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ABSTRACT

The study of Frobenius endomorphism provides numerous information about its corresponding Abelian va-
riety. To understand the action of the Frobenius endomorphism, one may be interested in its eigenvalues.
According to Weil’s third conjecture ("Riemann hypothesis over finite fields"), they all have absolute value less
than or equal to 2g,/p. Thus, the eigenvalues of the Frobenius endomorphism all belong to the same com-
pact subset of the complex plane, and are roots of the same monic polynomial with integer coefficients (the
characteristic polynomial of the Frobenius endomorphism). Such complex numbers are called algebraic integers
"totally" in a compact subset, which means algebraic integers all conjugates of which belong to a same given
compact subset of the complex plane.

The study of such algebraic integers helps to understand the eigenvalues of the Frobenius endomorphism,
especially their distribution. In this paper, we will study the following question : in what conditions a compact
subset of the complex plane has a finite or infinite number of algebraic integers totally in it ? The problem
can be studied in light of the notion of capacity of a compact subset, which comes from potential theory. In
this paper, we will present the theory of capacity and some theorems (Fekete, Szegd, Robinson) derived from it
that partially answer the question: in the case of a union of real segments, when the capacity is smaller (resp.
larger) than 1, it contains a finite (resp. infinite) number of algebraic integers totally in it. For instance, for
real line segments, the limit length is 4.

This paper is written as part of a collective project conducted in Ecole Polytechnique (France). It is aimed
towards undergraduate audience in mathematics, with basic knowledge in algebra, topology, analysis, and dwells
into a modern topic of research.
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PREAMBLE

0.1 MOTIVATION

Since the XIX-th century, research in arithmetic uses concepts from other branches of mathematics, leading
to great progress with surprising efficiency. One of the branches created by this diversification is arithmetic
geometry, which combines algebra and geometry to solve number theory problems. A quick description of the
success of this union can be found in [I5].

One of the main subject of study in this area is the behavior of geometric objects (e.g. "curves") defined over
finite fields. These "curves" are rigorously defined as the domain on which a certain number of multi-variable
polynomials defined over the considered finite field vanish. For instance, the first bisector is the domain in
which the polynomial P(X,Y) = X —Y vanishes. As a reminder, a finite field is a finite set with a well defined
addition and multiplication. For example, we can take the field F, = Z/pZ, where p is a prime number, as well
as the extensions [F» obtained by adding the root of an irreducible polynomial of degree n.

One of the remarkable properties of these curves is that we can associate them with abelian groups in which
it is possible — in a certain way — to "sum' two points on the curve, and to find an opposite to each point.
These groups, called abelian varieties exhibit very interesting properties and are still today an active area of
mathematical research, with numerous results [I3][14].

To study the curves over finite fields, a classical method is to study the action of homomorphisms (i.e.
applications compatible with the algebraic structure of the field) on those curves. One of the most famous and
important homomorphisms in such cases is the so-called Frobenius endomorphism Fr which raises the coordi-
nates of a point of the curve to the p-th power, where p is the characteristic of the field (the smallest integer such
that px 1 = 0 in the field, with 1 the unit of the field). In general algebra, the study of Frobenius endomorphism
allows to deduce a number of properties on the set on which it acts. As such, it is natural to try to study it
in the case of curves over finite fields. Especially, since 27 = z for all x € F,,, the number of fixed points of
the Frobenius endomorphism is the number of points of the curve with coordinates in F,,. In the same way, the
fixed points of Fr" are the points of the curve whose coordinates belong to Fyn.

It is then possible to construct the generating function exp(_, -, Nn%n), where N, is the number of points
of the curve with coordinates in Fj,». According to the Weil conjectures [1], this power series is actually a ratio-
nal function : more precisely, a quotient P(T")/(1 —T)(1 — pT) with P € Z[X] a monic polynomial with integer
coefficients. This polynomial is the characteristic polynomial of Fr acting — not on the curve as previously seen
— but on the abelian variety defined from the curve. The eigenvalues of this Frobenius endomorphism are the
root of the characteristic polynomial, which, according to Weil’s third conjecture, ("Riemann hypothesis over
finite fields"), are all inferior in absolute value to 2g,/p, in which g is the dimension of the abelian variety.
In particular, they are all included in the same compact subset (i.e. closed and bounded) K of the complex
plane. The roots of such a polynomial are called algebraic integers totally included in K. Of course, all monic
polynomials with such roots are not associated with Frobenius endomorphisms. But understanding the behavior
of this kind of polynomials allows a better comprehension of Frobenius endomorphisms.

With that being said, it is natural to inquire about the distribution of those eigenvalues, which can be
deduced from the distribution of algebraic integers totally in a compact subset. This distribution itself can be
deduced from the case where K is a real line segment, studied by Robinson who showed in 1962 the following
result: if the length of K is strictly more than 4, there is an infinite number of algebraic integers totally in it; if
the length is strictly inferior to 4, there is only a finite number of such numbers. The case in which the length
is exactly 4 is — for now — only solved for a few special cases. The paper we present here gives a proof of this
result.
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0.2 OUTLINE OF THE PAPER

In a formal way, algebraic integers are complex numbers which are the roots of a monic polynomial with
coefficients in Z. We shall call Q-conjugates of an algebraic integer a the roots of the unique monic polynomial
P with rational coefficients of minimal degree for which P(«) = 0 (minimal polynomial). Given a compact set
K of C, we say that an algebraic integer is totally in K if all his Q-conjugates are in K. We call degree of an
algebraic integer the degree of his minimal polynomial.

The study of the distribution of algebraic integers totally in a real line began in the beginning of the XX-th
century, with a first result from Schur in 1918 which solves the case of real lines with length strictly below 4.
Many other results follow in the next years. Then, some 40 years later, Robinson eventually demonstrates his
theorem, leaving only the case of length 4 unresolved.

The proof we shall give here for Robinson’s theorem follows an article from Jean-Pierre Serre [2] which
summarizes a lecture given during the Bourbaki seminar of March 2018 in Paris. The purpose of the present
paper is to be understandable by a non-specialist audience, but one that has a solid grasp on the basic elements
of algebra (group, polynomials), topology (weak convergence) and analysis (continuity, basic complex analysis).
It seems to us that an undergraduate audience can follow our work and the proof we shall give without too
much trouble. The more interested readers can find in the appendix additions on measure theory, on more
subtle analysis points used in our reasoning, as well as proofs deemed too technical and without much interest
as far as understanding the essence of this proof goes.

In the first part (Elementary remarks), we shall make a range of first observations on this problem, which
will lead to ideas of proof, or invalidate certain proof schemes that could be thought of. This part includes an
algorithmic approach that allows us to get an intuition on the result (although the programs’ complexity does
not allow for a very deep dive into polynomials of high degrees). Finally, we will demonstrate a first result first
found by Kronecker (1857) which deals with the case where the compact subset of the complex plane is the unit
circle. From this case, we will deduce the behavior of the real line [—2, 2], and, more widely, of any real line of
the form [n — 2,n + 2], with n € Z. From these remarks, we will give first bounds for the length of real lines
containing an infinite/finite number of algebraic integers totally in it.

In the second part, we will look into the theory of capacity, which is the natural frame of study for dealing
with the " size" of a compact set for this problem. This notion of capacity is deeply linked to the concepts
introduced in measure theory, and some of the results from this part — once combined with results from the
last part — allow us to prove a slightly stronger result than Robinson’s theorem. In particular, we prove the
convergence (in a certain sense) of a measure associated with a sub-sequence of polynomials towards the measure
of equilibrium of the compact set.

We will then show in the third part Fekete’s theorem which solves the case of a real line of length strictly
less than four, then, Fekete-Szegd’s theorem which is the equivalent of Robinson’s theorem for complex
compact subset of the complex plane (as opposed to the real lines of Robinson’s theorem). We will see how
the proof of this theorem is not sufficient to yield the real case, although some ideas can be reused to solve the
latter, which is why the study of this theorem is very interesting for this proof.

In the last part of this paper, we will eventually give the full proof of Robinson’s theorem, using the tools
developed in the first parts as well as a few results pertaining to the field of algebraic geometry. After a quick
introduction to the core concept of algebraic curves, we will use those results to finish the proof of the main
result of this paper.



ECOLE
POLYTECHNIQUE

UNIVERSITE PARIS-SACLAY

COLLECTIVE PROJECT

1
ELEMENTARY REMARKS

Let us start by reminding ourselves of the definition of our object of study: algebraic integers totally in a
compact set.

Definition 1.1 (i) An algebraic integer is a complex number that is a root of some monic polynomial with
coefficients in Z.

(ii) Given an algebraic integer ¢ € C, we call minimal polynomial of ¢ the unique monic polynomial with
integer coefficients among these with ¢ as a root.

(iii) Let us denote by Gal(¢) the set of all roots of the minimal polynomial of (.

(iv) Let E be a subset of C and ¢ an algebraic integer. We say that ¢ € C is totally in E if Gal(¢) C E.

1.1 FIRST RESULTS

In this first section, we will start by stating three "elementary" remarks about the problem: first, at a fixed
degree, there is only a finite number of algebraic integers totally in a given compact set; then, the derivatives
of a minimal polynomial of algebraic integers totally in a compact set have interesting properties; finally, if
K; C K5 are two compact sets, then the numbers of algebraic integers totally in K; and Ky respectively, can
be compared.

Remark 1.1 Let K be a compact subset of C. Let P be a monic polynomial of degree n the roots of which
are all in K, we can upper bound the k-th coefficient of P by sup(K )k(Z) It is enough to assure that,
at fixed degree, there exists a finite number of such polynomials with all roots in K, and therefore a finite

number of algebraic integers of degree n totally in K.

This remark leads us to several interesting approaches:
e We can find (algorithmically) the adequate polynomials of small degrees.

o If we want to prove that there exists a finite number of algebraic integers in a compact set, it is enough
to prove that the degree of such an integer is bounded.

Remark 1.2 Let us consider a monic polynomial P with integer coefficients whose roots are algebraic integers
totally in a compact set K, where the degree of P is greater than or equal to 2, its derivative is not a monic
polynomial. However it is still a polynomial with integer coefficients, and its roots are still in K, if this
compact set is convex (which is the case for real line segments). Indeed, it follows from Gauss-Lucas theorem
that the roots of P’ are in the convex hull of the set of roots of P.

Therefore we notice that the knowledge of P’ gives us information on the roots of P. This idea will be
useful when we compute algorithmically algebraic integers totally in a compact set.

Remark 1.3 Let K; and K5 be 2 compact sets such that K; C Ky, then there is at least as many algebraic
integers totally in K5 as those totally in K (since any algebraic integer totally in K is an algebraic integer
totally in K5). This somewhat obvious remark will be of great use for proofs where it is easier to work on a
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I smaller compact set.

1.2 ALGORITHMIC APPROACH

In order to get an intuition about the algebraic integers totally in a compact set, we have decided to conceive
and implement an algorithm listing algebraic integers totally in a line segment, the minimal polynomial of
which, is of fixed degree. These results will later be compared to the demonstrated theorems.

Let K be a compact subset of C. Two questions were kept to be answered by numerical experiments:

e« What are the algebraic integers totally in K? A particular focus is done on the distribution of such
numbers. The results can be compared to the cases studied in section This question seems difficult
because it requires a fine knowledge of the algebraic integers totally in K. That is why the core question
of our paper is actually :

e Is there an infinite number of algebraic integers totally in K 7 The numerical answer to this question can
be compared to the results of sections [3] and [

First, we will state the algorithmic principle that we use, then we will comment on the results we obtained.

1.2.1 e THE ALGORITHMIC PRINCIPLE

In order to get numerical results, only monic polynomials with integer coefficients, the degree of which, is
less than a given integer n will be studied. The goal is to find a list as short as possible with all minimal
polynomials, with degree less than n, of algebraic integers totally in K.

The remark allows to give bounds to the coefficients of polynomial with a given degree, the roots of
which, are all in K. Therefore, for a given degree, the polynomials that could be the minimal polynomial of an
algebraic integer totally in K can be enumerated:

Algorithm 1 Naive algorithm

[ empty list
for all P monic polynomial of degree less than n, the coefficients of which, are integers in the bounds of
remarks [Tl do

if the roots of P are totally in K then

add the roots of P to [

end if
end for
return |
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However, this method is not very efficient. Indeed, the complexity is greater than the product of the double
of the bounds:

- su R Yelt) su n®/2
[ s (1) e > @suwr)y .

where C(n) is the complexity of computing the roots of a polynomial of degree n (done by computing the
eigenvalues of the companion matrix). For instance, when the compact set K is a line segment subset of [-
2.5,2.5], this algorithm cannot list the algebraic integers totally in K with minimal polynomial of degree higher
than n = 4. This data is unfortunately not enough to make interesting conjectures.

Since we mainly focus on the case of real segments, we implemented another specific algorithm for segments
of R. Remark[T.2]can therefore apply and gives a great improvement in efficiency. Indeed, when K is a segment
of R, for all algebraic integers totally in K, all the derivatives of its minimal polynomial have simple roots and

n

all the zeros are in K. More generally, let | < n — 1 and let us consider the polynomials P = Z ap X" where

k=0
(14!

k!
k=1
n — [ roots in K. More specifically, —a; is between the maximum of all local minimums and the minimum of
(k)

k!
k=1
constraints on ag, . . ., a,—1 and thus a list of polynomials likely to have all their roots in K much more restricted
than in the naive algorithm. In summary, the limits of the remark [[.I] have been refined by taking into account
the value of the other coefficients already set. Thus the polynomials whose roots are calculated are much less
numerous and of lower degree, which explains why this algorithm is more efficient than the previous one. Thanks
to this optimization, it was possible to obtain all algebraic integers, whose minimum polynomial’s degree is at
most n = 7 for segments included in [—2.5,2.5]. The analysis of figure [1| corroborates this observation. While

the n — [ —1 greatest coefficients a;11,...,a,—1 are fixed and a,, = 1. Then PO =g, + aH_ka has

all local maximums of a4 X k. Thus, by repeating for [ ranging from n — 2 to 0, we obtain stricter

it has been calculated that the naive algorithm has a complexity of at least C"Z, the second algorithm has an
experimental complexity close to 15™.

After writing this algorithm, we tried to compare it with the state of the art. In [3], the authors combine
techniques very close to ours but more refined with algebraic properties to solve a problem close to ours. Their
algorithm allows to go up to degree 13 in a reasonable time. But unfortunately, we cannot directly apply their
algorithm to our problem.

1.2.2 e RESULTS

Considering remark[I.3] an algebraic integer totally in a compact set K is totally in all compact sets containing
K. We can think that "large" compact sets will have an infinite number of algebraic integers while "small"
compact sets will have a finite number.

To verify this, we have plotted the evolution of the number of algebraic integers totally in K according to
the degree of their minimal polynomial for different segments K of R. The results in figure [3] show that the
length 4 is the boundary between "small" and "large" segments. For segments with lengths less than 4, there
are fewer and fewer new algebraic integers as the degree increases (blue, orange). On the contrary, for segments
longer than 4, there are more and more (green, red, purple). This observation remains valid when translating
the segments.

These observations are in accordance with the theorems that we will demonstrate in this paper. The behavior
of "small" segments is treated by Fekete’s theorem [3.I] and that of 'large" segments by Robinson’s theorem [.3]
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When K = [-2.2], we can notice that the number of new algebraic integers totally in K found at the n
degree seems to increase, but not exponentially (figure . We can verify that the algebraic integers found are
of the form 2cos(2k”) with k and m integers. We will see in the following subsection 1' that the algebraic

m

integers totally in [—2.2] are the 2005(2’%) with k& and m integers. However, the algorithm does not find them

by increasing m.

Beyond the finiteness of the set of algebraic integers totally in a compact set, one can be interested in the
distribution of these numbers. The figure [4] shows that the distribution is essentially the same both when
translating slightly and when the length changes. Moreover, this distribution is similar to that of the roots of

the Chebyshev polynomials.

Experimental complexity

102 4

—— Fast algorithm
Naive algorithm

10t 4

100 4

10714

Time in seconds (log scale)

1072 4

Figure 1: Experimental complexity of the

two algorithms (length = 3.9)

Number of new algebraic integers totally in [a,b]

New algebraic integers totally in [a,b] for d°P=k

35 4

30 4

254

201

151

10

— [a,b]=[-2.0,2.0] (length=4)

Figure 2: Number of new algebraic integers in function of the
degree of the minimum polynomials for K = [—2, 2]
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New algebraic integers totally in [a,b] for d°P=k

—— [a,b]=[-1.9,1.1] (length=3)
[a.b]=[-1.9,2.0] (length=3.9)
[a,b]=[-1.9,2.2] (length=4.1)
100 4 — [a,b]=[-1.9,2.4] (length=4.3)
—— [a,b]=[-1.9,2.15] {length=4.05)

80
60
40 -
20 4
04

d°P—k

120 ~

Number of new algebraic integers totally in [a,b]

Figure 3: Number of new algebraic integers found in function of the degree of the polynomials traversed

Roots of the Chebyshev
K=[-1.9,2.1] K=[-2,2] K=[-1.9,2.4] K=[-1.9,2] polynomial

8 10 A b s 4.0
100 -
7 3.5
15.0 4
B |
6 1 3.0 80 4
12.5 4
5 .

