] enlarge the equations of polyconvex thermoelasticity into a symmetriz-
able hyperbolic system, which yields the local existence of classical solutions of the
Cauchy problem by applying the general theory in [18, Theorem 5.4.3]. The con-
vergence in the zero-viscosity limit from thermoviscoelasticity to thermoelasticity
is also provided in [11] by virtue of the relative entropy formulation developed in
[10]. Moreover, CHRISTOFOROU ET AL. [11,12] establish the weak—strong unique-
ness property in the classes of entropy weak and measure-valued solutions.

The rest of this paper is organized as follows: in Sect. 2, we introduce the system
of thermoelasticity in the Eulerian coordinates, which can be symmetrizable hyper-
bolic, via the divergence constraints. Then we formulate the free boundary problem
and the reduced problem in a fixed domain for thermoelastic contact discontinuities.
It should be pointed out that no thermoelastic contact discontinuity is possible for
the isentropic process (cf. Proposition 2.1). Section 3 is devoted to stating the main
theorem of this paper, Theorem 3.1. Before that, based on an alternative form of the
boundary operator, we deduce the variable coefficient linearized problem around
the basic state (that is, a small perturbation of the stationary thermoelastic contact
discontinuity satisfying suitable constraints). In Sect. 4, we collect some proper-
ties of the Sobolev functions and notations for later use, including the definitions
of fractional Sobolev spaces and norms, the estimates of the traces on the hyper-
plane, and the Moser-type calculus inequalities. To show Theorem 3.1, in Sect. 5,
we reduce the effective linear problem to a problem with homogeneous boundary
conditions. Section 6 is dedicated to the proof of Proposition 6.1, i.e., the estimate
of normal derivatives. More precisely, we estimate the noncharacteristic variables

Whe and entropies S + in §6.1-§6.2, recover the missing L2-norm of 31Dﬂ W and

tan

81D'S Wigqiv1 for 1 <i < dand2 < j < d in §6.3-§86.4, and complete the

tan
proof of Proposition 6.1 by finite induction in §6.5. Let us remark that quantities

¢, 1, and ¢ (cf. definitions (6.18), (6.29), and (6.30)) are introduced and estimated
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to compensate the loss of the normal derivatives of characteristic variables W and
Wiayiv1. In Sect. 7, we deduce the estimate of tangential derivatives, i.e., Propo-
sition 7.1. For this purpose, we start with the standard energy estimate to introduce
the boundary term Q (cf. (7.5)) and the instant tangential energy Egn () (cf. (7.8)).
We present the intrinsic cancellation for Q in §7.2. Then the boundary integral term
can be reduced to the sum of R, (the error term, defined by (7.19)) and R3 (the
instant boundary integral term, cf. (7.18)). After that, we deduce the estimate of R,
in §7.3 and the estimate of R3 in §7.4—-§7.6. Proposition 7.1 is proved, respectively,
for the two- and three-dimensional cases at the end of §7.5 and §7.6. With Propo-
sitions 6.1 and 7.1 in hand, we conclude the proof of the main theorem in Sect. 8.
Propositions 2.1 and 2.2 are shown in “Appendices A and B”, respectively.

2. Formulation of the Nonlinear Problems

In this section, we introduce the system of thermoelasticity in the Eulerian
coordinates and formulate the nonlinear problems for thermoelastic contact dis-
continuities.

2.1. Equations of Motion

In the context of elastodynamics, a body is identified with an open subset O
of the reference space RY ford = 2, 3. A motion of the body over a time interval
(t1, 1) is a Lipschitz mapping x of (¢1,#) x O to R4 such that x(t,-) is a bi-
Lipschitz homeomorphism of O for each ¢ in (71, f2). Every particle X of body O
is deformed to the spatial position x (¢, X) at time ¢.

_ The velocity v € R¢ with i-th component v; and the deformation gradient
F e M with (i, j)-th entry F;; are defined by

5 X) = 5 x, Faex) = 25 x)
v; (1, = —, 3 [\l = 3 3
' Jat Y an
respectively, where M *" stands for the vector space of real m x n matrices. We
assume that map x(, -) : O — R is orientation-preserving so that

detF(t,) >0 in O. 2.1)
The compatibility between fields v and F is expressed by

av;

8Xj(t,X) fori,j=1,...,d. (2.2)

IF;
—L(t, X) =
a7 ¢ )

We need to append the constraints

aF;;  9Fi ..
—_— = fori, j,k=1,...,d, (2.3)
90X, X,
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in order to guarantee that Fisa gradient. We emphasize that constraints (2.3) are
involutions to the system of thermoelasticity, meaning that constraints (2.3) are
preserved by the evolution via relations (2.2), provided that they hold at the initial
time (see DAFERMOS [17]).

We will work in the Eulerian coordinates (z, x). For convenience, let us denote
byv = (v1,..., vd)T the velocity and by F = (Fj;) the deformation gradient in
the Eulerian coordinates so that

vi(t,x) = 0 (t, X(1,x))  Fijt,x) = F;j(t, X, x)),

where X (¢, x) is the inverse map of x (¢, X) for each fixed .
The system of thermoelasticity modeling the motion of thermoelastic noncon-
ductors of heat consists of the kinematic relations

(al—i-vgag)Fij :Bgv,-ng fori,j=1,...,d, 2.4

and the following conservation laws of mass, linear momentum, and energy (see
[18, §2.3]):

30 + de(pvg) =0,
0 (pv;) + 3¢ (pvevi) = 9¢Tig fori=1,...,d, (2.5)
3 (pe + 2plv*) + de((pe + 1 plvIP)ve) = 3 (v; Tje),

where 9; 1= % and 9y = % represent the partial differentials, p is the (spatial)
density related with reference density prr > O through

P = pret (det F)~™ 1, (2.6)

symbol 7;; denotes the (i, j)-th entry of the Cauchy stress tensor T' € M?*4 and ¢
is the (specific) internal energy. Equations (2.4) are directly from the compatibility
relations (2.2). In the Eulerian coordinates, constraints (2.3) are reduced to

For0¢Fij = Fyjog Fig fori, j,k=1,...,d, 2.7

which are the involutions of system (2.4)—(2.5); see LEI-Liu—ZHouU [20, Remark 2]
for instance. Throughout this paper, we adopt the Einstein summation convention
whereby a repeated index in a term implies the summation over all the values of
that index.

For every given thermoelastic medium, the following constitutive relations hold
(see CoLEMAN—NOLL [14]):

ae(F, S de(F, S
.5 pr 5. ES)
oF aS
where S and ¢ represent the (specific) entropy and the (absolute) temperature,
respectively. In this paper, we consider the internal energy functions of the form

e=e(F,S), T=T"= 0,

d

@
e(F,8) =) TJFS +e(p, ), (2.8)
i,j=1
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where a;, for j = 1,...,d, are positive constants. In view of (2.6), the internal
energy ¢ (F, S) depends on the deformation gradient F only through F' F. Hence,
relation (2.8) is frame-indifferent:

e(F,S)=¢(QF,S)

forall Q € M9* with Q Q" = I;anddet Q = 1. Here and below, I, denotes the
identity matrix of order m. Moreover, the constitutive relation (2.8) generalizes that
for the compressible neo-Hookean materials (see [13, p. 189]) to the nonisentropic
thermoelasticity. A direct computation gives

T = pFdiag (ai, ...,aq)F' — plg, (2.9)
with

de(p, S de(p, S
p = pZM’ O = M > 0’ (2.10)
ap aS
where p = p(p, S) is the pressure. The speed of sound ¢ = c(p, S) is assumed to
satisfy

c(p,S):=+/pp(p,S) >0 for p > 0. 2.11)

If all of a; are the same, then the material is isotropic; otherwise it is anisotropic
(see [13, §3.4]). In the special case when all of a; are equal to zero, system (2.5)
is reduced to the compressible Euler equations in gas dynamics. Since this paper
concerns the effect of elasticity to the evolution of materials, we set without loss
of generality that a; = 1 for all j. We refer to [13, Chapters 3—4] and [18, Chapter
2] for a thorough discussion of the constitutive relations.

For simplicity, the reference density pref is supposed to be unit, leading to

div(pF}) ;= 0¢(pFy;) =0 forj=1,...,d, (2.12)

where F; stands for the j-th column of F; see, e.g., [20, Remark 1]. By virtue
of the divergence constraints (2.12), we can reformulate (2.4) and (2.7) into the
conservation laws:

B(F) + 0 (pFyjve —vipFiy) =0 forij=1,....d,  (213)
O(pFerFij — pFejFir) =0 fori, j,k=1,...,d. 2.14)

In light of (2.10)—(2.12), for smooth solutions, system (2.4)—(2.5) is equivalent to

(8 + vede) p + pctdpve = 0, (2.15a)
(0 + vedp)v; +0ip — pFerde Fix =0 fori =1,...,d, (2.15b)
(0 +vede) Fij — pFyjdev; =0 fori,j=1,...,d, (2.15¢)

(0r +v¢0p)S = 0. (2.15d)
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Letus take U = (p, v, F1, ..., Fg, S)T as the primary unknowns and define the
following symmetric matrices:
Ao(U) = diag(1/(pc?), pl g, 1), (2.16)
vi/(pc?) €] 0 0 0
e; ovilg —pFilg -+ —pFialy O
0 —pFily 0
Ai(U) = ) ) ) (2.17)
: : pvil p2 :
0 —pFiqly 0
0 0 0 0 v
fori = 1,...,d, where we denote ¢; := (8; 1, ...,(Sl-,d)T with §; ; being the

Kronecker delta. Then system (2.15) reads as
Ao(U)o,U + A;(U)o;U =0, (2.18)

which is symmetric hyperbolic, due to (2.6) and (2.11).

2.2. Thermoelastic Contact Discontinuities

Let U be smooth on each side of a smooth hypersurface I"(r) := {x € RY :
x1 = (t,x")} forx' := (x2, ..., xq):

Ut(t,x) in 2T@):={x eR?:x; > o, x)},

ve.x = U (t,x) in (1) :={x eR?:x; <o, x)},

(2.19)

where U* (¢, x) are smooth functions in respective domains £2%(¢). Then U is a
weak solution of (2.5) and (2.12)—(2.14) if and only if it is a smooth solution of
(2.7), (2.12), and (2.18) in domains £2*(¢), and the following Rankine—Hugoniot
jump conditions hold at every point of front I"(¢):

[my] =0, (2.20a)
[myv] + [pFen Fel = N[pl, (2.20b)
[m (e + 3 vIH] + [oFen Fe - v] = [puw], (2.20¢)
[my Fijl + [oFjnvi] =0 fori,j=1,...,d, (2.20d)
[oFin] =0 forj=1,...,d, (2.20e)
loFknFij — pFinFix] =0 fori, j,k=1,...,d, (2.20f)

where [g] := (g7 — &)l stands for the jump across I'(¢), and

vy i=vE-N, Fiyi=F N, omy = pt (09 —vy)
with N := (1, —=dae, ..., —8d<p)T, so that mf, represent the mass transfer fluxes.
Also see [18, §3.3] for the corresponding jump conditions written in the Lagrangian
description.
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We are interested in discontinuous weak solutions U for which the mass does
not transfer across the discontinuity interface I"(¢):
+ + +
my = p (0, —vy) =0 onI(1). 2.21)
Then the matrix

(9@ A0(U) = NeAc()| 1,

0 —NT o -~ 0 0
—N 04 pFinlg -+ pFanly O
0 pFinly 0
0 pFanly 0
0 0 0 e 0 0 ro
has eigenvalues
+/IN2+ p2FyyFey  with multiplicity 1,
+o FenFen with multiplicityd — 1,
0 with multiplicity d> — d + 2,

where 0, denotes the zero matrix of order m. As a result, the boundary matrix on
I (1):

Apay = diag(d,;9Ao(U™) — NyAg(U™), =99 Ao(U™) + NeAe(U_))|F(,)

is singular, which implies that the free boundary I'(¢) is characteristic. In this
sense, the weak solution U is a characteristic discontinuity.

