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Chapter 1 Complex Manifolds

Definition: An n—dimensional complex manifold
M is a topological space together with a holomorphic
(ie analytic) atlas.

That is: a collection of charts (U}, z;), where the z;
are 1-1 maps of the corresponding U; to C" such
that for every non-empty intersection U; N Uy, the

1

maps z;jz;  are holomorphic.

We say that M has a complex structure.

Clearly, from the definition, every n—dim complex
manifold is a 2n—dim real manifold.

A crucial difference between the definition of a com-
plex manifold and the definition of a real manifold is
that the transition functions f;z which relate the co-
ordinates in overlapping coordinate patches U; and
Uy

Zf; =f ]M k(zk) ;

0

are now required to be holomorphic rather than

.

Obviously, C" is complex.



An Important Example
The n-dimensional complex projective space, P, is
the space of complex lines through the origin.

Consider cH {0}
and identify

(zl, z2, . ,an) ~ A(zl, 22, L an)
for any A € C*.

We can take sets U; = {20 #£0},5=1,...,n+1,
as coordinate neighborhoods and choose coordinates

~J
on each U i

On the overlap U; N U}, we have
2™ 2 ) 2k &

2J 21/ ok gi

£ =

5‘,1 is not vanishing on the overlap and so 5;" is a
holomorphic function of &;.

So, P" is an n-dimensional complex manifold.

Pn 1S Compact. Proof later in this lecture

One can think of P" is a compactified form of C" to
which a hyperplane has been added at infinity:.



Exercise: P! is the Riemann sphere S2.
Hint:
We want to show that one can cover P! by two co-

ordinate patches U and Us. On each we have coor-
dinates z1 and 2.

On Uy NUs: z1 = Z2_1.

To see this: Project stereographically from the North
and South poles and obtain two coordinate patches
U; = S°\ North Pole, and Us = S?\ South Pole,
with coordinates (x1,y;) and (x9,y9) respectively.
Now let z1 = x1 + 1y; and 29 = x9 + 1y9 and prove
that z9 = 2z Lon the overlap.

Exercise: Any orientable 2-dim Riemannian man-
ifold is a complex manifold.



We will be interested in compact complex manifolds.

Compact submanifolds of R” (such as S"~1) provide
many examples of compact real manifolds.

The following theorem shows that the situation is
very different with respect to C".

Theorem: A connected compact analytic subman-
ifold of C™ is a point.

(By an analytic submanifold we mean a submanifold
defined by analytic equations Z7 = ZJ(z), where

the Z',4 = 1,...,n are coordinates on C" and the
2™ m = 1,...,k are coordinates on the submani-
fold.)

Sketch of proof:

This rests on the maximum modulus principle.
Recall: from the theory of one complex varible, if f is
a holomorphic function in some open set U, then | f]
cannot have a maximum (or a minimum) at an inte-
rior point p € U unless f is constant throughout .
This result extends to the case of several complex
variables by applying the one variable result to lines
through p (line = 1-dim complex manifold = C).
Suppose now that M is a complex compact subman-
ifold embedded in C™. The coordinates Z7 of the
embedding space are holomorphic functions on M.
Since M is compact, each | Z7| must achieve a max-
imum somewhere on M hence each Z7 must be a
constant. So, M is a point. ]



There are however compact complex manifolds that
are submanifolds of P".

P™ is compact and all its submanifolds are compact.

By a theorem of Chow (no proof here) any submani-
fold on IP" can be realized as the zero locus of a finite
number of homogeneous polynomial equations

Example: Fermat quintic in P* which defined by

z?+zg+z§:’+z£+zg:0

Other examples of compact complex manifolds are
quotient manifolds of C™.

Example: Complex torus
Let G be the group generated by translation by 2n

complex vectors that are linearly independent over
the reals

aj = (aj,...,a}), bj = (b},...,b7) .

Then C"/G is a complex manifold.



Another Example: Exercise
Show that S2+1 x §25+1 {5 a complex manifold.

Hint:
Consider the Hopf fibration of S27 1 (§2"+1 is a fiber
bundle over P", each fiber is a circle).

Let
g2r+l _ {(Zl, o )Zr+1> c (Cr+1| Z;‘;rll |Zz‘2 =1}.
But also we can think of (2%, ..., 2" 1) as homoge-

neous coordinates of a point in P".

Show that there is a map = : S2T1 — P’ which
projects a St to a point in P’

Perform a Hopf construction for 2+ x §2s+1.

T SZT+1 X 5«25+1 _ VP x P

Each fiber is now S! x 1 = T2
Both the base P x P?, and the fiber are complex.

Write down an atlas and check that the transition
functions are holomorphic.



Remarks:

**The construction of the Hopf fibration demonstrates
that P™ is compact.

This is because P" is the image of a compact space
under a continuous map.

% Apart from possibly S®, S?" are NOT complex
for n > 1.

Two manifolds can be different if regarded as com-
plex manifolds and yet be diffeomorphic (ie equiva-
lent as real manifolds).

Example: consider two 2-dim tori
le (m,y)~($+1,y)~(m,y+1)
Ty (&)~ (E+1,m) ~(En+2)

T and T5 are diffeomorphic as real manifolds:

(& n) = (z,2y)

defines a C°° map between them.



If we set z =2+ 1y and ( = & +in, then
3 1

<:§Z—§Z

and it is not possible to eliminate Zz.

Next: another way to characterize complex mani-

folds.

A word on notation and indices:



Definition: If a real manifold M admits a smooth
mixed tensor Jp," satisfying

Jmnjnk - _(SmlC )

then M is an almost complexr manifold and J is
called an almost complex structure on M.

Questions:

When is an almost complex structure a complex struc-
ture?

Why are the two definitions equivalent?

Lecture 2:

Continue discussion on Complex Manifolds

Two definitions:

Definition: An n-dimensional complex manifold
M is a topological space together with a holomorphic
(ie analytic) atlas. We say that M has a complez
structure.

Definition: If a real manifold M admits a smooth
mixed tensor Jp," satisfying

Jannk - —5mk )

then M is an almost complex manifold and J is
called an almost complex structure on M.



Definition: Let X and Y be any smooth vector
fields on M. We define

NJ(X,Y) = [X,Y]+J([JX,Y]+][X, JY])—[JX, JY]

which is a new vector field.

(X, Y] is the Lie bracket of vector fields:
LyY =[X,Y]=2Z.
In indices: 2" = [X,Y]" = X0, Y =Y "0, X",

By JX we mean the new vector

Ny is a tensor (in fact Nj(X,Y) is pointwise
bilinear in X and Y') which is called the Nijenhuis
tensor of J. In indices

m ,n|

J

k
mp n]q‘]P 4



Theorem: (Newlander-Nirenberg Theorem)

An almost complex structure J is a complex struc-
ture if and only if Nj = 0.

That is, Ny = 0 is a necessary and sufficient con-
dition for there to exist a holomorphic chart in the
neighborhood of each point on M. Thus M has an
atlas of holomorphic charts which makes M a com-
plex manifold.

Sketch of Proof only.

If M is complex n-dimensional, and {z#} are local
coordinates on a coordinate neighborhood U, we can
define the tensor

9, _ 0
:'d/’l/ —_'dll/ —
J ZZ@&ZM Z®8zﬂ

e (i) J is in fact a tensor: it’s definition is indepen-
dent of the choice of coordinates

e (i) J is real (obviously)
o (iii) Ji I = =0,
° (iv) NJ =0



Proof of (i): Let w be coordinates on U and z be
coordinates on Us. On Uy N Us, the w are analytic
functions of the z. By the chain rule

0 0
% R 1% __
W ® owh " @ OzH
and so
0 _ 0
— 4 1% - _ 1% -
J = idw"” ® S dw” ® S

Proof of (iii): Easy.

In a complex basis J,," = id,"” and J/f =0, or

il 0
J‘( 0 —i1>

In a real basis, with z# = z# + iy#

(2

Proof of (iv): computational



Proving the converse of the Newlander—Niremberg
Theorem is not so easy.

Given an almost complex structure J on M, we can
define two projection operators:

P:%(l—iJ) Q:%(HU)

Clearly
PP=pP Q’=Q PQ=0 P+Q=1

These operators permit a refinement of the exterior
calculus.

Given, say, a one-form
U = upmdz™ = umdp"dx" = upm(P + Q)" dx"
we can define projected components

vl = P UOY = 4,0, d2"

Let us seek a set of complex coordinates z# = 2H(x).
Then the holomorphic coordinate differentials are

Oz
Aot = 22 _qgm |
Ox™m
Inserting P + @ in the RHS as above we have
ozH ozH

dzF =




If J is in fact a complex structure, P and () are used
to project out the ‘holomorphic’ and ‘anti-holomorphic’
components of tensors. In this case we can show (easy

computation)
Il j
dzl = gximand:E” %Qnmdaﬁ” =0 (1)

So, in fact the (1,0) part of the RHS is precisely dz#.

To prove the non-trivial part of the Newlander—Niremberg
Theorem we then ask the following: if J is an almost
complex structure on M

(i) Do there exist locally coordinates z* such that
these equations (above) are true?

(ii) Given a covering of M by local neighborhoods
such that (i) is true, are the transition functions holo-
morphic?

We regard

ozH
as a differential equation for the complex coordinates

zM. A necessary and sufficient condition for this equa-
tion to be integrable is that the equation

ozt .

amen = O Y
should be integrable. By acting on this equation with
Q;{@/ Oz and after a bit of algebra we get

ijQ[len]j,l =0.

More algebra shows that both the real and imaginary

parts of the equation are equivalent to Ny = 0.



We still need to show that in the ovelap of two coor-
dinate patches & and W, the respective coordinates
are holomorphic functions of each other. Recall from
(1) that

0z

ox™m
On U N W, we have in general that 2/ = zH(w, w),
where z and w are the complex coordinates on ¢/ and

dzt =

P,"dx"  is a (1,0)- form.

W respectively. So using the chain rule

ozt ozt
dzt' = 8dewV+ 8dewV'
But the LHS is a (1,0) form on & N W. Therefore
0zt
- =0
owv ’

that is, the z# are holomorphic functions of w on the
overlap [

Decomposition of tensors

As suggested before, the significance of P and @) is
that they can be used to project out the “holomor-
phic” and “anti-holomorphic” components of ten-
SOTS.

For a one-form we had
U = upmdz™ = umdy"dx" = um(P + Q)y"dz"
and we defined projected components



If J is a (almost) complex structure, a k-form w can
be decomposed in an analogous way

W = Z W)
ptq=k

where

(p Q) _ n n T T
Winy-my, = Wm---npn---rqpml 1. ..pmp mepH 1...ka k

Exercises:

If J is an almost complex structure on M

If J is a complex structure

(dw)P=102) = () (PH24-1) — ¢

Define operators 9 and O on a manifold M with an
almost complex structure J by

OwP ) = (duw)Ptha)  GuPa) = (g Pat])

So, if M is complex the we can think of 0 and 0 as
the (1,0) and (0,1) parts of d = 9 + 0.

Show that the condition for 0 to square to zero is
that Ny = 0.



Chapter 2 Kahler Manifolds

Let M be a complex manifold with complex structure
J.

Definition: A complex manifold M is Hermitian
if it is endowed with a metric of the form

9(X,Y)=g(JX,JY)
for all vector fields X and Y.

Equivalently: g, = Jkanlgkl or
ds® = gupdz“dzy (9uv = 9w = 0)

Definition: Let M be a Hermitian manifold with
metric g and complex structure J.

The Hermaitian form on M is a two-form w defined
by
w(X,Y) =g(JX,Y)

(Equivalently: wy,, = Jmkgkn)

[t is in fact a two-form:
w(Y,X) = g(JY,X) = g(X,JY) = g(JX, J?Y)
=g(JX,=Y)=—g(JX,Y) = —w(X,Y)

Moreover, w is a (1, 1) form:



Covariant Derivaties and Curvature
Tensors

Recall: in Riemannian geometry, the Christoffel con-
nection is uniquely determined by requiring that the
metric satisfies Vg = 0 and that the connection I be
symmetric Iypp? = Ty (de Vs torsion free).

Theorem: On a Hermitian manifold, there exists
a unique connection, called the Chern connection,
with the properties

(i) Vg=0
(i) V.J = 0

(iii) The torsion I',,," is pure in its indices.

Proof:

Recall: 2P =1 —iJ and 2Q) = 1 4+ 1.J.

(ii) implies that VP = 0 and V@Q = 0 (the converse
is also true).

Consider VP = 0. Recall also that in complex coor-

(2 )
() et

dinates

SO



0= VkPmn = _kalpln + Fklanl

® m— u, N — V :nocontent

0= —PlePZV + FlePIul = —Fkuy + Pkuy

® MmM—uU, N—>UV:
0= —Fkulplp + Fklﬂplul = Fkﬂﬁ

Therefore: Fpﬂ’j =0 and me =0

Similarly: I';5" = 0 and I'y5” = 0

(Remaining components of the connection:

v U v v
FMP ) FMP ) FNP ) FMP )

Condition (iii) gives further information:

1
Fog” =0=5 " = Tax”)

Then 'Y =0 and also FMS\V =0

it

So, the Chern connection is pure.



We now prove the existence and uniqueness.

Solve Vy,gnr = 0 in terms of the derivatives is g:

0 = Omgnr — ansgsr - Fmrsgns

o (m,n,r) — (1, v,p)
0= augyﬁ_ruu)\gAﬁ_FuﬁAgu)\ — Ougvp = FWAQM
Contracting with ¢
P = g’ "Ougup
[]

This equation for I' leads to a great simplification in
the structure of the Riemann tensor.

Riemann tensor:

R = 2000 gt® + D™ Tt” = T "1t

e The only non-zero components are
Rui’s, Rui’s, Ru's, Ruls

e Also
R,uﬂpa - —aﬂr,uap

Ricci-form
1
R:imm%MMWAMW

Exercise: Show that R =00 log gl/ 2



Lecture 3
Continue with Hermitian and Kahler manifolds.

Definition: A complex manifold M with complex
structure J is Hermitian if it is endowed with a met-
ric of the form

g(X,Y)=g(JX,JY)

for all vector fields X and Y. In this case, we can de-
fine a Hermitian form on M is a two-form w defined

by
wX,Y)=g(JX,Y)

Ricci-form

1 i
R = ZRmnlikldxm A dz" =90 log g'/?

More on the Ricci-form
The Ricci-form is d-closed: dR = 0

This is true because

90 — —%d(a _9)

Note that we have not shown that R is exact. In

1/2

fact, g*/“ is not a coordinate scalar. However R is

globally well defined.
Definition: The Ricci-form defines a cohomology

1
Cl = [%R]

which is called the First Chern Class of M.

class



The First Chern Class is an analytic invariant, that
is, it is invariant under smooth changes of the com-
plex structure on M.

