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I. The skeleton equation

The zero range process: with random clocks T'(k) ~ ke™*!
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The heat equation: the hydrodynamic limit 0:p = Ap,

.
°
e o
o svooel oloee g evees
oo fovevene e0e- g ¢ o0 @ eseseee o
ool

The skeleton equation: the controlled equation 0:p = Ap — V - (/pg),
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The rate function: we have P(u" ~ p) ~ exp(—NI(p)) for

1.
I(p) = glnf{ ||9H2L3z t0p=20p—V-(Vpg)}
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I. The skeleton equation
The skeleton equation: in the case of the zero range process,

dup = JAB(p) ~ V- (2% (p)g) = V- (2% (0)(V22 (p) — 9)),
for g € (L?,)* and V& = 282 (p) V2 (p).

Fast diffusion and porous media: for a € (0, 00),
oep=A0p* =V - (p2g).
The rescaling: for A\, 7,7 — 0 the rescaling p(z,t) = A\p(nz, Tt) solves

fe

00 = (=) A (%) = V- (5%3)

for g(z,t) = (n/\%fl)g(m:,rt).

Preserve diffusivity and L"-norm: fix W =1land A = 77%.

Energy criticality: the Ladyzhenskaya—Prodi-Serrin (LPS) condition yields

~ —d(i-L
190222 = 0G5 gl a

Energy critical if » = 1 and supercritical if r € (1, 00).
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I. The skeleton equation

A formal uniqueness proof: if p; and p2 solve
dp=NAp* =V -(p2g),

we have using the distributional equalities

[€]" = sgn(§) and sgn'(§) = 200(¢),

. . d
that, integrating on the torus T¢,

= [sen(ot — p)AG — p5) = [sen(ol = p3 )V - ((of — 03 )9)
=~ [200(p% = p5)IV i = Vo5 = [V (lof = pF o)

= — [2600(p = p3)IVpi — V5] =0

<0

‘We therefore have that

Jax Nl = p2llzs way = llpro = P20l ray -
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I. The skeleton equation
(f*r )7 and p1, p2 solving

A slightly less naive uniqueness proof: for f° =
dip=2N0p" =V -(p?yg),

we have that
+ [263(p1 = p2)(pi

8t(/|pl - P2|5)
= —/253(/71 —p2)V(p1 —p2) - V(p
The nondegenerate case: if a = 1, using Hélder’s and Young’s inequalities

/%gn (P — p2)A(pT — p3) — /sgn‘s(p1 - )V ((p?
2 )V(p1 — p2) - g.

8t(/|p1 — p2 ) /250 pr—p2)|V(p1 = p2)[*
<5/50 p1— p2)|V(p1 — p2 | +g/50(l)1—ﬂ2)(\/ﬂ71 VP2 lg]

Therefore, using that 6§(p1 — p2) < 6 " 1{1p) —ps|<6}
3t(/|P1 p2| ) /50 p1 — p2)|V(p1 — p2)|* S /1{O<|p1 pal<s1l9]’-
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I. The skeleton equation

Conservation of mass: solutions preserve mass if po > 0,

at(/@ p(xvt)) = /ﬁ Oip = /ﬁ V- (20%(2Vp% —g)) = 0.

An a priori estimate: for an arbitrary nonlinearity ¥ with ¢ = ¥’,

6‘t(/w\1/ ) ,a/ P (p) Vol +/pgw()

Therefore, using Holder’s and Young’s inequalities, for every ¢ € (0,1),

o [,we))+a [, 0" (VeI _25/ P+ 2 [ oM () IVl

To close the estimate,
PPY (p)” SV ()P s0 Y(€) S

Entropy dissipation: if ¥(§) = log(§) then ¥(¢) = £log(§) — £ and using

gl

a— a=2 4 a
PNVl =1 7 Vol = V2P

we have that (for nonnegative solutions!)

max [ plog(o)+ [ [ 19075 [, pologlon) + [ [, lol”
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I. The skeleton equation

The equation: we have that
dip=2N0p" =V -(p?g).