We now reformulate the jump conditions (2.20) by means of assumption (2.1).
More precisely, from (2.1), we derive

+ + +

Fiy Fi d Fy
= |- D e 2 | #£0 on T (2.22)

+ + — +

Fan Ly = Foq
Consequently, the boundary matrix Apqy on I"(t) has 2d negative, 2d positive, and
2(d*> — d + 2) zero eigenvalues. Since one more boundary condition is needed to
determine the unknown interface function ¢, the correct number of boundary con-

ditions is 2d + 1, according to the well-posedness theory for hyperbolic problems.
Plugging involutions (2.20e) and condition (2.21) into (2.20d) leads to

Fiylvl=0 on (), forj=1,....d.

Then it follows from (2.22) that [v] = 0 on I"(¢). We employ (2.20e) and (2.21)
again to rewrite (2.20a)—(2.20d) as

do=vh, =0, pTFNI[F1=N[pl onl(). (2.23)
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Definition 2.1. A thermoelastic contact discontinuity is a discontinuous weak solu-
tion of form (2.19) of system (2.5) and (2.12)—(2.14) with the boundary conditions
(2.23).

We exclude (2.20e)—(2.20f) from (2.23) in order to prescribe the correct number
of boundary conditions for the well-posedness of the thermoelastic contact discon-
tinuity problem. On one hand, (2.20e)—(2.20f) are involutions inherited from the
initial data. On the other hand, they prevent any thermoelastic contact discontinuity
in the isentropic process. More generally, we have the following physically relevant
result whose proof is postponed to “Appendix A”.

Proposition 2.1. If[S] = 0on I'(¢t), then [U] = 0 on I'(¢) so that no thermoelastic
contact discontinuity exists.

If condition (2.1) is ignored on interface I"(¢), then there is another type of
characteristic discontinuities for (2.5) and (2.12)—(2.14) with the constitutive rela-
tion (2.9), i.e., the so-called compressible vortex sheets that are associated with the
boundary constraints (F’ liN, R FdiN)| r@) = 0. In this case, the jump conditions
(2.20) are reduced to

qo—vi =09 —vy=I[pl=0 onI().

Then the normal velocity and pressure are continuous across front I"(¢), while
the tangential components of the velocity can undergo a jump. See [8,9] for the
two-dimensional isentropic case in this regard.

In this paper, we focus on the thermoelastic contact discontinuity problem
corresponding to the boundary constraints

Ffy #0, Ffy=--=F;=0 onl(. (2.24)

Then the boundary conditions (2.23) on I"(¢) become

{ o — vy =0, [v] =0, (225)
pTFiy[Fil =[pl. [Fndig+Fil=0 fori=2,....d. '
By virtue of (2.24), involutions (2.20f) are equivalent to

[Fi]=0 onI'(t), forj=2,...,d. (2.26)

Since ¢ describing the discontinuity front I"(¢) is one of the unknowns, the ther-
moelastic contact discontinuity problem is a free boundary problem.

Taking into account the Galilean invariance of (2.7), (2.12), (2.18), and (2.20),
we choose the following piecewise constant thermoelastic contact discontinuity as
the background state:

Ut:=pT0,FH 5T ifx >0,

§=0 U = o
U =((p ,0,F ,5) if x; <O,

(2.27)
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where F = diag(Fﬁ, Fx, ..., Fgq) and

_ _ — _ —+ _
Pt =p(pt. 55, pTEL[Fil=1[p] forpt:=(detF)~', (228

in keeping with (2.6), (2.10), and (2 24) (2.26). Without loss of generality, we

assume that the principal stretches Ft 11 Fr, ..., Faq are positive constants with
F H > F11 We point out that each of the backgr(ﬂmd deformations is either a
dilation or a simple extension when Fy, = --- = Fy4 (see TRUESDELL--TOUPIN

[30, §43-8§44]).

2.3. Reduced Problem in a Fixed Domain

It is more convenient to convert the free boundary problem for thermoelastic
contact discontinuities into a problem in a fixed domain. To this end, we replace
unknowns U=, being smooth in 2% (¢), by

UF(t.x) = Ut, @*(t, x). x), (2.29)
where we take the lifting functions ®* as in METIVIER [21, p-70] to have the form
DE (1, x) 1= £x1 + x(Ex)e(t, X)), (2.30)

with x € C3°(R) satisfying that
x=1 on[—1,1], lx'lLoo®y < 1. (2.31)

The cut-off function x is introduced as in [21,23] to avoid the assumption in the
main theorem that the initial perturbations have compact support. This change of
variables is admissible on the time interval [0, T'] aslong as [|@ || ;.o j0, 77xRé-1) < %

The existence of thermoelastic contact discontinuities amounts to constructing
solutions Ugt, which are smooth in the fixed domain £2 := {x € R? : x| > 0}, of
the following initial-boundary value problem:

L(U*, %) := LWU*, oHUT =0 ifx; >0, (2.32a)
BWUT, U ,¢)=0 ifx; =0, (2.32b)
(U, U, 9) = U, Uy, 90) ifr =0, (2.32¢)

where index “#” has been dropped for notational simplicity. Thanks to transforma-
tion (2.29), operator L(U, @) is given by

d
LU, ®) := Ag(U)d, + A (U, @)d1 + Y Ai(U)d;, (2.33)
i=2

where A;(U), fori =0, ...,d, are defined by (2.16)—(2.17), and

1
AU, D) = s (Al(U) 9, Ag(U) — Zaqu (U))
=2
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According to (2.25), the boundary operator B reads as

0 — v;
[v]
P [p] = p* Fily[Fu1]
BUT U9 =] [Fidhe+ Ful |- (2.34)

[F110q¢ + Fa1]

The boundary matrix diag(—A; (U™, 1), —A (U, &)) for problem (2.32)
has 2d negative eigenvalues (“incoming characteristics””) on boundary 92 := {x €
RY : x1 = 0}. As discussed before, the correct number of boundary conditions is
2d + 1, which is just the case in (2.32b).

In accordance with (2.6)—(2.7), (2.20e)—(2.20f), and (2.24), we assume that the
initial data (2.32c¢) satisfy that

o = (det F)™! ifx; >0, (2.35)
Fiad FE—FRo? Ff=0  forijk=1,....d. ifx; >0, (236)
[pFin]1 =0 forj=1,...,d, ifx; =0, (2.37)
[oFinFij — pFinFix] =0 fori, jk=1,....d, ifx; =0, (2.38)
FjiNzo for j=2,....d, ifx; =0. (2.39)

Here and below, to simplify the notation, we denote the partial differentials with
respect to the lifting function @ by

3@ 1 ;@
by, 9P = ——0y, 8F =08 — —0) fori=2,....d.
0P 0]

1P 01
(2.40)

P =09 —

The following proposition manifests that identities (2.35)—(2.39) are involutions
in the straightened coordinates. See “Appendix B” for the proof.

Proposition 2.2. For each sufficiently smooth solution of problem (2.32) on the
time interval [0, T, if constraints (2.35)—(2.39) are satisfied at the initial time,
then these constraints and

o (pEFH =0 ifxi >0, forj=1,....d, 2.41)
hold for all t € [0, T].

Relations (2.41) are involutions in the straightened coordinates corresponding
to the divergence constraints (2.12), from which we can pass from the Eulerian to
the Lagrangian formulation of the thermoelastic contact discontinuity problem.

3. Linearized Problem and Main Theorem

In this section we introduce the basic state (l°/ £, go_) that is a small perturbation of
the stationary thermoelastic contact discontinuity (U =, @) given in (2.27)—(2.28).
Then we perform the linearization and state the main theorem of this paper.



Thermoelastic Contact Discontinuities 1283

3.1. Basic State

Wedenote 27 := (—o0, T)x 2 and wr := (—00, T')) x 352 for any real number
. . o4 o

T. Let the basic state (Ui, @) with U+t = (f)i, vE F ™, Si)T be sufficiently
smooth. According to form (2.30), we introduce the notations

PF = +x;, ST = +x; + ¥ T, GE =y (Ex)@(r, X)), (3.1)

0= oF . NE, FN = Fi NE, N :=(,-8,0%, ..., 9,05,
(3.2)

. o +
where x € Cg°(R) satisfies (2.31), and Fji are the jth columns of F .
Perturbations V* := U% — U* and ¢ are supposed to satisfy that
IVEl s g2y + 181 6wpy < K (3.3)
for a sufficiently small positive constant K < 1, so that

. 1 —
+9,F > 5 on Qr (3.4)

thanks to the Sobolev embedding H 5(27) = W3(£27). We assume further that
the basic state (U™*, @) satisfies constraints (2.35), (2.32b), and (2.37)—(2.39), i.e.,

— (et FH)Y, pE = p(st, §H ifx; >0, (3.52)
B(UT,U,¢)=0 ifx; =0, (3.5b)
[BEN]=0 forj=1,....,d, ifx; =0, (3.5¢)
(BEnEij — pEjnFl =0 fori, jk=1,....d, ifx; =0, (3.5d)
ﬁfN =0 forj=2,....d, ifx; =0. (3.5¢)

Under (3.5¢) and (3.5¢e), relations (3.5d) are equivalent to
[Fi1=0 ondR, forj=2,....d. (3.6)

Moreover, we assume that the basic state satisfies

(E)t—i—Zvétag)Fi Z a,0* on 382, forj=2.....d, (3.7

which will play an important role in the estimate of the tangential derivatives,
especially in the proof of Lemma 7.2. As a matter of fact, constraints (3.7) come
from restricting the interior equations for F]i on boundary 9£2 and utilizing (3.5b)—
(3.5e).

Before performing the linearization, we give an alternative form of the boundary
operator B defined in (2.34), which will be essential for providing the cancellation
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effect in the estimate of the tangential derivatives. More precisely, by virtue of

(2.39), we observe that
det F¥ = o(F*)7'F,  ondg,

where o(F) is the scalar function defined by

Fy' ifd =2,
o(F) := . .
(FoF33 — F23F33) ifd =3.

In particular, for the background state (2.27), we have
_ F;! ifd =2
+ )
oFH={2_
Fyy Fiy ifd = 3.
Combine (3.8) with (2.35) and use (2.37) to obtain
pEFE, =o(FF)=0(F7) ondg,
which yields
orp — v;
[v]
R [p] — o(FH)[Fi]
BUT U o) = | [Fiidop + Fail
[F1104¢ + Fa1l

Furthermore, from (3.5a), (3.5¢), and (3.6), we infer that

ot o o o —
PEFE, =o(F")=0(F ) onds.