Under a change in the metric ¢mp —> gmn + 0Gmn:

1/2 —>91/2+591/2, 591/2:1g1/2gmn59mn

9 2

S0
YT i =\ P
OR =i00(g"" dgui) = —§d (0 —0)g"dg,0]
But gH” 0gup is a coordinate scalar so R is exact

even though R may not be.

In other words: a smooth variation of the metric
changes R but not c;.



Definition: A Hermitian manifold M with Hermi-

tian form w is Kahler if w is closed
dw =0

In this case w is called the Kdhler form. It defines
a class [w] € H*(M,R) which is called the Kdhler
class of M.

Example: all 1-dim complex manifolds are Kahler
since dw = 0 trivially (dw is a 3-form).

Consequences of dw = 0

dw = 0w + Ow =0
Therefore
Odw=0 and Ow=0
Using the fact that in complex coordinates
Wy = 19uw
we have
dw =0 — Op9uv = Ougpw
and

Oow =0 — Opguw = OuGup



These equations imply that on each coordinate neigh-
borhood U, there is a real scalar ¢, such that

Guv = OuOpp;
on U, and hence

W= i@égpj :

Another way to say this is that these equations are
the integrability conditions for the existence of a local
real ¢;(z, 2).

@ is called the Kahler potential.

Remark:

The ¢; do not it together on the overlaps U; NUj, to
give a globally defined function on M (if M is com-
pact). The metric must be however globally defined
so it must be that on the overlap U; N U, of two co-
ordinate patches, the two Kahler potentials ¢; and
@y, are related by

pj =L+ [ir(z) + fir(2)

That is,
e¥i = |ef Pefk

so e¥ is a section of a non-trival line bundle over M.



To see why the ¢; do not fit together, note that
AR i =
w=100p; = _§d ((0—09)¢j) .

This ensures that dw = 0 (of course).

If (9 — ) were globally defined, then w would also
be exact. But this is impossible. Consider

Wr'=wAw---Aw o volume form of M

S0
/ w" =nlvol(M) >0 andso [w]#0.
M

If w= dA, that is, if w is exact, then replacing w

by dA and invoking Stoke’s theorem we would show
that vol(M) = 0.

Another remark:
VJ =0 and Vg = 0 imply that Vw = 0
(Because wmn = Jim” grp)

In particular, w is divergence-free:
x mn k _
dw=—g"Vpwprdx” =0 .
Recall that in even real dimensions, if « is a p-form
1 ,
da=—xd*xa= ——19'””Vnaan...npda:”? A---ANdz"

where d* is the adjoint of the exterior derivative with respect to the inner

product
(o, B) —/ a3,
M

« and S any two p—forms. The operator d* maps k—forms into k£ — 1-forms.

Thus w is harmonic:

Aw = (dd* + d*d)w = 0



Example: P is Kahler.

Recall: If (21, ..., 2"t € € we choose coordi-
nate neighborhoods U; such that z; # 0 with coor-
dinates

& =2"/ 2
There is a natural Kahler metric on P", the Fubini-
Study metric. This metric is given by the Kahler

form
w = 100 log (1 + |§|2)

(e AdEm gmdgm A endg
L+ &) (1+1€%)?

where 1 + |£|2 = 2%21 |§m‘2-

One can check that the Kahler potential is

p = log (1 + \5\2)
and that on the overlap U; N U], satisfies

pj = o1 — log(= /%) — log (27 /F)



Example: M, ;s = S2r+l 5 §25+1 4re not Kéhler.

A Kahler manifold has by > 1 because of the exis-
tence of at least the non-trivial class [w] € H?(M, R).

However we can show that
b2(MT,S> — O

This follows from the fact that a harmonic 2-form A
on M would admit a decomposition

A=ao+ a1 A\ B1+ B9

where oy (82) are harmonic 2-forms on 27 T1(§2s+1)

)

and aj (8;) are harmonic 1-forms on S#"+1(§25+1).

But these do not exist on spheres, so by = 0.
(For any S™, b, =dimH, =0, 1 <p<r—landby=05b,=1)

Curvature and connection on a Kahler
manifold

Recall that on a Hermitian manifold M with metric
g, complex structure J, and Hermitian form w we
have

o I =9"0ugup, Ups" = g"ougup

(These are unique and are the only non-zero compo-
nents of I': we call this the Chern connection)

* R/wpa = _8ﬂru0p
The only non-zero components are

Ruﬂpaa R,w?pﬁa R,aypm R[w'o6



If M is also Kahler, then

e The connection is now symmetric
P =Tu . T =T,
that is, the torsion vanishes. In fact,
L™ = 9" 0ugvp = 9" 0ugup = Tvi”
(Here we have used the result 0,9, = Ougpw)

As a consequence the Chern connection coincides
with the Christoffel connection. In other words, V is
the same as the Levi-Civita connection.

e Additional simplifications for the Riemann tensor
follow from the fact that the torsion vanishes.

For example, we have the familiar symmetries or the
Riemann tensor with Christoffel connection:

Rmm“s - Rrsmn

R =0

m[nrs

The Ricci-tensor Ry,y, which is defined as
Rmn - Rpmpn
only has mixed indices. For example,



Recall the Ricci-form
1
R = ZRmn’flJklda;m N
= iRypd2! A dz¥ =00 log 91/2

So the components of R are those of the Ricci tensor
(hence the name).

As we have discussed R defines a cohomology class

ey (M) = lln}

o

Question: Given a Kahler manifold M, under what
circumstances does M admit a Ricci-flat metric?

This is a very interesting question in both Mathematics and Physics.

In Physics: in 4-dim Ricci-flat metrics correspond to solutions of Einstein’s

equations in vacuum

In String Theory: Ricci-flat metrics correspond to certain supersymmetric

solutions

Suppose ¢ is any metric on M and suppose there is a
another metric g on M which is Ricci-flat. The cor-
responding Ricci-forms R(g) and R(g) both belong
to c1(M)

R(g) =R(g) +dA
But R(g) = 0. Therefore R(g) must be exact and
c1 must be a trivial cohomology class : ¢; = 0. This

is a necessary condition for M to admit a Ricci—flat
metric.



Exercise:

Show that the Ricci-form for P" with the Fubini-
Study metric satisfies

R=—-(n+1)w
where w is the Kéahler form. (This is an example of

an Einstein—-K&hler metric.)

Since w is harmonic, then so is R, so certainly it
cannot be an exact form. Thus ¢y is non-trivial and
P" does not admit a Ricci-flat metric. ]

The necessity of ¢; = 0 for a Kahler manifold M to
admit a Ricci-flat metric was first noticed by Calabi.

In the 50’s Calabi conjectured that c; is the only
topological obstruction.

Theorem: (Yau)

Given a complex manifold with ¢; = 0, and any
Kahler metric g with Kahler form w, there is a unique
Ricci-flat metric g whose Kahler form @ is in the
same cohomology class as w

Proof: sece
Yau

or Joyce (Riemannian Holonomy Groups and Cali-
brated Geometry, Chapter 6),

or A Moroianu (Lectures on Kéhler Geometry, Chap-

)

ter 18, for an overview.)

[]



Chapter 3 Calabi—Yau Manifolds

Definition: A Calabi-Yau manifold is a compact
Kahler manifold of vanishing First Chern Class.

We will discuss later non-compact Calabi—Yau manifolds motivated by the
study, for example, of singular cases, like the conifold and its desingulariza-

tions.

Example: 72 is a Calabi-Yau manifold

We will discuss several different equivalent character-
izations of Calabi—Yau manifolds. Let M be a n-dim
Calabi—Yau manifold:

e (A) M has a Ricci-flat metric (v')

e (B) The Holonomy Group Hol of M is a subgroup
of SU(H) On a Kahler manifold, Hol C U(n) = U(1) x SU(n); the
U(1) is generated by R.

e (C) The canonical class is trivial
The bundle of (n, 0)forms, A"T*(O M | is trivial. This bundle is often

called the “canonical bundle”.

e (D) There is a unique (up to a constant) holomorphic

and nowhere vanishing (n, 0)-form ).

e (E) M admits a pair of globally defined covari-
antly constant spinors.



Cohomology and The Hodge Diamond

Theorem: A Calabi—Yau manifold M with non-
zero Euler number has b1 = 0.

Proof:

It is sufficient to establish the result for the Ricci—flat
metric because by is a topological invariant.

Let U = uydz™ be a 1-form.
The Laplacian on 1-forms is

where A\ = dd* + d*d .
If U is a harmonic 1-form A U = 0.

But R, vanishes. Then
0= gjkvj'vkum
— (0= /M umgjkvjvkumgl/Qd%

= 0= / g (V™) (V g ) g2 dO
M

That is, uy, must be covariantly constant.

A vector field on a manifold with Euler number y
has at least |x| zeros. Thus uy, must have a zero
and because Vu, = 0, then the uy,, must vanish
identically. ]



As discussed earlier, on an (almost) complex mani-
fold we can use the projection operators,

1 1
P = 5(1 —iJ), and @ :§(1+z}]) :

to decompose of k—forms into a sum of (p, q) forms
W= Z woPa)
ptq=k

On a complex manifold we defined operators 0 and
O such that

d=0+0
and 0> = 0 and 0° = 0. If w is a (p, ¢) form, then
Ow is the (p + 1, ¢) component of dw and Ow is the
(p,q + 1) component of dw.

We define the Dolbeault cohomology groups H ép @) (M).

[ts elements are those (p, ¢)-forms which are 9-closed
O =0

modulo those which are 9-exact (the 9 of a (p, g—1)-
form).

We define the Hodge numbers hp g as



Lecture 4
Continue introduction to Calabi—Yau manifolds.

We are discussing the Cohomology of Calabi—Yau
manifolds.

So far:
e bi(M) =0 when x # 0

e Dolbeaut cohomology groups H ép ’Q)(M ).

We define the Hodge numbers hp g as
ipg = dim HP V(M)

On a complex manifold with a Hermitian metric, we
can define adjoint operators 0* and 0* for 9 and 0,
respectively, with respect to the inner product.

The natural inner product between two (p, ¢)—forms
is given by

(%¢)ZXL¢A*¢'
We define 9* as
(o, B) = (9%, B) .

and we find 0*a = — x J * .

The operator &* maps (p, ¢)-forms into (p,q — 1)~
forms.



We define Laplacians:
Aé = 90" +0%0 , and Ny = DO* + 070 .

And_ we can represent cohomology classes in A ép & (M)
by d—-harmonic forms.

Exercise: If M is Kahler:
Ng=20y= 2A5

Therefore
7{k::6%Hq:k;Apgkﬂ4)y

where ¥ is the set of harmonic & forms. This result
shows that deRham cohomology and d-cohomology
are equivalent.

The k-th Betti number, b, then decomposes

by = Z hpg -

p+q=Fk



Not all Hodge numbers are independent:
e Hodge-star duality (valid for smooth compact spaces)
hpaq - hn—q,n—p
e Complex conjugation: on a Kahler manifold
hpg = Ngp

e For Calabi—Yau manifolds: hy o= ho, =1

This is guaranteed by the existence of € (property

(D).

Exercise: Show that, because of property (D),
hovq - hoan_q

For example, for n = 3, this means that hg; = hgo.



It is customary to display the Hodge numbers of a
complex manifold in an array called the Hodge di-
amond. For n = 3:

hoo
hio ho
hog  hi1 hoo
hsog  hor  hi2 hos
h31 hoy  his
hos  hs3o
h33

Due to the properties above, the diamond has a num-
ber of symmetries.

Complex conjugation gives hpg = hgp so the dia-
mond is symmetric under reflection in the vertical

axis.



Hodge-star duality, hpg = hpn—qn—p, makes the dia-
mond symmetric also under reflection in a horizontal
axis.

hoo
hig  hio
hog  h11 hag
hso  hor  hor  hap
hoo  hi1 hao
hio  hio
hoo

Finally, as mentioned above, the existence of a holo-
morphic n-form implies hpy = hp—p .

hoo
hio  hio
hio hi1t hio
hsog  hor  hor  hap
hig ki1 hio
hig hio



We also have:

e hyo=0y=1 forasingle connected piece
o byy=1=hpy (unique) volume form
o bi=0sohig=hp1=0if x #0

o hn,O = hO,n =1

T2
1
1 1
1
K3
1
0 0
1 hyp 1 with hi1 =20
0 0



1
0 0
0 hyy O
L hoy hop 1
0 hyy O
0 0
1

Different characterizations of Calabi—Yau manifolds.

Let M be a n-dim Calabi—Yau manifold:

e (A) M has a Ricci-flat metric (v')
e (B) The Holonomy Group Hol of M is a subgroup

of SU(I]) On a Kéhler manifold, Hol C U(n) = U(1) x SU(n); the
U(1) is generated by R.

e (C) The canonical class is trivial
The bundle of (n, 0)forms, A"T*(:0 M | is trivial. This bundle is often

called the “canonical bundle”.

e (D) There is a unique (up to a constant) holomorphic
and nowhere vanishing (n, 0)—form ).

e (E) M admits a pair of globally defined covari-
antly constant spinors.



(C) The canonical class is trivial

Assume M is simply connected.

Let K be the canonical line bundle
Ky = A0
the bundle of (n,0)-forms.

(Recall that the projection operators P and @) can be used to project T* M

T(EM — T*(I,U)M D T*(O,l)M ’

where T*(M0 M is the holomorphic sub-bundle spanned by {dz"}.)

The Kahler metric g on M induces a metric and a
connection on K j;. One can show that the curvature
of this connection is the Ricci—form of M. (This is because
[VE VE]a = —Ra, where «a is a (n, 0)-form.)

Therefore:  [R]| = 2me1(Kyy) = 2me (M) = 0.

(B) The Holonomy Group Hol of M is a subgroup
of SU(n) On a Kahler manifold, Hol C U(n) = U(1) x SU(n); the
U(1) is generated by R.

A connection V is a rule for parallel transport of
vectors in M.

To each closed loop C'in M, we associate a linear
transformation S(C') measuring the rotation of a vec-
tor which results when a vector is parallel transported
around C.



Thus, S(C) € O(d), where d = (real) dim M.

Hol is the set of all such S(C') for all possible curves
C. Tt gives information about the curvature of M.

So Hol C O(d).
In our case d =2n: Hol C O(2n).
If M is orientable: Hol C SO(2n)

Simple Examples:
R Hol =1
s4 Hol = SO(d)

If M is Kahler: Hol C U(n)

This is a consequence of the connection being pure
in its indices.

A vector V in T pp (which has only holomorphic
components) is carried into another such vector after
parallel transport around a closed loop C.