A local H'-estimate: for M € (0,00), ¥ = Linr<e<nrtiy, and Wy, = ¢,

max | War(p) Jr/AT / Livi<parisyp™ Vol
tef0,1] J1d 0 Jrd L

' T 1 a-1
S /ﬂ*d War(po) +/0 /Td 1902 p 7 Volircperriy,
Since Wy (§) < (€ — M)+, we have from Holder’s and Young’s inequalities that
/T/ Liv<periyp® VP S / (po— M)y +/T/ p|g|2p1{M< <M+1}
JoJpa DRSPS ~ Jrd o Jrd P

T
S /Td(PO - M)+ +/0 /Td(M+ 1)\9|21{M<p<1\/1+1}~

Local regularity: for every K € (1, 00),

(pAK)VE™") € LIH,.
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I. The skeleton equation

The skeleton equation: for an (Lix)d-valued control g,
dp=~A0p" =V -(p2g).
L'-contraction: if p1 and p2 are solutions,
nax P = p2ll 11 ¢ray = llp1.0 = P20l L1 (ay -
Preservation of nonnegativity and mass: if pg > 0 then p > 0 with
lo(@, )l L1 (pay = llpoll 1 (pay -

The entropy estimate: if py is nonnegative then

max [, plog(p) + ./O'T [ 1Vp3F 5 [, polog(po) + I/O'T [l

The local H'-estimate: for every M € (0, c0),

T a—1 2 T 2
/0 /fd Tim<p<rrt1yp™ |Vl N/Td(ﬂo —M)++/O /Td(M—f— DIgl* L imr<panssry-
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I. The skeleton equation

The entropy space: nonnegative functions with finite entropy

Ent(T%) = {p € L' (T%): p is nonnegative and measurable with /
T

 Plog(p) < oo}
Heat equation: for the skeleton equation with oo = 1, g = 0, and po € Ent(T¢),
dp=A0p—0 in T x [0,T] with p(-,0) = po,
we have that v .
max, /polog(p) +/0 Ad Vpz* S /Td po log(po)-
Time reversibility: if p(x,t) = p(x,T — t) then, since Vp = 2;3%Vﬁ%,
0ip = —Ap=—2V - (53 Vj?)
=9V - (ﬁ%vﬁ% — Qﬁ%vﬁ%)
= Aj— V- (5%9),

for the L2-valued control §(z,t) = 4Vﬁ% (z,t) = 4Vp% (z,T —t).
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II. The kinetic formulation of the skeleton equation

A renormalized equation: for n € (0,1) we consider the regularized equation
bl

Orpn = Apf; +nlpy =V - (pi ).

Then, for a smooth S: R — R and ¢ € C*°(T4),

at(/ ) [5 (o) o) (A5 +18py = V- (03 9))
=~ [8'(p)Vo(x) - (apy ™"V py + 1V pr)
— [8"(e)ot@) (e IV pal” + 1l Vpu[)

a

+ [8"(p)0(@)pi - Fpn +5'(p) V() - (0] 9).
The entropy formulation: if S” >0, ¢ > 0, and p, — p as n — 0,

([, S8(e() < = [ (Vo) - (ap* ' Vp) = [ " (p)é(x) (" [VpI)
+ [8"()s@ptg- Yo+ 5 (p)Vo() - (oFg).
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II. The kinetic formulation of the skeleton equation

The kinetic function: for £ € R and x,(z,§,t) = Lro<e<pn(z,0)} — Lipy(z,t)<e<0}
OeXn = 00 — 0, and Vaxy =06,,Vpy,

for 8,, = do(§ — pn(z,t)).