(3.8)

(3.9)

(3.10)

@3.11)

(3.12)

(3.13)

As a result, constraints (3.5)—(3.7) are equivalent to constraints (3.5a)—(3.5b) and

(3.5¢)-(3.7).

3.2. Linearization and Main Theorem

Let us now deduce the linearized problem based on identity (3.12). For this
purpose, we consider families (Uei, @f) = (U* +eVE, &F 4 ey®), where

W@, x) = x(Ex)Y (1, X)),

The linearized operators are given by
o4 o d
L' (0%, &*)(vE v*) = d—L(Uj, oF)
€

oy d _
B (0%, ¢)(V, ¥) := &Bw:, UZ, ¢e)

e=0

e=0

’

(3.14)



Thermoelastic Contact Discontinuities 1285

where V := (VT, V_)T, and ¢, := ¢ + ey denotes the common trace of (D€i on
boundary 952. A standard calculation leads to

L' (U, @)(V,¥)=LU, &)V +CU, D)V — ﬁ(L(U, D)) U, (3.15)
1

where L(U, @) is givenin (2.33), and C(U, @) is the zero-th order operator defined
by

~ d
0Ay(U) 0A (U, D) 0A;(U)
CU, D)V =V, U+ Vy—o1U V o;U.
( ) zaUzz-i-eaUz 1+ge i
(3.16)
Thanks to the alternative form (3.12), we compute
@+ X 00y —vt - N
[v]
o + o S
IB%/(Ui NV = [p]l —o(F )[Fi1] — [Fll]?F,-jQ(F ) a.17)
PV V= [F11020 + F21] + [F11]o2y '
[F11349 + Fa1l+ [F111829
with o(F) defined by (3.9).
As in ALINHAC [1], applying the “good unknowns’:
) gt
vt.=vt_ —__5,0% (3.18)
9 PE

we calculate (cf. [21, Proposition 1.3.1])

L'(0%, &%) (v w¥)
+

= L(U*, &5 VE+0U*, %) VE + a(LO*, ¢H)0*). (3.19)

9D+

In view of the nonlinear results obtained in [1,5,16], we neglect the zero-th order
terms in ¥+ of (3.19) and consider the effective linear problem

L, VE=f* ifx; >0, (3.20a)
BL(V,¥) =g ifx; =0, (3.20b)
(V,9)=0 ift <0, (3.20¢)
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where we abbreviate V := (V+, V‘)T and denote
L, V= L(U*, &H)VE +C(OF, o5V, (3.21)
(0 + Xy 07 0)w — o* - N* 15y
[0] 4+ ¥ (30T 4+ 0:07)
. o 4. o o 4 . o
B0 g | P10 U] = [Fndr,o(F VE + b1y 3
V) = [F110a¢ + ol + [P la s + bow - G2
[F11849 + Fa1) + [F1110a% + bayr

with operators L and C defined by (2.33) and (3.16). In (3.22), we denote

byi=01pT +dp — Q(F Y@ Fy + 31 F) — [Fu]aE,Q(F Yo F, ,,,
b = (81F +31F“)8,g0+(81FlT+31F ) fori=2,....d.
The explicit form (3.22) results from the identity B, (V, ) = B'(UE, ¢)(V, ¥).
We write V := (VY V)T, & == @+ )T LV := (L, VT, L, V)T,
f=u"rf )T, etc. to avoid overloaded expressions.
We now state the main result of this paper.

Theorem 3.1. Let T > 0 and s € Ny be fixed. Assume that the background state
(2.27)—(2.28) satisfies the stability condition

[F11] FL(FD™ ifd=2,
= <1 A, .
Fpy c ifd =3,

(3.23)

with

_ FZ\1/2 Fit)? F
C .= (1—}-%) {max(l, (_1;) ) + max(1, ( 11) )_33}
I3 Fy F33 Fx

and that perturbations (\O/jE @) € H2(27) x H* 2 (wr) satisfy constraints
(3.3)—(3.7). Then there exist positive constants Ko and Co, uniformly bounded even
when [F11] tends to zero, such that, forall K < Ko and (VjE V) € HAH(.QT) X
H*T3/2(wr) vanishing in the past,

Vg o + 132000
<co{nL;v'qu(QT)+||1Bs;<v',w>||m/z<w,>} ifs=1, (324

IVIas @ + 1 gs+1720p
< Co{ I,V sy + IBLYV, W) gy
+ (I V g3 py + IBLYV ) 5720
x< (IVE g + 10l wn ) | s >3 329)
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Notice that the H2(27) x H>/?(wr)—estimate of (V, yr) follows from (3.25)
with s = 3. We remark that the tame estimates (3.24)—(3.25) present no loss of
regularity with respect to the interior source term I, V, while there is a loss of one
derivative with respect to the boundary source term B’E(V, ). It should also be
pointed out that estimate (3.25) is with a fixed loss of regularity with respect to the
coefficients, which offers a way to establish the nonlinear stability of thermoelastic
contact discontinuities by a suitable Nash—Moser iteration scheme. The dropped
terms in (3.19) will be considered as error terms at each Nash—Moser iteration step.
Moreover, Theorem 3.1 provides the tame estimates in the usual Sobolev spaces
H?® for the solutions and source terms vanishing in the past, which corresponds
to the nonlinear problem with zero initial data. The case with general initial data
is postponed to the nonlinear analysis that involves the construction of so-called
approximate solutions.

4. Sobolev Functions and Notations

In this section, we first state the definitions of some fractional Sobolev spaces
and norms for self-containedness. Then we prove two important estimates for the
traces of H'! (R’f‘l)—functions on the hyperplane {y € R"*! : y; = 0} with
R'}f‘ = {y € R""! : y; > 0}. We also present the Moser-type calculus inequali-
ties and the notations for later use.

4.1. Fractional Sobolev Spaces and Norms

We first give the definitions of the Sobolev spaces and norms for general do-
mains; see also TARTAR [27] for more details.

Definition 4.1. Let O be an open subset of R” with n € N . For every nonnegative
integer m, the Sobolev space H™ (O) is defined by

H™(O) :={u € L*(O) : 8% € L*>(O) forall @ € N" with |a| < m},

equipped with the norm

1

ulimori=( Y [ pueiay)” (1)

o] <m
where @ := («q, ..., a,) € N* denotes a multi-index,
Jee]
e := oty + -+ - + an, I u(y) = —gr———a,u(y).
ayyt- - dyy

For each real number s > 0 that is not an integer, the fractional Sobolev space
H*(0O) and its norm || - || gs () can be defined by interpolation between H s1©)
and HIH1(O) (see [27, §22]),

where || denotes the greatest integer less than or equal to s.
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Next we present an alternative definition of the Sobolev space H®(R") via the
Fourier transform.

Definition 4.2. For each real number s > 0, we define
H*(R") := {u € L2R") : [ Fu(®) € Lz(R”)} :
where Fu denotes the Fourier transform of u; in particular,

Fu(€) :=f u(y)e e dy  foru € LY(R").
Rn

The negative-order Sobolev spaces H ~*(R") are defined by duality as
H®RY = (H'R")  foralls > 0.
Let us recall that
F%) = Qri&)*Fu forall u € L*(R"), 4.2)
/n uw dy = . Fu Fuw dy forall u, w € LZ(R”), 4.3)
where w denotes the complex conjugation of w. Using identities (4.2)—(4.3),
we can show that Definition 4.1 is equivalent to Definition 4.2 for s € N and

O = R". Furthermore, we refer to [27] for the equivalence between Definition 4.1
and Definition 4.2 for fractional Sobolev spaces H* (R").

4.2. Traces on the Hyperplane

The following lemma is to characterize the traces of H ! (RTI)—functions on
the hyperplane {y € R"*! : y; = 0}.

Lemma 4.1. Any function u € H' (R’_frl) has a trace w on the hyperplane {y €
R+ 2y = 0} such that w belongs to H'/*(R") and satisfies
1 2
/ (1+ 42182 |FwE)| dg" <l o (4.4)
R” +
Proof. We firstextend u € H' (R'fl) to be defined in R"*! by setting

u(yi, y") if yi >0,

Eu(yi, y') = :
u(—y1, y) if yy <0,

for all y' := (y2,..., ynr1) € R". In view of [27, Lemma 12.5], we obtain that

Eu € H'(R"1). A direct computation yields that

IEul 2nsty < V2Mull 2
(4.5)
18y Eull 2ty < V2081l 2 gy
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By virtue of (4.5), it suffices to prove that, for all rapidly decreasing C°*°—function
ii € SR,

1 , 1
/R (1 +47218"1H)7 |[FwE)|* dg’ < SNl ey (4.6)

with w defined by w(y’) := (0, y") for y’ € R". According to [27, Lemma 15.11],
we have

Fu@E) = /R Fiig, &hde,  for& e R,

which, along with the Cauchy—Schwarz inequality, implies

"2 21612y | T INE dé§
Fu(@) </R(1+4n 61 [Facer, &) dgl/R—1+4n2|g|2'

Performing the change of variable: & = (1 4 472|€'|%)!/2, we obtain

B (1 an2e )t & 144 :
R1+4—”2|s|2—(+ﬂ|§|) m (+7T|§|)-

Combine the two estimates above to infer that
1 2 1 - 2
/R (I+47%g' )2 [Fuw (@] dg’ < 5 /R | (HamtiED [Fi, £)[ dg,
from which we can deduce (4.6) by means of (4.2)—-(4.3). O

The nextlemma will be crucial for reducing the boundary integrals to the volume
ones in the estimate of tangential derivatives.

Lemma 4.2. [fn € Ny and uy, up € HI(R'J’FH), then

duy
/ ur—(0,y")dy’
n ay]
< g oy g1 gty for j =2...m 1. “.7)

Proof. In light of (4.2)—(4.3), we have

—=(0,y
/nulf?y(

'/ .7-_1 2mié;

< </ (1 44 2'12)7 |Fui 0, 8| d&’)z
Rﬂ
1

x (/ (1 +4n 1€ P 24n 287 | Fuz(0, 8" dé/>2,
- .

which, combined with (4.4), leads to (4.7). O
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4.3. Moser-Type Calculus Inequalities

We present the following Moser-type calculus inequalities that will be repeat-
edly employed in the subsequent analysis.

Lemma 4.3. (Moser-type calculus inequalities) Let O be an open subset of R" with
Lipschitz boundary for n € N.. Assume that b € C*°(R) and u, w € L*®°(O) N
H™(O) for an integer m > 0.

(@) If || + |B] < m and b(0) = 0, then
19%udPwl 2 + uwl gn < Cllull g [wllze + Cllulollwlgn, — (4.8)
16@) [ am < C(Mo)llull g (4.9)
() If la + B+ y| < m, then
18107, b)18” wl 12 < C(Mo)(Iwllm + lluell zm [[w]| o< ). (4.10)
Moreover, if u € WI’OO(O), then
199107, b)1” w12 < CMD)([wll gmr + el s [[w] o). (4.11)

Here we write || - |[Lr = || - lzro), | - lam = I - lam©), and || - lly1eo =
I - llw1.00 () for notational simplicity, and Mo and M are positive constants such
that ||ullpe < Mo and ||ully1.00 < My. As usual,

[a, blc := a(bc) — b(ac)
denotes the notation of commutator.