Let
0

Dzh
be a basis of vectors at a point p such that

604:604

g(ea,eg) = 5045 .



Then
ea — SQ/B 65

under parallel transport.

The fact that g(eq, 65) = 5a5 implies that S.P s a
unitary matrix.

If M is moreover a Calabi—Yau manifold,

Hol C SU(n)

Let V' € T'M, and consider the change induced in V'
by parallel transport around an infinitesimal rectan-
gle of area da""* with edges that are parallel to axim
and -2

ox™

It is a standard result that
VE = VF 4 6™ Ry V'



The matrices
6k€ + 5amannk‘€

are the elements of Hol that are infinitesimally close
to the identity.

As discussed, Sa™ Ry ¢ must be in the Lie algebra

of U(n). The U(1) in
U(n)=U(1) x SU(n)
is generated by the trace
8a"™ Ry ¥ p. = —46a"” Ry

Thus the U(1) part of the holonomy is generated by
the Ricci tensor.

So if the manifold is both Kahler and Ricci-flat then
the holonomy group is contained in SU(n).

This statement is true for the local holonomy group,
which is the subgroup of the holonomy group associ-
ated with paths C that may be continuously shrunk

to a point.

However if the manifold is multiply connected then
there are paths that cannot be continuously shrunk
to a point. The statement that the holonomy group
of a Ricci-flat Kéhler manifold is contained in SU (n)
even when the manifold is multiply connected is nev-
ertheless true though the proof is more involved.



(D) There is a unique (up to a constant) holomorphic

and nowhere vanishing (n, 0)—form ).

Theorem:

A compact Kéhler manifold M has ¢;(M) = 0 iff
M admits a unique (up to a constant) nowhere van-
ishing holomorphic (7, 0)—form which is globally well

defined

1
Q== Qoo (2)d2PE N d2N - NPT
n

Proof:

Suppose first that there is a nowhere vanishing holo-
morphic (n, 0)-form

1
Q== Qi (2)dT N A2 N2
n/!

[t must be the case that

where f(z) is holomorphic, nowhere vanishing and
€111+ 11y, 18 the permutation symbol.

Let
0 = 1) e 17 - g
= |f(2)PPg~V/?
Then  ¢g'/2 = |f(2))2/|10I1*



Recall
R = i00 log 91/2
Then
R = i00 (—log 1922 + log f -Hogf)

— 90 (log HQ||2)

But log ||| |? is a coordinate scalar which by hypoth-
esis is globally well defined.

Therefore R is exact and ¢ (M) = 0.

Conversely: now we want to show that if ¢ (M) = 0,
then there is a unique (n, 0)-form €2 which is holo-
morphic and nowhere vanishing.

A holomorphic (n, 0)-form €2 is a section of the canon-
ical line bundle

Ky = A0 0
But Ky is trivial (¢1(K ;) = 0), then €2 is nowhere
vanishing.
This is because the triviality of Ky implies that the
total space of K is M xC. The unit section, that is,

the constant function 1, is a globally defined nowhere
vanishing holomorphic (n, 0)-form, €.



Lecture 5
Finish introduction to Calabi—Yau manifolds.

(And start discussing examples.)
Let M be a n-dim Calabi—Yau manifold:

e (A) M has a Ricci-flat metric (v')

e (B) The Holonomy Group Hol of M is a subgroup
of SU(n) (v')

e (C) The canonical class is trivial (v')

e (D) There is a unique (up to a constant) holomorphic

and nowhere vanishing (n, 0)-form ).

e (E) M admits a pair of globally defined covari-
antly constant spinors.

(D) There is a unique (up to a constant) holomorphic

and nowhere vanishing (n, 0)-form €.

Theorem:

A compact Kéhler manifold M has ¢i(M) = 0 iff
M admits a unique (up to a constant) nowhere van-
ishing holomorphic (7, 0)—form which is globally well

defined

1
0= —'QM...WL(Z)GZZM1 ANdzFP2 N ANdz
n



Continue with Proof:

We showed that if there is a nowhere vanishing holo-
morphic (n, 0)-form
1

Q= = Qg ()TN A2 N - NP
n'

then
R = —idd (log HQH?)

is exact and ¢ (M) = 0.

Conversely: now we want to show that if ¢ (M) = 0,
then there is a unique (n, 0)-form €2 which is holo-
morphic and nowhere vanishing.

A holomorphic (n, 0)-form €2 is a section of the canon-
ical line bundle

Ky = A0 0
But Ky is trivial (¢1(K ;) = 0), then €2 is nowhere
vanishing.
This is because the triviality of Ky implies that the
total space of K is M xC. The unit section, that is,

the constant function 1, is a globally defined nowhere
vanishing holomorphic (n, 0)-form, €.



Another way to see this is to use Yau’s theorem and
Cech cohomology:.

If c1(M) = 0, Yau'’s theorem implies that there is a
Ricci—flat metric g

0,0y log 91/2 =0.

This means that there must exist functions f;(z) on
each coordinate patch U such that

1/2 2
9; = f Jj |
and moreover, each f; must be non-vanishing on U},
otherwise g would be singular.

The idea of the proof is to use Cech cohomology to
show that it is possible to choose a set of phases 6;
such that

—10; 1
e Vifj(e)dzi AN d2]

is independent of 7, and which is in fact 2.



First, on U; NU;, we study the transformation prop-
erties of the f;. Under a coordinate transformation

1/2 |0(%;) 2 _ 12
v 0(z) /
Taking this together with g;/ - | fj\Q, we make a
separation of variables argument
(=)
fl 6(2’3) _ f] _ ewij
fi 0(%) '
T \liag

The first quantity is a function of the z# while the
second is a function of the z#: these can be equal
only if they are both equal to a constant which we
have written as e?i7. It is immediate that the 0;; are
real.

Considering the inverse transfomation we obtain

Oij = —0ji
So the 0;; are a set of constants associated with the

nonempty overlaps U; NU,;.

We consider also nonempty triple overlaps
U; NU; N U, By considering succesive transforma-
tions we find that

91']' +9j/€+9ki =0



Now in the language of Cech cohomology 0i; is a
one-cochain and is the analogue of a one-form (the
counting is that a zero-cochain is a set of constants
6; defined on the patch U; and is the counterpart of
a zero-form i.e. a function).

The relation
(9@]‘ + ij + 0, =0

is the cocycle condition analogous to the statement
that the corresponding form is closed.

Cech cohomology is equivalent to deRham cohomol-
ogy so if by = 0 the cocycle condition can be satisfied
only if ;5 is in fact a coboundary, i.e. the analogue
of an exact 1-form,

eij = 9@' —Qj

for some choice of constants 6, associated with each U;.

1/2

We have the transformation law for g*/< above

—_if. 8(2) —i0.:
e Wi g U =i g
'0(z) /
So we set
0= e_wjfj(z)dz} A ANdzy

which is independent of the coordinates used in its
definition. [



Remarks

e () is unique up to a constant: let Q = h(z)<, for
some holomorphic function h(z). By the maximum
modulus principle, a globally defined holomorphic
function is a constant, so () is a constant multiple

of 2.
o d{) =0
In fact dQ = 9Q+ 0 = 0 because O is a (n+1,0)-

form and therefore vanishes, and 02 = 0 because €2
is holomorphic.

e These imply that Ay o= 1.

e () is covariantly constant in the Ricci-flat metric.

Let n = 3.

Note that

since () is holomorphic.

Consider therefore
V/QQMVP — 8/§QMVp - BFFL[ILLO-Q

o
Now F/ﬁ[u QV/)]U’
proportional to £2,,,.

vplo-

being skew in (u, v, p), must be



In fact
i 0348
Pt $uplo = 312 Lrag” oS duwp

_ ?“m Q,,pr
= 53/@(108; 92)Qpuwp.
Thus
VQup = (8,§f f 0k log(|f| )) €pvp
0.

So far we have:

Let M be a n-dim Calabi—Yau manifold:

e (A) M has a Ricci-flat metric (v')

e (B) The Holonomy Group Hol of M is a subgroup
of SU(n) (V')

e (C) The canonical class is trivial (v')

e (D) There is a unique (up to a constant) holomorphic

and nowhere vanishing (n, 0)-form €. (v')

o (E) M admits a pair of globally defined covari-
antly constant spinors.



(E) M admits a pair of globally defined covariantly
constant spinors.

Let n = 3 and let Hol = SU(3).

Theorem: A Calabi-Yau manifold admits a glob-
ally defined pair of spinors ¢, ¢ (where  is the com-
plex conjugate of (), which are covariantly constant

vVo=0, V°C=0,

where V¥ is the spin connection on the spin—-bundle
S on M which is induced from the Levi-Civita con-

nection on the SU(3) C SO(6) bundle on M.

Proof:
Wang, Parallel Spinors and Parallel Forms, Annals of Global Analysis
and Geometry 7 (1989), 59-68.

Let M be an oriented, d-dimensional Riemannian
spin manifold with metric g.

A spinor , is a section of the spin bundle S on M
(€ C™(S)

and they fall into complex representations, A% of
Spin(d) (the double cover of SO(d)).

If d = 2n, the dimension of A?" is 27 and it splits
into irreducible representations

AP = ATV AT

with dimension of A% being 2n=1 Correspondingly
S =S54y & S—, with S+ vector sub-bundles on M
with fibre A4.



In six dimensions, a spinor has eight components
which transform in the 4 & 4 of SO(6) =~ SU(4).

With respect to the SU(3)x U (1) subgroup of SU (4),
the representation 4 of SU(4) decomposes as

4=3D1.

Thus there is an SU(3) singlet, that is, it is invariant
under the action of Hol. There is a 1 — 1 correspon-
dence between covariantly constant spinors and the
singlets in Ai of the Hol.

If M is simply connected, the Hol group of the spin connection V* follows

from the Riemannian Hol groups

Hol(V?) = SU(3)

Remarks:

e One can prove directly that if M is a Rieman-
nian manifold which admits a covariantly constant
spinor then it should be Ricci-flat.

This follows from
1
Vi, Val¢ = —ERmanqu =0
Contract with 4" and use the identity
1
Y = ({7} = P AM)
_! (2771 4 4"P~))

2
The quantity Ryppgy"™P? vanishes (R

We are left with Ry = 0.

mnpq] — 0).



e One can write Q and J in terms of ¢ and ¢

Qmnr = CT’Ymm“C
I = =i "¢
It is not too hard to prove that these have the
required properties (J? = —1, Nj = 0, etc)

Chapter 4
Examples of Calabi—Yau manifolds

e 1 complex dimension
IP; is not a Calabi—Yau manifold

Yg, a Riemann surface of genus g is a Calabi-Yau
manifold only for g = 1.

T2 is the only topological type
Hol =1

e 2 complex dimensions

* There is only one topological type of a Calabi—Yau
manifold with Hol = SU(2).

These are the K3 surfaces.
* With Hol € SU(2): T*



e 3 complex dimensions

* There are more than 10° 3-folds with Hol = SU(3).

The easiest to construct are those which are hyper-
surfaces and complete intersections in toric varieties.

* We also have those with Hol C SU(3), as for
example 70 and T2 x K3.

Chern Classes

There are cohomology classes which are analytic in-
variants of the manifold and defined by polynomials
of the curvature 2-form, ©.

Let £ be a holomorphic vector bundle with Hermi-
tian metric. Let A be a connection matrix, that is, a
Lie algebra valued matrix of 1-forms.

The curvature 2-form is then
O=dA+ANA

which is a Lie algebra valued n X n matrix of 2-forms.

O satisfies a Bianchi identity
DO=dO+ANO—-OANA=0

where D is the covariant derivative with respect to
the connection A.



Definition: an invariant polynomial in ©, P(0©),
is any polynomial in © which is invariant under all
unitary frame transformations

e — ¢a5€ﬁ .

Here {e®, e} is a basis for 710N @ 701 7.
(So, for example we have e = e, dz".)

Examples of invariant polynomials:

Tre, Tr(OAO), Tr(OAOAO)+TrONTroNTro

indices fully contracted

Proposition: Each invariant polynomial, P(©),
defines a cohomology class which is an analytic in-
variant.

To prove:
(i) Show that each invariant P(©) is closed.

(ii) Show that under variations of A, the change in
the invariant polynomial P(©) is exact.

(Polynomial invariants have topologically invariant integrals)



Proof of (i):

Follows from the Bl: DO =dO+ANO—-0OANA=0

Examples first:

° DTre = D%,
=dIrO+Tr(ANO—-—OANA) =0

— dIr© =0

o dIr(OANO)=Tr(dONO+ 06 AdO)
=Tr(DONO+OANDO)=0

Note that, because of the Tr, terms like

Tr(ANOG —OANA)AO

vanish.

Clearly, dP(©) gives a sum of terms each of which
contains a DO and so it vanishes: dP(0) =0 .

Proof of (ii):
Consider variations of A: A — A+ dA.
Recal: ©=dA+ AN A.

Then
00 =0(A+d§A) —O(A)
=ddA+ANIA+IANA
= DJ0A

Consider, for example, the polynomial Tr(© A ©):

dTr(OANO)=Tr(DSANO)+Tr(© A DJA)
=d(Tr(0ANO+0O NJA))

In a similar way any invariant polynomial P(©) varies
by an amount that is exact

SP(0) = dsqQ .



To establish the result for finite differences let A and
A be two connections. Suppose that

Ar=(1-tA+tA, 0<t<1

so that Ag = A and A = A.

We have just shown above that
d

pre (O¢) = dQy

for some ();. Integrating
~ 1
P©) - P(O) = d/ Q¢ dt .
0

So P(0©) and P(0O) differ by an exact form, and thus,
their integrals over manifolds without boundary give
the same results. [

Definition: Let E be a Hermitian vector bundle
over a complex smooth manifold M with connection
A and curvature 2-form ©.

The Chern Polynomials, or Chern Classes, ¢j(©),
are defined by the formal expansion of the Total
Chern Form, ¢(©), of the vector bundle £

c(0) = det (1 + 216)

=¢p(0) +¢1(0) + 2(0) + ... + ()

where the ¢;(©) are invariant polynomials of degree
jin © ‘
cj(©) € H(M)

They are independent of the connection (we proved

that P(©) and P(©) differ by an ezact form).



We have for example:
cp(©) =1
c1(0) = ity S

27

1
(0) = 32 Tr(©ANO)—Tro ATro|

1

+3Tr(OANO)ANTro —Tro ANTro A Tro)

Note that ¢; = 0 for 25 > n = dim M, so ¢(O) is a
finite sum.

Note: if E is the Tangent bundle
o o I v 1
cl = %TT@ = %Ruﬂk dzl' N dz¥ = %R

Lecture 6
Examples of Calabi—Yau manifolds.