A renormalized equation: since we have that
[5 () V(@) - (aps ™ Vo +n¥p,)

([, Stpn)o@)) =
_/S” pn) () (ap™” NV oul® +nlV | )

+/S” Pn 925(517)977 9-Vpu + 5 (p)Vo(x) - (

pi9),

we have using the equality /RS'(@X” (z,&,t)dE = S(py) that
) (@™ Vxy + 11V x)

(L, [xaS'©o@) == [ [val
— [ [oe(s'c 8p, (A€ [V pul” + 0|V )
+ [ [0e(8'©)(a))e 2g~Vxn—va,<s'<p>¢<w>> (€7 0exn9)
the test function ¥(z, &) = S'(€)¢(z)
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II. The kinetic formulation of the skeleton equation
A renormalized equation: for the regularized skeleton equation
Depy = Apy +nApy =V - (pF 9),
we have for x, = lioce<p, (2,0)}, fOr every i € C(T? x (0,0)),
_ ) a—1
o [, [xav) == ] [V (g™ Vs +19x0)

= [ [ 0085, (a6 IV pul + 0l Vo)
+ [ [oc6eT g Vxg = V- (€3 0exn0),

2)’

or, distributionally, for the measure g, = 6,, (2€® ™| Vpy|* + 1|V,

Brxn = A€ Auxn + 1o Xy + ey — 0c(€2 g Vaxn) + Vo - (€2 Dexng).

Using the distributional equalities Vx, = 6, Vp, and O¢xy = do — 6p,,,
o [, [xn) == [(apy™ +m)(Te) (. p) - Ty

— [ [0z ©)a

+ [(0e0) (@, 1)t 9 Vou + pi g+ (V) (2, ).

B. Fehrman (LSU) UC Irvine June 24, 2025

12 /27



II. The kinetic formulation of the skeleton equation

The kinetic formulation of the skeleton equation: for the regularized equation
Aipn = Api +1Ap, =V - (p2 g),
for the defect measure g, = d,, (@€ |Vpy|* + 1|V py|?), the kinetic formulation is
Bexn = €™ ANy + NAXy + ey — 0e(62 g+ V) + V- (6 (Dexn)9)-
If p, = p as n — 0 then,
G —q2 5p(a§a71|Vp|2),
and, for the kinetic function x = 1jo<c<p(a,t)} Of p,
Bix = T AX + 0:q = (€29 - VX) + V- (€2 (9eX)9),
for a locally finite, nonnegative measure ¢ on T¢ x R x [0, T] with
q > 8,(at™ [Vl

— the kinetic formulation exactly quantifies this “entropy inequality”
— for example, [Perthame; 1998], [Chen, Perthame; 2003]
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II. The kinetic formulation of the skeleton equation

The skeleton equation: for g € (L7 )% and « € (0, c0),
Op=Ap" =V -(p2g)
for x = 1io<e<p(a,t)} — 1{p(z,t)<e<0} the kinetic formulation is
dex = af™ T Ax + Deq — 9e(6% g~ VX) + V- (€2 (9eX)9),

for a locally finite, nonnegative measure g > 6,(a&® | Vp|?).

The entropy estimate: for the test function ¥ (&) = log(§),
T
— $-1
fuhoxtos@ == [ Lo fgo+ [ oF'a-v

A /w/fq’L / 9 V2.

Regularity from the measure: we have that

11 o o N
nggﬁp(f NVpl?) = p* 2 Vp|? ~ [V P,

and that, by the preservation of mass and /Rxlog(g) = plog(p) — p,

T 0 o1 T 5
1 “q< 1
nax, /po og(p) +/0 /Td L e9S fuPo 0g(po) +/0 /Td |9l
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II. The kinetic formulation of the skeleton equation

The kinetic formulation of the skeleton equation: for ¢ > §,a&% | Vpl|?,

Brx = o™ 'Ax + 0eq — (€2 g Vx) + V- (€2 (9eX)9).-

Preservation of nonnegativity and mass: if po > 0 then p > 0 with

||P($7t)||L1(Td) = HX”Ll(TdX]R) = HPOHLl(Td)'