Proof. Werefer to STEIN [26, §VI.3-§ V1.4] for reducing the analysis of this lemma
to the case when O = R". See ALINHAC—GERARD [2, pp. 84—89] for the detailed
proof of assertion (a) when O = R". Here we give the proof of (4.10)-(4.11) by
means of (4.8)—(4.9). It follows from (4.8) that

|o° 1%, T w] . < Y Y [9¥ 0P 9P Fav ],

o <o 0<p'<p
Cllullzm llwllzee + Cllullzoe |wll gm, (4.12)
CY X e 0 ) 0t o]

'S pISP<B
1B"1=1

< Cllullgm lwllzee + Cllully oo [wl] gm-1. (4.13)

<
[0 167, ulo” w]| 2 <

Combining (4.13) with (4.9) yields that

199107, b@) 187 wl 12 = [8°[0”, b(u) — b(0)]8” w]| 2
< Cllb(u) = bO)|| g lwllLe + Cllo(u) = bO)[ly1.cc [|w] gm—1
S CMD(lwll gm-1 + llull zmlw] o).

Inequality (4.10) can be proved similarly from (4.9) and (4.12). O
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4.4. Notations

For convenience, we collect the following notations.

(1) We will use letter C to denote any universal positive constant. Symbol C(-)
denotes any generic positive constant depending only on the quantities listed
in the parenthesis. Notice that constants C and C(-) may vary at different
occurrence. We denote A < B (or B 2 A) if A < CB holds uniformly for
some universal positive constant C. Symbol A ~ B means that both A < B
and B < A hold.

(ii) Letter d always denotes the spatial dimension. Both the two and three dimen-
sional cases (d = 2, 3) are considered. Symbol §2 stands for the half-space
{x € R? : x; > 0}. Boundary 382 := {x € R? : x| = 0} is identified to
R4~1, We write 2 ;= (—00,1t) x £2 and w; := (—00, 1) X 952.

(iii) Symbol D will be used to denote

D = (at9 81’ cee 8(1)’

d ad

where 9; := 37 and 9¢ := x; are the partial differentials. For any multi-index
o = (g, a1, ..., ag) € Nt we define
D := /%0 -+ 05", lal=aoto+-+ag.

For m € N, we denote D" := {D* : |«| = m}.
(iv) Denote Dy := (91, ..., d4) as the gradient vector and Dy, := (0, 92, .. ., 9g)
as the tangential derivative. We write

Dén:=8,’3"852-~-85", 1Bl :=PBo+ B2+ + Ba,

for any multi-index 8 = (Bo, B2, ..., Bd) € N?. Denote D, := (92, ..., 0q).
(v) For any nonnegative integer m, we introduce

1/2
@l = (Y2 IDu@O2g)) (4.14)
la|<m
B 2 172
et () lan, m :=( > ||Dm,,u(r>||L2(m) : (4.15)
IBl<m
Cn = 1+ 1V D) o) (4.16)

so that our formulas will be much shortened in the calculations.
(vi) Recall the partial differentials with respect to functions @ from the notations
in (2.40) to obtain

¢t | ot ad* o+
9, +v,0, =09 +w, 9,
where

1 .
1 = (D — M — —
Wy = . — by — ;P™), W i=1v; fori=2,...,d. 4.17)
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In view of condition (3.5b), we have

WE=0 ondsf. (4.18)
Let us define
d —
0o 1= 0; + Z f)?_ai on 7 , (4.19)
i=2

which coincides with 9; + zi;faz on boundary 942 as a result of (3.5b) and
(4.18).

(vii) For any nonnegative integer m, a generic and smooth matrix-valued function
of {(DYV, D*¥) : |a| < m} is denoted by ¢, and by ¢, if it vanishes at the
origin. The exact forms of &,, and ¢,, may be different at each occurrence. For
instance, the equations for pi in (3.20a) can be written as

o o o Di o o
@ + D7) p* + AT v =S f + ¢V,

since C (l} , qﬁ) are C*°—functions of (‘o/, DV, DlI.7) vanishing at the origin.

5. Partial Homogenization and Reformulation

It is more convenient to reformulate problem (3.20) into the case with homoge-
neous boundary conditions. To this end, noting that g = IB%;(V, V) e H2(wr)
vanishes in the past, we employ the trace theorem to find a regular function V; =
(v, V:)T e HH! (£27) vanishing in the past such that

B;(Vﬂ’ O)’(J)T =4, ||Vﬂ||Hm(-QT) S ”g”H’"*l/z(wT) form = 1’ ey S + 1 (51)

Then the new unknowns VbjE =VE— VujE solve problem (3.20) with zero boundary

source term and new internal source terms f*:

L, V== f* if x; > 0, (5.2a)
BL(V,¥) =0 if x; =0, (5.2b)
(V,¥)=0 ifr <0, (5.2¢)

where we have dropped index “b” for simplicity of notation, operators I, ;. and B,
are defined by (3.21)—(3.22), and

fE=fF = LO* o5V - C(U*, o5V . (5.3)

We introduce new unknowns W= in order to distinguish the noncharacteristic
variables from the others for problem (5.2). More precisely, we define
+._ £ +._ = At + _ =+
Wi=p-, Wy =v"-N—, Wj+l'_vj’

+ 4+ etpt pt + a.dtpt +

Waio =p= = b7 FiyFii. Woijp =0;97Fjj + F;

jr
+ ot + o oE . -
Wjd+l.+1._Fl.j, Wd2+d+2._S fori=1,...,d, j=2,...,d,

5.4
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where N* and F lj;, are given in (3.2). Equivalently, we set
wE .= JclvE L= J0F 6%,

where J (U, @) is the C*®°—function of (U, D®) defined as

1 0 0 0 0 O
0 1 0P 0 0 O
0 0 1 0 0 O
JU, @) = ! _ if d =2,
( ) pFin 0 0 pFIN 0 0 !
0P P
- plz”uv 0 0 p%uv 0
0 0 0 0 0 I;
and
1 00 O 0O 0 0 O
0 1 0,® 03P 0O 0 0 O
0O 01 o0 0O 0 0 O
0O 0 0 1 0O 0 0 O
JWU, @) := 1 _ 1 if d =3.
( ) pFIN 0 0 pFIN 00 0
FIYe) g
— p}w 00 O pfpw 1 0 O
iP 03P
— P1371N 00 O pi_w 01 O
0O 00 O 0O 0 0 Iy

In terms of the new unknowns W=, we obtain the equivalent formulation of
problem (5.2a) as

d
ATow*+ Y Avowr+ Agw*s =JLf*  in @r, (5.5)
j=1

where Ali = A, (UE, &%), fori =0, ...,d, with

A (U, @) := J(U, ®) A (U, ®)J (U, D),
AjU, @) :=JU, ®)TA;(U)J(U, @) forj=0,2,....d, (5.6)
AU, @) := J(U, &) (LU, ®)J (U, ®) +C(U, &) J (U, D)).
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Note that the coefficient matrices .Ajt, for j = 0,...,d, are symmetric, and A§
are positive definite. In particular, a straightforward calculation gives

1 1 1
ﬁiE:Zt + :t(F )2 :I:(F )2 0
0 oI, 0 0 0
Ay(U*, 0%) = 1 1 o ol 67
PR’ pEE?
0 0 0 Pl O
0 0 0 0 1
0 el 0 0 0
e 04 04 —p*Fpl; 0
AU o5 =| o 0y , (5.8)
0 —pEFnly 0,
0 0

and, for the three-dimensional case,

0 e 0 0 0 0

e3 03 03 03 —p*FI3 0

—y = 0 0 03 0 0 0
AU, %) = ’ > ’ . (59

0 03 03 O3 03 0

0 —p*Flz 03 03 0; 0

0 0 0 0 0 0

where 5* = (det fi)_l are the background densities, and ¢+ = p, (,6*, §E)y1/2
are the background speeds of sound. The explicit expressions (5.7)—(5.9) will be
used in the estimate of tangential derivatives.

We now compute the exact form of A? on boundary d£2, which is necessary
for deriving the energy estimate of tangential derivatives. We first infer from (3.5b)
and (3.5e) that matrices Zl (l} + qgi) satisfy

0 (NHT 0 0
~ et NE 0 —EFEE T 0
AU Y| =+ " ST . (5.10)
x1=0 0 Fiyla (0F
0 0 0 Odz—d+1 X[IO

In light of (5.10), we can decompose the boundary matrices .A]i as

Af = JTAV(OF, %) 0y = AL, + AL, with AF, =0 61D
X
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where
0 0 0 0
AL =+ 0 ood , ACE 8% 0 , (5.12)
0 AU®*, &%) 0y 0
0 0 0 0p_441
with
AU, @) :=diag (1, —pFinI4_1). (5.13)

The explicit expression of Afb is of no interest. According to the kernels of matrices

Ai

we denote by

la’
W= Wy . W, )T (5.14)
the noncharacteristic parts of unknowns W=, and by
+._ wt wE + T
W= (W, ’W2d+2""’Wd2+d+2)

the characteristic parts of W=,
We reformulate the boundary conditions (5.2b) for unknowns W= into

oy =W, +&¢ on wr, (5.15a)

(Wiril=¢y fori =1,...,d, on wr, (5.15b)
o o + o

[Was2] = (F11ldr,0(F ) F;f + &y on wr, (5.15¢)

[Wd+j+1]=—[]%11]8jlﬁ +& Y forj=2,...,d, on wr, (5.15d)

where o (F) and 9y are defined by (3.9) and (4.19), respectively. Here we recall that
symbol ¢,, denotes a generic and smooth matrix-valued function of {(D* V, D)
|| < m} vanishing at the origin. It is worth mentioning that the boundary condi-
tions (5.15) depend upon the traces of W not only through the noncharacteristic
variables Wri but also through the characteristic variables FZJ/r fori,j=2,...,d,
which is a different situation from the standard one (see, e.g., [3, §4.1]).