Figure 4: Distribution of algebraic integers of lower degree for different segments compared to that of the roots
of Chebyshev polynomials

Number of algebraic integers totally in K
Sy
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1.3 TWO ELEMENTARY CASES : U AND [—2, 2]

Let us start with the well known cases of the unit circle and segments with length 4 and integer end points.

1.3.1 ¢ K =0U : KRONECKER'S THEOREM

When K = U is the unit circle, Kronecker’s theorem gives us the following result :

Theorem 1.1 (Kronecker). Let P € Z[X] be a monic polynomial whose complex roots are all in the unit
circle U, then its roots are roots of unity.

Let us start with the following lemma :

Lemma 1.1 Let n,k € N and @ be a polynomial with expression H(X — ;).

i=1
n

[Ix —af) e z[x].

i=1

If Q € Z[X], then Qx(X) :

Proof.

Let us consider such a polynomial @ and integers n and k. The Frobenius companion matrix M of @ is
a matrix of M,,(Z) whose characteristic polynomial is ). Therefore the a; are the eigenvalues of M. M is
similar to an upper triangular matrix with main diagonal oy, ..., a,, which results in M* being similar to
an upper triangular matrix with main diagonal of, ..., af. Thus, the af are the eigenvalues of M* with the
same multiplicity as for M. It implies that Q}, is the characteristic polynomial of M*. Since this matrix has
integer coefficients, @ has as well. O

Let us prove Kronecker’s theorem:

Proof. Let us consider P = X™ + p,,_1 X" ! + -+ + py € Z[X] a monic polynomial such that Z(P) C U,
where Z(P) = {a1,..., oy} is the set of the complex roots of P. It follows from the Vieta’s formulas that:

k
Pn—k = (_l)k Z Haji’

JEPL([L,...,n]) i=1

Since the «; are of magnitude 1, the triangle inequality gives us that |[p,_x| < (Z) The coefficients of
P being integers, we deduce that &£,, the set of polynomials of degree n which verify the hypotheses of the
theorem, is a finite set. It implies that R,,, the set of roots of polynomials in &, is also finite.

Let a; be a root of P and let us consider the multiplicative group generated by a;, G = {a¥, k € Z}. With
the notations from lemma for all k € Z, aF is a root of Q € &, according to the lemma. Therefore, G
is a finite group since G C R,. As a result, there exists integers k < k’ such that o = o', which means
b =k =1, O

Remark 1.4 Let us give another proof of lemma [1.1| using symmetric polynomials. Let us consider P =
n n n

ijXj = H(X — ;) € Z[X] and @ = quXj = H(X — af). Let S; denote the j-th elementary
j=1

=1 Jj=1 i=1
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symmetric polynomial in n variables. It follows from the Vieta’s formulas that : p,—; = (=1)7S;(aq, ..., ap)
and q,,—; = (—1)75;(ak, ..., ak). According to the fundamental theorem of symmetric polynomials,
there exists a polynomial R € Z[Xq,...,X,] such that

Si(XF,...,XF)=R(S1,...,S)
Therefore, the coefficients of @
Gn—j = (_l)jsk(a]fﬂ 000y aﬁ) = (_1)jR(_pn71a B (_1)np0)

are integers.
Actually, the fundamental theorem of symmetric polynomials applies to all the symmetric polynomials,
so that all the symmetric combinations of aq, ..., a,, with integer coefficients, are integers.

Remark 1.5 Note that the use of companion matrices in the proof of lemma [I.1] allows us to give a direct
proof of this following particular case of the fundamental theorem of symmetric polynomials: "there exists
R € Z[Xy,...,X,], such that S;(X¥, ..., X*) = R(S1,...,5,)".

Indeed, using the previous notations, let M be the companion matix of P.
V1 < Za.] < n, Mi,j € {Sj(ala"'aan)) |0 g] < Tl}U{O,l}
We deduce from it that :

V(i7j)7 Mi’j c Z[So(al, .. .,Oén)7 .. .,Sn(ah e ,an)].

Thus the coefficients of the characteristic polynomial of M* are in Z[So(ay,...,an), ..., Sn(a1,...,an)].
However, these coefficients turn out to be, regardless of the sign, the (S;(ak, ..., ak))ocicn.

We conclude that :

VO<i<n, Siak,....af)eZ[So(ar,...,an),...,Snla1,..., o).

Conclusion of the case K =U : algebraic integers totally in U are the roots of unity, and there is an infinite
number of them. We have an example of a compact set with an infinite number of algebraic integers totally in
it.

1.3.2 o K=[-2,2]

Proposition 1.1 Let us consider P € Z[X] a monic polynomial such that Z(P) C [—2;2].
The roots of P all have the following expression: z + Z, where z is a root of unity.

Proof. Let P be a polynomial of degree n verifying the assumptions of the proposition. Let us consider
Q=X"P(X+ %) Using the binomial formula, we show that @ is a monic polynomial of degree 2n with
integer coefficients. Let us note that 0 is not a root of @ since the polynomial’s constant coefficient equals 1.
Therefore, for all z € C,

1
Q(2) :O@P(er;) =0.
Let z be a complex root of @. Then, z + % is a root of P, and z + % € [-2,2]. In particular, z 4+ % is a real

number. If we write the obvious equality between this real number and its complex conjugate, we get that
psin(f) = %sin(@), where p and 6 are the modulus and an argument of z respectively. Two cases are possible:
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Figure 5: examples of points totally in K = [-2, 2]

e if sin(f) = 0, then z € R. In order to verify z + % € [—2,2], studying the sign of this expression shows
us that z = £1.

o if p= %, p =1, since the modulus is a non-negative number.

In all cases, z € U. It follows from Kronecker’s theorem that all the roots of @) are roots of unity.
Let r be a root of P. Since r € [—2,2], we can write r = z + Z, with 2 = L +44/1 — %. Since z € U,

2
r=z+ % Therefore, z is a root of (), which means that z is a root of unity. O

Corollary 1.1 The algebraic integers totally in [—2, 2] are real numbers with the following expression: z + Z,
where z is a root of unity.

Proof. The previous proposition shows us that the algebraic integers totally in [—2, 2] all have the following
expression: z + z, where z is a root of unity. Let us prove the reciprocal implication.

Let (Up,), be the Chebyshev polynomials of the second kind defined as follows:
U() =1let Un+1 = QXUn — Unfl, Vn Z 1.

We use induction on n to show that P,(X) = U,(%) are monic polynomials of degree n and with integer
coefficients. They verify that V0 € R\ 7Z sin((n+1)6) _ P, (2cosf). We deduce from it that:

sin 6

Vn > 1,Z(P,) = {2cos %, Vk e {1,...,n}} C[-2,2].
n

Therefore, for all n > 1, Z(P,) is a set of algebraic integers totally in [—2, 2], which implies that for any root

of unity z, z + Z is totally in [—2, 2]. O
Conclusion of the case K =[-2,2] : algebraic integers totally in [~2,2] are the z + 1, with z some root
of unity.

It follows from translating the previous result, this claim for any segment of R with length 4 and integer end
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points:

Corollary 1.2 Let K = [n—2,n+ 2] be a real segment with length 4, integer endpoints and n € Z its middle
point. The algebraic integers totally in K are n + z + %, with 2z a root of unity.

Proof. Let P € Z[X] be a monic polynomial such that Z(P) C [n—2,n+2] and let us consider @ = P(X+n).
Since n € Z, @ is a monic polynomial with integer coefficients, and Z(Q) C [—2,2]. The proposition allows
us to conclude. O

From this particular case, we deduce a more general theorem which gives us a first piece of information:

Theorem 1.2 (Upper bound of the minimal length to contain an infinite number of algebraic integers
totally in a segment). Segments with length greater than or equal to 5 have an infinite number of algebraic
integers totally in them.

Proof. Segments with length 5 contain a segment with length 4 and integer endpoints, and according to
remark 1.3, they contain at least as many algebraic integers as the smaller segments, therefore containing an
infinite number, according to corollary 1.2. O]

A first stage of the work was done with general remarks, an algorithmic approach to convince ourselves of
the result and a first particular case. Let us now build a general framework to tackle the general case of the

theorem.
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2
CAPACITY THEORY

First and foremost, let us focus our interest on the notion of capacity. It is a non-negative number describing
the size of a set, but not a geometric size related to its measure : the terminology comes from physics, more
specifically, from the capacity of a capacitor, which describes the ability of a set to contain electric charges. We
shall see that it is an "adequate " definition of the size of a compact set when it comes to algebraic integers. This
notion gives us a criterion which allows us to determine whether or not a compact set has an infinite number
of algebraic integers totally in it (cf. , with Fekete’s and Fekete-Szegd’s theorems.

The goal of this section is to give three equivalent definitions of the notion of capacity : transfinite diameter
, logarithmic capacity and the Chebyshev’s constant . The main theorem of this section is theorem
[2.10] which proves the equivalence between the three definitions, and states important properties of objects which
allow us to link these three approaches: Fekete’s measures, equilibrium measure, equilibrium potential, Fekete’s
polynomials, Chebyshev polynomials... In section[2.3] we will also prove a formula to calculate a type of capacity
thanks to semi harmonic functions: this section, which is quite technical, can be skipped at first reading.

We will first introduce the notion of transfinite diameter of a compact set thanks to Fekete points ; then we
will study the notion of logarithmic capacity and equilibrium measure before unifying these two notions. Finally
we will give a third definition of the capacity using Chebyshev polynomials. Thanks to this last approach we
will be able to calculate the capacity of segments.

2.1 TRANSFINITE DIAMETER, FEKETE POINTS

To get a first intuition, let us consider a geometric problem from electrostatics: let us place electrons in a
bounded domain. These electrons will tend to maximize their mutual distances in order to minimize the overall
energy. In 3 dimensions, the force is proportional to the square of the inverse of the distance, and the potential
is proportional to the inverse of the distance. Since we are working in the two-dimensional complex plane, the
force is proportional to the inverse of the distance and the potential is proportional to log of the distance.

Given K a compact subset of C and z1,...,2, € K, let us define the potential at point z; (which can be
equal to +00) as follows :

Uzl,..‘,zn (Zz) - - Zlog ‘Zj — Zz| .

J#i
Let us also define the energy of the configuration (z1,..., 2,) as the mean of the potentials at each point :
2 _ 2
E(21,...,20) = —mzbgm - zj| = —logH |2 — 2| "=
i<j 1<j

Let us focus on minimizing the energy of the compact set K for a given number n of points :

2
E(K)= zl,.?,lifeKE(Zl’ ceoy2zn) = —log zl,.I.I.l,gi(EK_l:[ |z; — 2| "D
i<j

The lower bound is reached since K is compact, hence the min in the optimization formula. The points where
this minimum is reached are called the Fekete points :
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Definition 2.1 (Fekete points). Let K be a compact subset of C. Let us define

_  j2/nae1)
0 (K) = maXEK[[ |2; — 2
i<j

This maximum value is reached at the Fekete points (of degree n).

I Remark 2.1 It matches the definition of the usual diameter for n = 2.

Lemma 2.1 let f: K x K — RU{—o00} be a function and for all n € N*, let us consider

i#]
The sequence (mf (K)), is decreasing.
Proof. Letn >1,and z,...,2,+1 € K (not necessarily distinct). We obtain the following equality:
T e = Y iy X fes)
YRR Tis Tj) = — LisZj) | s
n(n+1) = n+ 1\ =1 i i

indeed, it is easily verified by calculating the coefficients of f(z;,x;) on each side: the term f(z;,z;) on the
right is only affected by the k € [1,n + 1]\{4, j} so there are n — 1 choices. Given a k, the sum »-, ;. ;.4
on the right can be considered as >, ,; where i,j € [1,n + 1]\{k}, which is lower or equal to mi (K) by

definition. Then, as we consider the supremum on z1,...,z, € K, we obtain that :
1 n+1
f f —
m K) < su m! (K)=m!(K).
n+1( ) ) ...,a:I,)LEK n4+ 1 ; n( ) n( )

Definition 2.2 (Transfinite diameter). The sequence (6,,(K)),>2 is non-negative and decreasing. The limit

7(K) = lim 6,(K)

n—oo

is called the transfinite diameter.

Proof. We deduce the fact that (0, (K))n>2 is decreasing from lemma O
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We have given our first definition of the notion of capacity : the transfinite diameter. Let us now prove a
few elementary properties and give a few examples as well.

Proposition 2.1 Let K be a compact subset of C, then
1. if a,b € C, then 7(aK + b) = |a| 7(K);
2. 0,(K) = 6,(0K) and then 7(K) = 7(0K).

Proof. (a) can be easily deduced from the definition.

(b) Let us consider n > 2 and h(z1, . .., 2n) = [[;<;<j<n(2i—%;). It is a holomorphic function of n complex
variables on C", therefore ||h||gx» = ||h||(9x)» (We can use the maximum modulus principle of a holomorphic
function of one variable), where d,,(K) = d,(9K). O

Proposition 2.2 (Unit circle). The Fekete points on U are the n-th roots of unity, up to a rotation. The
transfinite diameter of the unit circle equals 1.

Proof. Let us consider n > 2 and z1,...,2, € U, let us denote by D(z1,...,2,) the determinant of the
Vandermonde matrix D(z1, ..., 2,) = det((z) ") 1<ijcn) = [Lic(zj — ).

2
We have 6,(U) = max v |D(z1,...,2,)|"™=D. Hadamard’s inequality gives us

L1, Tn €
1 1 x?fl
|D(z1,...,20)| < ||| : =n3.
L1y 11 \&n/ ||, gt 5

Therefore, 6,(U) < nET
The equality is reached when the row vectors form a family of orthogonal vectors that are linearly inde-
pendent or contains a null vector, which can be written as follows :

20 0
D(x1,...,z,)=n2 &Vi<je[l,n],| : |-[ : |=0
Pt x?‘l
n—1

sVi<jel,n], )y (z;7)=0

k=0
1 — (z;7)"
e Vi<je[l,n],z; #x; et L‘Q:O
l—xjxi
& Vi< je[l,n],z;z; €U, — {1}

< {z1,..., 2.} = 21U,

Therefore 6, (U) = nﬁ, the Fekete points on U are the n-th roots of unity, up to a rotation, and then
7(U) = lim T = 1. O

n—r oo
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Corollary 2.1 We have 7(B(0, p)) = p.

Proof. It follows from Prop. and Prop. that

T(E(O,p)) = pT(B(O, 1)) = p7(0B(0, 1)) = pT(U) =p-

Proposition 2.3 Let us consider K = {0} U{1, 3, %,...}. We have 7(K) = 0.

Proof. Let us consider n > 2. Let , <y < z,_1 < --- < x1 be a choice of Fekete points in K C [0, 1],
then

5n+1(K)W =(y —an) <H(xz — y)) H (e85 = @p),

i=1 1<i<j<n
n—1 (ne1)
=1

We can obtain an upper bound using z,, > 0 and since all points are distinct, x; < % for i € [1,n — 1] and

y < 1, therefore
(y — 2n) (ﬁ(%—y)) < (i—o)ﬁ (1 _0) _ %

i=1 i=1

Hence
(n+1)n 1 n(n—1)
2

5n+1(K) 2 < ﬁén(K)

Therefore we obtain by induction, using d5(K) = 1, the following inequality

n _ﬁ
Int1(K) < <H2'>
i=2

Finally, let us notice that this last term tends to 0 when n — co. Indeed, we obtain for n > 8

n n ) n
log (Hz') = ZZlogj = Z(n+ 1—j)logj
i=2 i=2 j=2 j=2

3[%] 3[%]

Y
Y

log [f} =0O(n%logn), n— o

We will be able to give another proof later (cf. Ex. Thm. .




ECOLE
POLYTECHNIQUE

UNIVERSITE PARIS-SACLAY

COLLECTIVE PROJECT

2.2 PASSAGE FROM DISCRETE TO CONTINUOUS : EQUILIBRIUM MEASURE
AND LOGARITHMIC CAPACITY

In this section, we will use probability measures on a compact set and a few results on measures. Notions
from the theory of measures are provided in the appendix [A]

Fekete points describe an equilibrium when dealing with a finite number of particles. The transfinite diameter
describes the ability of a compact set to have electric charges (like in a capacitor). When the number of charges
tends to infinity, their distribution becomes continuous.