The entropy estimate: if pg is nonnegative with finite entropy then

plog(p +/ / Vp2|?

ma
telo, T] Td

S max [ pros(o)+ [ [ [ Ga

< /Td polog(po) + /OT /Td 9/

The local H'-estimate: for every M € (0, 00),

! atl o
/ /1{11{]\'f<p<]w+1}|Vp 7|

ShL S

T
S Lo =M)e+ M+ 1) [7 [ iarcperrinlol®
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II. The kinetic formulation of the skeleton equation

The local H'-estimate: if ¢/(£) = Lin<e<nrin)

M+1
//4/ q</ pO—M)++(M+1/ / 1{M<p<M+1}|g\
T M

A real analysis lemma: if a; are nonnegative with > 7° | ar < oo then
lim inf kay = 0.
k— oo
Initial data: if po € L'(T%) then limas_ o0 /T L(po— M4 =0.
The control: if for k£ € N,
T
2
ak :/0 ./11‘d Lie-1<p<itlgl
then Y02 ar < fOT Jralgl? < oo and
N - ‘T 2
liminf kay, = lim inf (M + 1)/(J /Td Lim<p<mtylgl” =0

Vanishing of the defect measure at infinity: from the local H!-estimate,

timint [* [, [
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II. The kinetic formulation of the skeleton equation

A renormalized kinetic solution of the skeleton equation [F., Gess; 2023]

Let po € L' (T%) be nonnegative and g € (L7 )% A renormalized kinetic solution of
the skeleton equation is a nonnegative p € C([0,T]; L*(T?)) that satisfies:

— Preservation of mass: ||p(x,t)|| 11 (pay = llpoll 1 (pay for every t € [0,T7.
— Local H'-regularity: ((p A K)V ) € L*([0,T]; H'(T?)) for every K € N.

Furthermore, there exists a nonnegative, locally finite measure ¢ on T% x R x [0,T]
such that:

— Regularity and vanishing of the measure at infinity: we have that

85p(a€® ' Vp|?) < g and l]iwminfq(']l‘d X [M, M +1] x [0,T]) = 0.
— 00

— The equation: for every ¢ € C2°(T? x (0,00)) and t € [0, 7],

/Td XY

=t

::O = —/Ot [ @p" V- (VU)(@,p) —/Ot '/Ed/ﬂg(agw)(x,f)q
+ [ [ @)@ ppg-Vo+ [ [ p%g- (o)),

— the equation is not enforced on the set {p = 0}! Why are solutions unique?
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III. The kinetic formulation of the skeleton equation

Vanishing of the defect measure: for the equation
dex = Al AX + 0cq — 9e(€2 - VX) + V- (€2 (9ex)9),

for the test functions ¢ = %1{g<§<ﬁ} and Cyy = —l{amrce<rriiys

M+1
L L =2 [ Lo [ L
JrE/o /Td pig'Vpl{%<P<ﬁ} +/0 /11‘d pig‘vp]-{M<p<M+1}.

We have using p% Vp = p% . p%1 Vp and Hoélder’s and Young’s inequalities that

L e o5 [ L)
M1 ) t o, )
— 1 1 y .
/ /W/A q+ /3/0 ./Td plgl {§<p<ﬁ}+/0 -/Td Plgl L im<pa ity

The righthand side vanishes as M — oo and 8 — 0. Therefore,

“./(;t/ﬂid q(z,0,s)” = Jim /: /Td ./;q: /Td (po(x) — p(z,t)) = 0.
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II. The kinetic formulation of the skeleton equation

A renormalized kinetic solution of the skeleton equation [F., Gess; 2023]

Let po € L'(T?%) be nonnegative and g € (L7,)%. A renormalized kinetic solution of
the skeleton equation is a nonnegative p € C([0,7]; L*(T%)) that satisfies:

— Preservation of mass: ||p(@,t)||p1gay = l|poll 1 (1ay for every ¢ € [0, T7.
— Local H' -regularity: ((pAK)V ) € L*([0,T); H" (T%)) for every K € N.