6. Estimate of the Normal Derivatives

This section is devoted to the proof of the following proposition:

Proposition 6.1. If the assumptions in Theorem 3.1 are satisfied, then

WO < MW Oy + 1 W + Csr2l(F. Wliwy. 6.1

where || - s, Il - lltan,s, and és+2 are defined by (4.14)—(4.16), respectively. In
addition,

IWOIT S W Ol + 1G5 W5 g, (6.2)

In this section, we let 8 = (Bo, B2, ..., Ba) € N9 be a multi-index with 1Bl <

s — 1. The proof of this proposition is divided into the following five subsections.
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6.1. Estimate of the Noncharacteristic Variables

In view of (5.5) and (5.11)—(5.12), we have

0 d
o+ o o+ o
WWiE | = — B AFowE - BT Avo,w*
0 j=2

— BT AR e wE - BT AEWE 4+ BT 6.3)

where i}i = :i:B(lofi, Clo?i), and B(U, @) is defined by

0 0 0 0
_|o 0, AU, &' 0
B(U, ®) := 0 AU. D) 0, 0 , 6.4
O O O 0d2—d+1

with A(U, @) given in (5.13).
Noting that B(U, @) and AJ (U, @) are C*°—functions of (U, D®) for j =

0,...,d, we apply operator D’ 3P 03’3 2 85“ to identity (6.3) and deduce

tan =

181D Wacl22 ) < IDf €1Duan W) 125 ) + DG (B A W)I12, )
.
+ DGy (BAsW) 122 + IDEL(BIT I ). (6.5)

Here we recall that ¢, denotes a generic and smooth matrix-valued function of
{(DYV,DYW) : || < m}.
We integrate by parts to obtain

lu@llp_y < Z f ID%u(z, x)||9D%u(t, x)|dxdr < [lulljmg,)- (6.6)
|| <m—1

By virtue of (6.6) and the Moser-type calculus inequality (4.11), we have

D5 @1Dtan W12 ) S 16105, Dian W + [Dfyn &11Dan W12,

tan tan’

S MWl s + 1DGy, &0 Wil o,
SNW s + IW i) + Co2lWig(ay. (67

(£2)

Since B(U, @) and J (U, @) are C*°—functions of (U, D®), and A4 (U, D) is
a C*°—function of (U, D®, DU, D2<1§), we use (6.6) and the Moser-type calculus
inequality (4.10) to obtain that
o7
”Dtan (B-A4 W) ||L2(Q) + ”D[an (BJ f)”LZ(Q)
S ”CZW”H»Y(,Q[) + ||le||1-1x(9,)
S W sy + Coral(Fe Wl oo(a,)- (6.8)
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Notice from (3.1) and (3.3) that the W (£27)—-norm of (V, ¥) is bounded
by CK for some positive constant C depending only on . In view of (5.11), we
have

|31 (B A ey S I&llew) S1, B Alb x=0 =0

Then we integrate by parts to obtain

“ (éivzﬁtb)(’ X1, .)”LOQ([O,T]XRd’I) 5 U(X]) fOI' X1 2 Ov (69)

where o is an increasing function of x; satisfying

x1  for0O<x; <1,
o =o(x1) (R) o(x1) 2 forx >4 (6.10)

Utilizing the estimate above along with (6.6) and (4.11), we infer

IDE (BAOW)I2, o)
< ||BAlthdn81W + [ tdn’ BAlb]al W”LZ(Q)

S ”UDtana]W”L2(9) + ” [D BA1;,]31W||H1

tan® ()

S oD W22 o) + 1W e (g + Coral Wi g, (6.11)

Apply operator aak ng with k 4 |B’| < s to system (5.5) and employ the standard

arguments of the energy method to deduce

”Uathan(t)”L2(9) S ”(f W)”Hl(g) for k + |:8/| < 17 (612)

”0'81 DtanW(t)”LZ(_Q)
S W sy + Coral(F. Wi, fork+181<s. (6.13)

Plugging (6.7)~(6.8), (6.11), and (6.13) into (6.5) implies

Y 19D Wae @122,
IBl<s—1

S MW O gy + 1 Wi,y + Cs2ll(F, W7o - (6.14)

Moreover, from (6.5) with 8 = 0, (6.9), and (6.13), we have

||81Wnc(t)||L2(_Q) S MW lgn 1 + 1(F, W)IIHl(Q) (6.15)
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6.2. Estimate of the Characteristic Variables S*

The next lemma gives the estimate of the characteristic variables W;; td42 that
are entropies ST.
Lemma 6.1. If the assumptions in Theorem 3.1 are satisfied, then
ISEOIE S I Wl @ + Csr2l (F Wl () (6.16)
IS=OM SN Wl g,)- (6.17)

Proof. Since matrices C (UE, &%) are C®—functions of (V,DV, DY) vanishing
at the origin, we can write the equations for S% in (5.2a) as

@ +Fa)ST=¢f +4W  in £2,

where ﬁ)zt, ¢=1,...,d, are given in (4.17). Let o := (ag, a1, ..., 0q) € N1
be any multi-index with |«| := ag + ] + - + ag < 5. Apply operator D¥ :=
0,0 8?1 e 85” to the equations above and multiply the resulting identities by D% S*
respectively to find

0 [DS*E|* + 9 (F[D*S*[?) — dabF DY s*|?
= 2D*SE (D% f) + D* (€1 W) — [D*, 1w 13,5%).
Note that the W2°°(§27)—norm of (\o/, li/) is bounded by CK for some positive
constant C depending only on x. By virtue of (4.18), we can obtain (6.16)—(6.17)

by integrating the last identities over §2; and applying the Moser-type calculus
inequalities (4.10)—-(4.11). O

6.3. Estimate of the Characteristic Variables WllL

To compensate the loss of the normal derivatives of the characteristic variables
WljE = pT, inspired by involutions (2.41), we introduce linearized divergences ¢*
by

Bt o_9 o .

¢F = 3? (CizFiﬂfl’i + piFijlt)’ (6.18)

where Bi‘i’i, i =1,...,d, are defined by (2.40), and ¢4 := pp(,éi, §i)1/2 are the
basic speeds of sound. See TRAKHININ [29] for a slightly different definition of the

linearized divergences.
Then we obtain the following estimate for ¢

Lemma 6.2. If the assumptions in Theorem 3.1 are satisfied, then

IO S U W@y + Csr2l(f Wliwg,.  (6.19)
Is*Dllz2) S I Wl e, (6.20)
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Proof. The equations for F* and p™ in (5.2a) read

@+ b0 Fy — FLof v = f +& W, (6.21)
O + o) p* + pEEOP vE =80 f + & W. (6.22)

In view of these last equations, we compute

@ +wFo) (25 p* + 57 F)
= pEREIS v — pTEEOS v £ o0 f + & W
Performing operators 855 * to the identities above and using
:t +adEadE + o:l: +odEadE +
Fj 197 9y v; F1o7 9, v,
= 5T FE[0P", 0% Jof = &DV = &D(JW) = &DW + &, W,
we have

@ + o) c* =& Df + &1 f + EDW + & W, (6.23)

Apply operator D* with || < s — 1 to equations (6.23), multiply the resulting
identities by D¥¢* respectively, and take the integration over £2; to obtain

ID?s*(172g) S (14 IDWlLe2)) IDYs ¥ 172 g, + D, w0y 10es 1175,
- ”D"‘((":lDf+f':1f~|—czDW—|—C2W)HL2(Q[). (6.24)
Since
¢t =& W +¢DW, (6.25)
we have
ID% sl 2,y < IID*@DW + & W)l 2,
ID%, 15 20, < [ (ID, &1W. (D%, &IDW, (D%, eD?W) | 1 g, -

Estimate (6.20) follows by plugging these last inequalities into (6.24) with ¢ = 0.
Apply the Moser-type calculus inequality (4.10) and use || < s — 1 to derive

1D @D f), D@ M2,
S I@E@D DS, D% Pl7a g, + 1D, &IDF, D &1,
S s + Cortll Fllioa,)-
By virtue of (4.10)—(4.11), we obtain
I(ID%, &21W, [D%, &IDW)I75 g, + D%, EID*W7s o )
S IW s @) + Coal Wl o (-
Inserting the estimates above into (6.24) yields (6.19). O
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Thanks to (6.19), we can obtain the estimate of the characteristic variables
WljE = pi. More precisely, according to (5.4) and (5.14), we have

d
ot |N| + SRR
N=-FI" = (Wi =W, - ;@ Wit

1N =2
B Ll WE e w,
5:‘:107:‘: 1 C1 Wne-
N

Combining the last identity with (6.18) and recalling (2.40), we calculate
nbEt =0y (G2 p* + 5N FE) + Z o (b= (2 Fip* + 4 )

C:TZZIF |2+|Ni|2
ot
FlN

NWT + €101 Wae + €1 Dan W + & W,

which implies
NW™ =& 16T + &0 Wae + & Dian W + & W. (6.26)

Inlight of (6.26), we utilize (6.6), (6.14), (6.19), (6.25), and the Moser-type calculus
inequalities (4.10)—(4.11) to obtain

Y 19D Wi ()22,

[BI<s—1
2
S Z ”(Dtanga tanal Wnc, Déthan W) ||L2(.Q)
IBI<s—1
2
+ Z H( tan® ¢iIw, [Dtan’ ¢ IDW, Dtan(CZW)) ”H'(Q)
[Bl<s—1
SMWOgns + 1 Wl g,y + Cst2ll(F, W Z oo - (6.27)
Furthermore, we plug (6.15) and (6.20) into (6.26) to obtain
11W1 (D170 S MW O lGan, 1 + I1CF W1 g, (6.28)

6.4. Estimate of the Remaining Characteristic Variables

To recover the normal derivatives of the characteristic variables W il = F +

fori =1, ,dand j =2, ...,d, motivated by constraints (2.36), we mtroduce
quantities ni = (nf, ol nd) w1th
o 24+ o
nt = ELod  Fi — ESo® T F (6.29)

In addition, for d = 3, we introduce quantities ¢ .= (;1 , Czi, ;f) with
¢ = FEol S — o F (6:30)

We have the following estimates for n* and ¢*.
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Lemma 6.3. If the assumptions in Theorem 3.1 are satisfied, then

™=, e 51 SN W@, + Corall(F. Wl (e, (6.31)
1™, 25 2@y S NG Wl g,)- (6.32)

Proof. Thanks to (6.21), we deduce the equations for n* and ¢ as follows:

(3 + wFd)nt =D + & f +&DW + & W, (6.33)
(3 + 059 =&iDf + &1 f +&DW + & W, (6.34)

where we have used that
o4 oy B, Bt Sk pk BT BT gk phadT 2T o
FiFide 9 — FiiFoiop 9y —inij[ae L0 ] =&D.

Noting that = = &;DV and ¢* = ¢, DV, we perform the same analysis as ¢ in
Lemma 6.2 to deduce (6.31)—(6.32). This completes the proof. O

According to (2.40), we compute

M=~

1 o o
+ 0 gt pkoa ok
;= ——(FiydiFy — F3y 0 Fp) +

9 b (ﬁejltang - ﬁeizafFijlt)’ (6.35)

=
| d
+ . s
& = alj)i(FlNalFiS — P01 Fy) + ) (FjacFs — FRdeFy),  (6.36)
=2

which, combined with (5.4) and (5.14), imply

NF5 =&n + 8101 Wae + &1 Wi + & Dan W + & W, (6.37)
NES = &0 + 8101 Woe + E101 W) + & Dian W + E W. (6.38)

In view of (6.37)—(6.38), we utilize (6.14)—(6.15), (6.27)—(6.28), (6.31)—(6.32), the
Moser-type calculus inequalities (4.10)—(4.11), and (6.6) to obtain

1901 Wjarit1 D172y S MW Ollgn 1 + 1CF W1 g, (6.39)

and

> 1D Wiatit1 (D172
IBl<s—1

S MW O NEns + I1CF Wl g,y + Cst2ll(F. W 2o (6.40)

fori =1,...,d,and j =2,...,d.
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6.5. Proof of Proposition 6.1

Estimate (6.2) follows by applying (6.6) and combining estimates (6.15), (6.17),
(6.28), and (6.39). Thanks to (6.3), (6.26), and (6.37)—(6.38), we can combine
estimates (6.13), (6.16), (6.19), (6.31), and (6.40) to prove by induction in £ =
1,..., s that

4
k
Yo Y DLW,

k=1|BI<s—k
SHMWONEns + ICF Wl g,y + Cst2ll(F. W Zoo (- (6.41)

Estimate (6.1) follows from (6.41) with £ = s. Then the proof of Proposition 6.1
is complete.

7. Estimate of the Tangential Derivatives

In this section, we establish the estimate for the tangential derivatives of solu-
tions of the linearized problem (5.2).