This passage to the limit can be formalized using the concept of weak convergence-* of measures. Let us
remind ourselves of the definition here:

Definition 2.3 (Weak-x convergence). Let us consider D C C and (un)nen a sequence of measures on D.
Let p be a measure on D. We say that (ji,)nen converges weakly to j, written p, — p, if and only if

vf € C%(D,R), lim / fdun=/ xar

Example 2.1 (Riemann integral). The Riemann integral can be considered as the limit measure of a
sequence of counting measures: indeed, if f : [0,1] — R, we have

o1& k !
nlif;onkz_of(n>:/o f do

If we denote by v, the counting measure with respect to the points {% | k=0,...,n}, the continuous linear

1
form / is the limit measure of the sequence (v,,) for the weak convergence-x.
0

Example 2.2 If v, is the counting measure with respect to the set of the n-th roots of unity {627;1”6 | & =

0,...,n— 1}, then

1 27 .
lim [ fdy,=— f(e®) do

n— o0 o2 0

The space of probability measures on a compact set can be equipped with a topology associated with this
notion of convergence: the weak-* topology. The main result is that this space is sequentially compact.

Theorem 2.1 (Banach-Alaoglu-Bourbaki). Let K be a compact subset of C. Let us denote by P(K) the
set of probability measures on K. P(K) is sequentially a compact set for the weak topology-*.

In other words, for any sequence of probability measures (pin ), there exists a sub-sequence (fiy(n))n and

a probability measure y such that p,(,) 5, e

Vo € CX). [ 6 dugo— [ o d

The proof of this claim is given in the appendix [A]

Let K C C be a compact set and use again the electrostatic model introduced in sub-subsection 2.1 We
can consider a probability measure u € P(K) as a distribution of positive electric charges in K. For example,
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a punctual charge at point z can be modelled by §, a Dirac measure centered on z, and a discrete distribution
can be modelled by a counting measure.

Definition 2.4 (Potential, energy). Let K C C be a compact set. Let us consider u € P(K) a probability
measure on K.
Let us define the potential of p in z

0(2) = [ Tor = dutt)

|2 — ]

and the energy of the compact set K, with respect to u

I() = /K UH(2) d(z) = / /K 2 1ogrit| du(z) du(t)

At equilibrium, the distribution of the charges tends to minimize the overall energy. We therefore have an
energy minimization problem on the space of measures on K.

Definition 2.5 (Logarithmic capacity, equilibrium measure). Let us define the Robin constant

Vk= inf I
K #6171;1(1{) (1)

and the logarithmic capacity
Cap(K) = e V%,

If the infimum Vi = inf,cpx) I(1) is reached for a measure pg, this measure is called equilibrium
measure. In that case, we have Cap(K) = e~ 1(#x),
The potential U#X associated with the equilibrium measure is called the equilibrium potential.

Definition 2.6 The capacity of a borel set B C C is defined as

Cap(B) = sup {Cap(K) : K C B, K compact}

Definition 2.7 ("'quasi-almost everywhere'). Let K be a compact set. We write that some property holds
quasi-almost everywhere (g-a. e.) in a set K, if there exists a compact subset S of capacity zero such that
the property holds for all ¢ € K\S.

Example 2.3 Let us consider p € P(K); if there exists a point z € K such that p({z}) > 0, then I(x) = +o0
by definition. Furthermore, if for all ;1 € P(K) there exists such a point, then Cap(K) = 0.

Example 2.4 A countable set has a capacity of zero. In fact, a probability measure on such a set is atomic.
The previous example gives us the expected result.

Remark 2.2 (Heuristic approach). If we consider vp the averaged counting measure with respect to F =
{z1,...,2n}, by neglecting the divergent terms, we find the discrete definition given in sub-section

1 _ 2
I(Z/F) = == Zlog |Zl = Zj| = —IOgH ‘Zl = Zj|"("*1)
n(n—1) i#i
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To determine the measure that minimizes the energy, it becomes natural to consider the limit measure of
the counting measures with respect to the Fekete points.

This intuition will be justified later.

Lemma 2.2 Let (u,) be a sequence of measures of P(K) such that u, — u, then for all z € C,

U*(z) < liminf U#" (z)

n— oo

hence
I(p) < liminf I ()

n—oo

Proof. This lemma is a consequence of proposition applied to t — log ﬁ which is l.s.c. :

1 1
/ log —— du(t) < liminf [ log —— du,(t)
K

=1 o S BT —1]

for all z € K, hence the first inequality. The second inequality follows by integrating with respect to du(z)
and by applying Fatou’s lemma. O

Theorem 2.2 (Equilibrium measure). There always exists an equilibrium measure. Moreover, if Vi < 400
(or equivalently Cap(K') > 0), the equilibrium measure is unique.

Proof. The uniqueness follows directly from the fact that p — I(u) is strictly convex on {u € P(K) :
I(p) < oo} ([], Chap. I, Thm. 1.3(b), Lem. 1.8). The existence results from theorem which states that
the space of probability measures on a compact set is a compact set. In fact,

Vk = inf I
K M€17r31(K) (M)

Let (un) be a sequence of measures such that I(u,) — Vik. By compactness, there exists p € P(K) and a
sub-sequence (i, ) such that p,, — . By lemma:

I(p) < liminf I'(uy,, ) = Vi < I(p)

k—+oco

since Vi is the infimum. Hence Vi = I(u). O
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We now have all the keys to prove the equivalence between the two definitions of the capacity which were
previously defined.

Theorem 2.3 Let K be a compact subset of C. We have
T(K) = Cap(K).

Moreover, if Cap(K) > 0 and we denote by ux the equilibrium measure of K and by v, the counting measures
with respect to the Fekete points, then
VUp — UK

The Fekete points are said to be equidistributed with respect to the equilibrium measure of K.

Proof. Let us rather compare Vx = log m and log ﬁ First of all, let us show that log ﬁ(K) >

log%.
Let us define for zy,...,2, € K :
1
F(z1,...,2,) = Zlogi

= |zl
Let us remind ourselves of the definition of §,,(K) in definition 3

2/n(n—1
(5n(K): maxKH|zi—zj\ / ( )

Z1,.002n €4 &
1<J

and that 7(K) = lim 6, (K). Let us also define the minimal energy associated with a n-point configuration:

. n(n—1) 1
= F e = 1
En 1= Bl T o) = T o 5y

Let px be an equilibrium measure on K. Let us consider
Tim [ [Pl duc(an) . dux(en)
= Z/~-~/log _ dpk(z1) ... dux(zn)
|2 — 2

I I
M
—
e
0]
&
(ol
=
w
o
o,
=
=
0

On the other hand

:(E’n
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Hence Vi = log Capl(K) > log T&().

Let us denote by v, the counting measures with respect to the Fekete points {z1, ..., z,, }. By compactness,
there exists a sub-sequence (v, ) and p € P(K) so that v, — p. Then

1) = [ 108 g du) duct)

= lim // min[M, log ;] dp(z) du(t)

M —+o00 |Z—t|

. . . 1

= Mlir{li_oo kgl}rloo // min[M, log m] dvy, (2) duvy, (1)
1

]

= lim lim — E min[M, log
M—+o00 k—+o0 ny, — ‘Zi — Zj|
1<, j<ng

lim  lim i(TLZ]€M+2 Z log
=1

2
M—~+oco k—+oco N
ko= 1<i<j<ng

N

)

|2 — 2]

. . 1 1
lim lim —(npM +np(ng —1)log ——)

<
= Moo k—rtoo N2 Oy, (K)
=lo L
~ )
Then 1 !
I < I < I = <7
(1) < log &) S8 Gap(®) Vie < I(p)

Therefore, 7(K) = Cap(K).

Furthermore, I(p) = Vg = I(uk). In the case where Cap(K) > 0, u = px the unique equilibrium
measure on K. (v,) is a sequence of elements of a compact set with px as its unique accumulation point,
therefore

Un L) UK

Example 2.5 The equilibrium measures py and pg of the unit circle U and the unit disk B are both % on
U, and the corresponding equilibrium potential is

U"(z) = —log™ |z| = — max(0, log |2|)

Figure 6: Fekete points for n € {8,16} and equilibrium measure with K =U
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Proof.

e Let f be a continuous function. By applying the convergence theorem of Riemann sums to 8 — f(e?),
we obtain :

2ikm N
—) T ; G

WO = -3 Flewp
k=0

: dé
But U, is a set of Fekete points of U (Prop. ) therefore v(U,,) — py (Thm. . Hence | uy = o I
71'

e By making the substitution ¢ := 6 + ¢ :
27 27
dl ; o dt
My — _ 1 _ LN 1 i¢ _ it|\ Y _ rruu
v == [ togle— 57 == [ tog(ze’® — )5 = U ()
Let us consider r € R

n—1

H(r—e%:ﬂ)

k=0

1
U Un) (r)=——1log
n

1
= ——log|r" — 1|
n

— Ifr <1, [r" — 1| — 1, therefore U*(U)(r) = —Llog|r" — 1| — 0

n—oo
—Ifr>1, U"U)(r) = —Llog|r" — 1| = —log(r) — L log ‘%n -1 — —log(r)
n—oo
When r # 1, the function ¢t € U +— —log|z — t| € C is continuous, therefore
if 1
Uk(r) = lim U@y = {007 <
n—00 log - if r > 1
When r =1, by using andwe obtain : 0 = —log(7(U)) = Vu = [, U*(2) duy(z) = U*(1)

Hence ’ Ukt (2) = —log™ |2 ‘

e From the proposition c), it follows that Cap(U) = Cap(B) and V5 = I(uy) # +oo thanks to the
uniqueness of the equilibrium measure, hence pg = py and U*E = UHV.

O

Now that we have unified the two notions of capacity previously defined, let us introduce a few properties of
our capacity.

Proposition 2.4 Let us consider (K,,) compact subsets of C.

(a) Let us consider Ky C K3, then Cap(K;) < Cap(K3).

(b) Let us consider a, § € C, then Cap(aK + ) = |a| Cap(K).
(c) Cap(K) = Cap(0K).
)

(d) Let us consider (K,), a decreasing sequence and let us consider K = (), K,, then Cap(K) =
lim,, Cap(K,).

(e) Let us consider (K,), an increasing sequence and let us assume that K = |J,, K, is a compact set,
then Cap(K) = lim,, Cap(K,).
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(f) Assume that Cap(K) = 0. Then v(K) = 0, for all finite measures with compact support v on C such
that I(v) < 4+o0. In particular, Lebesgue measure my(K) = 0.

Proof. (a) and (b) are immediate consequences of the definition.
(c) results from theorem and proposition

(d) According to (a), it is enough to show that Cap(K) > lim,, Cap(K,), and moreover we can assume
that Cap(K,) > 0 for all n. Let ug, be the equilibrium measure of K, then ug, € P(Kp). According to
[Banach-Alaoglu-Bourbaki| theorem, we can extract a sub-sequence (ug,,,,)n Which converges weakly-* to a
measure pu* € P(Kp). Then lemma gives us

I(p*) < liminf I (pup(n)) = liminf (—log Cap(Ky(,))) = — lim log Cap(K,,)
On the other hand, Prop. implies that

supp p* C msupp,uEw(n) C ﬂK¢(n) = ﬂKn =K

Therefore p* € P(K), then

Cap(K) > e 1) > exp (hm log Cap(Kn)) = lim Cap(K,,)

(e) According to (a), it is enough to show that Cap(K) < lim, Cap(K,,), and moreover we can assume
that Cap(K) > 0. Let us consider u € P(K). Since lim, u(K,) = p(K) = 1, we have u(K,) > 0 for a

sufficiently large n . Then for such a n, we consider :(‘;é;‘) € P(K,). We have

—log Cap(X,) < I (/ZII;Z)) = u(fin? /Kn /Kn logplj dp(t) du(z)

Since the domain of integration K, x K, increases with n and tends to K x K, because (K,,) is increasing
and tends to K, we obtain that

1 1
~1og (1 K)) € log —— du(t) dpu(z) = I
og (tim Cap(K.)) < sy [ [ loa o au) dute) = 1s)
where we apply the monotone convergence theorem, after verifying that on K x K, log ﬁ is lower bounded
by log(1/62(K)). In particular, when p = pg the equilibrium measure of K, I(ug) = —log Cap(K), we

obtain that Cap(K) < lim, Cap(K,).
vk

(f) Let v be a measure verifying the theorem’s assumptions. If v(K) > 0, then 75 € P(K), therefore
since Cap(K) = 0, we have

I<VV(II§)> - 1/([1()2 /K/Klog |zit\ dv(t) dv(z) = +o0
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Then

I(v) = / / o3 ﬁ du(t) dv(z)

(o L)

dv(t) dv(z)
1 2

1 () =+

If K C B(0,r), we have ma|p (0, (C) = mr? and I(ma|p(o,)) < +oo. In fact, for all z € B(0,7),

1 1
/ log —— dma(t) < / log —— dmg(t)
By |zt B(z2r) 12—

27 2r
1
= / / (log p) p dp < 4mr ||plog pll oo 10,7y < +00
0 0

|
+v(K

which is contradicted by I(v) < +oo.

Therefore we can apply what we have just proved to obtain that mo(K) = 0. O
Corollary 2.2 Let a = (a1 < -+ < a2,) be a set of strictly increasing real numbers. Let us consider
n—1
E, = U [@2k+1, ask+2]. The capacity of E, continuously varies with a.
k=0

Proof. Let us consider d = min;{a;+1 — a;} and ¢ €]0,d/2[. Let
as+ = (a1 —€,a2+€,...Q2n—1 —€,Q2, +€), Ac— = (a1 +E,a2 —¢,...02,-1 +¢€, a2, —€),

We have E,, . C E, CE

Qe+ *

The left (resp. right) continuity of Cap(£,) with respect to a is equivalent to Cap(E,) = sup Cap(E,, _)
(resp. Cap(FE,) = inf Cap(E,, ,)). These two conditions are insured by points (d) and (e) of the previous
proposition.

O

Definition 2.8 Let K C C be a compact subset. Let us denote by Qg the unbounded connected component
of C\K. Let us define the external boundary of a compact set K C C as the boundary of Qg, subset of C:

GOOK o= GQK
and the essential closure as the complement of Qx with respect to C:

K .= (C\QK

Corollary 2.3 Let K C C be a compact set, then:

(a) If K is non-empty, then Cap(K) > 0; in other words, Cap(K) = 0 implies that K = 0K




ECOLE
POLYTECHNIQUE

UNIVERSITE PARIS-SACLAY

COLLECTIVE PROJECT

Qx = Qorx = Qo k = Qicee;
0K = 0K, K> K D 0, K;
Cap(K ) = Cap(0K) = Cap(K) = Cap(9K).

Let pux be the equilibrium measure of K. If Cap(K) > 0, then supp(pux) C 0K and px = pgee =
Moo K -

(f) Let (K,) be an increasing sequence of compact subsets of C, and B = |J,, K,. Then Cap(B) =
lim,, Cap(K,).

Proof. (a) results from Prop. [2.4] (f) using Lebesgue measure.
(b) and (c) result from the definition.

(d) can be deduced from (c) and Prop. (a),(c). And (e) results from it, given the uniqueness (Thm.
2.2).

(f) Let us suppose K, of finite capacity. Let K C B be a compact. Then (K N K,,) is an increasing
sequence that converges to K, then we have

Cap(K) = lim Cap(K N K,,)

hence Cap(B) < lim,, Cap(K,,). The other inequality is trivial. O

2.3 POTENTIALS AND SEMI HARMONIC FUNCTIONS

For some probability measure p, the associated potential U* is a function of a complex variable belonging to
a specific family of functions: semi-harmonic functions. These are semi-continuous functions which verify the
maximum/minimum modulus principle. Notions on these functions are provided in the appendix

By using properties of these functions, we will prove several important results on potentials and capacities.
First, we will prove Frostman’s theorem (Thm. which states that the equilibrium potential of a compact
set K has the shape of a platter on K. Secondly we will prove theorem [2.8 which states that under a few
assumptions of regularity, a holomorphic function transforms the capacity of a compact set according to its
monomial of highest degree. This theorem and its two corollaries provide a useful tool to calculate
some capacities.

A few technical proofs are gathered in the appendix [B:1]

2.3.1 e FROSTMAN’S THEOREM

To begin with, let us remind ourselves of the definition of semi-harmonic functions and give two important
examples of super-harmonic functions.