Furthermore, there exists a nonnegative, locally finite measure ¢ on T* x R x [0, 7]
such that:

— Regularity and vanishing of the measure at infinity: we have that

8, (a1 |Vp[*) < g and liminfq(T* x [M, M +1] x [0,T]) = 0.
—00

— The equation: for every ¢ € C(T% x (0,00)) and t € [0, T],

/Td Xy

= [ e (@) - [ [, [@eb)a )

+ [ [ @)@ ot g-Vo+ [ [ P (Vo). p).

— we have that limg_,¢ (ﬂ_lq(Td X (%5) x [0, T])) =0.
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II. The kinetic formulation of the skeleton equation

A useful identity: if p; and p2 are nonnegative kinetic solutions, for

Xi (2, &t) = Lo<e<pi(et)} — Lpi(a,ty<e<0}s

./]I‘d lp1 — p2] :‘/Td ./[R‘Xl _X2| / / Xl _2X1X2
= /w /Rxwgn €) + x2sgn(€) — 2x1x2
:/Td/]Rxl + x2 — 2x1X2.

The cutoff functions: the cutoff at zero, for 8 € (0, 1),

2
¢B(O) =0 and 1% = E1{§<£<’B}’

we have

and the cutoff at infinity, for M € (1, c0),
Cm(0) =1 and Cy = —L{pmcecnrsi}

The essential identity: we will use that

Ad |p1 — p2| = lim lim (/ﬂ;d /ﬂ% (Xl + X2 — 2X1X2)Z/)BCM)-

B—0 M —o0

B. Fehrman (LSU) UC Irvine June 24, 2025 20 /27



II. The kinetic formulation of the skeleton equation

The equation: we have that

Brx = PAx + Deq — (€2 g Vx) + V- (€2 (8eX)9),

and we use that

/ lp1 — p2| = lim lim (/’Jl‘d/R(Xl +x2 — 2X1X2)¢BCM)-

B—0 M —o0

The singletons: we have that

(/Td/XzWCM) = */%d/IF;Qias(’Lb;aCAJ) +/Td (0e(wsan)) (pi)pl g - Vs

ql(’H‘ X (ﬁ B) x (0,8)) + i (T x (M, M +1) x (0,1))

G 2

2 r 1 a—1 1 a—1
+= | Ls_ o Cm(pi)pig-pi® Vpi+ | Linmcp<minys(pi)pig-pi > Vpi
B Jrd {5<pi<B} Td

</ Ad /‘\H—1 %/Ot Ad ﬂ|9|21{§<p<6} +'/0t ./]I‘d p|g|21{M<p<M+l}.

These terms vanish in the limit M — oo and 8 — 0.
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II. The kinetic formulation of the skeleton equation

The mixed term: we have that

atX = afailAX =+ f)gq — Bg(f%g . VX) + V. (E% (8§X)g))

and, therefore,

875(/Td/RX1X2W<M)

= /’ﬂ" /R q1(Oex2)Yslm — /Td /R q2(0ex1)YsCm — 2/N ./R A& Wy - Ve
+/Td/R§%6§X2g'VXI¢BCM +/Td/Rf%0&X19'VX2WCM
*Ad/RE%asMg'VXﬂ/)ﬁCM */Td/RE%agxgg-V)(lwggM
+Ad / Be(VaCur)x262 g - Vxa +/‘ / Oe(YsCar)X1€2 g - Vxa
—/ /(thaa Yalum) — / /Q2X18§ [CEIGYOR
In comparison to the skeleton equation

dip=Ap™ —V - (p%g) + “cutoff error”.
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II. The kinetic formulation of the skeleton equation

The dissipative error: for d,p = Ap® — V- (p% g) + “cutoff error”,

3t(/w /RX1X2¢134M)

- ./%d /R q1(Dex2)slar — /w /R 42 (Bex1)VsCar — Q.Ad /R af* V1 - Vxathslar
— ./w 4 S0y q1905C +./1~d A 8, g2t Car — 2‘4(1 4 A€ IV p1 - Vpady, 8y, oaCar

> [, [ 00000 (V1P + Vol Y ostar =2 [, [ 0€" 190" - V65,8050
> 0.