Definition: Let F be a Hermitian vector bundle
over a complex smooth manifold M with connection
A and curvature 2-form ©. The Chern Polynomials,
or Chern Classes, ¢j(©), are defined by the formal
expansion of the Total Chern Form, ¢(©), of the
vector bundle F

c(0) = det (1 + i@) = ¢o(O)+¢1(O)+. . A4cn(O)

2T

where the ¢;(©) are invariant polynomials of degree
Jin ©
cj(©) € HY(M,Z)

They are independent of the connection (we proved

that P(©) and P(0©) differ by an ezact form).



We have for example:
cp(©) =1
c1(0) = ity S

27

1
(0) = 32 Tr(©ANO)—Tro ATro|
1

c3(0) = — =3

[—2Tr(©OANOANO)
+3Tr(OANO)ANTro —Tro ANTro A Tro)

Note: if F is the Tangent bundle
1

_ _ kg1 _
27TT7"@ o ka dz" A dz” 27T72

Let

x:i(%.
21

Associated with the Chern polynomials is the Chern

Character, ch(F), and the symmetric polynomials
Si.(F) defined by

SK(E) = Tr(a:%
ch(F) r(e’) = Zk'Sk

The utility of the Chern character being that it be-
haves well under addition and multiplication of bun-

dles
ch(E& F) = ch(E)+ ch(F)
ch(E® F) = ch(E) A ch(F) .

Also the S}. are useful to compute the Chern classes

c;(©) from the Chern form ¢(0©).



Let A\, m =1, ..., n, be the eigenvalues of x. Then

c(x ):det(1+x):H(1+)\m)
_1+Z)\m+2)\ Mt D> Amdndr+

m>n m>n>r

—1—|—cl+02—|—...+cn

Now, since
S =Tr(x Z )\k

there are relations between the Chern polynomials
and the S;. which are convenient to write as follows.

=Y A =51 =-Tr0
2m
m

=) )\m)\n:% > Amdn— YA
m,n m

m>n

-5(d-5)=(57) 3[ror-re?
3(0) = % [—53 + ¢l 43¢ A CQ}
c4(O) = 411 [—54 + cil — 40% Aco+4dep A ces+ 203}
etc
An alternative way of generating these equations is

from the Newton formulse

Sk—cl/\Sk_1+“‘+<—1)kkck:O.



These polynomials give rise to the Chern numbers,
which, of course, are analytic invariants. The Chern
classes actually belong to integer classes and

/ C]<@) ez, Q€ ng(M, Z) .
&y

The Chern numbers are numbers obtained from in-
tegrating the classes over the manifold M.

If dim M = 2, there are only two numbers
Co = / 2(0)
M

C1 - /Mc1<@>Ac1<@>

By the Gauss-Bonnet theorem, Co = x, the Euler
number, when E is the Tangent Bundle of M.

If dim M = 3, there are only three numbers

€ = degl01) = [ cu(e)

Cy— /M (1(€) A ex(©)

C3= /M c3(0)

By the Gauss-Bonnet theorem, C3 = x, the Euler
number, when E is the Tangent Bundle of M. If
the First Chern class vanishes, then only the Euler
number is non-trivial.



Splitting Principle (Illustrate only)

Consider a matrix o and the identity

det @ = eI loga)

It o is a diagonalizable matrix with eigenvalues A;
then

det v = H)\i _ e2iloghi _ Trloga
1

This identity holds for any matrix

Suppose O, the n X n matrix of curvature 2-forms,
is diagonalizable into n 2-forms ©;. Then

?
FE)=det[(1+—6
c(F) = de ( +o- )
1
=11 (1 + g@Z) =[]+ =)
! 7
where x; = ﬁ ;-
We can interpret each (1 + x;) as
c¢(Lj) = Chern form of a 1-dim line bundle L;
1
=1+c1(L)) = 1+%@j =1+uz;



If Fis a k-dim vector bundle such that
E=0L1®Lo®---® Ly

[]a+a)

J J

then

o
&
I
o
b‘
=
I

with T = Cl(Lj>-
The main point is that we can deform smoothly a
holomorphic vector bundle E of rank & into @f‘;lLi,
where the L; are line bundles. The Chern classes are
invariant under such deformations.

Example: Chern Classes of P"

We obtained previously
1

1
=—R=—— 1
c1 5 27T(n—|— Jw

where w is the Fubini-Study Kahler form.

Moreover, using the splitting principle
c(P") = (1 +2)"!

where

1 1
is the fundamental generator of H*(P",Z) and L
is the natural line bundle over P" with the natural

curvature ©.
Euler Characteristic:  y(P") = 3. p.(=1)¥b, = n+1



A question:

Recall the Chow’s theorem: any submanifold of P"
can be realized as the zero locus of a finite number
of homogeneous polynomial equations.

Consider first the case of one polynomial.

Question: Consider a compact complex Kahler man-
ifold M which is a hypersurface in P" defined by the
zero locus of a degree d homogeneous polynomial P:

P(x1,29,...,2p41) =0

Notation: P"[d]

Can we choose d such that ¢i(M) = 07

We have
TP, =TM &N

and so
o(TP"|,,) = c(TM) A c(N)
Equivalently, we can write
(M) =c(TP"|,,)/cN)
where the right hand side is understood as a formal
(Taylor) series expansion.

Remark: Let E, E' and E” be vector bundles over M. If
0—>F —+FE—FE —0

is a short exact sequence then

c(E) = c(E") A c(E")

This includes the case E = E' @& E”. One can prove this using the splitting

principle.



Compute:

Let O(1) be the hyperplane bundle over M (the sec-
tions of this line bundle are linear polynomials over

M). Then N' = Opn(d). We have
cN)=1+dw
(M) =(1+w)" /(1 +dw)
=1l+(n+1l—-dw+c(M)+...
Thus, ¢i(M) = 0 and M is an n — 1 dimensional
Calabi-Yau manifold if d =n + 1:

M € P"n+1]
e n—1=1 P%3] elliptic curve
e n—1=2 P4 K3 surface
e n—1=3 P  quintic 3-fold

Useful Theorem:

Let M be a complex submanifold of X with dim M =
n and dim X = n + r and with normal bundle N
with rank(N') = r.

If o is any closed (n,n) form on X then

[ [

where 1 is a closed (7, 7)-form on X whose restriction

to M is the top Chern class of N.
The closed form g “lifts” the integration on M to X.



K 3 surtaces

Theorem: any two K3 surfaces are diffeomorphic
to each other.

Compute for P3[4]:

(M) =(1+w)/(1+4w)
= (1 + 4w + 6w?) (1 — 4w + 16w?)
— 14 (16 — 16 4 6)w® = 1 + 6w”

So co(M) = 6w?.

Calculate the Euler number:

= [ en = [ an)nen

:/ 4w/\6w2:24/ WS = 24
P3 P3

Using the fact that x = 3, b;(—1)¢, we can calculate
by and hq1:

24=1404+b+0+1 = by=22
bp=1+hy;+1=22 — h;1 =20

Hodge Diamond:

1 h11 1 with h]] =20



M € PA[5]

Compute:

(M) =(1+w?/(1+5w)
— (1 + 5w + 10w? + 10w?)(1 — 5w + 25w? — 125w°)
=1+ (5 —5)w + (25 — 25+ 10)w?

+ (=125 + 125 — 50 4 10)w”
=1+ 10w” — 40w’

So: (M) =10w?® and c3= —40w?

Recall the Hodge Diamond for Calabi—Yau manifolds
in 3 dimensions:

We have: b = 2(1 4 hop) and by = hq.
Euler number: x = >, b;(—1)" = 2(h11 — ho1)



For the quintic 3-fold: by = hy1 = 1.
This is an exercise: prove it using the Lefschetz-
Hyperplane Theorem.

Want to compute hoj.

Calculate the Euler number:

= [ e = [ et nes(an)

- / Bw A (—40)w> = —200/ wh = =200
P4 P4

We have: b3 = 2(1 + hg1) and by = hqy.
Euler number: xy =), bi(—=1)" = 2(h11 — ho1)

Thus
—200 = 2(1 — hy9)
hop =101 and b3 =2(101+ 1) = 2(102) = 204

Exercise: Prove that the most general quintic poly-
nomial in P* has 101 arbitrary parameters (but there
are 126 possible terms). This is not a coincidence....



Smooth example:
Consider the one-parameter family of quintic 3-folds,
M, defined by the quintic polynomials

5!

P = Z :c? — DY x1T9x3x4TH
1=1

This family is smooth for every value of ¢ except
when ¢° = 1.

P37 with n polynomials P, av = 1,...,n.

Notation: M e P dy dy, . .., dy)]
where d,, is the degree of P.

Normal bundle:
N = ®dN,
Then
c(N) = Aa c(Na)
The Chern Form is

(M) = (1+ w)”+4/ [T +daw)

n
=1+ (n+4—=> do|w+...

a=1



Therefore M € P3*7[d}, ds, . .., dyp] is a Calabi Yau

manifold if o
a=1

Each d, > 2 (to be non-trivial). We have:

n=1:  P5]_g

n=2: IP’5[ 2] 176 P5[373]—144
n=3:  PY3,2,2_1u

n=4:  P2,22 2 18

All these have hi; = 1. As an exercise you can try
to compute x and hyo for at least one of these.

Let X = Hzle P"f and consider n polynomials P®
cach with multi-degrees deg(a)j, o = 1,...,n and
j=1....f

(deg(a ) = degree of P with respect to P"J.)

Notation: put the degrees in a matrix. For example

P11

P2 ﬁ P3 [130] 52 |30
P2 (3| * P}l ’

; U3 P> (03

Exercise: Show that the Calabi—Yau condition is

Zdeg i=n;+1, 1=1,...,f



Lecture 7
The Eguchi-Hanson Geometry

The Eguchi-Hanson geometry, E H,, is a non-compact
Ricci-flat geometry which is useful for repairing the
singularities of orbifolds. It is of additional interest
because it can be constructed explicitly.

(Our discussion follows that of A.Strominger and E.Witten,
Commun. Math. Phys. 101, (1985) 341.)

Let us seek a Ricci-flat Kahler metric of the form
ds® = [A(0)d,p + B(0)zuzp] d2F'dz"
where we adopt the convention that
zu=2", zp=2"

and
— o
o= zu2" =zl

First we impose the Kahler condition. We have

For the metric to be Kahler this must be symmetric
in p and p. This requires

B=A



The condition that the metric be Ricci-flat is that
1

Note that the determinant of the metric is a function
of o only and for an arbitrary such function we have

0u0uF (o) = F"(0)2p20 + F'(0)8 -
The only solution to the equation

is therefore
F = const.

Since we may rescale the metric by a constant the
Ricci-flatness condition is equivalent to the condition

det(gup) = 1.

Now

L oyt
det(g/u;) = ﬁ 6,“1 Hn 61/1 Un (A(S,Ull;l + A/zulzﬂl)

T (A(S,unyn + A/Z,anﬂn>
A" YA 0A) =1



1

Multiplying by no” ™" we have

4 (o)) = no L.
do
Thus

Ao) = o e+, B(o) = —co et

3=

and the metric is

o = e o {d - T
We shall take the constant ¢ to be positive since oth-
erwise the manifold has a singularity where o™ = —c.
As 0 — oo we find gup — 0yp so the metric is
asymptotically flat. We can set ¢ = 1 by scaling the
coordinates zH — ct/2nzH,

The metric becomes

-1 me ) o Lo
e ””)"{%m}'

We need to examine the singularity of the metric at
o = 0. We will show that it is merely a coordinate
singularity which may be removed by a proper choice
of coordinates.

First note that o = 0 is the limit in which all the
zH are zero. It is preferable to work with coordinates
such that o = 0 corresponds to the vanishing of just
one of the coordinates.



Set

7

_.n i_ * -
Y=z andy—z—n, 1=1,...,n—1.
and to save writing define: p=1+1yy,.

The limit we shall take is y — 0 with v constant.
Substitution into the metric and expansion of the
metric components to leading order in powers of |y
yields

1 ] . A B )
ds* N; (dyz‘dyz — ;’yidyzyjdyj) + pn|y|2n 2dydy.

In this form the metric is still singular at y = 0 since
the coefficients of all the terms containing dy and dy
vanish there, so at y = 0 the metric has a vanishing
row and column and hence has no inverse.

To cure this we make a further change of variables.
Set |
w=~y" sothat y" 'dy = dw.
n

In terms of (w,y") coordinates the metric becomes
1 | . h
ds® ~ = (dyz-alyZ — —yidyzy]dyo + p""dwdw
p p

In these coordinates the metric is regular at w = 0.



Note however two important facts.

Firstly w = 0 corresponds to an (n — 1)-dimensional
submanifold and the metric of this submanifold is
given by setting dw = 0, dw = 0. We recognize the
resulting metric as the Fubini-Study metric.

Thus o = 0 corresponds in fact to a P~ 1.

Secondly we see from the relations

1 n\n 1 z'
w=—(z : = —
~E" L Y=
that the n points akz“, k=0,...,n—1,where a =

e2mi/™ is an n’th root of unity, determine the same

values of (w, y').



Since it is in the (w, y) coordinates that the manifold
is nonsingular and these must be single valued we
must identify the points

Mol k=1, n—1

Because of this Z,, identification £ Hy, is not asymp-
totically like Ro,,. The statement that the metric is
asymptotically flat is only true locally. The surface

corresponding to o = R? with R a large constant,
is not an S~ ! but rather $*"~1/Z,,.

Orbifolds

An n-dimensional complex orbifold is a singular com-
plex manifold with singularities locally isomorphic to

quotient singularities C" /G, where G is a finite sub-
group of GL(n,C).

The condition that G is finite is because we would
consider crepant resolutions of orbifolds, that is, res-
olutions that are Calabi—Yau manifolds.



Example: Weighted Projective Spaces

The n—dimensional weighted projective space, de-
noted by P is the space

W1, W2;...,Wn+17

((Cn—H \ {O}) /C*

where C* acts on (C"1\ {0}) by the identifications

(21, 22, 2T o (Wi \w22 L \Wn D
for A € C*, and wy, w9, . .., wy11, are positive inte-
gers.
Clearly,

P"=P1) 1.

Consider for example the point p = (0,0,...,1).
If A € C*, then

(0,0,...,1) ~ (0,0,..., \Unt1) .

Then, if wy, 11 > 1, p is left fixed by the finite sub-
group G of C*

G={\eC": \'ntl=1}.
G is isomorphic t0 Zy, , ;.