Proposition 7.1. If the assumptions in Theorem 3.1 are satisfied, then
W Ol S M@ + 1€ 13 an WO (7.1)

for any constant € > 0, where W is given in (3.14) and

Mo i W, DI, if's =1,
) L

y . ~ . (7.2)
NW, &, Dl + Cor2l W, & D, s =2

The rest of this section is concerned with the proof of Proposition 7.1.

7.1. Prelude

Applying operator ng = 9o 852 . 35" with |B] < s to system (5.5), we
obtain

AZa,Dl,

w* 4+ Aa,Df, wE = RE, (1.3)

tan

where

R*:=D]

fn (T %) = Dl (AT W) — [Df,. AF19, W™ — [Df,. AT10, W,

tan? tan?

p W= to obtain

tan

Take the scalar product of (7.3) with D

ngv‘iéthanWi’DﬂnWi =R +/ 0, (7.4)
+ wy
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where

R -—Z / DL WE - (285 4 (3,.AF + 0;4%)Df, w*),

0: ZA* D’ w*.Df w* =2’ w,Df W,.,1+0,. (7.5)
01
with
0 { — 23T Ef, [DE, WiDE, ws) ifd =2, 76
9= .
25t E DL, WiDE, We + DB, waDl wy]  ifd = 3.

Here and hereafter, for simplicity, we omit the differential symbol of the variables
of integration when no confusion arises.

A standard computation with an application of the Moser-type calculus inequal-
ities (4.10)—(4.11) and the Sobolev embedding H 3(2)) = L®(2) yields

Ri S Ms(0). (7.7)
We introduce the instant tangential energy tan(t) as
Elan (D) 1= f Ao(T*, %D, W - Df, W,

tan tan

where Ay is given in (5.6). Thanks to (5.7), we have

1 WE|2 1 + 2
m(r)—Z{ ) DG Wi 72 ) + ==z D (Wi = W) 132 o)
P o=(FD

+
d>+d+1
+ Y ARG W2, + ||D€,,,Si||Lz(m}, (7.8)
J=2, j#d+2

where 5 = (det F)~! and &4 1= p, (5%, $)1/2.
Since .Aat — Ag(U#*, &%) are smooth functions of {(D*V, D*¥) : |a| < 1}
and vanish at the origin, we plug (7.7) into (7.4) to infer

Eba () SCM (1) + ClIEy Il L@n IW @I +/ Q. (7.9)

Wy

where M (¢) and Q are defined by (7.2) and (7.5), respectively.
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7.2. Cancellation

We are going to show a cancellation for the last term in (7.9). By virtue of the
boundary conditions (5.15b)—(5.15c), we find

Q1 =2D0, [Wa12ID{, Wy + 2D, [W2IDf, W,
= Qla + [Dtam CO]WDtan W2 + Dtan(clw)Dtan on 952 (710)
with

o o +
Q14 = 2[F1119F,0(F)Df, F;D],

tan® jj ~tan

+
W,
Similarly, it follows from (3.13), (5.15b), and (5.15d) that
0> = — 2Q(F ) Z ( tan Wd+]+]]Dtan W]-i:i-l tan[WJ+]]D£de+]+l>

=0y + co[Dtan, & IDun¥y D2 W +&DP @ y)D? W ond, (7.11)

with

QU

o4 o
Q24 :=20(F )[F11]ZDgn3ﬂ”DgnWJ++l
j=2

We decompose O, further as

d
Q20 =02+ Y 0;(20(F Y IDG, WD, Wi, ) + &DE, WDl w, (7.12)
j=2
with
) d
) o o /3 /3
Qop := —20(F )[Fn]ZDtan‘PDtana W/++1
j=2

In order to deduce the cancellation between terms Q1, and Q»p, we need the
following lemma.

Lemma7.1.Ifi =1,...,d,and j =2,...,d, then

d
0F; =Y Fiovf +eof +&W on 32, (7.13)

d
N oW, = —o(F ) g, 0(F o F + &0 f +& W on 382, (7.14)
j=2

where 0 is defined by (4.19).
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Proof. Considering the restriction of equations (6.21) on boundary 952, we utilize
(4.18) and (3.5¢) to deduce identities (7.13). In the two-dimensional case (d = 2),
relation (7.14) follows directly from (7.13). If d = 3, then we obtain from (7.13)
that

821)5t 831);: FQ;S I%zjé 3()F2:S 80F2:§ SV
+ + o o4 | = + 4 +C0f+§1W on ds2.
d2v3” 9303 F3; F33 doF3; doF33
Then we can deduce (7.14) by virtue of W3+ = v; s WI = v;' , and

o +
I 0(F oo Fy
-
o(F")?
This completes the proof. O
Thanks to identity (7.14), we find
o 4+ o o 4+ o
02 = 20(F O F1 DL, 0D, (e(F ) ", 0(F oo FiY)
Q2C
— 20(F ) EIDE yDP (0 f + & W 992 7.15
o(F HIF1ID YDy (Sof +E W) ondf2. (7.15)
Term Q. can be decomposed further as

o o + o o
Q2 = 20F11105,,0(F YD}y 0D} Fit + Dl ¥ (D, &01Dan W

_ pba gt _ pta gt _ pta gt o fta gt
= F,500F55 — Fy300F3, — F5,00F,5 + F3h00F5,.

tan

d
o o ° o+,
— & D/, ¥ [Dfy. &0 W + 3 0 {Z[FU]BE.].Q(F )i+ Df, D F.+.}

tan” ij
j=2

o o+ .
+ 0 {2019k, 0(F )DL, wD, Fi | + D, D, W

o o + o °
~2[F111, 0(F DY, FrDf, d0w +&0Dly WIDL,. €olDanyy.  (7.16)

Q24
In view of condition (5.15a), we derive the following desired cancellation:
o o + .
Ota + Q2 = 2F1110r,0(F DL, DG, @19)  ond2.  (T.17)
Combine (7.10)—(7.12) and (7.15)—(7.17) to obtain
o o+
/ 0 =R2+2/ [F119r, 0(F D, wDh, Fl (7.18)
o 482
R3
where

Ry = [ Df . &IwD? w + / &D? (& 1y)DE w
[on (2
. B . B o B B
+ [ Co[Dgns ColDun¥DynW + | CoDian ¥ [Dian» €01Dtan W
[on wy

+/ &lDﬁme{me+/ DL WDE (&0 f + & W). (7.19)
[on wy
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7.3. Estimate of Term R,

In this subsection, we deduce the estimate of term R, defined by (7.19).
By virtue of assumption (3.3) and the Sobolev embedding, there exists some
positive constant K depending on [ F11] such that, if K < K1, then

[Fi1] >

Fi
[ 2“] ~0 ondf.

It follows from the boundary condition (5.15d) that

Y = — ol [(Wayjt11+¢&¢  onds2, forj=2,....d. (7.20)
[Fi1]
If we utilize (7.20) to control terms R, and R3, then the energy estimates break
down when [F};] tends to zero. Hence, identity (7.20) cannot be used in the subse-
quent analysis for the proof of Theorem 3.1. Then we need to exploit new identities
and estimates for D,1/. For this purpose, we apply the interpolation argument to
deduce the following lemma, which is motivated by [29, Proposition 5.2].

Lemma 7.2. If the assumptions in Theorem 3.1 are satisfied, then
d
Rj:=F-N=Y Ftoy definedonor, forj=2,....d, (121)
i=2

satisfies
”DglnRJ (t) ”%.Isf\y\—l/Z(a_Q) ,-S MS ([), (722)
forallt € [0,T]and y € N with lyl < s — 1, where M;(t) is defined by (7.2).

Proof. Thanks to (3.5¢) and (7.13), we have

d d
0F) N =) Fio@ N+ Y o Floag+ef+&w
k=2 k,i=2
d
=Zﬁjai(v+-1v)+&1f+é1w.
i=2
Since, fork =2,...,d,
ddkd = BT - N) + 0788k = HdT - N onds2, (7.23)

we have

d
do(F;F - Ny=Y" ﬁijai(w CNYH W,
(=2
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It follows from (3.7) and (5.15a) that

d d d d
=Y o(F o) = = Y B o0y — Yo aw) = Y Font o
i=2 i=2 (=2

i0=2

d
=Y EF(@0T - M) +&av) + &y
i=2

Thanks to (7.23), we have
R} +E R =& f+EW +&Y  ond.
Using the standard arguments of the energy method yields that
DGR Dl am@2) S NELf + W + &%l gnsivi(,y  form e N.

Applying the interpolation property (see [27, Lemma 22.3]), the trace theorem, and
the Moser-type calculus inequality, we have

DG R Ol gs-ivi-12092) S N€1F +EW + &9 [l gs-124)
SHerf + W+ & sy S VM),

where we utilize & lly1.00(,) < K and [(W, ¥, Pz S 1W, % Hllgsan
by the Sobolev embedding theorem. This completes the proof. 0O

By virtue of (7.21), from (2.27) and (3.10), we obtain the following assertions:
— If d =2, then

2 — o -+ o o
hy = (B NFL — 09 F); — Ry) = o(F ) FL + & W + &Ry, (7.24)

— Ifd = 3, then

ol el Lo
() =erns (P 2y (E ),
KBy —F F5 J\F-N—R;

which implies

v = o(F NP3 Fjb + & W + & Ra + &Ry, (7.25)

359 = o(F P Fjl + & W + &Ra + &R, (7.26)
Identities (7.24)—(7.26) and estimate (7.22) enable us to control term R,. More
precisely, from (7.24)—(7.26) and (5.15a), we have

d
Dant¥ = &1 W + ZéoRj on 342, (7.27)
j=2
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where coefficients ¢; and &y are independent of [Fi1]. Assume without loss of
generality that 0 < B’ < B, || = 1, and |B| < s. For the last term in Ry, we
employ (7.27) to obtain

/ &oDfy Dl (60f + &1 W)
wy

d
< Jeopla” @w + 3 ar)| Dl +aw)|
j=2

H=12(wy)
]=
d
< “é]W—l— éoﬁ'H H(o:() ~—I—(":1WH , (7.28)
JZZ; Miscanl ! HY ()
where R ;j 18 the extension of R; from wr to 27 satisfying
IR lam 2y S IR lgm-1/2(e,y  form =1,...,s. (7.29)

Applying the Moser-type calculus inequality to (7.28) and using estimates (7.22)
and (7.29), we obtain

/ éODgntzn(éof"i_élW) S M ().
Wy

As the other terms in (7.19) can be handled similarly, we omit the details and
conclude

Ra S M, (1). (7.30)

7.4. Estimate of Term R3 with the Time Derivative

This subsection is devoted to deriving the estimate of term 7R3 given in (7.18)

for B = (Bo, B2, . ... Ba) satistying fo > L and [B| < 5.
Recalling the definition of background state (U = @%) in (2.27) and using
identity (7.13), we have

W F =Fjjojvf +E&DuW +&W +&f ondf, fori,j=2,....d, (731)
where Dy := (02, ..., dg). In light of (7.31), we compute

o o+
[F1119F,0(F Dt

tan” ij

. ot foer (& . . . 7
= [F1110r,0(F D0, (Fiy0 07 +&DeW + & W +&0f)

d
= 1Tt A o B—el (s
= — Y [Fulo(F D4, ' 90} + &Di, ! (20D W)
j=2

+ D (D W + W +&f)  ondg. (7.32)

tan
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Noting from (5.15a) that
qy =Wy +&Du¥ +&y¥  onds2, (7.33)

we have
5
o o +
Ry =2 f [Fn)dr,0(F )DL, FDG, ¥ = R, (7.34)
982 .
where

d
Rot == 3 2AFileFh) [0l wi Dl oo}
= a2
R3 = —Z 2[Fiilo(F )/ tﬂanel (&Dyv) tanela/v]’