Definition 2.9 ((super-,sub-)harmonic functions). Let D C C be an open set. A function f: D — R is
called harmonic (resp. super-harmonic, sub-harmonic) if it is continuous (resp. lower semi-continuous, upper
semi-continuous) and if it verifies the mean value property (resp. super-mean, sub-mean): for all z € D, if
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the disk {|¢ — 2| <r} C D, we have

1 27 .
f@) =5 | flz+re?)dd (resp. >,<)
2 0
Example 2.6 ¢(z) = log ﬁ is superharmonic and harmonic at points z # ¢. O

Example 2.7 Let p be a positive measure with compact support K, then the potential

" _ 1
0'(2) = [ o g du)

is superharmonic on C and harmonic on C\ K.

Proof. U* is lower semi-continuous since log ﬁ is for all ¢. By using Fubini-Tonelli theorem, we obtain

R T dﬂ—/l/%lo 1 G du
27 J, ) 2n fy g|z+rei9—t| s

1

The example gives us that this last integral is smaller than / log ] du(t) = UH*(z). Therefore, U*
5 —

is superharmonic on C. By considering z ¢ K and r < dist(z, K), it follows from example that this last

integral is equal to U*(z), hence the harmonicity. O

Theorem 2.4 (Maximum principle for potentials). Let p be a finite positive measure with compact support.
If U#(z) < M for all z € supp(u), then the same goes for all z € C.

The proof is given in the appendix [B] Corollary [B1]

Let us state and prove an important theorem on equilibrium potentials : Frostman’s theorem, which claims
that the equilibrium potential has the shape of a platter and is upper bounded every where by Robin’s constant
(cf. Figure 7).

Theorem 2.5 (Frostman). Let K be a compact subset of C such that Cap(K) > 0, then

1. UFKs(z) < Vi for all ze C

2. UMK (z) = Vi for all z € K — S where Cap(S) =0

3. UMK (z) < Vi for all z € Q where § is the non bounded connected component of C — K

Proof. The formal argument proceeds in three steps. First of all, let us define for n > 1 the following sets:
K, ={z € K|U"* < Vi —1/n} and L, = {z € support (ux) |U"*(2) > Vk + 1/n}. We will first show that
the K, have capacity zero, then that the L, are empty, and we will finally conclude, using the maximum
principle for potentials .

Let us argue by contradiction to prove that Cap(K,,) = 0. Assume there exists n > 1 such that Cap(K,,) >
0. We remind that Vg = I (ux) = [ UF¥dug, therefore, there exists some zo in the support of pux verifying
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Figure 7: Frostman’s theorem

UHE (z9) > Vk. By using the lower semi-continuity of U*X | there exists a closed ball denoted by B with
radius r > 0 and center zp, on which we have U*¥(z) > Vi — 1/2n. Then, we have BN K,, = ), and
tr(B) = a > 0 because z is in the support of ugx. To get a contradiction, we want to build a measure that
contradicts the fact that Vi is minimal. To do so, we use the assumption that Cap(K,,) > 0. In fact, we can
consider a measure p on K, such that I(y) is finite. We then build the following measure:

L, on K,
o= —ug/a, onB
0, on the rest

Let us then consider the family of probability measures u; = px + to for ¢ €]0;al. Given how we built B,

we obtain :
I(pr) —1I () >2t(Vg —1/2n — Vg +1/n) + O ()

Therefore for all ¢ sufficiently close to 0 (we remind that here n is fixed), we have I (ux) = Vi > I (us),
which contradicts the fact that ux is minimal since here , pu; # px.

Secondly, let us show by contradiction that L, = (. If one of the L, is non-empty, using the same
argument as earlier, there exists a closed ball B on which U#% (z) > Vi +1/n. As we did earlier, we consider

a = ur(B) > 0. According to the previous point, we obtain for all n, px (K,) = 0, therefore, UFX (z) > Vi
except on a set with measure zero. We then have :

Vi =1 (uk) Z/ UMK dpg
K

:/~U“KduK+/ UMcdug
B K\B

1
> (VK+E>6+VK(1—6)>VK

We obtain a contradiction, and the L,, are empty.
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These two facts allow us to prove the three claims of the theorem : since all the L, are empty, we have
the inequality of the first claim on the support of p g, therefore, on C, thanks to the maximum principle. The
second claim results from the fact that Cap(|J,, K») = 0 which gives us that UF¥(z) > Vi on K\J,, Ky,
and from the first claim which states that U#% (z) < V. Finally, the last claim results from the harmonicity

of U*K on Q.
O

Example 2.8 When K = U (Prop. [2.5)), the potential U*v(z) = log(L) if |2 > 1 verifies Frostman’s
og(p7) if |2

theorem with S = 0.

Corollary 2.4 Let K C C be a compact set with Cap(K) > 0 and pg its equilibrium measure. Then
Utx = Vi in the interior of K. Moreover, since pux = pigee (Cor. 2.3(e)), we have U#¥ = V in the interior
of K.

Proof. [Frostman’s theorem|implies that

UFK(z) =Vk, q—a.e in 0K

On the other hand, U** is superharmonic and lower bounded by log(1/dz(K)) in K. Then the
principla can be applied to U#X on each connected component of K to obtain U “Ko > Vi in K. However,
Frostman’s theorem| already gives us an upper bound, Vi . Therefore UFX = Vi in K.

O

2.3.2 e (CALCULATION OF CAPACITIES

The goal of this section is theorem which states that a holomorphic function transforms the capacity
according to its monomial of highest degree, and two corollaries which serve as tools to calculate some capacities.

The main tool of this proof is Green’s function with respect to a compact set.

Theorem 2.6 Let K C C be a compact set with Cap(K) > 0 and Qx the non bounded connected component
of C\K. Then there exists a unique function gg (-,00) : Qx — R characterized by the following properties:

1. gk (-, 00) is harmonic on Qk and bounded outside of all the neighborhoods of oo;

2. gk (+,00) — log || is bounded on a neighborhood of oo;

3. lim, ¢ gr (2,00) =0 g-a.e. in ONk.

Proof. The existence is given by [Frostman’s theorem| and example if we consider

gr(z,00) = Vg — UFE (2). (1)

Let g, g’ be two functions verifying these three properties, then g — ¢’ is harmonic and bounded on Qg
and therefore can be extended to a harmonic function on Qg U {co}. According to the second point, we have
g(z) > 0 (resp. ¢'(z) > 0) for R > 0 so that K C B(0, R); the [minimum principle| applied on Qx N B(0, R)
gives us that g(z) > 0 (resp. ¢'(2) > 0) on Qx N B(0, R), and then on Q. The uniqueness results from
the third property and the minimum principle| applied twice on Qx U {oo} to g(z) — ¢'(2) and ¢'(z) — g(2)
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respectively. O

Definition 2.10 Let us denote by gx(-,00) : Qg — R the Green’s function with respect to K, with a pole at
infinity.

Corollary 2.5 Let K C C be a compact set such that Cap(K) > 0. We then have gx(-,00) > 0 on Q.

Corollary 2.6 If two compact sets K7,K3 C C are such that Cap(K;) > 0 or Cap(K2) > 0, and that
Qr, = Qk,, then
gK1('a OO) = ng(" OO)

In particular, let K C C be a compact set with Cap(X) > 0, then

gk (-, 00) = goxk (-, 00) = go, K (-, 00) = gree (-, 00).

Proof. Note that the three claims in Thm. [2.6]only depend on Q, the non bounded connected component
of C\K ; therefore the result immediately follows from the definition and Cor. 0O

Theorem 2.7 Let K C C be a compact set with Cap(K) > 0 and gx(+,00) Green’s function with respect to
K, with a pole at infinity. Then

1. gr(z,00) =log|z| + Vi + 0,00 (1);

2. The equilibrium potential of K is UF¥ = Vi — gk (-, 00); then (Thm. gr(-,00) >0 on Q.

Proof. It immediately results from the formula given in the proof of theorem and in the definition
of the potential UFX. O

Let us define the notion of regularity of a compact set. We will see later that it is the right assumption to
link the capacity of two compact sets and thanks to Prop [2.7] it is a special case that will be useful in a more
general approach.

Definition 2.11 Let K C C be a compact set such that Cap(K) > 0. We call {y € 0Qk a regular point if

lim UHME(z2) = Vk;

Qr3z—Co

otherwise, we write that (y is an irregular point. We write that Qg is a regular set if all the points of 0Qk
are regular.

According to the relation between the potential and Green’s function (Thm. [2.7), we have the following
property :

Corollary 2.7 A point (o € 0 is regular if and only if lim,_,¢, gx (2, 00) = 0.
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Proposition 2.5 Let K C C be a compact set such that Cap(K) > 0. Then U*%({y) = Vk implies the
continuity of U#¥ at point (p. The reciprocal implication is true if {y € supp(px).

Proof. It follows from the semi-continuity of U#% and [Frostman’s theorem| that:

UFE ((o) < liminf UPK (z) < limsup U*¥ (z) < V.

z—Co z—Co

Therefore if UM% ({y) = Vi, UF¥ is continuous at point (p.

Conversely, if UF¥ is continuous at point (; and U*¥({y) < Vi, then there exists r > 0 such that
Uhx < Vi on B((o,r), therefore according to [Frostman’s theorem| Cap(B(Co,r)) N K) < Cap(S) = 0, then
according to Prop. f), we have

MK(B(<07T) mK) = 0.
Therefore 1 (B((p,7)) = 0 and we deduce from it that (o ¢ supp(px).- O

Corollary 2.8 Let us consider {y € supp(ug) then for all » > 0, Cap(B((o,r) N K) > 0.

Proof. It is indeed the contrapositive of the last argument of the previous proof. ]

Corollary 2.9 The set of all irregular points has capacity zero.

Proof. Let us assume that Cap(K) > 0. Then the corollary results from Frostman’s theorem. O

To get a sufficient condition of regularity, let us introduce the following notion:

Definition 2.12 Let us consider 2 C C. We write that ) verifies the cone condition if for all € 012, there
exists ¢; # ¢ such that the segment [¢, (3] € C\Q.

Proposition 2.6 Let K C C be a compact set with Cap(K) > 0. If Qg verifies the cone condition, then Qg
is a regular set.

The proof is given in appendix [C.1}

The following proposition will be useful in order to consider the domain regular.

Proposition 2.7 Let K C C be a non-empty compact set and let K¢ = {z € C : dist(z, K) < €}. Then
Cap(K€) > 0 and Q- verifies the cone condition, therefore Q- is regular.

Proof. Since the interior of K€ is non-empty, we have Cap(K€) > 0. Moreover, by definition, all points ¢ in
OK*€ are exactly at a distance of e from K, therefore there exists (; € K such that [(,(1] € K¢ C C\Qg. O
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We will now prove a few results that allow us to compare the capacity of two compact sets thanks to
holomorphic functions and the notion of regularity previously defined.

Lemma 2.3 Let f be a non locally constant holomorphic function defined at co by f(co) = co. Then there
exists some integer n € N* and some A # 0 such that

f(z) ~ A", z— o0

log|f(z)| = nlog|z| + log|A| + o(1), z— 0
Let us define Ay = A, ny = ord(f) = n. O

Theorem 2.8 Let K, K2 C C be two non-empty compact sets. Let f: Qg, U{oo} = Qk, U{oco} be a non
constant holomorphic function such that f(oco) = co. Then,

(a) [Af| Cap(K1)" > Cap(Ky).
(b) Moreover assume that :
(i) Cap(K3) > 0;
(if) f7(00) = {oo};
(i)
iv)

(iv) f can be continuously extended to the boundaries 0Qy, — 0Qk,.

Q, is regular;

Then, Cap(K;)>0, Qk, is a regular set and

1

9K, (-, 00) = n—fgxz(f('),oo)

|Af| Cap(K;)" = Cap(Ka).

The complete proof is provided in the appendix B}

To understand how to apply this theorem, let us see when the conditions in (b) are verified:

(ii) holds when f is biholomorphic, or when f is a polynomial;
(iii) holds when Q verifies the cone condition (Prop. [2.6).
We therefore have the two following corollaries (by applying the same technique as in Prop. if necessary):

Corollary 2.10 If f is biholomorphic, we have ny = ng-1 = 1 and ApAs-1 = 1; Let us apply (a) twice to
obtain (with notation f'(co) = Ay)

|f'(00)| Cap(K;) = Cap(K3).

Corollary 2.11 Assume that f is a polynomial function of degree n:

flz) = Zaixi, an # 0.
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Let K C C be a compact set. Then

|an| Cap(f~'(K))" = Cap(K).

Proof. Assume that K # (. Let us try to apply theorem (b). Since f is a polynomial function, (ii)
is verified for all compacts in C. For e > 0, let us consider K¢ = {z € C : dist(z, K) < €}. Let us show
that the conditions (i),(iii),(iv) of the theorem are verified for the compact sets f~1(K¢) and K¢ and that
F(Qp-1(ke)) C Qge; It will result in

|an| Cap(f " (K))" = Cap(K°).

When € — 0, it allows us to conclude.
(i) K¢ has a non-empty interior, therefore Cap(K*) > 0 (Cor. [2.3).
(iii) results from Prop. and Prop.

(iv) We will actually prove this claim for all compact sets K (instead of K€). A topological analysis shows
that f(0f '(K)) = OK. We have left to prove that f(8Q-1(x)) C 8Qx. We have f(c0) = oo and K a
compact set, therefore f~1(K) is a compact set; likewise, the inverse image of each (open) bounded connected
component of C\K is bounded, therefore included in one of the bounded component of f~!(K). Therefore
Qf—l(K) C f_l(QK), then

f(Qf—l(K)) C Qg

f(an—l(K)) C E

We finally obtain that L
f(@Qf_l(K)) C Qg NIOK = 00k,

which allows us to apply theorem (b) to obtain the final result. O]

2.4 CHEBYSHEV CONSTANT

Let us now give a third equivalent definition of the capacity, defined thanks to Chebyshev polynomials. This
point of view is very useful to calculate the capacity of segments of R.

First, let us state the equioscillation theorem :

Theorem 2.9 (Equioscillation). Let us consider n € N. Let f be a continuous function on [a,b]. Let us
consider P € R,[X]. P minimizes ||f — P|| [ if and only if there exists n + 2 points a < zo < 21 <
... Tpq1 < b such that f(z;) — P(2:) = £(=1)Y|f — Plloo,[a,p]

The proof of this theorem is not that hard but is quite long. In order not to overfill this paper, we advise
the reader to read article [5] for a complete and illustrated proof.

Definition 2.13 (The Chebyshev constant). Let us consider some n € N and K a compact subset of C, let
us denote by || - ||k the uniform norm on K and :

t,(K)=  inf

IX™ + Pl|k-
PeC,_1[X]

If K contains an infinite number of points, there exists a unique monic polynomial T;, € R,,[X], called Cheby-
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shev polynomial such that ¢, (K) = ||T,]|| k-

Let us define the Chebyshev constant as follows :

Cheb(K) = lim t,(K)*.

n—-+oo

Proof.

o If K is an infinite set, || - ||x is @ norm on C[X]. The existence of T,, follows from the fact that the
distance to a closed vector subspace is reached. The uniqueness follows from the reciprocal implication
of the equioscillation theorem ([2.9)).

e Let us consider n,m € N. Since 1,1, is a monic polynomial of degree n + m, we have

Tnimllx = | inf [Pl < [|TnTonllx < [Tl [[Tm]| x
PeCpim[X]

monic

Therefore t,4m(K) < tn(K)tm(K) and (log(t,(K)))nen is sub-additive. It follows from the sub-
additivity lemma that (X log(t, (K)))nen converges, which proves that Cheb(K) is well defined.

O

The Chebyshev constant is equivalent to the logarithmic capacity and the transfinite diameter :

Theorem 2.10 Let us consider K a compact subset of C, then

T(K) = Cap(K) = Cheb(K).

n

Let F,, = {zln), . .7z7(l")} be a set of n Fekete points and F,(X) = H(X — 2()) the associated Fekete
i=1
polynomial. We have
g 1/n _
Tim_[|F[1" = Cheb(K).
Moreover, if Cap(K) > 0, noting px the equilibrium measure of K, we have

i % — _JTHK
Yz E(C\K,nEIEOOFn(z) exp(—U"¥ (2))

The convergence is uniform on all compact subsets of C\ K.

Proof. We argue using theorem [2.3

e Let us consider n € N, z € C and F,, = {zln), ey zﬁ[’)} a set of n Fekete points.