It can be shown that the open set

1 .2 1 1
U1 ={(z"27,...,2" ) e ]P)?Ulaw%---awn—i—l 2" 0}
is isomorphic to C" /G, where G acts on C" by
(21,22, 20 = (AWt Aw2R2 AW N e G

[



A complex orbifold M is Kahler with Kahler metric
g, if g is Kéhler every where in M \ {orbifold points}.
Moreover, in an open set of M which is locally C" /G
the metric g can be identified with a G-invariant
Kahler metric near 0 € C".

mn
wi,W,...,W,

For example, M = P L8 Kahler.

A Kahler metric on M would be a generalization of
the Fubini-Study metric on P".

The Calabi conjecture holds: If M is a compact
Kéhler orbifold with ¢;(M) = 0 and Kéhler class
[w], then there is a unique Ricci-flat Kéhler metric
with Kéhler class in [w].

The First Chern Class is well defined.

A Calabi—Yau orbifold M is a complex Kahler orb-
ifold with Hol C SU(n). The Holonomy group is
defined on M \ {orbifold points}.

Similar characterizations for Calabi—Yau orbifolds as
in Chapter 3.



Example:
The Zs Orbifold and its Crepant resolution.

Consider the complex torus T obtained by making in
C3 the identifications (ie defining a lattice A in C?)

zszk—i—lwzk—i—em/g, k=1,2,3.

That is T = C3/A.

On T we impose the additional Zs identification
ko 2mif3
There are 27 fixed points.

In each zk—plane there are three fixed points

3 3 »
U L) T R
3\27'2 ) T

corresponding to points for which e2im/ 3¢ =¢G+



It is a singular manifold with d-function curvature
concentrated at the fixed points.

To see this consider the curve C of radius € of the fig-
ure. It is a closed curve in view of the identifications
and has length 2mwe/3. This shows that there is cur-
vature concentrated at the fixed point. We see also
from the figure that after parallel transport around
C the vector v becomes v’ which is rotated by 27 /3
with respect to v. The holonomy group of the orb-
ifold is Zs.

The orbifold can be turned into a smooth manifold
by the following process.

Excise a small ball around each of the 27 fixed points.
The boundary of each ball is S° /Zs3 which is the same
as the hypersurface 0 = R? in EHs. The interior of
this hypersurface in £ H3 may be glued in place of
the excised balls in the orbifold. Since, the Eguchi-
Hanson metric has a size parameter that measures
the region in which the curvature is concentrated,
the join can be made arbitrarily smooth and it can
be shown that a Calabi-Yau manifold results.



Exercise:

The way in which this manifold was constructed per-
mits us to calculate its Euler number in a simple
manner.

It may be shown that the Euler number of EH,, is
n.

The Euler number of a torus is zero and the Fuler
number of a ball is unity.

In order to construct the manifold we took a torus,
excised 27 balls, took a quotient by Zs and glued in
27 copies of E/Hs. Hence the Euler number is

(0 —27)

5 + 27 %X 3 ="T2.

X:

The Hodge numbers:

The group H (1.0) is trivial even though it is not for
the torus T.

For T the group is spanned by the basis
dzF k=123

However these forms are not invariant under the group

action 2% — azF with a = e27/3,



HL1).
As a basis we take the 27 forms
wy, A=1,...,27,

that correspond to the P?’s located at the centers of
each F'H3, and the nine forms

Vi ~ dz' A dzd.
By this notation is meant that v;7 is asymptotically

equal to dz' A dzJ far from the regions where the
curvature is concentrated.

The v;7 is dual to the four-surface to which dz' ANdz)
is dual on T. The dimension of HL1) is

hi1=27+9=306.

H(2.1).
This group is trivial.

Quantities such as dz* A dzJ A dzF and dz' Aw 4 are
not invariant under the Zg action. Thus hg 1 = 0.

As a check we have
X =2(h11—ho1) =72

in agreement with our previous assertion.



We have outlined the construction of the simplest
orbifold and its Crepant resolution to construct a
Calabi-Yau manifold. Many other constructions are
possible and these have been the object of consider-
able study owing to the fact that strings can propa-
gate consistently on orbifold backgrounds.

[t is an interesting problem to what extent it is possi-
ble to blow up the singularities of orbifolds to obtain
smooth Calabi-Yau manifolds.

Complete Intersection Calabi—Yau Mani-
folds

We have already discussed submanifolds X that are
complete intersections of a number of N polyno-
mials P% o = 1,..., N in a product of projective
spaces of total dimension N + 3.

The construction can be generalized to weighted pro-
jective spaces and toric varieties.



By a complete intersection is meant that the N—form
U =dP'AdP?A--- A dP"

does not vanish on X.

This condition guards against the polynomials de-
scribing a surface with cusps or nodes. W describes
the N directions normal to X. If X is smooth then
U cannot vanish. If U were to vanish at a point
p € X then this would imply that X did not have
well defined normal directions at p and so could not
be smooth.

The assumption that ¥ does not vanish is quite re-
strictive.

Of course one expects that giving N equations in an
N +3 dimensional space will describe a 3 dimensional
manifold locally. The restrictive assumption is that
they should in fact do so globally.



n
w1,W2,...,Wp+17
defined by one transverse polynomial P of degree d.

M is an orbifold.

Consider the case of a hypersurface X in M =P

The transversality condition on P implies that the
only singularities in X are orbifold points of M, so
X is an orbifold.

Exercise:
n+1

01<X):O <~ d:Zw]‘
J=1

[]

When n = 4, there is a theorem (Roan) that guar-
antees that in this case there is a Crepant resolution
of X which is a 3 dimensional Calabi—Yau manifold.

The first experimental evidence for mirror symme-
try for Calabi—-Yau manifolds, came from a plot by
Candelas, Lynker and Schrimmrigk in the late 80’s

of all such 3 dimensional Calabi—Yau manifolds as

n

transverse hypersutaces in M = Poy, a0,

They found 2339 distinct pairs of Hodge numbers
(h11, h2).

The plot had a symmetry (almost): for every Calabi-
Yau manifold X with Hodge numbers (hi1, h1), there
was another one Y with Hodge numbers (hi9, h11).

Batyrev generalized this construction to hypersur-
faces in toric varieties (one polynomial only). His
construction is mirror symmetric and contains those
found by Candelas et al.
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Figure 1: A plot of the Hodge numbers of the Kreuzer—Skarke list. x = 2(hy; — ho)

is plotted horizontally and hiy + hoy is plotted vertically. The oblique axes bound

the region hyi; > 0, hoy > 0.
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rgwe 2 The tip of the landscape. x = 2(hj1—hg1) is plotted
horizontally, h114+ho7 is plotted vertically and the oblique axes
bound the region hj; > 0, ho; > 0. The points are coloured
according to provenance and have partial transparency in order
to show overlays.

« The Kreuzer—Skarke list.
« The CICY’s and their mirrors.
The toric CICY’s, and their mirrors.
. Quotients by freely acting groups and their mirrors.
« The Gross—Popescu, Borisov-Hua and Tonoli manifolds.

Lecture 8

Chapter 5 Moduli Spaces

Let X be a 3-dimensional Calabi—Yau manifold with
hip = hop = 0.

Let J be the complex structure of X and w its Kahler
form. Both J and w can be deformed.

Recall Yau's theorem:

Let X be a complex compact Kahler manifold with
Kéhler class [w] and with ¢((X) = 0. There is a
unique Ricci-flat metric g with Kihler form ' € [w].

We will consider the parameter space of Ricci—flat
Kahler metrics.



Let g and g + dg be two Ricci—flat metrics

Rmn(g) =0, Ryn(g+dg)=0.
Then 0 gy, satisfies
"IN pN 40 gmn + 2RmPn? 0gpg = 0
This equation is called the Lichnerowicz equation.

But X is Kahler:

o  Christoffel symbols are “pure”: I';,," and Fﬂp’%
are the only non-zero components of I’

e The only non-zero components of the Riemann

Curvature are Ruﬂpg7 Ruﬂﬁ5'7 Rﬂyp07 Rﬂyﬁ6

Then 0g,y and 09, satisfy the Lichnerowicz equa-
tion separately.

Variations of type dg,:
We have w — w + dw with

Sw = i0gupdzt A dz”

The mixed variation dg,, is harmonic if and only if
it satisfies the Lichnerowicz equation.

That is: the “mixed” deformations of Ricci—flat met-
rics 09, are harmonic (1, 1) forms.

They are in 1-1 correspondence with variations of
the Kéhler class [w], which in turn are also in 1-1
correspondence with the classes in H (171)(X ).

Thus: the (real) dimension of the space of Ricci-flat
metrics corresponding to deformations of the Kahler
class is hiy.



Variations of type dg,,, and dg;p:
To each dgpp, we can associate a complex (2, 1)~form
Quyp(Sg;\agp)‘dx” A dz? A dx?

This form is harmonic if and only if 0g;p satisfies the
Lichnerowicz equation.

In fact
(X, T) ~ HGV(x)
because 59/—\5gp5‘da:5 is in Héo’l)(X, T) if dgpup sat-

isfies the Lichnerowicz equation.

Thus: the space of Ricci-flat metrics corresponding
to “pure” deformations of the metric are in 1-1 cor-
respondence with classes in H(*1(X) and so there
are ho1 complex parameters.

Claim: The “pure” variations of the metric, which
give rise to ho; complex parameters, correspond to
variations of the complex structure.

Proof:

To see this consider

9mn + 5gmn

to be a Kahler metric close to the original gy,p.

There must exist a coordinate system in which the
pure parts of the metric vanish.

Under 2™ — 2" + f"(x) the metric undergoes the
change

OGmn — 0Gmn — (&nfr)grn — (anfr)gmr :



If f# is holomorphic then g, is invariant

09w = 0w — Ouf)gpv — (v fP)gup

Thus, the pure part of the variation can be removed
by a coordinate transformation BUT it cannot be re-
moved by a holomorphic coordinate transformation.

Pure parts of the metric variation correspond pre-

cisely to changes in the complex structure.
[]

Therefore:

Pure parts of the metric variation are in correspon-
dence with deformations of the complex structure
and are in 1-1 correspondence with elements of

H?>Y(X) e HHY(X)

Moreover, deformations of the complex structure are
not obstructed (Tian&Todorov).



Section 5.1

The Complex Structure Moduli Space Mg

Recall that an important property of a Calabi—Yau
manifold is that there exists a unique holomorphic
(3,0) form

1

We will study the variation of the Complex Structure
by considering how € moves inside H3(X) following
the work of Bryant&Griffiths.




Let (A% By), with a,b=0,1,..., hoy, be a canoni-
cal homology symplectic basis of H3(X)

AN A" =B,NB,=0 AN By = 6!

Let (o, %), a,b=0,1, ..., hoy, form a symplectic
cohomology basis of H3(X) which is Poincaré dual

to (A, B)
/O[a:/aa/\ﬁb:(Sab
Ab X
/ ﬁa:/ﬁb/\aa:_(sab
B X
/oza/\ozb:/ﬂa/\ﬁb:()
X X

We can write €2 in terms of the cohomology basis

(a, B) as
Q= 2%, — Gy 8.

The coefficients (2%, Gp) are the periods of €

zaz/Q ga:/Q.

Bryant& Griffiths: locally in moduli space, the com-
plex structure of X is entirely determined by the set
of periods {2}, and G = Gy (2).



The {z%} define “special” projective coordinates on

Mcg:

o {29} cannot all vanish (we will see later that if
they all vanish then [y QA Q =0)

e Under Q— AQforAeC* 2% — A\

Therefore (20, Zl, ces ,Zhlz) = Phlz

Note that under € — A{), we also have that
Ga — AGq

s0 Gu(z) is homogeneous of degree 1.

Kodaira:
Let t% .o =1,..., h19, be affine coordinates. Then
01}
— € H(370> H(Qal)
o ©
and we can write
02
w — KQ/Q + SOQ/
Similarly:
% (3.0) m 77(21) & 77(12)
Qe HYYW e H\-Y @ H\
oteots
83

v (3.0) ¢ g2 g g(1:2) gy f(0:3)
am%%ﬂQGH oH*Y o H Y o H



Griffiths transversality condition:

It is clear that
oS
/ an g
X 0z%

This implies that G,4(z) is the gradient of a holo-
morphic prepotential, G(z), which is homogeneous

of degree 2

Ga = ga<z) = %9(2) :

Note:

There is no new information from

2 3
/ QA Gl =0 and / Q/\a—Q =0
x  02002b x  0200209z¢



The choice of a symplectic basis (aq, 8°) of H3(X)
is unique up to a symplectic transformation

()¢ 2)C)

(g g) € Splby) = Sp(2(2Zho1 +1)

where

Recall that Sp(2n) is the group of 2n x 2n matrices

(1)

So Sp(b3) preserves the symplectic inner product,.

which preserve

Under these transformations the periods transform

(7)- (¢ )Y

Note that the 2%(z) are non-linear in the 2’s.
The period matrix
L

G, =
ab 020020

g
transforms as
G —G=(CG+D)"YAG + B)

(Think of the analogy with period matrices of Rie-
mann surfaces!)



The transformation law for the {z%} is
z2—=2=(CG+ D)z

that is, {z%} form a vector valued modular form of

Sp(b3).

Metric on Mg

Define:

Using Q = 2%, — GoBY we can write eI in

terms of the periods

e K — i(GaZ® — 2°Gy)

(By the way, the reason why not all z’s can vanish is
that the volume form would vanish if they did.)



There is a natural Kahler metric on Mg with Kahler
potential K

gOéB — aQaBK

= _ieK/ 9004/\955
X

where o € HZY(X) and % = Ko+ pq.

Tian: This is really the only metric one can write
which is invariant under Q0 — f(z)€.

() takes values in a line bundle L: for each X, €2
is defined up to multiplication by a complex number

f(2).
Under 2 — f(z)Q2 the Kéhler potential changes as

e = [P

Then K — K —log f—log f, which leaves the metric
invariant.

As we will see later

ci(L) = wm
where w4 is the Kahler form on Mcg.



Another way to prove that Mg is Kahler is to con-
struct the metric on the space of metrics.

In the physics literature this was done by Bryce de-
Witt (1967) in connection with the quantization of
the gravitational field.

The natural line element on the space of metrics is

1 .
ds” = W/X 16guwl|* + |idgyum + 6 Byupl|?

The first term corresponds to the variation of the
complex structure and the second to the variations
of B 4 iw (what is B?).

One can show that the part for the complex structure
coincides with the Weil-Petersson metric, which in
turn can be shown to be Kahler.

Note: this metric is block—diagonal.

Lecture 9  Continue with M¢g

We are discussing the variations of the complex struc-
ture a Calabi—Yau manifold X in terms of (2.

Study how © moves inside H3(X).



We have chosen a fixed symplectic real basis («, 3)
of H3(X) and locally projective coordinates {z%} on

Mcs
za:/aQEPh21, ga=/ Q=G al2)

which are the pertods of €). These periods are homo-
geneous of degree 1 under Q — f(2)S0.