Rz =_Z 2Fiilo(F )f Doy (&%) Dy 007,

Rizq := / (éng;el (¢oDy W) + Cthan Dx/@oW)) nglﬂ,
a2

Rss 1= /{;Q éODém (C1W+C0f) tanw

Let us first estimate R 3, as

|R;2|<‘ / Dl Dn ¥ D Dy W + / [Dgg“,go]px,l/ng;ele/w‘.
082

’R'(312 Rgz
In view of (7.27), we employ the classical product estimate

luvll gi/2ga-1y < Nl 32 a-ny vl gz -1y

to obtain

d
a | < |a B—eq (g o ) B—eq ,
|R32|NHQOD‘2‘“ (C1W+_2200R])‘)H1/2(39) H tan =X HH*1/2(8.Q)
=

d
S &l i, D (G W + ZéORf)HHI/z(am HDQ;“‘WHHWM).
j=2

(7.35)

Utilize the trace theorem, (6.6), and the Moser-type calculus inequality (4.11) to
obtain

2 2 2
" @ s [l ], o + |l v
HD““‘ IW)HH1/2(8.Q) S 6P W H1(9)+ Dtan - LIV H2($2))

S MWD + My (0). (7.36)
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It follows from (7.22), the trace theorem, (6.6), and (7.29) that

2
B 81 p B—ei /3 er q .
HD‘an CoR; HH1/2(8Q) S H €oDtan HHI/Z(BQ) H an - COIR; HH1/2(39)
< M,(1) + H[Dg;” &R, H < M,(1). (1.37)
H2(52))
Plugging (7.36)—(7.37) into (7.35) yields
RIS & 320 W @I + M (). (7.38)
For Rg’2, we find
Rby= = [ Dol cIpeynf w
a0
- _ / {D [Dm;e',éo]Dx/q/Dgne‘W} (7.39)
wy
Hence, it follows from (7.22), (7.27), and (7.29) that
B—e1 o B—eq
B—er o B—ei
+HDX’[Dtan ’QO]D"/I//HHU%,) Ftan HHfl/Z(wt)
d
S IWllas e |DIDG ! &l (& W + ZzéoR,-) e
]:
S M (1). (7.40)

We decompose R34 as

/ &DF yDf-p.w
082

tan tan

+/ Dfanw( [Dfanel’ C ]D W+C()[Dtan Dx/véO]W) .
a2

The first term in this decomposition can be estimated in the same way as RS,,
and the second term in this decomposition along with terms R33 and R35 can be
controlled as Ré’z. In conclusion, we arrive at

5
YIRS (&l s gy W OIIE + M (). (7.41)
i=2

Let us deduce the estimate of term R31. In view of (4.7), we infer

d
— _+ —
Ra1] <2[F111e(F ) IDG Walll oy D IDGn ' v 11 o)
j=2

— _+ — .
[Filo(F DS Wy, W3, o) ifd =2,

V2IFle(F)IDG " (W, Wi, WhlZ, o,  ifd =3.

tan

(7.42)
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We now make the estimate for the term on the right-hand side of (7.42). Since
|B] < s, we apply inequality (6.6) to obtain

d+1
2
> I W 2y S IW s - (7.43)

According to definition (7.8) for the instant tangential energy St’?m(t), we have

d d+1 ,3 e1+e; .
(1) ifd =2,
Z Z ||8gD£me] W+”L2(9) [;m ej+e B—ei+es :
=2 j=2 glan (1) + gtan (r) ifd=3.
(7.44)

As for the normal derivatives in (7.42), we utilize (6.3) to derive

0 d
WWE | = F BAT:, @59 WE Y BA;UE, 05)9;W* + & Dun W
0 j=2
o+ o o+ oT ~
- B A = WE — BT ATWE 4+ BT U] (7.45)

where B (U, @) is defined by (6.4). By virtue of identities (5.8)—(5.9), we can
compute the following assertions:

— For d = 2, the second and third components of
BAy(UY, @)W + BA, (U, @)W

are — = F+)2 Bt(W4 W1+ ) and — 8, W5+ , respectively.

— For d = 3 the second, third, and fourth components of
BAyU™, @NWT + BA(UT, @N)HW™ + BA3(UT, @H)ds W™

+ + 1 + 1 + :
are _+(F+)2 0 (Ws" — W), _F_ﬁa’ W', and —f—ﬁﬂt W.", respectively.

Using (7.8), (7.45), and the assertions above, we conclude

d+1
> ”angﬂelW]L”iZ(m DL (= BAwo W + BAuW + BJTf )||L2(m
B—ei o 2 ()
+ Dy ' € Dan Wl 2, ) + :2—3)2 (7.46)

Employ (6.6) and the Moser-type calculus inequality (4.10) to derive

IDG & Dan W) (D122 ) S & L@ IW O + Ms().  (7.47)
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Plug (6.8)—(6.9), (6.11)—(6.13), and (7.47) into (7.46), insert the resulting estimate
and (7.43)—(7.44) into (7.42), and use (7.9), (7.18), (7.30), (7.34), and (7.41) to
obtain

Eba() SCM (1) + ClIE, | g W @11

Fi _
[Flj]gtﬁn(t) L egbate ifd =2,

tan
11

F _ _
V2 [F—lj]djﬂ(r) + el ate gy L ogl B wy  ifd =3.
11

Since fﬁ > 17171 > 0, we always see that [Fi1] / 171+1 < 1. Moreover, it follows
from (3.23) that [1711]/}7f{ < % for dimension d = 3. Thus, we can obtain

Efn @) SMO) + 18 L3 ) W O

gherter ifd =2,

B - 7.48
ghoete gy pgbatayy g =3, (7.48)

for all B = (Bo, Ba. ..., Ba) € N¢ with || < s and By > 1. Inequality (7.48)
reduces the estimate of each instant tangential energy to that with one less time
derivative. Therefore, we are led to estimate R3 for the case containing at least one
space derivative.

7.5. Estimate of Term R3 with the x>-Derivative

In this subsection, we make the estimate of R3 defined in (7.18) for the case
when B2 > 1 and |B] < s.
Computing from (3.9) that

or,0(F DL, Ft

tan” ij
. .
— o(F")’DL F}, ifd =2, 0
- e _ _ .
—o(F")? (F33D§mF;5 4 FzzDgnF;g) ifd =3,
and using (7.24)—(7.25), we deduce
= =+ ;
Ry =2 / [Fu19r,0(F DG, FDh, v + / &D Fii Dy, (7.50)
952 982
ﬁ31+7i32 ﬁ33
where
. _ .
—2[Fiilo(F )3 / Dl FEDL L FS ifd =2,
~ 082
Rap = F?B
J— _+ — .
—2[Fi1]o(F )2/ DgnezF]g(DgnF;g + F_D;’;HF;Z) ifd =3,
982 22

d
Rio - / (Qlng;ez (él W+ Z (QJ()RZ)ngFi-}_.
a2
=2
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Similar to the derivation of estimates (7.35)—(7.38), we can obtain
Rl + R3] S &1 | s, IIWIE + M ). (7.51)
Utilizing inequality (4.7) leads to

~ = =+
1Ra1] <2[Fi11e(F ) IDE 2 Fisll i ) IDon  Fb i1 )
= =+\3
<[File(FHY DL (FE, F) g ifd = 2. (7.52)

tan

Moreover, for d = 3, we have

1R31] <2(Fiile(F )DL, ”2F+||Hn(m

tan

X (”ngezF3”H'(Q) + = ||D5mezF2||H1(9)>
<[Fiilo(F )2(1+F%3) ||D{’;n”<F12, o FiI2 gy (153)
22

To estimate the terms on the right-hand side of (7.52)—(7.53), we compute from
(6.35)—(6.36) that

E=LFL0FE — FodhFi+ 8 DW +&W, (7.54)
¢F=+F 0 FE — F3os FE 4+ & DuW + & W. (7.55)
By virtue of identities (7.54)—(7.55), estimates (6.31)—(6.32), and
1

+ + .
TFH(WI - Wi+ W, (7.56)

+
Fll_

we obtain the following two assertions:

— Ifd = 2, then
||Dg;e2Dx(F1;’ 2)||L2(.Q)
+ 2 F222 +
||Dtdn(F127 22)||L2(9) +W” tdn(Wl W, )||L2(.Q)
2
+ e’ DL I + ClI& i@ W + C M (@),
(]71.:,{)2 tan L2(2) 1L (827)

which, combined with (7.52), leads to
IRa1] < Coftan(t) + ClIE N o2 IWIIZ + C M, (1), (7.57)

where

(Fﬁ)z)[m
2 T+
F22 Fl]

60 := max(1,

(7.58)
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— If d = 3, then

||D1ﬂanezD (F5, F3, Ft)”il(s))

n B—erte + 2
< IDGu(Fh, Fib, F 3)||L2(9) + Dt * T (FS Fhe Fi)72q)
2, 23

+ + p—er+e3
+ W”Dtan(w W )”LZ(Q) (F+)2 ”Dtan F l”LZ(_Q)
172 B -+ 2
+ = (F )2 I Dtan £ ||Lz(9) + CliélLe@p Wl + C M (1),
which, along with (7.53), yields
R31| < CLELL (1) + 2L T (1)
+ ClI¢, ||L°°(.QT)|||W|||S + CM; (@), (7.59)
where
_ FZ\ 172 F% F[[F
C, = (1 +%) max(l, —22 M, (7.60)
F3, (F\)= FxnFs3
_ FZ\1/2 F% F'[F
Cy = (1 + %) max (1, —3- LIVEIT (7.61)
F22 (Fll) FynF33

Plugging estimates (7.51), (7.57), and (7.59) into (7.50), and using (7.9), (7.18),
and (7.30), we deduce

el ) <c, ||Hs<gr)|||wa)|||2 + CM; (1)

b (0) ifd =2,
41 Z0%n 7.62
I Eh ) + CLEL () ifd =3. 7:62)

tan

For d = 3, it follows from (3.23) that C; < 1, so that estimate (7.62) implies
that

C
L) < CIE N3 W 12 + CM; O+ —= L0y (7.63)
1

forall B € N3 with || < sand B > 1
Proof of Proposition 7.1 for d = 2. In the two-dimensional case, if (3.23) holds,
then Cy < 1. From (7.62), we have

tan(t) S ||01||113(9T)||IW(t)|||2 + M (), (7.64)
for all B € N? with || < s and 8 > 1. Combining (7.64) and (7.48), we can

conclude (7.64) for all B € N2 with |8| < s. The proof for case d = 2 is complete.
O
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7.6. Estimate of Term R3 with the x3-Derivative
For the three-dimensional case (d = 3), in order to prove (7.1), it suffices to

obtain the estimate of R3 defined in (7.18) for 83 > 1 and |B| < s. For this purpose,
we utilize (7.26) and (7.49) to deduce

= =+ 5
Rs =2 fa [Fi1as, 0(F )DL, Fif Dl + /a &P Py, (169)