Let us consider {y1,...,Ynt+1} = {zgn), cel zr(l"), z}, then

n

Spp (K HD/2 = max i — Yi| = z— 2™ 2™ — M
+1( ) (Y1seymi }CK H |y y]‘ H| 4 | H I 7 7 |

1<i<j<n+1 i=1 1<i<j<n

Let F, =[], (X — zl(")) Since F,, is a set of Fekete points :

Sn41 (K)™ "D/ > |Fy (2)]6, (K) =02,
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(n—1)n/2
By considering sup,cg, we obtain ||F,||x < (6"+1(K)> On+1(K)™. However, the 0, (K) are

o (K)
decreasing, therefore ||Fn\|}(/n < 0p41(K). Moreover by definition, ¢,(K) < ||Fn|\}(/” < Opy1(K).

Finally, by considering the limit, we have

7(K) > limsup || F,||3" > liminf ||, |[i/" > Cheb(K).
n—00 n—0o0

o To conclude, it is enough to show that Cheb(K) > 7(K). If 7(K) = 0, it is trivial, otherwise K contains

an infinite number of points and we can consider 7T,, = H(X — x;), the n-th Chebyshev polynomial
i=1

with respect to K and v(T,,) the counting measure with respect to 1, ..., z,.

Since z € R% — log % is a decreasing function,

1 1 1 1
S eg e = faf g = W~ ] = §
n BL.(K) sexn elTn(2)] Jé‘z«n; 8| sek
It follows from prop [A-3] that:

o U () — 1y inf V(T W(Ty)
Inf U (2) = px(inf UY57(2)) < prc (UP).

Then,

n

1 < 1 1
Uy = (= ) 1 == ]
pc( ) 'uK(ni:l = \zf:cz\) n 1'uK( e |z — a4

4 ) = U(T)(U")

Frostman’s theorem [2.5] gives us that

1
tn(K)

1
— log < v(T,)(UME) < Vk.

3

x

Finally, passing to the limit n — 400 and composing by = — e~", we obtain :

Cheb(K) > Cap(K) = 7(K),
which concludes the first claim of the theorem.

o Let fo(2) = log(|F,(2)[Y/") = £ 307 _, log|z — ti| where t1,...,t, are the roots of F,,. Let L be a
compact subset of C — K, then :

Vt € K,Vz € L,logd(L,K) <log|z —t| <log sup |2/ —?|.
YELYEK

However, by compactness of L and K, d(L, K) > 0 and sup,.¢y, yex [2" — '] < oc.
Moreover, we have

n

1 1
Yn eN,Vz e L, 2)| < = lo + su z’—t’)‘
12 nmlg(MLK) L =]
< |log L + sup | — t’|)‘ < 0.
N d(L,K) = serLvek
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therefore the f,, are uniformly bounded on L. Therefore, f, is a sequence of holomorphic functions,

uniformly bounded on all compact sets, which converges pointwise on C\K. It follows from Vitali
theorem that the convergence is uniform on all compact sets.

O

This new definition of capacity allows us to calculate the capacity of a segment in a simple manner.

I Example 2.9 (Capacity of a segment). The capacity of a segment with length 2/ is equal to %

Proof.

e Let us first prove the claim when the segment can be written as —1,1].
Let us denote by T;, the unique polynomial verifying:

V0 € R, T,,(I cos(8)) = lcos(nb)

The uniform norm of T}, is obviously equal to I. And like in the well-known case [—1, 1], we show easily
that our polynomial reaches alternatively +I at n + 1 distinct points. (1)

Using De Moivre’s formula, we show that the leading coefficient of T}, is equal to ¢ := (
Minimizing || P|[[—, for P € C,,[X] a monic polynomial, is equivalent to minimizing || X™ — Q||[—; for
Q living in C,,_1[X]. In other words, we are trying to calculate the distance of X™ to C,,_1[X]. Let us
consider Q* := X™ — 17,,(X). We obviously have that Q* € C,_1[X]. Moreover, X" — Q* = 1T,,(X),
which equioscillates at n + 1 points according to (1). Therefore, it follows from lemma 2.1 that Q*
minimizes the distance of X™ from polynomials of C,,_1[X]. Therefore %Tn is the Chebyshev polynomial
with respect to [—1,].

Hence £ (|1, 1]) = |17, (X)]| = £ = ().

Therefore, Cheb([—1,1]) = lim t,([—1,1])% = L.

n—oo

Z)nfl.

e In the general case of a segment of the form [a, b], with length 2, it is enough to consider the following
polynomial function: T,,(X — (a+1)) which, on [a, b], has the same behavior as T}, on [, []. Therefore,
the capacity is not changed by the translation. Hence Cheb([a, b]) = L.

O

Let us now calculate the capacity of the union of two segments, which is symmetric with respect to the origin
0.

Example 2.10 Let us consider 0 < b < a. Then Cheb([—a, —b] U [b,a]) = 7”224’2.

Proof. Let us consider F' an infinite compact subset of C and denote by T'f" the Chebyshev polynomial of
degree n with respect to F. Let us consider E = [—a, —b] U [b, a].
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e Let us consider £ € N. Let us show that 7. 2% is even.

TE(X +TE
| TR < Lm0l + TRl

But E is symmetric with respect to the origin, therefore

T3], = sup [T5(~2)] = sup [F2)| = |[TE ()] -
zeE z€E

Thus )

TE _ TRCO+TE(-X)
2k 2

E E
WH < HT;;QH 5 and by the uniqueness of the Chebyshev polynomial of degree 2k,

. Therefore T 5 1s even.

We deduce from it that T, can be written as follows: ¢(X?) with g € Py, the set of monic polynomials
of degree k. As a result :

tor(E) = qlengk sup lq(2?)]

= inf su x?
s i)

= inf su .
B la(y)|

Therefore TS = T£b2’a2] (X?). But in the example we saw that (%)k_lT,El’l] (Icos(0)) = lcos(kb).
Therefore, by considering x = [ cos(), we have :

T,Eil’l] (x) = Zi]il cos (k arccos (%)) .

Then by translation we obtain :

2 2\k 2
[1,2,,12} o (a —b ) z—b
T ( ) = W COS (k arccos (2a2—b2 —1 °

And finally T (z) = (“22221121)k cos (k arccos (22;22 = 1))

o ton(BE) = |Th| , = (7”22_1’2)%. Hence

L

2k\ 2k
2 _ 2 2 _ 2
Cheb(E) = lim to(E) = lim |2 (") _ Y — v

k— o0
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3
FEKETE'S THEOREM. FEKETE-SZEGO’S THEOREM

Now that we have introduced the notion of capacity and showed the equivalence between the three definitions
(transfinite diameter/potential/Chebyshev polynomials), let us now focus on how this notion gives us informa-
tion on the fact that there is (or not) an infinite number of algebraic integers totally in a given compact set.
The goal of this section is to prove Fekete’s theorem (Thm. and Fekete-Szegd’s theorem (Thm. [3.3)) : the
former states that if the capacity of a compact set is strictly smaller than 1, there is a finite number of algebraic
integers totally in it; the latter states that if the capacity of the compact set is greater than or equal to 1, we
can find an infinite number of algebraic integers totally in any neighborhood (with respect to C) of the compact
set.

3.1 FEKETE’S THEOREM

This section is dedicated to the proof of Fekete’s theorem.

Theorem 3.1 (Fekete). Let K C C be a compact set with Cap(K) < 1. Then there exists an open
neighborhood U of K such that the set of the algebraic integers totally in U is finite. In particular, there is
a finite number of algebraic integers totally in K.

The proof mainly comes from the fact that 7(K) = Cap(K).

Proof. It is enough to prove the last claim of the theorem; in fact, since Cap(K) < 1, we have Cap(K€) < 1
for some e > 0 sufficiently small, where K¢ = {z € C : dist(z, K) < €}; for such a ¢, U = K° verifies the

assumption of the theorem. Assume that Eg, the set of algebraic integers totally in K, is infinite and let us
argue by contradiction.

Let us start with the case where the degrees of all the minimal polynomials p of ( € Fx are bounded by
an integer N > 0. Then the coefficient before X9°&(P)=% is bounded by

deg(p) : N ;
("Bl < ()l whee [ = el
There is only a finite number of such minimal polynomials (we remind that the coefficients are integer), hence
#E i < 0o, which contradicts our initial assumption.

Otherwise, there exists a sequence (,, € Ex such that the sequence d,, = deg(py) is strictly increasing,
where p,, € Z[X] is the (monic) minimal polynomial of ¢,.
Let us remind ourselves of the notion of n-distance (Definition [2.1)) :

_ C_, 2/n(n—1)
on(K) = max_ J[lzi -]
1<J
And the capacity as the transfinite diameter :
7(K) = lim §,(K)

n—-+oo
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Let us notice that

b, (K)"=D > I ¢-n|=| JI r©|>1

E#nEGal(Cn) £eGal(¢y)

The equality in the middle results from the fact that p,, only has simple roots. Moreover, as a symmetric
combination with integer coefficients of the £ (the roots of p,), ngGal(C") Pl (€) is an integer, according to
remark [I.4] non-zero since the roots are simple, therefore greater than 1.

Therefore 64, (K) > 1, hence 7(K) > 1 by passing to the limit n — +o0, which leads to a contradiction
because 7(K) = Cap(K) < 1. O

3.2 FEKETE-SZEGO’S THEOREM

This section is dedicated to the proof of Fekete-Szegd’s theorem [3.3] Let us first define a set which plays a
major part in the proof, the Hilbert lemniscate :

Definition 3.1 Let p € C[X] be a monic polynomial of degree d > 0 and p € R} a real constant. The
lemniscate of polynomial p and constant p is the following set

L=1Ly,= pil(E(O»Pd)) ={z e (||p(z)| < Pd}-

Remark 3.1 According to corollary we have Cap(L,,,) = Cap(B(0, pd))l/ ¢ which is equal to p thanks
to corollary 2.1] and theorem [2.3]

The idea of the proof of Fekete-Szegd’s theorem is to find an infinite number of algebraic integers totally in
a set. Hilbert lemniscates provide us with examples of such sets :

Proposition 3.1 Let P € Z[X] be a monic polynomial. The lemniscate Lp; = {z € C | |P(z)| < 1} contains
an infinite number of algebraic integers totally in it.

{z € C | P(2)™ = 1}. The function { i : H]i(z)
surjective since C is algebraically closed. Therefore S is infinite. Moreover, the elements of S are algebraic
integers totally in S (since they are the roots of P — 1 € Z[X] monic, for some n). We conclude by noticing
that S C LPﬂL

Proof. Let us consider S = | is well defined,

neN*

O

The main step of the proof is the following theorem which states that, under some assumptions, we can
always find a Hilbert lemniscate in any neighborhood of the compact set.

Theorem 3.2 (Hilbert’s lemniscate). Let K C C be a compact set with Cap(K) > 0 and U D K an open
neighborhood of K such that C\U is connected. Then there exists a monic polynomial p € C[X] of degree
d > 0 and a constant p > Cap(K) such that

KcL,,cU.
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Proof. This proof relies on theorem (Chebyshev constant) and theorem (Frostman).
Even if it means restricting U, we can assume that U is bounded. Let us consider R > 0 such that

K cU c B(0,R)

It follows from Frostman’s theorem that UK (z) < Vi for all 2 € B(0, R)\U. Therefore there exists ¢ > 0
such that o
Vz € B(0, R)\U, U"*(2) < Vkx —¢

This upper bound is uniform since B(0, R)\U is compact.

According to the last claim of theorem [2.10} log —ir uniformly converges to U*X : there exists ng € N

™
Fy

such that for all n > ng,

= 1
Vz € B(0, R)\U, [log——— — UM% (2)| <¢/2
| Fn (2)] ™

which implies that
— 1
r n

n(2)]

in other words,

Vz € B0, R\U, |Fa(2)|™ > e V& /2 = Cap(K)e®/?

But z — %(Z) is holomorphic on C\U, therefore it follows from the maximum modulus principle that the

previous inequality holds for all z € C\U. Let us consider p := Cap(K)e*/?, we then have Lp, , C U for all
n = ng. On the other hand, according to theorem there exists n1 € N such that for all n > nq,

< e/2
|| Fullfe < Cap(K)e®’* = p

By considering d = max(ng, n1), we have K C Lp, , C U.

Let us now prove Fekete-Szegé’s theorem :

Theorem 3.3 (Fekete-Szegd). Let K C C be a compact set that is symmetric with respect to complex
conjugation and such that Cap(K) > 1. If U is an open set containing K such that C\U is connected, then
U contains an infinite number of algebraic integers totally in U.

Proof. The idea is to find a known set included in U, which contains an infinite number of algebraic integers
totally in it. According to proposition[3.1] the lemniscate of a monic polynomial with integer coefficients seems
to be a good contender. The theorem F)ZZ] gives us a lemniscate L, , included in U, but for a polynomial P
with complex coefficients (and p > 1). We must now bring its coefficients to Z.

Even if it means considering U UU* (where U* is the set of the complex conjugates of the elements of U),
we can assume that U is symmetric with respect to the real axis. Under this assumption, we have

vz € C\U, |p(2)] > p* > 1,

then
Vz € C\U, Ip(2)B(2)| > p** > 1,
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Therefore L, 3, C U and pp € R[X]. We keep on denoting p this polynomial with real coefficients.
Then assume that U C B(0, R), even if it means restricting the open set U. We have

— 1
Vze B(0,R\U, |—| < p~ <.
(0, R)\ p(z)\ .

It follows from the density of Q in R and the continuity of the roots (since |z| < R) that we can choose a
polynomial ¢ € Q[X] whose roots are still all in U and such that

d

— 1 _
Vz € B(0, R)\U, q(z)'<p .

And since % is holomorphic on C\U, the maximum modulus principle gives:

1
Vz e C\U, |—| < p7¢,
\ q(Z)‘ P

which implies that L, , C U.
We now have to bring the coefficients of ¢ to Z, which is the goal of the two following lemmas (3.1| . O

Lemma 3.1 Let us consider p € Q[X] of degree d > 1 and n € N* such that
1
p(X) = X"+ —5(2), X) € ZX].
Let us consider u € N*, 0 = ud and v = o!n?. Then there exists a monic polynomial I'(X) € Z[X] of degree

vd = deg(p”) such that r(X) := p”(X) — I['(X) is a polynomial which can be written as follows:

v— 1

W)= Y PE)a)
=0

where the (¢;)o<i<y—u—1 are polynomials of degree not greater than d — 1, with coefficients in Q N [0, 1.

Proof. Let us consider the following decomposition:

where

R(X) = Z <’: > =X ¢=0yi(X).
<

+

Let us study the coefficients of E(X): for 0
Therefore E(X) € Z[X].

Let us now take a look at R(X): for i > o + 1, we have deg(X“~994 (X)) < (v —di)d +i(d — 1) <

vd—o —1=(v—p)d—1, therefore deg(R) < (v — p)d — 1.

i < o, since i!n' divides o!n® = v, then ()L € Z.
b bl 7 n
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Since {p'(X)X* |0 <1 <v—p—1,0 <k <d—1} forms a basis of Qy,—,)—1[X], R(X) is a Q-linear
combination of this basis. Moreover, p'(X)X?* are monic polynomials which are, pairwise, of different degrees,
therefore we can find by induction ¢; , € QN [0, 1] in the order k=d—1,...,0 andl =v—p—1,...,0, such
that

L,k
P (X) =Y arp(X)XF € Z[X].

Let us finally consider
d—1

q = Z arX®

k=0
v—u—1

r(X)= Y P(X)aX).

=0

Then I'(X) := p¥(X) — r(X) € Z[X] is the monic polynomial we were looking for.

Lemma 3.2 Let L be a lemniscate of polynomial p € Q[X] of degree d > 1 and constant p > 1, then there
exists a lemniscate of polynomial I" € Z[X] and constant 1 included in L.

Proof. It is obvious that 0L = {z € C | |p(z)| = p?}.

Let us consider M = sup,cs.,(1+ |2|+---+ |2|*™Y), 1 € N* such that % <1/2 and # > 1. Let

I" be the polynomial in the previous lemma, which corresponds to our choice of u, and let us use the same
notations as in the lemma.

For all z € 0L, we have

> PEal)

p(z) =T _ [r()] _ [ i <

I (2)] P e h

v—p—1
=0

v—p—1 v—

MUY MGy M1
prd pri(pt—=1) T pri(p? —1) T 2
It follows from Rouché’s theorem that I'=1(0) C L. On the other hand, this inequality implies that for all

z € 0L
5 I phd
IT(2)| > [p"(2)| — |r(2)] > 3 Ip”(2)| = T 1.