G, the prepotential, is homogenous of degree 2 in

12}

In the symplectic basis (v, 8) of H3(X), Q can be
written as

Q= z"aq - G(2),"

In summary: Mg is Kahler with holomorphic pre-
potential. We say that Mg is Special Kahler.
(Note that this is not the most general definition of
a Special Kdahler space.)

The Kahler metric on Mg is given by

where

oK _ / AAQ = i(Guz® — 2'Gy) = —2iS(2°C,)
X



Recall: 50
@ — KQQ + SO()[

What is K7 The answer is K, = —0, K

0 ) ]
ZAQ=K, | QrQ AQ
fegmn0=ta f0r0s foe

X

Using [y QAQ = —ie— I we have

Connection on L

(Metric compatible hermitian connection)

Recall: €2 takes values in a line bundle L. For each
X, € is defined up to multiplication by a complex
number f(z).

Write Kodaira’s equation as

0 2.1
DQQ:<@+K,Q>Q:¢QEH(7)

We will regard D as a connection on L.
Under Q2 — f(2)Q: Daf) — f(2)DnS2
So oo — f(2)pa and @ takes values in L.



Note that we also have
O — e (1,2)
where ¢ 3= 9B and ¢ 3 takes values in L.

Let W take values in L% @ LP. that is,
under Q — f(2)Q2 U — fO oy

(For example, e I takes values in L ® L, and both
3 and Q) take values in L)

We extended the definition of the covariant derivative
D to ¥ so that the Leibnitz rule is respected

DB\IJ = ((95— + bK’B )‘If



Proposition:

[DOM DB] g_z — _gaB 52
[DOHDB] Q — 9045 Q
Da, D] @ = [Da, D3 2 =0

Proof:

Thus ¢1(L) = wg
Tian: ¢1(L) is the natural choice of Kéhler form on

Mcs.

Note that e & is covariantly constant:

In fact:



Find: Dayp

A priori: Do € H2D g g1.2)
Then
Dapp = Aap’ oy + Bag'oy

By considering

/X(DOA%) N ©s
we find that A = 0.

By considering

/X 05 N (Dawﬁ)

we find
Bag" = —i e ysa5 9™

where we define the Yukawa couplings as



Therefore

Dopg = DaDgll = —i et Ya s g5 € g

Similarly
Dagpg = gaBQ and D=0

The last equation is elementary.

Table of derivatives of the basis (€2, ¢q, @ B Q)

Spans
0 H(Sao)
Doy = —t et Ya s 967907 A2



Curvature
Do, Dl oy = 9o 507 + RO@& ©s

where (using the table)

) - -
Ry5vs = =903945 + 905945 — € YarsYzsed

Flat connection (Gauss-Manin)

There is a flat connection D acting on the basis (€2, pq, @ 3 Q).
That is, there exists a 1-form A such that

DAN=DA+AANA=0
for every A € {€, gpa,ng,Q}

Exercise: Find such A



Yukawa couplings

Largely determined by the prepotential (which also
determines the metric)

o O5Yapy =0  that is, y is holomorphic.
This is because Do DgD~S2 is the (0, 3) part of 83/ ot otP ot

%)

Then 95y, =0

o Yo~ 18 symmetric in its indices and takes val-
uesin L? = L ® L.

'This i1s obvious.

e Let y € HyV(X,T) = H2N (X))
Then
_ 1 - _
Xl = Xarde = o Papords”

In terms of these
Yapy = /X QN (on’u A Xﬁy A va Q;wp)
Therefore

This is a cubic form valued in C and a complicated
holomorphic function of the periods.



In terms of the “special” projective coordinates, the
Yukawa coupling can be expressed in terms of the
prepotential

Yabe = /X QA Q,abc = g,abc

Summary

The moduli space of the complex structure of a Calabi—
Yau manifold X, Mcg(X), has complex dimension
ho1 and has the following properties

e [t is Special Kahler, with metric 9ap = 8a85K :
and with Kahler potential

e I = z/ QONQ=—2i3(2G, q)
X

where
Q=z2% -G, bﬁb
and the 3-forms (o, ) form a symplectic basis of H°.

It has a flat symplectic structure.



e There is cubic form valued in C, the Yukawa cou-

pling,
_ g
Yabe = 02002092¢

Question: Can we determine the periods? Can we
determine the prepotential?

Of course, given the periods, we know what the pre-
potential (and the Yukawa coupling) is:

G = %gaza

If yes, we can compute the metric of Mg g(X).

Calculability of the periods

The periods are generalized hypergeometric functions
that satisfy linear differential equations with regular
singularities.

[ will not explain why the equations are Fuchsian
however it is easy to see why they satisfy linear dif-
ferential equations.



Consider the forms
Q Q/ Q// Q///

where the prime represents the variation of €2 with
respect to the complex structure parameters.

These are all closed three-forms and at most
bs = 2h91 + 2 are linearly independent.

Then there must be a linear relation between the first
bs + 1 of them. This is a linear differential equation
of order b3,

L) = exact .

where L is a linear differential operator of order bs.

Since the period integrals are taken over a fixed basis
in H3(X), it follows that the periods satisfy the same
differential equation as €2

Lz =0 LG, = 0.

This differential equation is known as the Picard—
Fuchs equation and there is a well defined pre-
scription to calculate £ (Gel'fand, Kapranov, Zelevin-
skii) and its solutions.

General Method:
e build a basis of differential 3-forms {¢q }

e differentiate this basis and write in terms of {¢q }

We will illustrate this for the mirror quintic and we
will describe explicitly M g(X).



Lecture 10

Summary: The moduli space of the complex struc-
ture of a Calabi-Yau manifold X, Mcg(X), has
complex dimension hoy and it is Special Kahler, with
metric g,, 5= &ﬂ?gK , and with Kahler potential

e h = z/ QOAQ=—23(2G, )
X

where Q = 2%, —G, 8% and the 3-forms (o, 8) form
a symplectic basis of H?.

It has a flat symplectic structure. There is cubic form
valued in C, the Yukawa coupling,

g
Yabe = 02002002¢
Both, the metric and the Yukawa coupling are deter-
mined in terms of the periods.

Section 5.2

The Moduli Space of the Kahler Class M g~
Recall:

The “mixed” deformations of Ricci-flat metrics 0g,p
are harmonic (1, 1) forms.

They are in 1-1 correspondence with variations of the

Kéhler class [w]

w = igupdat N dx’ — w + dw

The (real) dimension of the space of Ricci-flat met-
rics corresponding to deformations of the Kahler class
is hiy.



First expectation from mirror symmetry:

Let X and Y be two Calabi-Yau manifolds which
are mirror pairs. Then

h11(X) = hio(Y)

A highly non-trivial prediction of the Mirror Sym-
metry conjecture is that

Mcs(Y) = Mgo(X)

We do not know what we mean by M (X)) yet, but
we can start by requiring that at least the dimensions
should match.

If by M (X)) we mean the dimension of the space
of Ricci-flat metrics corresponding to deformations
of the Kéhler class [w], then the dimensions do not

match since hy1(X) # 2h12(Y).

This problem is solved naturally in String Theory by
the fact that what is relevant instead is the space of
deformations of
B+ iw

where B is called the B—field. The B-field defines
a class in H(LY(X,R), but it is defined only mod-
ulo H?(X,Z). We call the combination B + iw the
Complexified Kahler Class.



Let M ~(X) be the moduli space of the complexi-
fied Kahler class.

[t is now certainly the case that

dim M%C(X) = 2h11(X) = 2h12(Y).

We begin with a discussion of the geometry of M%-~(X).

Let {e;},i=1,...,hy; be a basis for H*(X,7Z).
Then we can write
B+ iw = t'e;

where the {¢'} are affine complex coordinates in MG (X).

Consider the holomorphic section

1

This is homogeneous of degree two in the homoge-

wiwlwh

wY

neous coordinates {w, wl, ... ,whll}.

We define the affine coordinates as t* = w'/w®.



We define
0]
Y, :/ e;N\NeiNeg
1k X v J
which is an intersection number. Then
y%k = (%ajakfo

where F¢ is given above.

We have
v : HY@ H>@ H> — 7Z

which is a cubic form valued in Z.

So far this seems trivial. The surprise however is that
one can prove the following proposition.

Proposition

(X)) is Kéhler with holomorphic prepotential.

Moreover,
1
o _ ___ , 9.9 KO
95 = 7 . ei \xej = 0;0;K
where
e K7 = %/ WAWAW= —Zi%(w[]:_}))
3Jx

and I,J =0,1,...,h.



Proof:

We follow a similar procedure from that followed for
the complex structure.

Recall:

The natural line element on the space of metrics is

1
s” = W/X 189u0l1* + 169y + 6 Byo

The first term corresponds to the variation of the
complex structure and the second to the variations
of B+ iw.

We consider

1 o
ds%c ~w /s g““g)"/(ég,{ﬁg/\ﬂ + 53,{553/\/1)5]1/2616:6

The corresponding inner product on H (L.1) i

1 v pov 1/2.6 1
Q(PaU):W/XPWUpaguagpyg/dfC:W/Xp/\*J

for real p and o in HLD (X, R).
Note that g(, ) is positive.



Let k(p, o, 7) be a cubic form defined as

K(p,O,T>=/ pANONT
X

In virtue of the identities

1 1
VZQ/Xwig:g/ﬁ;(w,w,w)

3k(0,w,w)
%0 = —w Ao+ L

A\
2k(w, w,w) e

the inner product can be written entirely in terms of
the cubic form k.

(p,0) 1/ A *
o) =— o

_3 {M 3 /f(p,ww)m(a,w,w)}

Klw,w,w) 2 K2 (w, w, w)

Consider now

1 3 {Fv‘(ei,ej,w) 3 “<6iawaw>5<6j>wyw>}

Klw,w,w) 2 K2 (w, w, w)

59(62'7 6]) — _§



Then we can prove that
1
—0i0;log k(w, w,w) = 5 glei, )

Note: In deriving this relation one needs

1 . =
= —(t! —ti)e

1 1
Ow = 2—2,62' and Ow = —Q—Z,ei

SO

For convenience we will shift the Kahler potential by

a constant factor and we have

1 4
QZ-OJ =5 glei ej) = —aiaj 10g§ R(w, w, w)

2
We set
_go 4

e =3 K(w, w,w)
We still need to prove that
4 _
e K7 = —/ WAWAW= —Zi%(wl}"}))
3Jx

which is an exercise for you.



Now, M%-~(X) is not “isomorphic” to Mcg(Y') at
all, even though they are both Special Kahler. We
will see this very clearly in an example soon.

But we do not want an “isomorphism” between these
spaces because this is not what is consistent with
Mirror Symmetry in String Theory:.

IC(ZEETETSS Complex Structure
Il\)lrlgjrjc)gvgfcoords. bu+1 ba1 +1
pronclosy HY (M, T") HY (M, T)
Prepotentials F(w) G(z)
exp(—K) %/J3=2%m (wja%i) i/QQ=2%m(za gf;)
Period matrices %m(gjufa(zﬂ) ) i‘ym(%)
ot matrin (ou.1) (o, 1)

Table 2.1: A table of closely analogous quantities describing

the spaces of complex structures and Kéhler—forms.



Section 5.3

A Mirror Symmetry Conjecture in String
Theory

Use Mirror Symmetry to learn about M g (X)
Let (X,Y) be a Mirror Pair.

In String Theory a Mirror Pair is one for which
FX 44 — W FY

For example, the massless spectrum of both theories
is the same:

1
# of generations = |h1; — hio| = §|X|

Therefore X and Y have the same massless spec-
trum.

There i1s much more.

[f I'xy“="IY is true, then it must be the case that

Mcs(Y) ~ Mpge(X)
~ quantum corrected M-~(X)
If we call ¢ the parameters of the complex structure

of Y and t the parameters of the Kahler class of X,
then the map 1(¢) is called the mirror map.
The reason for this is that 'y “ = "Iy holds if all
correlation functions are equal. For example

e 2-point correlation function (kinetic terms in the
Lagrangian for I') corresponds to the metrics in the
moduli space

e 3—point correlation function corresponds to the Yukawa
coupling.



In terms of the prepotentials: if Xy and Yy, is a mirror
pair, then

F(t)=6()
where t and () are related by the mirror map.
What happens is that

FOt) = G(v)
is not true (except in a limit as we will see).
What we should have is

G(Y) = FO(t) + AF(t)

The left hand side is calculable, and so is F°(t). Then
we will use G as a generating function for AF.

But, how about the mirror map?

More on the structure of M g later: it is clear that
it will contain the data in M% ~ (as for example
the intersection numbers); but it will contain other
information, the Gromov-Witten invariants.



Lecture 11
Continue: Mcg(Yy) = Mgo(Xt)

Recall: we do not know yet what M (X)) is.

From String Theory:

We want M gro(X¢) to be a deformation of the spe-
cial Kahler M%-~(X¢) (which has cubic prepotential
defined by the triple intersection numbers) which pre-
serves the Special Kahler structure. Moreover, we
want the prepotential F for M gc(X) to satisfy

G() = F(t) + AF(t)

where (t) is the mirror map (which we have not
defined).

Chapter 6
Mirror Symmetry and the Quintic 3-fold

Quintic 3-fold:
Let X € P4[5]. We know that
X(X) = —200 th = 101 hll =1

For definiteness, we consider a one parameter family
of quintics X:

P(x,¢) = x? + :U‘g + xg + a:i + a:g — DY 29T 3T 4T
This family has a large group of automorphisms

G=17;



Section 6.1
The Mirror of the Quintic 3-fold

The mirror Yy, of the quintic 3-fold was first con-
structed by Greene and Plesser. Let

Y, = X,/Z}
where the generators of Z% are given by
go: (1,0,0,0,4)
g1:(0,1,0,0,4)
g2:(0,0,1,0,4)
g3:(0,0,0,1,4)
where, for example

g1 - (:Ula e 71.5) — (xla C$27I3,$4, C4I5) ) C — 627”/5

Note that only 3 of these are independent because of
the identifications in P*

(21, ,25) —> Az, ,25)  A€CT

Note also that we are considering the most general
quintic polynomial which in invariant under Zg. This
1s

P(x,9) = x‘;) + x‘g + xg + a:i + xg — DY 29T 3T 4T

(It is not a coincidence that there is only one free
parameter. )

The mirror Y of the quintic 3-fold is obtained by
resolving the fixed point singularities.



After resolving the singularities, we obtain
h11(Y) =101 ho(Y) =1

The 100 extra Kahler forms arise from the blow ups
required to resolve the singularies associated with the
fixed points of G.