ﬁ31 +7€32 ﬁ33

where

= = 1t - Fx
Rt = —2[Fle(F )’ fm D, @ F (F—%ngFgg +D§mF;5),

tan
d
Ry = / 8D (& W + Y CoRe )DL, FiE
ae (=2
Similar to the derivation of estimates (7.35)—(7.38), we can deduce
Rzl + 1R33l S & | s, W O + M ). (7.66)
In view of inequality (4.7), we have
Rl <2AF, F2pb—es o+
IR31l <2[F1ile(F )7 IIDgn ~ Fisllai ()
Fon 4 -
x (F DG Pl + 106" Pl

_ _ F2\1/2 B
+
<(FuloF (14 22 ) TIDG (. Fy Filp oy (167)
33

Use identities (7.54)—(7.56) and estimates (6.31)—(6.32) to derive

DG "D (Fs. Fih. F3H)12200)

—e3+
<DL (Fs, Fab Fila o) + IDG TS, Fh, FDI22)
2 2
+ L”Dﬂ (W+ _ W+)”2 + &||Dﬁ_e3+e2 F+||2
(:5+)2(F]-i{)4 tan\ "7 | 5 /1L22) (1714{)2 tan 211 L2(2)
—

F
+ ﬁanmF; 1722y + Cll& lleqp IWIIF + CM, (),
11

which, along with (7.9), (7.18), (7.30), (7.65), and (7.67)~(7.68), yields

gt/egm(t) < 63 ggn(t) + 64 551[1_83+e2 )
+ ClIE Il o@n IWIIF + CM; (1), (7.68)
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where
_ 1/2 F2, Fl'[F
Q:O+=ﬁ mML_ffégi (7.69)
F33 (F\])= Fak3s
_ F2\1/2 F2, Fj[F
Q:Q+%ﬁ mm,évéiﬂ. (7.70)
F33 (FiD* Fank3s
Noting from (3.23) that C; < 1, we have
b <l I3 IWOIIF + C M (1) + sgim e, (171
for all B € N3 with 83 > 1 and |B] <
Proof of Proposition 7.1 for d = 3. Combine (7.63) and (7.71) to infer
C>Cy
tan(l‘) <Clg ||H?(_QT)|||W(I)||| + C M (1) + RS tan( )
which yields
gl S I3 2 W DI + M (2) (7.72)

for all B € N3 with 83 > 1 and | 8| < s, provided
C2Cs < (1= C)(1 — C3).

This last condition is equivalent to (3.23) because of C1C3 = C2Cy. Combining
(7.48), (7.63), and (7.72), we deduce (7.72) for all B € N? with |B| < s. Therefore,
we complete the proof ford = 3. O

8. Proof of Theorem 3.1

This subsection is dedicated to the proof of the main theorem of this paper,
Theorem 3.1.
Combine estimates (6.1)—(6.2) and (7.1) to obtain

WO S 1E 320 IW OIF + M @),

where M (¢) is defined by (7.2). Thanks to (3.3), we apply the Moser-type calculus
inequality (4.9) and take K > 0 sufficiently small to obtain

W2 < Ms(@). (8.1)

It follows from definitions (3.14)—(4.14) that

oI = > / |87 x (Ex1) Py / A ACERIR

k+181<s R
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which, along with (2.31), leads to

I @2 ~ > IDG Y 12240, (8.2)

IBISs
Integrate (8.2) over (—oo, T') to obtain
1 s 2r) ~ IV 1S (@r)- (8.3)
Similarly, we see from (3.1) that
19 s c2r) ~ 19115 ) - (8:4)
In view of (6.6), (7.22), (7.27) and (8.1), we have that

2
S It Oy S Wy + 3 [Pha(&w +ZCO )
=

L2(382)
IBI<s |Bl=s—1
SMW@ONZ 4+ My (1) < My(0), (8.5)

which, along with (8.2), yields
W, @)@ / W, ¥) (@)l dr + ||f||H1(_Q),

W, w)OIIF < /O W, )OI dT + 11 F 130,

+ ”(‘0/7 (j})”ip-ﬂ(gr)”(wv l]’, f)”%.ﬂ(gt) for s 2 3.

Applying Gronwall’s inequality to the estimates above implies that

W, eYONF S U0, (8.6)
W, YDIT S sy + IV ) ps2 0 IOV, W PG, fors = 3.
(8.7)

Since W and v vanish in the past, we integrate (8.6)—(8.7) over [0, T'] to deduce

W0 00 S 1200, (8.8)
W) B gy S 11y + 17 ) i IOV, W D)2 g fors 3.
(8.9)

Utilizing (8.9) with s = 3 and (3.3), we take K > O sufficiently small to derive

(W, )17 (8.10)

712
Insert (8.10) into (8.9) to find

W, )35 2y < C(Ko, T){ 1 W s 2y + IV, sﬂ)ni,m(m)||f||i,3(m)}.
(8.11)
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Recalling V* = Jow* (cf. (5.4)), we employ the Moser-type calculus inequal-
ity (4.10), (6.6), and the Sobolev embedding theorem to obtain

WV ien S D (NP W, + IID% JIWIR g, )

| <s
SIWlEs@p + 10V O er o Wy (812)
Combining (8.3) with (8.10)—(8.12) yields
2 2
IV s py + 19 W o
< C(Ko, T>{||f||%,.c(gr) + (v, u"f>||i,.v+2(gr)||f||%,3(gr)}. (8.13)
Thanks to (7.22), (7.27), and (8.13), we can obtain
IV s p) + 19 1350120
< CKo. DI Brian + 1V 9 oo 1 T s oy} 8:14)
It follows from (5.3) that
17 W 2ry S 1 Wy + NEDVallgm gy + 181 Vel Fm gy

By virtue of (5.1), we employ the Moser-type calculus inequality (4.10) and the
Sobolev embedding theorem to obtain

112 2 2 T 112 2
”f”Hm(_QT) S ”f”[-]m(_QT) + ”g”Herl/Z(wT) + ”(V, lII)HHerl(_QT)||g||1.17/2(wT)~

Insert the estimate with m = s and m = 3 above into (8.14) and use (8.4) to deduce
the tame estimate (3.25). Moreover, we can easily derive (3.24) from (8.8). This
completes the proof of Theorem 3.1.
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Appendix A: Proof of Proposition 2.1

Assume that [ST = O on I"(¢). Taking the scalar product of the last identity in (2.23)
with N and utilizing (2.20e) yields that

INP (p(p™, 5T = p(o™, S1)

d
= INPLpl = p* Fjy[Fen] = [pFon Fen] = ) (0" F) 107"
j=1



Thermoelastic Contact Discontinuities 1319

Then we infer from (2.11) and (2.22) that
[pl=1[p] =0,
which, combined with (2.23), gives
F[F=0. (A.1)

Plug (2.20e) into (2.20f) to obtain

F,:;V[Fij]—F;“N[Fik]:O fori, j,k=1,...,d. (A.2)
For d = 2, from (A.1)-(A.2), we have

(Fiy) LFl + (F{)* [ Fl = Fyy (Fiy[Fil + FSy[Fi2]) =0,

which, along with (2.22), yields [ Fj»] = O fori = 1, 2. Then we utilize (A.2) again
to obtain [F] = 0 on I'(¢).
For d = 3, relations (A.2) are equivalent to

(Fiys By, )T x ([Fal, [Fal, [FsD)T =0 fori =1,2,3,
which implies

[Fijl = wi Fjy

(A.3)
for some scalar functions w; and for all i, j = 1,2, 3. We plug (A.3) into (A.1)
and utilize (2.22) to deduce that w; = 0 foralli = 1, ..., d. Then it follows from
(A3)that [F]=0on I'(t).

In view of the second condition in (2.23), we find that [U] = O on I"(¢), i.e., the solu-
tion U is continuous across front I"(¢). Therefore, there is no thermoelastic contact
discontinuity for the case [S] = 0. This completes the proof of Proposition 2.1.

Appendix B: Proof of Proposition 2.2

We omit indices =+ in several places below to avoid overloaded expressions.
1: Proof of (2.35). In the original variables, we see from (2.15c¢) that

ddet F

(0r + vgog)det F = (07 + vgde) Fij = det F(F_l)jingalv,'

ij
= det Fﬁg,ia/gvi = det Fo;v;,

which, combined with the first equation in (2.5), yields
(0; + vedg)(pdet F) = 0.
After transformation (2.29), we find

(0 + wede)(p det F) =0,
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where
1 d
wp = _81@ (v1 — 8t¢ — /E_zl)jajd)), w; 1= V; fori = 2, ,d.

Since wily;=0 = O resulting from (2.32b), we can obtain identity (2.35) by the
standard energy method.

2: Proof of (2.36). A straightforward calculation shows that solutions of (2.18)
satisfy (see, e.g., the proof of QIAN—ZHANG [24, Proposition 1])

(07 + ve0¢) (Fex0¢ Fij — FyjOeFig) = 0mvi (Fexd¢ Fnj — FojOg Fiuk)-
After transformation (2.29), we have
(0 + wede) M i j = O vi My,

with My ; j = Fy Bf Fij— Fyj 8f F;i. Here we recall the differentials with respect
to (2.29) from definition (2.40). Similar to the proof of Hu--WANG [19, Lemma A.2],
we can use integration by parts and wi |y, =0 = 0 to obtain (2.36).

3: Proof of (2.37) and (2.39). In the original variables, system (2.15) gives

(0r + vede)(pFij) + pFijogve — pFejdev; = 0. (B.1)
After transformation (2.29), equation (B.1) becomes
(0 + wede) (0 Fij) + pFijdf ve — pFejof vi = 0. (B.2)
By virtue of (2.32b), we have
(0 + wgde)dip = djv - N onds2, fori =2,...,d.

Then it follows from the restriction of (B.2) on 052 that

d
@+ wede) (pFjn) + pFin Y deve =0 on d82. (B.3)
=2
Since w1y =0 = 0 and [v] = 0, we can derive (2.37) and (2.39) by employing the
method of characteristics.
4: Proof of (2.38). It follows from (B.3) that

(0 + wede) (0 Fin Fij — pFjnFix) — pFin (8 + wede) Fij

d
+ O FiN @+ wed)) Fix + Y deve(pFin Fij — pFjnFir) =0 on 082,
=2
Since
311)' d
(0 + wede) Fij = ngafv,- = TéFjN + ZFljafvi»

=2
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we have

d d
@+ w00 i1+ D v Ljexl + Y v [hij1=0 ondg2,
=2 (=2

for Iy; j := pFynFij — pFjnFik. Since (2.38) holds at the initial time, i.e.,
[Iri,j] = 0att = Ofori,jk =1,...,d, we employ the standard argument
of the energy method to derive that (2.38) is satisfied for all ¢ € [0, T'].

5: Proof of (2.41). It suffices to prove (2.12) in the original variables. We note that
(2.6)—(2.7) hold in virtue of (2.35)—(2.36) so that

3 (pF) = d((det )~ Fyp)
odet F

ij
= (det F)~! <8ZF£k - (F_l)jiFZkalFij)

= (det F)~'9y Fyx — (det F) 2 Fy

¢ Fij

= (det F)™! (3€F€k - (F‘l)jiFejafFik)
= (det F)~" (3¢ Fax — 8¢.i0¢ Fix) = 0.

This completes the proof of Proposition 2.2.
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