But 7 is holomorphic on C\L because I'"'({0}) C L, therefore, according to the maximum modulus
principle, |I'(z)| > 1 for all z ¢ L.
Therefore Lr; C L. O
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4
ROBINSON’S THEOREM

In this section, we shall state and prove the main theorem of this article: Robinson’s theorem. Let us consider
some segment K of R. The second section of this piece (2.9) allows us to calculate its capacity. If it is strictly
smaller than 1, Fekete’s theorem gives us that the number of algebraic integers totally in K is finite. On the
contrary, when the capacity is greater than or equal to 1, Fekete-Szegd’s theorem [3.3] gives us that there is an
infinite number of algebraic integers arbitrarily close to K with respect to C. However, when K is a segment of
R, this property is not enough to show that there is an infinite number of algebraic integers totally in K. Hence
the potential theory is not enough to fully understand the case of compact subsets of R. To prove Robinson’s
theorem, we will have to use algebraic curves.

In section we will first define a few notions on algebraic curves: regular/rational functions on a curve,
group of divisors... Then we will build a smooth completion of a hyperelliptic curve. Finally, section [£.2] is
dedicated to the proof of Robinson’s theorem. We will cleverly use hyperelliptic curves to prove a theorem
which, at first sight, has nothing to do with them.

We shall also use charts, holomorphic and meromorphic forms on a Riemann surface. An introduction to
this notions is provided in [6], in particular in sections 1.1 and B.2.

4.1 A FEW NOTIONS ON ALGEBRAIC CURVES

An algebraic curve is an object of dimension 1 locally defined by an algebraic (i.e. polynomial) equation.
Since all polynomials are analytic functions, the algebraic approach gives us less information than the analytic
approach.

We assume that the field K is C, but we shall use K or C according to the approach (algebraic or analytic).
Several definitions or results where the field is referred as K can be generalized, but we will not focus on this
here.

We will give a visual example at the end of section which can be useful to understand the paragraphs
that precede.
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4.1.1 e ALGEBRAIC CURVE: AFFINE CASE

Definition 4.1 Let F' € K[X, Y] be a non-constant polynomial in two variables which is irreducible, in other
words which cannot be written as the product of two non-constant polynomials of K[X,Y]. An algebraic
curve C in the affine space AZ (which is isomorphic to K?) is the set of all the points (z,y) € K? verifying
the equation F(x,y) = 0. It is represented as follows:

C: F(z,y) =0.

e Algebraic approach:

The ring of reqular functions on curve C' is by definition the ring

A(C) == K[X,Y]/(F).

In other words, it is the ring of polynomials modulo an equivalence relation, for which two polynomials
are equivalent if and only if they are equal on the points of curve C. A(C) is an integral domain since F is
irreducible; its field of fractions is called the field of rational functions of the curve and is referred as Z(C).

e Analytic approach (more intuitive):

It follows from the implicit function theorem that, if VF = (0, F,0,F) # 0 at a point (z9,y0) € C(C),
then in a neighborhood of (zg,yo), the curve is locally the graph of some holomorphic function y = y(x) or
2 = z(y). The curve has a good behavior in the neighborhood of such a point (x,yo) : we say that (xg,yo) is
a smooth point. More precisely, the curve has a 1-dimensional complex manifold structure in the neighborhood
of (zo,y0). That is why it is called a curve (1-dimensional). On the contrary, some point of C' with VF = 0 is
called a singular point. A curve without any singular point is called smooth. A smooth curve has the natural
structure of a Riemann surface.

Let us consider (affine) hyperelliptic curves, whose definition is given in a restricted manner in order to fit
our problem.

Definition 4.2 An hyperelliptic curve is an algebraic curve
C :y* = D(x)

where D € C[X] is a monic polynomial in X of degree 2g+2 (g > 0) whose roots are distinct. We write that
C' is a real hyperelliptic curve if D € R[X].

With this definition, we check that a hyperelliptic curve is smooth.

4.1.2 e DIVISORS

Let us consider F(X,Y) € C[X,Y] non constant and irreducible, as well as the complex algebraic curve
associated with C. The group of divisors on C, referred as div(C), is the free abelian group generated by the
basis {P}pec. More precisely, a divisor D on C' is a formal linear combination with integer coefficients of a
finite number of points P € C:

D= n;P;, whereneNn; €ZPeC.
i=1

Different points are considered linearly independent. The group of divisors div(C') refers to the set of divisors
on C equipped with a structure of group with the addition of coefficients (point by point). We have a natural
group homomorphism called degree of a divisor :

deg: div(C) — Z, ZniPi — an
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Assume curve C' is smooth. According to the implicit function theorem, C' has a 1-dimensional complex
manifold structure. Let us counsider f € Z(C)*. f can be seen as a meromorphic function on C' and therefore,
ordp(f) is well defined for all P € C as the order of the meromorphic function f at point P. Let us define the
principal divisor associated with f € Z(C) as

div(f) :==>_ordp(f)P.

We have div(f) € div(C) since there is a finite number of non-zero coefficients. We verify that we have just
defined a group homomorphism
div: (2(C)*,-) — (div(C), +).

Let us define the jacobian variety J(C) of the (smooth) curve C as the cokernel of the homomorphism above,
ie.
J(C) :=div(C)/divZ(C)*.

We say that two divisors Dy and D5 are linearly equivalent if D1 — Ds is a principal divisor, in other words,

Notice that the smoothness assumption was necessary to define the notions above. That is why we will look
for a smooth completion of the hyperelliptic curve in the following sections.

4.1.3 e A NAIVE COMPACTIFICATION

When we talk about the compactness of a curve, we talk about the subjacent set of the curve equipped
with the induced topology of C2. A compact curve has interesting properties which motivates us to compactify
curves. Moreover, we want the compactified curve to be smooth in order to have a Riemann surface structure.

The hyperelliptic curve y? = D(z) is not compact : in fact, intuitively, there is (are) a point(s) at infinity
which is (are) not on the affine curve. A first possible approach is to use the projective plane PZ, which
compactifies the affine plane AZ = K? by adding a projective line at infinity. The compactification induced on
the curve is the closure of C in PZ. More precisely, the steps of this compactification are :

« Write the homogeneous form of the equation of the curve 229y? = 22972D(x/z);

o Define the compactification as the algebraic curve defined on PZ% by this equation.

We will not detail this approach. However, we state that this compactified curve is not smooth at point
00 =[0:1:0] € P% when g > 0. Therefore we need another compactification.

4.1.4 e INTERLUDE: ADJUNCTION OF TWO AFFINE ALGEBRAIC CURVES
Before constructing a smooth completion, let us focus on the adjunction of two affine algebraic curves.
Cy: Flx,y) =0, Cs:G(u,v)=0

on the affine spaces Ki!y and K2 | respectively (with coordinates x,y or u,v).

uU,v

Definition 4.3 Let C : F(x,y) = 0 be an affine algebraic curve. A closed algebraic subset of C' is the set of
the roots in C of a finite number of polynomials H; € K[X,Y] for ¢ € I where I is a finite set. We call it
Zc(H;,i € 1), or simply Z(H;,i € I), if there is no confusion.
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Definition 4.4 Let C; (resp. C3) be an algebraic curve on K2, (resp. K2 ). A function ¢ : C; — Cs is
called a rational homomorphism if ¢ = (u(x,y),v(z,y)) where u,v € Z(C1).

In other words, ¢ is rational if it can be written as u(z,y) = Hi1/Hi2,v(x,y) = Ha1/Hos where H;; €
K[X,Y] and Hya, Hae are non zero on C;. Let us notice that such a ¢ is «well defined» (in terms of subjacent
function) on Cl\Z(ng, H22).

Definition 4.5 An Adjunction between two Riemann surfaces C; and Cs is given by:
(i) two closed algebraic subsets X1 and X5 respectively of C; and Cy;
(ii) a couple of rational homomorphisms
7
C1 ? Csy
inducing a well-defined isomorphism

¢: C1\Z1 = Co\Dy : 9

With the notion of adjunction, one can obtain a new algebraic curve C’ by considering the disjoint union
C1UC, and identifying the points of C1\X1 and Cy\Xs using ¢ and ¥. When considering a point coming from
C;, we can look at its neighborhood in C’ which can be identified to C; with the corresponding homomorphism.
However, the new curve is not necessarily an affine curve.

Notions of field of rational functions, smoothness, divisors, principal divisors, etc. can be generalized to the
case of curves obtained by the adjunction of two affine curves, by considering the definitions on affine curves Cy
and Cy. For example, f is a rational function on C" if f|¢, and f|c, are both rational functions, on Cy and Ch
respectively. We will not get into more details here.

4.1.5 e SMOOTH COMPLETION

Let D € K]z] be a monic polynomial of degree 2g + 2 whose roots are all distinct. We have an affine

hyperelliptic curve
C:y* = D(z).

Its compactification, referred as C for now, can be obtained by adding two points at infinity coy and co_. It
is the curve that we will study in the following sections.

This compactification can be built as follows : C = Up U Uy, where
Up:y?=D(z), Us:v?*=u?"2D(1/u),
the adjunction of this two affine curves being given by

Uy ﬁ; Uss

Uo\{z = 0} 7 Us\{u=0}
(!)37:[/) L (1/$7y/x9+1)

(1/u,v/u9*t) —ei (u,0).

The points oo correspond to (0,£1) on U, i.e. on the curve v? = u2972D(1/u). By restricting our study
to Uy or Uy, we check immediately that the obtained curve C' is smooth ; it is equipped with a natural complex
manifold structure. Moreover, we have
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Proposition 4.1 Cisa compact Riemann surface of genus equals to g. O

Once we have the compactification C , we will refer to it as C' with no risk of confusion.

Proposition 4.2 On a (smooth) compactified hyperelliptic curve, the degree of all the principal divisors is
zero. In other words, we have (deg o div)Z(C)* = 0.

Proof. Tt follows from the residue theorem on a compact Riemann surface ([6], Prop. B.2.2) that the sum
of residues of some meromorphic form is zero. Let f be a rational function, by applying the previous result
to the form df/f, the argument principle gives us that f has as many zeros as it has poles, counted with
multiplicity. O

The compactified curve is equipped with an involution ¢ induced by the function (x,y) — (z, —y) on the
affine space, which swaps oot and co_. We call ¢ the conjugation of this hyperelliptic curve. This conjugation
induces an involution on the group of divisors on the curve: Y n;P; — > n;u(P;).

Example 4.1 (Calculation of a principal divisor on C). Let us denote by a, ..., asg42 the roots of D(x)
(which are assumed to be distinct) and by P; € C their corresponding points, then

2g+2
div(1/y®) = =2 ) P+ (29 + 2) (004 +00_). (3)

=1

Its degree is zero, as expected.

Proof. Let us first define the function 1/y?: It is defined as 1/y? on Uy and u?972/v? on U,,; We check
that they coincide on Uy N Uy by using the substitution , therefore this rational function is well defined.
Then to simplify, let us consider the case where g = 1, D(z) = x(2® — 1) and calculate the multiplicity
from a "complex analysis" point of view (i.e with charts, etc.). The equation of the curve on Uy, becomes
v =1—ud.
Let us calculate its multiplicity at point co+. Let us consider Uy,. Then oo = (0, 1), and in a neighbor-
hood of 0o, we can use the chart (V4 being some neighborhood of 0)

p1:CoV; —C, z+— (u,v) =(2,V1—23).

For this chart, ¢1(0) = ooy and
1yt = utfo? = /(1 - )

therefore
ordeo, (1/y%) =4 =29 + 2.

Likewise we have
ordes_(1/y?) =4 = 2g + 2.

Let us calculate the multiplicity of 1/y? at point P, = (x,y) = (0,0) € Uy, for example. Previously u was
a local (holomorphic) parameter of C' near cor. Now, the variable y will be used as a local parameter of C
near P;. Therefore

ordp, (1/y?) = —2.

More precisely, since D(x) = x(xz® — 1) has a simple root at x = 0, the holomorphic function ¢ : = +
w = z(z® — 1) is locally biholomorphic at points # = 0 and w = 0, in other words, on sufficiently small
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neighborhoods of # = 0 and w = 0, 1 has a holomorphic inverse function which we will call ¥~ (w).
Therefore, by considering the following chart (V2 being some neighborhood of 0):

p2:CO Vo —C, z+— (z,y) = (¥ 1(z%),2),
we have
1/y? =1/22,

therefore
ordp, (1/y?) = —2.

The same goes for all the P; = (a;,0) € Uy where «; is a root of D(x). Note that 1/y* has no other pole nor
root, hence the formula . O

Example 4.2 Let A € R[z| be a monic polynomial and 74 = @ the differential form associated with

A. If deg A = g, then n4 has simple poles at points co; and co_,with residues —1 and +1 respectively; if
deg A < g, then 14 is a holomorphic form.

Proof. It is enough to make the calculations using the two charts, like in the previous example. ]

4.1.6 e HYPERELLIPTIC CURVES AND PELL-ABEL EQUATION

Let us prove an important result : A link between the existence of solutions to Pell-Abel equation and
hyperelliptic curves.

Definition 4.6 Let D € K[X] be a monic polynomial of degree 2g + 2 with distinct roots. We call Pell-Abel
equation the equation with unknowns (P, Q) € K[z]? of the form :

P? — DQ? = ¢, with ¢ € K*.

The degree of a solution (P, Q@) is, by definition, the degree of P.

Theorem 4.1 The following claims are equivalent:
1. The Pell-Abel equation has a solution of degree r in K[z].

2. The divisor r((co—) — (004)) on the curve C' (cf. section [4.1.5) is linearly equivalent to 0.

Proof. Let C be the curve defined by y?> = D(z). The ring of regular functions on C' is a K[x]-module with
basis {1,y}, with y? = D(z).

Assume there exists P,Q € K[z], ¢ € K* such that P2 — DQ? = c. Let us consider p, = P + yQ,
w_ = P —yQ. Since ¢, and @_ are regular functions on the affine hyperelliptic curve, their poles are in
the set {00, ,00_}. However ¢ p_ = P? — DQ? = ¢, therefore their zeros are also in the set {coy,00_}.
Therefore div(¢4) = a(oo_) + b(co4). However deg(div(p4)) = 0, therefore b = —a and the degree of P
gives us that a = r. Therefore r ((co_) — (004)) is principal (therefore linearly equivalent to 0).

Conversely, assume that r((co_) — (coy)) is linearly equivalent to 0. Let ¢ be a rational function such
that div(¢)) = r((co—) — (004)). Since v has no pole on the affine space, ¢ is regular. Therefore ¢ can be



ECOLE
POLYTECHNIQUE

UNIVERSITE PARIS-SACLAY

COLLECTIVE PROJECT

written as ¢ = P + y@Q with P, Q € K[z], and deg P = r. Its conjugate is =P —yQ. However conjugation
is involutory and swaps oo and oo_, therefore div(y)) = (=7)((co-) — (004 )), hence div(¢y1)) = 0. Therefore
P2 — DQ? = ¢ is a non-zero constant of K. O

4.1.7 e A VISUAL EXAMPLE

Let us introduce the hyperelliptic curve that we will use in the proof of Robinson’s theorem. Let

a0<b0<a1<-~-<ag<bg

g
be distinct real numbers. Let us consider E; = [a;,b;], E = U E; and the polynomial
j=0

D=][(X —a;)(X —1))
=0

and let us call C' the compactified hyperelliptic curve associated with D (cf. section [4.1.5)).

Let us provide an illustration of this curve in the case where g = 2.

Figure 8: Case g = 2: C as a Riemann surface (above) or a curve on the affine plane (bellow)

Figure[§ shows the connection between these two representations of curve C. The figure below, on the affine
plane (solid lines represent real points) can be obtained by intersecting the surface above with a horizontal
plane (and by removing points " at infinity " co+). We clearly see the position of co+, the two points at infinity
added to the affine hyperelliptic curve. We also understand the singularity of the naive compactification (cf.
section : it can be found again by attaching the two points co+ in the figure above !
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Let us denote by «; the cycle on the curve which covers the interval [b;_1, a;]. Then there exists a cycle
B; crossing the j-th «hole» of the surface, which only intersects cycle «; and with multiplicity 1. We say that
{ou,...,aq,01,...,B4} forms a symplectic basis of the singular homology Hy(C,Z). This basis is illustrated,

when g = 2, in Figure[J]

Figure 9: Case g = 2: a symplectic basis of Hq(C;Z)

The genus g, which intuitively corresponds to the number of holes in the surface, also corresponds to the
dimension of the space of holomorphic forms.

Proposition 4.3 The complex dimension of the space of holomorphic 1-forms on some Riemann surface of

genus ¢ is equal to g.

The integral of a holomorphic form along a cycle provides a perfect coupling, as explained below :

Theorem 4.2 Let {ai,...,a4,51,...,84} be a symplectic basis of Hi(C,Z). Let {w1,...,wy} be a basis
of the space of holomorphic 1-forms on C. Then the g-by-g square matrix with coeflicients A; ; defined as

follows, is invertible:
Aij = / Wws.
o

J

The proof of this theorem is provided in [6], Theorem III.1.2.
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4.2 PROOF OF ROBINSON’S THEOREM

The goal of the following section is to prove what follows :

Theorem 4.3 (Robinson). Let E be a finite union of intervals of R such that Cap(E) > 1, then there exists
an infinite number of algebraic integers totally in E.