Resolution of the singularities

We need to cut out curves and points of X which are
left invariant by symmetries and, after the identifica-
tions by Z3, these curves and points are replaced by
their smooth equivalents.

The Zg’ action has 10 fixed curves
Ciji o) +x)+a, =0, ijk distinct

Each of these curves is in P?[5] and it is invariant
under a Zz subgroup.

(For example, g1 leaves the curve x9 = x5 = 0 in-
variant, and the other two generators identify it with
itself.)

These curves intersect in 10 fixed points
pz'jZCEZ'—l—ZCj:O, 1 F# g
each of these being left invariant by a Zs X Zs.

Each fixed curve contains 3 fixed points.

And: 3 fixed curves meet in each of the fixed points



Consider points and curves separately.
The Euler number of curves less the points (before

identifications) is

X(P?[5]) =3 x 5 =—10 — 15 = —25

=L (290010 x 5— 10 x (~25))
AREDY

1 1
+ 10 x ﬁ((_%) X 5) + 10 x 5(5 X 25)
= +200

X € P4[5]

For Yy, we work with a one parameter family of mir-
ror quintic 3-folds:

Yy Plz,y)= x?—l—as%—?—x%—l—xi—kx%—5¢x1x2x3x4x5
together with the Z% identifications with generators
given by
go: (1,0,0,0,4)
g1 :(0,1,0,0,4)
g2 :(0,0,1,0,4)
g3:(0,0,0,1,4)



Section 6.2 Describing Mcg(Y)

o Y and Y, where a” = 1, have the same com-

plex structure:

1 — a1 can be undone by a coordinate transfor-
mation, say
x1—>oz_1x1 T, > x; ,1=2,3,4,5

Natural coordinate on Mg(Y) is 9°.

[ J Y¢=OO
This is called the large complex structure limit (LCSL)

Y~ corresponds to the (very) singular quintic
r129x30475 = 0

Before identifications by Zg . This is 5 P?s meeting
in 10 P%s meeting in 10 P! meeting in 5 points.



o Y5 issingular (conifold)

This space has a node, a double point singularity.

The polynomial fails to be transverse: there is a solu-
tion of P = 0 and dP = 0, however the matrix of sec-
ond derivatives is non-degenerate (det 9;0; P # 0).

The polynomial has 125 singular points
r; =o', an =0 (mod 5)

which are all identified by Zg: there is one conifold
singularity at (1,1,1,1,1)

A neighborhood of the node is locally a cone with
base S2 x 53

Let x; =14+ y;, 1 =1,2,3,4, y; small, and x5 = 1.
Into P = 0 and after a change of coordinates we
obtain

4
Q:Z(wA)2:O in C*
A=1

which is a cone with apex at {wy = 0}. The base
of the cone, NV, is the intersection of the solutions of
Q) = 0 with a sphere of radius 7 in C* = R8 defined

4
by DAy lwal” = 1"



To see that N = S?x.S3, welet w = (wq, wo, w3, wy)
and

W =X+1y
Then
7“2 7“2
X XIE, y-y:7, x-y=0

The first equation is a 3-sphere of radius r/+/2. The
second and third define an S? fiber bundle of S2. All

such bundles over S3 are trivial thus A is topologi-
cally S2 x S3.

Figure 3: Conifold transition



In Summary:

We have special values for v:

oy =1 conifold
® Y = 00 very singular, LCSL.

o) =10
While Y, is smooth, ¢ = 0 is an orbifold point
of the parameter space. This is because Yy, is
invariant under ¢ — a1, o’ =1.



More generaly

For example, in hypersufaces defined by one polyno-
mial in a toric variety:

o P =dP =0 gives parameter values (dis-
criminat locus) for which the original family of
hypersurfaces is singular.

Conifold singularities are ubiquitous. But there
are others.

e Very singular LCSL.

We will define this in more generality in terms of
the monodromy of the periods.

e Orbifold points of the parameter space.

Exercise: compute the discriminant locus of the
following polynomial in WP 1999/[8]

P(z,9,¢) = a{+ai+a3+i+as—8r zor3r4ms— 2017y
Show that:

e The locus ¢ + 8* = £1 corresponds to conifold
singularites.

e The locus ¢ = %1 corresponds to more compli-
cated singularites.

e What happens when ¢ = 07

See Candelas, XD, Font, Katz and Morrison: hepth
9308083
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We are working with the mirror pair X; € P4[5] and Yy

For Yy, we work with a one parameter family of mir-
ror quintic 3-folds:

. L SETNR: ST SETNEs ST
Y1 Plz,¢) = 2 +25+23+2)+25 =511 10737425

together with the Zg identifications with generators

given by
go: (1,0,0,0,4)
g1:(0,1,0,0,4)
g2:(0,0,1,0,4)
g3:(0,0,0,1,4)

In Summary:

We have special values for ¢ in Mcg:

oy =1 conifold
® Y = 00 very singular, LCSL.

o) =10
While Y, is smooth, ¢ = 0 is an orbifold point
of the parameter space. This is because Yy, is
invariant under ¢ — a1, o’ =1.



Symplectic homology basis

A% =83 that shrinks to 0 as Y —1
By is the cycle such that A%N By =1

(It is hard to prove that AN By = 1)

We take Al and Bj to be remote from this neighbor-
hood and do not intersect with A% and By

9

Figure 4: Deformation of the conifold

A? = {x|xz5=1,2; e Rji =1,2,3;

x4 branch of P =0 that is an S° as ¢ — 1}
By = {x| x5 =1, |z1| = 2o = |z3] =0

x4 soln of P =0 that tends to zero as ¢ — oo}

Notes on Bs:
* Tt is T° near the LCSL
* As 1) — 00 the other four branches for 24 are O(y1/4).



Construct 2

Consider the holomorphic 4-form in P*

1

H= o oy ridx”2 A dz¥3 A dx¥t A dz¥s
o

=z (:C5da:1 A da? A da® A dat + . )

Now, (1, xo, x3, ¥4, ¥5) and A(@1, T2, T3, T4, T5), A €
C* are the same point in P*,

Then 4 is not well defined in P* since u — A\u
under (xla L2, T3, T4, SU5) — )\(.Z'l, L2, X3, T4, 335)

Using residues, we can however construct a well de-
fined 3-form on Y.

Let

UV =

Il
P

e This has poles at P =0
o It is well defined on P4,

This is the case because under
(xla X9, T3, X4, $5) — )\(I’l, X9, T3, X4, ‘,1;5)

P — \P and then v is invariant.
Note: that this is true only if P is of degree 5.



We will now consider a 1-dim contour C' in P* around
P = 0. C is a small circle of radius e that winds
around P = 0 (a circle bundle inside the complex
normal bundle).

Integrating v over C' we obtain a holomorphic (by
construction) 3-form on the quintic 3-fold

(274)2 = lim / —
e—0
We can now show that, on a patch x5 # 0

Q= 50 ( 1 >3:U5da:1/\d:v2/\dx3

04 (2,9)
where C' = C} is the circle with |z4] = €.
Note that:

211

e there are no poles since dP = 0 and P = 0 cannot
be true simultaneously.

e the value of x4 for which P = 0 lies inside the
circle Cy for sufficiently large ¢ and the residue of
1/Pis 1/04P.



Periods

Consider the period

@) = /BQQ

Recall from last lecture:

1 3 rsdr] A dxo N dxs
2

=ty ( 9:P(z, 1)

and
By = {x| x5 =1, |z1| = 2o = |z3] =0
x4 soln of P =0 that tends to zero as ¢ — oo}

Compute:
3
1 rsdry A dxo N dxs
— 5 [ —
=)= (5) [, S
1 rsdry N\ dry A\ drs A\ dzry
= =2 o4
(27”’) B2><C4 P<x7 ¢>

where Cy is the circle with |z4] = 6 in P* that winds
around P =0 .

In the last expression, note that the integrand is in-
dependent of xs.



We introduce

| — 1 dxs
2mi Jo. x5

where Cj is a circle aroud P = 0 of radius |z5| = 6.
Then we obtain

(1) = —5p— / dxy N\ dxo N\ dxs N\ dxy N dos
wo
(271'@) BQXC4><C5 P(wi)
00
B (bn)! 1 27
_Z mERERRETE | > 1, O<argw<?

n=0

So, we have
oo

2
wo()\):/ Q=) ap\", [Y[>1, 0 < argeh < —
By n=0 g
where
1 (5n)!
)\:(5¢>5n an—WEZ

One can find, by analytic continuation

_ m ['(m/5) m
~ 5 Z o' T = my5) V)

valid for |9 < 1.



We can compute the other periods by finding the
differential operator that o satisfies:

Loy =0

where L is a or order b3 = 4.

We find

4
d
aY: Il : _
1=

Alternatively (Griffiths-Dwork) we can construct a
cohomology basis of 3-forms.
Again, let
i
(2 = Resy —
eSy P
The middle cohomology of Yy, is constructed simi-
larly by a residue construction
xMay,
Pl—i—da

where x™a = " . 27" and 5d, = deg(x™a).

Yo = Resy

Each ¢, is represented by a rational differential form.



In the case of the quintic, the middle cohomology can
be represented by the 3-forms

Q") = nl Resy ((5@)

pn+1) ,n=01,...

where () = x1xox37475.

To find the Picard-Fuchs equation one needs Grif-
fiths’ reduction of pole order method.

[llustrate the method:

0 0
Q) Q —
o1 (212) = g

= Resy % — 5 Resy (;L ( TPQ))

So, modulo an exact form, the differential form cor-
responding to xl W) is equivalent to that corre-
sponding to 1.

Continue now computing:

0 0
o (w2 010)

0

= Resy % -5 RGSY (%(37? - ¢Q))
+ Resy % — 5 Resy (:2(1’3 - IDQ))

+10 Resy (B33 — vQ)(a] —4:Q) ) + 50 Resy (

R )

MQ)



Then
exact = Hy Resy (%Q)
+ 10 Resy (%(Ig — @DQ)(fv? - ¢Q))

After a while we do find the Picard—Fuchs equation.

Exercise: Compute the Picard-Fuchs equation for
the family

P(x,¢) = x% + x% + :1:% — 3Yxix913

of cubics in P2

So we have the fourth order differential operator

4
d
L=06 5)\i|:|1(5@+z), 6=\

[t is easy to see that A = 0 is a regular singular point
with all four indices equal to zero. The four periods
then have the form

wp(A) = fo(A) (holomorphic)

@1(N) = fo(A) log A+ f1(N)

@o(N) = fo(N) log? A+ 2f1(\) log A + fo(N)

@3(A) = fo(A) log? A+ 3f1(N) log” A + fo(A) log A + f3(A)

where the f;(\) are power series.



To find these solutions: Frobenious

Let

Then
wo(A) = @(A, 0)
0
A) = —w(A
wl( ) 8€w( 76> —0
etc, and where, for example,
o m 1
fl(/\> =5 Z am<05m - Um))\m y  Om = Zﬁ
m=1 n=1
Indices ) \
0 oo 1
0 1/5 0
P 0 2/5 1 ¢ %
0 3/5 2
| 0 4/5 1 )

At b = 1 we also have a logarithmic divergence.
Near 1) = 0 the periods are of the form zpk 4 F3.



The last step is to find the periods corresponding to
the symplectic basis {z%, G, }: use monodromy.

We know that Go = wy = | B, (). By analytic con-
tinuation, one discovers that this period has a log-
arithm at @ = 1. This is expected because under
monodromy around 1) = 1 one can show that
A>3 A By —s By+ A?
which in terms of the periods it means
222 Gy Gyt 2P

One finds
2 /A 9= c(@olar) - mo(®))
ETC.

Metric

Recall
€_K — Z(Za ga - Zag_a)

where K is the Kahler potential.

We find:
e ~1  g,,;(1)is finite (has cusps).

L 25I°(4/5)°(2/5)
Jypnp > TT5(/5)0(3/5)

o) — 0

_ 3
g is symptotic to a metric of constant negative
curvature: R — —4/3+. ...



Figure 5: The plot of the metric g,,; against ¢ in the fundamental region 0 < argy) <

27 /5

against ¢ in the fundamental region 0 <

Figure 6: The plot of the curvature R,

(4

argy < 2m/5



Yukawa Couplings

Let
de
W= | QA —
K /y ANF

We know all Wy, W7, Wo vanish, and that

d?)
Wa = ON— Q)
; /y A3

is the Yukawa coupling.

Claim: Let

d'f dj &f

dr? - Z d)\J

be the Picard-Fuchs equatlon. Then
d 1

DY W3 = —503()\)W3(>\)

Proof: The claim follows by writing I/}, in terms of
the periods using 2 = 2%, — G, 08¢



Therefore

ori\° 2 1
oo =2 \57) T8 =2

Note that as ¢ — oo

27\ 3
Yipypp = 9 (7)

and that as ¥ — 1, Yy — 00.

Note also that we could have computed yy,,, = 829 .
However the result above is closed.

Chapter 7 The Mirror Map and My c(X)
for the Quintic 3-fold

Section 7.1 Describing M ~(X)

Recall X; € P4[5], where t is the complexified Kéhler
class parameter

B +iw =te
and e is the generator of H*(X,Z).



Let {w", w'} be homogeneous coordinates on MG (X)
with

t_w
=
We have

yfttzfe/\e/\e:
X
5(1013

FoUX)= —— —~

(X) 6w’
3

gtf:_Qa tQZ%(t)

Ro— 2
3

String Theory: If (X¢,Yy) is a mirror pair, then

§ 2 ~(X) ~ i Y,
im  Meo(X) ¢1_>moo/\/lcs( )

to—00

7

The space MG-~(X) corresponds to a “classical limit
of the theory in which ¢ is large (large radius limit)
and the mirror symmetry conjecture implies that this
limit should coincide with the LCSL.



This gives the first term in the mirror map

5! : i
t~ ——log(5 A~ o2t

Note that the B-field is defined only modulo H?(X, Z).The
natural coordinate on M%-~(X) is q.

Note also that t9 — oo is the limit A — 0.
We also have

o\
gt =\ 57 | Yoy

This relation is exact.

The RHS in the LCSL gives

Yitt ~ 0+ ...

Lecture 13

String Theory: If (Xy,Yy) is a mirror pair, then

lim M%~(X)~ lim Mgg(Y,
i Ko(X) S cs(Yy)
The space M- ~(X) corresponds to a “classical limit”
of the theory in which ¢9 is large (large radius limit)
and the mirror symmetry conjecture implies that this

limit should coincide with the LCSL.

This gives the first term in the mirror map

5 | o
t ~ ———log(5 A ~ 2Tl
log(y), e A~ei=g

i\ >
We also have  ypy = (W) Yhipap ~ O+ -



Section 7.2 The Mirror Map

Given an ODE, a point A = 0 is a point at which
the monodromy is mazimally unipotent if the mon-
odromy matrix 7" is unipotent of index 4. That is

(T —1)% #£0 (T—1)*=0
(The value 4 for the index is the maximum possible

in our case).

