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Recall that if X is a Noetherian scheme and if £ is a locally free coherent sheaf on X of rank r, then
Px(€) := Projx(S), where S = Sym(€) is the symmetric algebra of £. Via the relative Proj constriction
there is a natural morphism 7 : Px(€) — X, which is a P"~1-bundle over X.

Exercise 1: Let o be a cone in Nr. Show that if o spans Ng then z, is the unique fixed point of the ac-
tion of the torus T on U,. Conversely, show that if o does not span Ng then there are no fixed points.

Exercise 2: Let a be a positive integer and let F, be the corresponding Hirzebruch surface. Let
f : Fy — P! be the morphism induced by the lattice morphism (z,y) + z. Show that F, is isomorphic
to the the projective space bundle Pp1(Opi(a) ® Op1), and that under this isomorphism the map f
corresponds to the natural projection 7 : Pp1(O(a)p1 @ Op1) — PL. Show that the map of lattices
x — (x,nz), where n is an integer, defines a section of f. Construct a polytope P such that Xp = F,,.

Exercise 3: Let X1, X5 be toric varieties with tori T; C X;. A morphism f : X; — X5 is said to be
a toric morphism if f|p, : Ty — T is a group homomorphism.

1. Show that any toric morphism is equivariant with respect to the action of the tori.

2. Suppose X; = Xy, with ¥; a fan in (IV;)g. Suppose further f is induced by a morphism of
lattices ¢ : N3 — Na compatible with the fans ;. Show that f is a toric morphism, with

flnm=¢0®1: N1 ®zC" = Ny®zC".

3. Conversely, show that all toric morphisms f : X7 — X5 arise via morphisms of lattices ¢ : N1 —
No.