Local regularity: after regularizing x% = (x * x°), for & = k°(p; — £),

a— s s a— a— 5 o8
Q/Td /Raﬁ 'Vx1 - Vxavslu = /Td/R(apl Yt aps T V1 - Vpad) 60,0sCu
a—1

a—1 2
3 3 o y—
:/W/Ra(pl 2o—p? ) Vp1 - VpaRiRa¥sCm

a-1 o—-1
+ 2/T,i /Rapl Z py® Vpi- VpaRiRotsCar.
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II. The kinetic formulation of the skeleton equation

The conservative error: for dip = Ap® — V- (p2 g) + “cutoff error”,

8t(/,ﬂ,d/RX1X21/}ﬂCM> 2 /Td /1{5%85)(29 - Vx1¢sCum +/11“1/R£%8§X19' Vx2vsCm
_ .Ad '/]R 5585)(19 - Vx2slmr — ./W ./R£§8§X29 S Vx1¥Cr
Local regularity of £2: after regularizing x% = (x * &%), for & = °(p; — &),

Fexd (2, €,1) = (Dex * ) (@, &,t) = K°(€) — K (pi — €),

and

/Td/RfS%Qng'VXWBCM +/Td/R§%5§X19'VX2¢BCM

—/ /6%35X19'VX2WCM —/ /ﬁ%asxw-VxWBCM

—/Td/ (0f —pi)g- me1/izi/)BCM+/ / (of — 3 )9~ VRS EaaCH
= [ [ Loctos-pai<s 91 (IVo1] + [Vpal) s (pr)Car (p1)-
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II. The kinetic formulation of the skeleton equation

The cutoff error: for 0;p = Ap* — V- (p% g) + “cutoff error”,
C%(/Td/RX1X21/15CM) >
+ [, [ oe@scaxa€t g Vxa + [, [ 9e(scanagty- Ve
—/ /qnczdg Yslum) — / /qzmda Ypu)-

We have that
/Td /Raf(1/’ﬁCM)X2§%g Vx1 = /Td Pt g Vpixa(z, p1, 1)0(WaCar) (p1)
P%Q Py 7 VPI(;( (B <p1<p} + 1 m<py<mt1})
- P1\9|2(%(1{g<p1<g} + Lim<pi<m+1y) + /Td /; %41 + /Td /MMH a
Conclusion: we have that 9; [ [, x1x2 > 0 and, therefore,

6t/Td|p1—p2|Iat/Td/R(Xl-l-Xz—QXle)§0~
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II. The kinetic formulation of the skeleton equation

Well-posedness of renormalized kinetic solutions [F., Gess; 2023]
Let T € (0,00), d € N, and let ® € Cf,.((0, 00)) N C([0,00)) satisfy that
— ®(0) = 0 with ® > 0 on (0, c0),

— @’ is locally 1/2—H61der continuous on (0, 00),

— and max{o<e<nry @,(5) <cM.

Then for every nonnegative po € L*(T?) and g € (L7 ,)? there exists a unique
renormalized kinetic solution of the equation

Oip = A®(p) = V- (22 (p)g) in T* x (0,T) with p(-,0) = po.

Furthermore, if p; and p2 are two solutions with initial data pi,0 and p2,, then

max ||p1 p2||L1(Td) = Hp170 -

te[0,T] (Te) -

— including ®(§) = £ for every a € (0, 00), for which

dp=A0p* =V -(p?g).
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