This is precisely the case for the Picard—Fuchs equa-
tion for the mirror quintic 3-fold at A =0

The LCSL is a point of Maximal Unipotent Mon-
odromy:.



We will define the mirror map t(v) as follows:

e Require that the monodromy around the LCSL
A = 0 corresponds to t — ¢ + 1.

(recall values of ¢ which differ by an integer give the
same physics)
That is
t(A) = t(N)+1
as A — €20\,

e The fact that the LCSL is a point of maximal
unipotent monodromy implies that there are unique
cycles vg and 71 such that

wo()\):/%Q

is single valued near A = 0 and

wl()\)z/%£2

is a period such that the mirror map
1 A
271 wg(A)
changes as t — t + 1 under monodromy around the
LCSL A = 0.




For the mirror pair we are discussing:

@p(A) = fo(A) (single valued at A = 0)
@w1(A) = fo(A)log A + f1(A)
where
fo) = /BQQ P ICRNES
fl()‘) =95 Z a/m((75m O'm))\m . Om = Zl
m=1 n—1
and '
0 — (5n)! <7
nld

Explicitly we obtain for the mirror map:

1 @
21t w(A)

q = exp(2mit) and t =

A = q+154¢% + 179139 ¢° + 313195944 ¢*
+ 657313805125 ¢° + 1531113959577750 ¢°
+ 3815672803541261385 ¢
+ 9970002717955633142112¢% + . .. .

All coefficients are integers.

What are these integers?



Section 7.3 A Conjecture

Mcs(Yy) = Mgo(Xy)

where

, 1 wi(N)
q exp(2mit) and ¢ 271 o)

and

Gy () = Fx(t) = F(t) + AF (1)

M o(Xy) is a deformation of the special Kéhler

%cc(Xt) (which has cubic prepotential defined by

the triple intersection numbers) which preserves the

Special Kahler structure.

Yukawa Coupling

AN b’ dip\*
. ( 5 ) w()2(1 — ¢) (dt)

o0 nkkqu
k

— 5+

i— L= a

— 5+ 2875q + 4876875¢° + . . .

Computation of y,, together with the mirror map

generates these numbers.

How do we interpret this expression?



Section 7.4 Rational Curves

Try to compute y4+ without the use of mirror sym-
metry.

String Theory: yu+ is a 3-point correlation function
which is computed by a path integral

ik =< Vi, Vi, Vi, = / D] ViV, oSl
where
b N — X

Y2 is a Riemann surface, the world sheet, which is the
2 dimensional space swept out by a string as it moves
in space.

S[¢] is the action of the string non-linear o model
(the nonlinearity has to do with the curvature of X).

1 9Y
slol = [ (15 + i ;; ) o
/gb (B +iw) +
:tZ/Z¢ 61' +

where B+iw = tle;, and {e;} is a basis for H*(X, Z).
This depends only on:

1) the class [B + tw]

2) homotopy class h of the Im(¢) in X



So we have

< Vi Vi Vi >=) < Vi,V Vi >y,
h

In fact:

<Vi,Vj,Vj > = /Dm ViViVj il
— / Dl¢] ViV;V, o~ 5K Ch]=Stopld]

_ Ze—Stop[¢] / Dl¢] V;ViVj, el
) h

To compute the correlation functions:

1) expand around classical solutions (minima of the
action)

2) quantum corrections to the Yukawa coupling (Distler-
Greene):

Only from saddle points of the action, that is
05 =0  (stationary points)
These are called instantons.

3) In the topological field theory: this is not an ap-
proximation, it is the exact computation



Stationary points of the action: 4S5 = 0

oot
— =0
do
These are holomorphic embeddings of
P! — X
(restricting to P1)
Then
»(X) could be:
e apointin X
(¢ = constant, classical contribution)

e and algebraic curve in X

e a multiple cover of an algebraic curve in X

For h1; =1,
Skcld] =t /E ()

Let £} be an instanton of degree k.
L;. = a holomorphic embedding of degree k.
That is, £, is a holomorphic embedding of

Pt — X
by equations of degree k characterized by [ L= k.

These are also called rational curves of degree k.



Example:

Take k =2 in X € P4[5]

Pt - X
(u,v) — (u2,v2,uv,0,0,0)
(u,v) — (u2,v2,0,0,0)

The second is a double cover of

(u,v) — (u,v,0,0,0)
Quintic: examples of rational curves of degree 1

k

(u, —a™u, v, —ozkv, 0)

yttt:Z<€7€7€ >h
h

=< e, e, e > +Z < e, e e >
k
We have: < e, e, e >o= 1y, € Z.
For the quintic < e, e, e >¢= 5.
The sum over k is the sum over all topologically dif-
ferent ways a P1 can be embedded in X



We have:

2mikt
Yttt = Yiy + Z Nipk’e™™
k
where

N}, is essentially the number of rational curves of
degree k but need to handle carefully the multiple
COVers.

The factor k2 comes from the insertion of the vertex
operators for the observables.

The factor kt in the exponent comes from the action
evaluated on L.

S[Lk]:/Ek<B+m>:t/£ke:tk

Finally

kqu
yttt:5+znk—ka q=ce
PR
where the contribution of an m-fold cover of a degree

2mat

k rational curve has a prefactor =5 (Aspinwall +
m
Morrison, 93) and

nj. = number of irreducible curves of degree k. VERY
hard to compute.

Mathematical proof: Givental 96; Lian, Liu & Yau,
97.



Ny =mn
No =nq+ 23n2
N3 = nj + 2°n9 + 3°n3

ETC
ny = 2875 Clemens 84
ng = 609250 Katz 86

ng = 317206375 Ellingsrudd&Stromme 92
ETC

Lecture 14

Chapter 8

The Strominger-Yau-Zaslow Conjecture
OR Mirror Symmetry is T-duality

Section 8.1 Introduction
Let (X,Y) be a Mirror Pair.

In String Theory a Mirror Pair is one for which
FX 44 — 7 FY

By this we mean: all correlation functions are equal.

But there is more: we have so far ignored “D-branes”.



So far:

— Parameter spaces of the metric gives striking iden-
tities (for example, generating functions for GW in-
variants).

But also:
— Kontsevich: Homological Mirror Symmetry (94)
Fukaya's Ao Category of Lagrangian submanifolds

on X the same as Bounded derived category of sheaves
onY.

We cannot begin to discuss this, however we will try
to discuss the following question.

Suppose claim that (X, Y") is a mirror pair of Calabi-
Yau manifolds.

Given X, how do we find Y7
— Batyrev:

Let X be a hypersurface in a toric variety described
by a lattice polytope A x. This polytope has certain
properties which reflect the fact that X is a Calabi-
Yau polytope.

Then, the mirror of Y of X is described by the dual
lattice polytope dual

Ay =Vy

where V x is a lattice polytope with certain proper-
ties (which reflect the fact that X is a Calabi-Yau)
and V is the dual to A.



Another idea came from STY: mirror symmetry is
T-duality
Idea:

X = T3 fibration over B

T T — duality

Y = T3 fibration over B

where T and T° are special lagrangian submanifolds
of X and Y respectively.

Definition Let X be a Calabi-Yau 3-fold with (w, €2).

A Special Lagrangial Submanifold M C X, is a La-
grangian submanifold with respect to w

wlpy =0
such that
) =0 on M
that is R(Q)|pr = Vol(M)

In physics: “supersymmetric” 3-brane.



Conjecture

Let (X, Y) be a mirror pair of simply connected CY

manifolds.

Then there is a compact 3-manifold B and projections
. X —B m:Y — B

with fibers 7' and 7.

Let p € B, with T, = 7~ 1(p) and T, = 7~ (p).

Let B = B \ D (dense, open), where D (the dis-

criminant) is set of points in B for which T}, or Tp

degenerate. Then: Vp € B

o 1) and Tp are non-singular SLAG 3-toriin X and Y
respectively

e In the large radius limit of X and LCSL of Y,
the fibrations are T-dual to each other.

Remark: CY manifolds are not bundles! (Unless it is
a TO or T? x K3) If there were no degenerate fibers
then there would be isometries and CY manifolds
have no continuous isometries.



What is T-duality?

Problems:

1) T duality is not well defined in its present version
(it is not defined for p € D)

2) There are general arguments (Joyce mathDG 0206016)
that suggest that, if a fibration exists, then X and Y
cannot have the same discriminant. Instead there is
a discriminat D and D in B but they do not coincide

except perhaps in the LRL and LCSL.

Section 8.2 The Physics argument
Let (X,Y) be a Mirror Pair: 'y “="Ty
['y side: “0-branes”
Mx =X
regarded as the moduli space of points (O-branes) in X
['y side: “supersymmetric D3 branes on T
T = SLAG submanifold in Y with a flat U(1) connection
Let MT be the space of deformations of T and the

flat connections.

Then, there exists such T such that
MT =Mxy=X



One can show that dim M5 = 2b1(T) as both types
of deformations are generated by harmonic 1-forms
T. (See Joyce)

Theorem (Mc Lean): Let X be a CY 3-fold and 7" a compact SLAG 3dim
submanifold in Y. Then the moduli space of SLAG deformations of T is

smooth of dimension by (7).

Since dim X = 6, then we must have by (T") = 3.

Thus, the moduli space of U(1) flat connections on
a 3-cycle T with by = 3 at a point in Y is a 3-torus
(which should be a supersymmetric cycle in V).

We have: X = MT = 3 parameter family of SLAG
3-tori and Y = M is its mirror.

Similarly: Y = My = 3 parameter family of SLAG
3-tori and X = MT is its mirror.

Section 8.3 T-duality

Let X be a manifold with d commuting isometries,
and consider the world sheet action for the SCFT
with X as the target space.

Let Q=B+iw

(as matrices, that is, QN = 9unN + Byun)-
The action is

5 = / Qurd6M6Y + SRVp(0) + . )Po

Let

m,n,... isometry directions

a,b,... others



The T-dual action S (which has the same form as S)
is given by

an - (Q_1>mn
Qab — Qab - Qam(Q_l)anmb
Qna - (Q_1>anma
Qan = _Qam(Q_l)mn
¢ = ¢ — logdet gmn
The target space X of S and the target space Y of

S may be topologically different, however the SCFT
are equivalent. Schematically

o- (14 Lo- J1 J71A
AT L S \=alg-t L AtglA

Idea behind T-duality

X Y
M is a G-bundle obtained by promoting the isome-

tries to local symmetries

and adding a new term [ tr(AoF@)d%0 , o = 1, ... dim(adjG)
where F' is the curvature of A and A are Lagrange
multipliers.

m1: Integrate out A gives F' = 0 and get back S on X.

mo: Integrate out A give the dual theory SonY.
(See Rocek& Verlinde 9110053, Cavalcanti&Gualtieri)



Example: X = U(1) bundle over B = S°

ds® = a?(dip + n cos 0dg)? + A H(d6? + sin® 0dp?)
Forn=0: X = S! x §? trivial bundle
Forn=1 X =57 Hopf fibration

For n > 1 magnetic monopole with charge n.

Let B = 0.
Duality wrt ):
ﬁ 0 0 0 ncosf 0
agunv=10 X1 0 Byn=1-ncosf 0 0
0 0 X lsin?6 0 0 0

Dual theory: V = St x $% with B # 0if n # 0.

Forn:():Xler:aXSQHY:Sizl/axSQ

Section 8.4 T-duality as Mirror Symme-
try for T2

Let X = T2 with metric g.
Let (x1,x9) be real coordinates on X
Complex coordinates: z =x1 4+ Tx9 z =21+ T2

In complex coordinates the metric is

g)=YI(t ™
o \ 7 ||

911
(912 +1/9)

and the metric is hermitian.

SO

T =



We have
QunoxXMox N =
)

o (B +iy/9)0z0z + (—B + i,/9)020%]

Duality wrt 1 and we obtain

2
. 911
det g =
“g det g
) g1 .
T=— —=—-B+1i/g
(912 +1V9)

T:i\/g—é

(Hori-Vafa: extension of this idea to topological o
models and mirror symmetry between the A and B

models.)

The End



Miniprojecs:
Due date: 1st September
Length: about 20 pages

You can send me by e-mail a project or you can
choose. Also, email me for more references.

1) Moduli space of K3 surfaces; mirror symmetry for
K3 surfaces.

Describe the moduli space of Ricci-flat metrics in K3
surfaces.

Let S be a K3 surface.

Harvey& Lawson: there is a complex structure on S
compatible with a given Ricci-flat metric such that
cach SLAG fibration is a T? fibration.

Morrison: every CY metric on S admits such fibra-
tion (arxiv 9608006 )

Fortunately, due to Kodaira, there is a complete clas-
sification of singular fibers, each characterized by the

conjugacy class of the monodromy action M on H1 (T2, 7).
Then the mirror S has (M 1T



2) Connectedness of moduli spaces of CY 3-folds.
Given a CY 3-fold X, can one get to its mirror Y
by topology changing transitions (eg conifold tran-
sitions)? The singularities allowed are those which
are at finite distance (wrt the metric on the mod-
uli space). This is an open question. However, the
problem has been considered for example in the con-
text of hypersurfaces in toric varieties. References on
request.

3) After Katz (Enumerative Geometry and String
Theory). (More references on request)

Define M, (X, 8) the space of isomorphism classes
of stable maps

f:(C)plw"apn) — X

where C'is a tree of rational curves, § = f«|C], the
points p; are distinct from each other and they are
distinct from nodes of C'.

For each ¢, define the evaluation map
evi : Mon(X,8) — X
where
evi(f: (C,p1,. - pn) = X) = f(pi) -

The map ev; evaluates f at the marked point p;.



Define CGromov-Witten invariants for X = PV:

< Wiy, Wy >g= /M - ev; (wy) . .. ev,(wn)
o,n )

Do examples (eg P2, etc).

Define the GW potential and compute it for exam-
ples.

For a CY manifold, say the quintic, how does the GW
invariant for n = 3 relates to the “yukawa’” coupling?
What is the relation between “rational curves” and
GW invariants. How are the higher genus GW in-
variants defined?

4) It is not known if all Ricci-flat metrics admit SLAG
fibrations. It is in fact very hard to even construct

SLAGsS.

Study the work of Gross and Ruan: Topological La-
grangian fibrations.

For the quintic, say: relation between the prescrip-
tion by Batyrev and STZ to find the mirror

Zharkov (math AG 9806091): torus fibrations of CY
hypersurfaces in toric varieties

Ruan (math AG 99 and 00)
Gross (starting with math AG 99)