Remark 4.1 It is enough to prove the theorem for a union of disjoint segments, since the union of two
non-disjoint segments forms a segment, and the capacity of an open interval is defined as the supremum of
the capacities of segments included in the interval.

g
Let us consider ag < by < a1 < -+ < ap < by, Ej = [a;,b;] and E = U E;.
j=0

g
Let us consider D = H(X —a;j)(X — b;). The proof of Robinson’s theorem is based on the geometry of
j=0
the hyperelliptic curve y? = D(x). We prove it first for the Pell-Abel case, then we generalize the result using
density.

4.2.1 e PELL-ABEL CASE

Assume the Pell-Abel equation with respect to polynomial D has a solution, i.e. there exists P,@Q € R[X]

such that
P?-DQ?=c

where ¢ is a non-zero real number. Let us consider r := deg(P).

Note first that ¢ > 0, in fact ¢ = P(ag)? since ag is a root of D. Let us then consider M = y/c and write
Pell-Abel equation as follows :

P? - DQ?* = M?.

Let us notice immediate properties of polynomials P and @:

Proposition 4.4 Let us consider =z € R,
1. |P(z)| < M &z € Eor Q(z) =0.

2. |P(z)| = M < z is a root of @ or one of the a;, b;.

Proof. These two properties directly follow from the Pell-Abel equation, by noticing that D(z) < 0 <z €
E. Indeed, D tends to +0o0 when z tends to oo, and changes sign at points a;, b;. ]
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The key to the proof of Robinson’s theorem is based on the following property of the roots of polynomials
P and @, illustrated in figure [I0]

Proposition 4.5 Let us denote by r; the number of roots of P in Ej.

1. The roots of P and @ are simple, interlaced, and all belong to F = ngo]aj, bl

2. The roots of Q) in E; divide E; into r; sub-intervals; in each of them, the polynomial P is either strictly
increasing, or strictly decreasing, with extreme values M and —M.

These properties are illustrated in figure (case g = 1, r; =4, ro = 6). The p; are the roots of P and ¢;
are the roots of Q.

Figure 10: Shape of P,case g=1,711 =4, 1, =6

This proposition is the very key to the proof of Robinson’s theorem. Because of its importance, it is very
enlightening to prove it in the case ¢ = 0 (in other words, E = [a, ] is a single segment). It allows to show the
major steps of the proof, by dissociating the difficulties.

4.2.2 e PROOF OF PROPOSITION IN THE CASE g = (
We focus here on the case where E = [a,b] is a segment of R, therefore ¢ = 0 and D(X) = (X —a)(X —b). Let

us consider f = P + y@Q, regular function on the curve y?> = D(x) completed as in the beginning of the chapter
(the curve is not hyperelliptic anymore but only quadratic). Let us start with the calculation of df/f :

Proposition 4.6 We have df/f =r dz/y, where r = deg P.

Proof. We know that div(f) = r((co_) — (004)) (cf. the proof of theorem [4.1)), therefore, co_ is a zero of f
with multiplicity r and oo is a pole with the same multiplicity. Hence, df/f has two simple poles at points
(004), (0o—) with residues —r and r. Let us calculate the poles of the form dz/y and their multiplicity. The
only potential poles of dz/y are either (co), (co_), or the roots of polynomial D.

o If awisaroot of D in the affine space, since the roots of D are simple, we can write D(X) = (X —«a)H(X),
with H(«) # 0. By differentiating y? = (X —«)H (X), we obtain in a neighborhood of a: dz ~ % dy.

Therefore dx/y = ﬁ dy has no pole at point «.
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« At points oo+, with coordinates (u = 1,0 = £), oo, = (0,1), and the equation of the curve is
2 =u?D(1). Therefore 92 = —2 dp — _____dv___ . 5. du jpee the constant coefficient of u>D (1)
Y LU +4/u?D(3)u

is 1. Hence oo is a simple pole of dz/y, and the same goes for co_.

Therefore g£ ?5 has no zero nor pole neither on the affine space, nor at infinity : It is a constant function.

But according to the previous calculation, the residues of dz/y at cot are F1, hence the constant is equal
to r. O

Let us now prove proposition in the case where E is a segment, illustrated in figure [L1] :

Proposition 4.7 1. The roots of P and @ are simple, interlaced, and all belong to E.

2. The roots of () divide E into r sub-intervals; in each of them, the polynomial P is either strictly
increasing, or strictly decreasing, with extreme values M and —M.

Figure 11: Shape of P, in the case ¢ =0, r =8

Proof. A representative of f = P+ yQ in E is f(z) = P(z) + zy (2)Q(z), with y1(x) = \/—D(x) since
D(x) <0 for all # € E. The Pell-Abel equation implies that |f(z)|> = P(z)? — D(2)Q(x)? = M2, therefore
f has a constant magnitude which is equal to M on E.

We can then write that f(z) = Me*®) with 6 : E — R of class C'. Hence, we have P(x) = M cos(6(z)),
y1(2)Q(x) = Msin(6(z)). And since f(a) = £M, f(b) = £M, we have 6(a) = com, 6(a) = c17, where

co,c1 € Z. Moreover, we have that fb af — f df = i(c1 — ¢o)m. However % =i dw, and fb Az — 4
(the residue of -42 at infinity is +1 and the curve y? = D(x) is a covering map of degree 2 of E = [a7 b]. The

y
sign + depends on the orientation.) We deduce from it that |c; — ¢o| = 7.

However, according to proposition /' is never zero on E, therefore 6’ is never zero on E. Hence, 6 is
strictly monotonic on E, taking values in the range ¢y to ¢y 7, therefore cos(6(x)) is equal to zero |¢; — ¢g| = r
times, and sin(f(x)) is equal to zero |c; — ¢o| — 1 = r — 1 times (end points not included). Since deg P = r,
deg@Q = r — 1, we found all the roots of P and ). The other claims of the proposition directly follow from
the sinusoidal shapes of P and Q. O

The case where F is a single segment already allows us to use the main steps of the proof in the general case
while omitting a major difficulty : when F is the union of segments E;, we do not know a priori how many
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roots of P are in each E;, and how we can state that we have found all the roots. To solve this problem in the
general case, we will use the periods of a differential form on the hyperelliptic curve of genus g > 0.

4.2.3 e PROOF OF PROPOSITION WHEN ¢ > 0

g
Let us consider the general case: E = U [ai, b;].
i=0
As previously stated, the difficulty is to determine how many roots are in E; = [a;,b;] and to check that we
have indeed found all the roots of P. To do so, we shall use the periods of a particular differential form on the
curve y? = D(x), called canonical form.

Theorem 4.4 There exists a unique polynomial R € R[X] of degree g such that, for j =1,...,9,

/aj fits) dz = 0.
b1V D(2)

is said to be of the third kind.

The differential form n = R(x; L

Proof. Let us consider the curve y? = D(x) as a Riemann surface thanks to the covering map (x,y) — .

The dimension of the space of holomorphic forms is g. A residue calculation with coordinates (u = =,v = —#)
gives us that for ¢ = 0,...,¢9 — 1, the 2* dz/y are holomorphic forms, therefore form a basis of holomorphic
forms.

Let us denote by «; the cycle on the curve which covers (quadratically) the interval [b;_1,a;]. A monic
g—1
polynomial of degree g, R(X) = X9 + chXj verifies the wanted condition if and only if its coeflicients
j=0
Co, - - . ¢g—1 verify the following system of g equations with g unknowns:

= zt dz z9 dx .
Zci = , j=1,...¢g.
i=0 ] a

Y ;Y

It follows from theorem that the determinant associated with this system is non-zero and therefore the
system has a unique solution. O

Remark 4.2 By a calculation with coordinates (u = 1/z,v = y/29%!), we can show that 7 is a meromorphic
form which has two simple poles at co; and oco_, with residues —1 and 1 respectively.

Remark 4.3 The relations [ B2 dqz =0 require that R has at least one zero in each [b;_1,a,], for
bi—1 \/m J J
J— x

j=1,...,g. Since R is of degree g, these are all its roots. In particular, R has a constant sign on E; = [a;, b;].

Let us focus on the periods of  on the cycles that cover segments [a;, b;] (it is a quadratic covering space,

= /bj ﬂ dz.
a; 1/=D(x)

ramified in points a;, bj). These periods are equal to 2n;, with n;
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Proposition 4.8 Let us note n /bj 7R(x)
. j = ;
a; i/—D(x)

J

There exists (€;)o<j<g € {—1,1}9T! such that

dx, for j =0,...g.

g

Z €15 = i

=0

Figure 12: Case where g = 2: U?:o I'; is the boundary of the medial hemi-surface.

Proof. Let us denote by I'; the cycles which cover the segments [a;, b;] (cf. Figure , the periods of 1 on
these cycles are equal to £27;. Let us denote by I a cycle around the point co_ (cf. Figure .
The form 7 is holomorphic on the domain framed by |JI'; and I's,. Therefore, Cauchy’s theorem on a

Riemann surface gives us that
g
Z / n= / n=2um
=0/Ti Too
g

since the residue of 1 at co_ is equals to 1. Hence Z €;n; = im, the signs depend on the orientation of the
§=0
cycles. O]

Like in the case g = 0, the calculation of df/f will be useful later :

Proposition 4.9 We have df/f = rn, where r = deg P and 7 is the differential form of the third kind
previously defined.

Proof. We know that the forms df/f and rn have co; and co_ as their only poles. These poles are simple,
with residues —r and r respectively. Therefore, df/f — rn is a holomorphic form which can be written as a
linear combination of 2/ dz/y for j = 0,...g — 1. We know that the periods of n on the [b;_1,a;] are zero.
To show that this linear combination is zero, thanks to theorem [1:2] it is enough to show that the periods of
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df/f on [bj_1, a;] are also zero.

Let us consider j € {0,...,g}. A representative of y on the [b;_1,q;] is y = /D(x), since D(z) is

non-negative. Then f(z) = P(z) + /D(z)Q(x) can be seen as a real function on [b;_1,a;]. We have
|£(bj—1)| = |P(bj—1)| = M, |f(a;)| = |P(a;)| = M. Since (P + vDQ)(P — vVDQ) = M?, the function f is
never zero, hence has a constant sign e € {—1,1} on [b;_1,a;]. Therefore f(bj—1) = f(a;) = eM. Thus,

hence the final result.

Let us finally prove proposition [£.5] in the general case. More precisely we have :

dr and r; =7 |n;| /mfor j=0,...,9

br
.. . i R(x)
Proposition 4.10 Let us consider 7; z/ —_—
. il o; in/—D(x)

1. The number of roots of P in E; = [a;,b;] is ;.

2. The roots of P and @ are simple, interlaced, and all belong to E.

3. The roots of Q in E; divide E; into r; sub-intervals; in each of them, the polynomial P is either strictly
increasing, or strictly decreasing, with extreme values M and —M.

Figure 13: Shape of P in the case g=1,179=4,7r1 =6

Proof. The beginning of the proof is identical to the case where g = 0. Let us c0n51der j€{0,...,g9} and

the segment E; = [a;,b;]. A representative of f on E; is f(z) x) +iy/—D(x)Q(x). We have |f| =
constant, therefore f(x) = Me?®) | with 6 : E; — R continuous, and O(CLJ) = com, 0(b;) = cl7r, with cg,c; € Z

since f(aj), f(b;) are equal to :l:M. We therefore have

P(z) = M cos(0(x)), +/—D(z)Q(x) = M sin(f(z)).

Since df/f = rn = rR(z) dz/y and R is never zero on Ej; according to f’ is never zero on Ej.
Therefore 6 is strictly monotonic on E;, and the number of roots of P in E; is equal to |¢; — ¢g|, the number
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of roots of @ in Ej; is equal to |c; — ¢o| — 1 (since D is only zero at end points).

Let us calculate |c; — ¢o|. We notice that :
(e1 = co)im = 6(65) ~O(as)) =i [ do= [ ap/s =r,

As a result, |c1 — ¢o| = 7 |nj| /m = r;. Therefore the number of roots of P in E; is equal to r;. Since P is of
degree r, we first have that

But proposition shows that there exists some (€;)o<j<y € {—1,1}9T! such that

g
E :|:’I"j =T
=0

It follows that Z?:o r; = r. Hence, the only roots of P are in the £/;. The sinusoidal shapes of P and @ give
us the claims 2 and 3 of the proposition, since 6 is strictly monotonic. O]

4.2.4 e END OF THE PROOF OF ROBINSON’S THEOREM

Proposition which precisely describes the behavior of polynomials P and @, is the key to the proof of
Robinson’s theorem. Let us start with some immediate consequences of this result.

9 g
Let us remind ourselves of the notations : E = U E;, E; = [a;,b;], D(X) = H(X —a;)(X — b)),
Jj=0 j=0

P2 - DQ?=M?,degP =r.

Proposition 4.11 Cap(E) = (&)V/r.

Proof. It is a consequence of corollary Indeed, propositions [£.4] and [£.5 show that
P~Y([-M, M]) = E. But Cap([—M, M]) = % and P is a monic polynomial of degree r. Corollary gives

us that Cap(E) = P~1([-M, M]) = (&)V/r. O

Proposition 4.12 P is the Chebyshev polynomial of degree r with respect to E.

Proof. Proposition [£.5] shows that P, a monic polynomial of degree r, reaches its extreme values, £M,
r 4+ 1 times on E, hence the result using the equioscillation theorem O]

Let us state a last very simple lemma which plays a major part in the proof : a small perturbation does not
change the number of roots of P in E.

Lemma 4.1 Let us consider ¢ € R[X] such that |g(x)| < M for all x € E. Then P — q has at least r roots in
L.
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Proof. Let us denote by ¢ < --+ < g,—1 the roots of @ with the notations go = a and ¢, = b. P(¢g;) = +M
and since |q(¢;)| < M, P(q;) — q(g;) has the same sign as P(g;). Therefore P — ¢ changes sign on each interval
[4:, ¢; + 1], for 4 in range 0 to r — 1, hence the result. O

We now have all the elements to finish the proof of Robinson’s theorem. Let us transform the real coefficients
into rational ones.

Proposition 4.13 We can replace M, P, Q, D, E by M,NP, Q, DN, E, so that progosition is still verified, but
with M € Q, P € Q[X] (still of degree r), D € Q[X], @ = 1, E C E and Cap(F) arbitrarily close to Cap(E).

Proof. Let us consider M € [0, M] N Q. According to lemma applied to ¢ = +M, P2 — M? has 2r
roots in E : uy < -+ < ug, with [u;, uir1] C (¢, ¢i+1], where ¢; are the roots of Q. By continuity of the
roots, we can choose P with rational coefficients sufficiently close to P, so that the roots of P2 — M? are
still ordered the same way @ < --- < @g,. We then consider D = P2 — M2, F = Ult;, @;41] C E. Since
Cap(E) = (M)%, we can choose M, a rational number sufficiently close to M, so that Cap(FE) is arbitrarily

2
close to Cap(F). O

From now on, assume that P,Q, D, M have rational coefficients. Let us now prove Robinson’s theorem, in
the Pell-Abel case.

Theorem 4.5 (Robinson). If Cap(FE) > 1, then there exists an infinite number of algebraic integers totally
in E. More precisely, there exists a sequence of monic polynomials with integer coefficients whose degrees
tend to infinity and whose roots are all in E.

Proof. Since Cap(E) = (&)1, Cap(E) > 1 is equivalent to M > 2. Let us consider A = 2. We have
A> 1
We already have a polynomial with rational coefficients whose roots are all in £ : P. To find more of

them, the idea is to raise the polynomial to higher powers. But instead of using P, like in the proof of
Fekete-Szegd’s theorem we will implement this method using f = P + yQ.

We saw that f(z) = P(x) + iy1(2)Q(z) = 2Xe?®®) . Therefore f(z)" = (2\)"e0@) = 27~1(P, (x) +
11 (z)Qn(x)), with P,, @, € Q[X] monic polynomials. We can also rewrite P, as follows

P, (z) = 2\" cos(né(z))

Let T, be the Chebyshev polynomial of degree n with respect to [—2,2], we have P,, = A\"T,,(P/)\). With

the explicit expression of T;, :
n/2

_ 1k n—k—1\ o
T”_Z( 2 k( k-1 )X

k=0
We can completely expand the expression of the polynomial P, to write it the following way:

nr
Pn(X) — Xn'r‘ + ZaanT’—k
k=1

with a € Q. The goal is now to provoke a perturbation of P, using a polynomial g, of degree < nr, such
that P, — ¢, € Z[X] and ¢,(x) < 2\™ on E. Hence, according to lemma P, — q, will have all its nr
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roots in E and will still be a monic polynomial with integer coefficients. We will see that it is possible for an
infinite number of degrees tending to infinity, which will conclude the proof.

Let us consider m € N* such that P = X" + %1", where I € Z[X]. Let I € N* be a random integer (we
will fix it later). Let us consider n; = (I!)?m!. If 0 < k < I, we have that k!m* divides n; ; if 0 < 2i +j < [,
we have that m/7 i! j! divides n;. Therefore, we verify that a1, ..., qaq, are integers. What remains in the sum
is a polynomial R,, of degree not greater than nr — Ir — 1 whose coefficients belong to Q. Let us choose
(Xij(X))0<j<n o<k<n—i as a basis of Qnr—;r—1[X], and ¢ € QN[0, 1] such that P,, — g,, € Z[X] (c.f. the

proof of lemma , where
W=D, D GxX'P

0<g<r 0<k<n—1
r—1
Let us remind that Py oscillates between £2\*. Let us consider C' = maé((z z|*). Since A > 1, there
TE
k=0
exists [y such that for all [ > [, #_1) < 1. Therefore for [ > Iy :

n—Il—1
. )\n—l
lgn, (2)] < D |zl 20 <2C Y AF < 20— <2\
g,k k=0

Therefore, we built a sequence of monic polynomials with integer coefficients whose degrees tend to infinity
and whose roots all belong to E (the sequence being (P, — Gn,)i>1o)-
QED O

By refining this proof and using the fact that a polynomial function transforms an equilibrium measure into
an equilibrium measure, we have the following stronger theorem :

Theorem 4.6 For the sequence P, previously built, let us denote by pp, the (normalized) counting measure
with respect to the roots of P,,. We then have up, =5 Wi, where pg is the equilibrium measure of E.

This result is deep. Not only have we built an infinite number of algebraic integers totally in compact set
E, but we also know that they are equidistributed with respect to the equilibrium measure of E. It partially
answers the question asked in the introduction which dealt with the distribution of algebraic integers totally in
a compact set. The proof of this theorem can be found in Serre’s article [2].

4.2.5 e FROM THE PELL-ABEL CASE TO THE GENERAL CASE

Let us give arguments that allows us to reduce the general case to Pell-Abel case. Let us consider g > 0 and
U= {(ao,bo,...,ag,bg) € R?912 | ag < bg<--- < ag < bg}
g
Up 4 is the subset of U such that for polynomial D = H(X —a;j)(X —b;), Pell-Abel equation has a solution.

§=0
We have the following result :

Theorem 4.7 Upy is dense in U.

We shall give here the main steps of the proof. With an element u € U can be associated a point on the
jacobian variety of curve y? = D(z) : v(u) = co_ — ooy € RYI/Z9. Theorem states that u € Up4 if and
only if v(u) = co_ — ooy is a point with finite multiplicity (a torsion point) on the jacobian variety. However
we can lift v : U — R9/Z9 in order to obtain a continuous function 6 : U — Q9, and v(u) is a point of finite
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multiplicity in R9/Z9 if and only if 6(u) € Q9. We then conclude thanks to the density of Q7 in RY. Additional
details of this proof are provided in Serre’s article [2].

Thanks to theorem it is easy to reduce the general case to Pell-Abel case. In fact, if E, is a union of
segments given by u € U such that Cap(E,) > 1, we can find v’ € Upa arbitrarily close to u so that we still
have Cap(E,/) > 1, by continuity of Cap(E,) with respect to u (corollary [2.2).
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CONCLUSION

In this paper, we have responded to the initial problem in the majority of cases:

" Which R segments have an infinity of algebraic integers totally in them ?"

First, based on "elementary" remarks and numerical results, we had the intuition that segments longer than
4 had an infinity of algebraic integers totally included in them, while segments shorter than 4 had only a finite
number of them. However, in order to be able to demonstrate these conjectures, it was necessary to consider
our problem as a particular case of a more general problem and not only to consider the R segments, but all
the compact subsets of the complex plane.

We had to clarify the notion of size to have an equivalent of the length of a segment for compact subsets of
C. Thus, we introduced the notion of capacity resulting from the theory of potential. Using this concept, we
have highlighted that the limit value of capacity for this problem is 1. Potential theory gives several results in
this direction but in the case of real segments, it is necessary to combine it with properties of algebraic curves
to obtain the desired results.

The "elementary" results of the section [I] allowed us to develop the following intuitions:

1. Capacity is the measurement of size adapted to our problem for compact subsets of C.

2. Generally compact sets with a capacity of less than 1 (including segments with a length of less than 4)
have a finite number of algebraic integers totally in them.

3. Generally compact sets with a capacity greater than 1 (including segments with a length greater than 4)
have an infinity of algebraic integers totally in them.

The rest of our paper consists in proving results that are in the direction of these intuitions. The main ones
are set out below.

The first theorem resulting from the theory of potential gives a complete answer for the second point:

Theorem (Fekete). Any compact with capacity strictly smaller than 1 has a finite number of algebraic
integers totally in it.

Corollary Any segment with length strictly smaller than 4 has a finite number of algebraic integers totally
in it.

The third point is more complex, but the theory of potential manages to give a partial result:

Theorem (Fekete-Szeg6). Let us consider a compact subset of C with capacity greater than or equal to 1,
symmetric with respect to complex conjugation. Then any neighborhood (whose complement is connected)
of this compact subset has an infinite number of algebraic integers totally in it.

However, unlike the previous theorem, this theorem is not applicable to R segments. By mixing notions of
algebraic curves with the notion of capacity, we obtain a much stronger theorem that completes the discussion
for the R segments.

Theorem (Robinson). Any finite union of intervals of R with capacity strictly greater than 1 has an infinite
number of algebraic integers totally in it.
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Corollary Any segment with length strictly greater than 4 has an infinite number of algebraic integers totally
in it.

We give here several avenues for reflection for the interested reader. Many problems remain open.

In the case of R segments, the situation where the segment length is equal to 4 is unknown, except in the case
where the boundaries of the segment are integers. We know that there is then an infinite number of algebraic
integers totally in it. What happens if the segment has length 4 and the boundaries are not integers ?

Then, in this paper we were mainly interested in the finiteness of algebraic integers totally in a segment. A
natural extension would be to seek to know more about these numbers, especially to know their distribution.
Some of the results are contained in our paper. For example, we have found all the algebraic integers totally in the
[—2.2] segment. In addition, for a segment E with length strictly greater than 4, by refining the demonstration
of Robinson’s theorem, it is possible to demonstrate the existence of a sequence of monic polynomials with
integer coefficients having all their roots in F and whose counting measure with respect to their roots converges
weakly-* to the equilibrium measure of F . Let us consider a sequence of distinct algebraic integers totally
in E. Do the counting measure with respect to their conjugates converge weakly-* to the equilibrium measure
of E7
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A
MEASURE THEORY

A.1 MEASURES

The notion of measure that we use is Radon measure.

Definition A.1 (Radon measure). Consider D C C. Let C?(D,R) denote the space of functions on D with
compact support.
We call Radon measure any continuous linear functional on C?(D,R).

If p is a Radon measure, we write / fdu = p(f).
D

Example A.1 (Dirac measure). Let us consider zp € D. The Dirac measure on z, denoted by d,,, is the
linear continuous functional which maps f € C?(D,R) to f(zo), i.e. / fdd., = f(z0)-

Example A.2 ((Averaged) Counting measure). Let F = {21, ...y Zn} bea ﬁnite subset of D, the (averaged)

counting measure with respect to F is given by vp = + Zézz’ i.e. /f dvp = Z f(z).

Definition A.2 (Measure of a set). Let p be a measure on D C C.

1. If D is compact, the measure of D is defined by u(D) := / 1 dp.
D

2. If K C D is a compact subset, then u(K) = / 1g dp = / 1 du.
D K

3. If D = Upen K, where (K, )nen is an increasing sequence of compact subsets, then the measure of D is
w(D) = lim, oo p(Ky).

4. If u(D) = 1, we call p a probability measure on D.

Remark A.1 [, 1x du= [, 1 dp is defined by inf{u(f): f € C2(D,R),0 < f <1, f|lg = 1}.

Definition A.3 (Support of a measure). Let u be a measure on D C C and let U C D. We say that p has
its support in U if and only if

erCS<D,R>,f|U=o;»/ fdp=0
D

The support of p is the intersection of all the closures of such U. Equivalently, it is also the smallest closed
subset U of D verifying the previous condition. The support of u is denoted by supp(u).




ECOLE
POLYTECHNIQUE

UNIVERSITE PARIS-SACLAY

COLLECTIVE PROJECT

Definition A.4 (Restriction/Extension of a measure). Let 1 be a measure on D whose support is included
in a compact subset K C D. For all f € C°(K,R), there exists f € CO(D,R) such that f|x = f. We define

the integral of f with respect to u by

u(f):=/deu:=/Dfdﬂ

The definition does not dependent on the choice of f; y becomes in this way a measure restricted to K (which
will be denoted by u as well for convenience). For all f € CY(D,R), the following integral is well-defined.

p(f) :=/Df dp = p(flx)

This extends the domain of definition of u to C(D,R).

Remark A.2 Let i be a measure on D with support in a compact subset K, then pu(D) = u(K) = fD 1 dp.

Remark A.3 Following these definitions, we can define a measure fi by

p(4) = inf sup u(K)

where U is open and K is closed. In this way we extend the measure to any mesurable subset of D.

A.2 WEAK-¥ CONVERGENCE

Let us define now the import notion of weak-* convergence of measures.

Definition A.5 (Weak-* convergence). Let D C C and (un)nen be a sequence of measures on D. Let p be
a measure on D. We say that (u,)nen converges weakly to i, denoted by pup, —5 p, if and only if

vf e CUD.R), lim [ fapn= [ fan

Example A.3 (Riemann integral). We can consider Riemann integral as the limit measure of a sequence of
counting measures : indeed, if f : [0,1] — R, we have

1~k !
lim — ) f(—)= f dzx.

Let v, denote the counting measure with respect to points {% | Kk = 0,...,n}. The continuous linear

1
functional / is the limit measure of the sequence (v,,) for weak-* convergence.
0
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2mik

Example A.4 If v, is the counting measure with respect to n-th roots of unity {e"» | k=0,...,n — 1},
then
1 27 0
li dv, = — ) de.
Jm [ f dv, = o A f(e”)

Proposition A.1 Let K be a compact subset of C such that K = m B,, , where (B, )nen is a decreasing
neN

sequence of compact sets. If there exists a sequence of probability measures (i), such that u, = w and
supp(un) C By, for each n, then supp(p) C K.

Proof. Consider f € C(D,R) such that f|x = 0, let us show that for all e > 0, we have | [, f du| < e.
The open set (f is continuous) U := {|f| < e} contains K = [, B,. Since all K; are compact, there exists
an integer N such that Vn > N, B,, C U. Consider ¢,, € C%(D,R) such that

Onl, =1, Snlue=0, 0<¢, <1

Then for all n > N, [, f| <€, (1—¢n)flp, =0, so that | [, f dun| = |[p énf dpn| < € thus p, — p gives
o d ] << -

We are now interested in the space of measures on a given topological space. Let X be a compact metric
space. Let C'(X) denote the set of continuous functions from X to R, and P(X) denote the set of probability

measures on X.

Theorem A.1 (Banach-Alaoglu-Bourbaki). P(X) is sequentially compact for the topology associated with
the weak-+ convergence (i.e., weak-* topology).
In other words, for any sequence of probability measures (f, ), there are a sub-sequence (fiy(n))n and a

probability measure p such that pi, ) 5, ie.

Vo € CX). [ 6 dugon—s [ o d

Proof.
X is a compact metric space, so that C(X) is separable, i.e. there is a dense sequence (¢,), in C(X).

The idea is to do a diagonal extraction. For ¢7, we have ( f 5 @1 dpin ), which is bounded. So we can extract
a sub-sequence (fiy, (n))n such that ([ 1 dpgp, (n))n converges. We can extract in the same way (f,(n))n
from the sequence (fiy, ())n- Thus, we construct (fi,, (n))n for all k& € N, which is extracted from the previous

sequences.

We consider then the sequence (fi,, (n))n- For k € N, (fX Gk dptg, (n))n converges : indeed, for some suffi-
ciently large n , ¢, is extracted from ¢y,. Using the density of (¢n)n, ([ @ dig, (n))n converges for ¢ € C(X).

Let us define the functional

A:C(X)—R

¢ +— lim /qudu%L(n)

n—-+oo
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It is clearly a positive linear functional. By Riesz—Markov-Kakutani representation theorem, we have :
A(¢) = [y ¢ du where p is a measure C(X).

To prove the compactness of P(X), it is enough to show that p € P(X), since we have by construction
Vo € C(X), [ ¢ dpig, (ny— [y ¢ dp. This fact is true because [ du = kli):r_loo Jx A, (ny = 1. O

A.3 LOWER SEMI-CONTINUOUS FUNCTIONS

We wish to extend the concept of measure and weak-* convergence to functions that are not necessarily con-
tinuous.

Definition A.6 (Lower semi-continuous function). A function f: D C R™ — RU{+o0} is said to be lower
semi-continuous (I.s.c.) if one of the following equivalent properties is satisfied:

(i) V20 € D, f(20) < liminf f(z)
Z—20
(ii) On all compact subsets K C D, f is a pointwise limit of an increasing sequence of continuous functions

(ili) Va € R, {f > a} := f~1(] — o0, a|) is a open set.

Definition A.7 Let f be a ls.c. function and p be a positive measure with support in a compact subset
K C D. We define the integral of f with respect to pu :

/fduz lim/fndu
K n—oo K

where (f,,) is an increasing sequence of continuous functions on K which converges pointwise to f|x

Proposition A.2 Any l.s.c function defined on a compact set has a minimum point.

Proof. Consider the sets {f > n}pez and {f < % +inf f}ene- O

Proposition A.3 Let f be a l.s.c. function verifying f|x > « and let p € P(D) with supp(u) = K C D.
Then [, f dp > «. In addition, [, f du = o if and only if f|x = a.

Proof. Since u is a probability measure, we can assume without loss of generality that o = 0. Let (f,,) be
an increasing sequence of continuous functions on K which converges pointwise to f|x > 0. Then Ve > 0,
K = Up>1{fn > —¢}. By compactness, INVn > N, f,, > —e on K, which implies fo dp > —e. So that
Jx [ du>0.

For the second assertion, assume there exists (o € K such that f(¢p) > 0. Then we have fK fdp > 0.
Indeed, there exists two open neighborhoods By C By of (y in D such that f|g, > %f((o). Let x € C%(By,R)
such that x|g, = 1land 0 < x < 1. Then f—% (Co)x is a L.s.c function on D and positive on K. By the above,
S (f = 3f(Co)x) dp = 0, so that [, f du > 1f(Co) [i x du. The last quantity is strictly positive, otherwise
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we would have supp(u) C K\B; € K (let ¢ € C2(D,R) such that ¢|x\5, = 0, then (1 — x)¢*|x = 0,
[ @ dp = [ x¢F dp < ||@lloo [ x A =0, then [, ¢ du = 0), which is a contradiction. O

Proposition A.4 Let f be a l.s.c. function and (u,,) be a sequence of positive measures with support included

in a compact subset K such that j,, — p. Then:

/ fdu < liminf/ fdpn
K n—oo K

Proof. Let (f,) be an increasing sequence of continuous functions which converges pointwise to f. Let
€ > 0. There exists n € N such that fK fn dp > fK f du — €. There exists mg € N such that for m > my,

fon dptm Zfon dy — €. Then :

Vmme/ fdumz/fndumz/fdu—ze
K K K

m—r

Thuslim'nf/ fd,umZ/ fdp—2e O
* JK K

Example A.5 Let z € C, the function ¢ — log(1/ |z — t|) is lower semi-continuous, because it is continuous
on t # z and equal to +oco on t = z.
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B
SEMI-HARMONIC FUNCTIONS

Definition B.1 ((super-,sub-)harmonic functions). Let D C C be an open subset. A function f: D — R
is said to be harmonic (resp. super-harmonic, sub-harmonic) if it is continuous (resp. lower/upper semi-
continuous) and satisfies the mean value property: for all z € D and a disc {|¢ — z| <r} C D, we have

27
f@) == [ fe4re®) s (resp. 2,<)

:%0

A function is called semi-harmonic if it is harmonic or super-harmonic or sub-harmonic.

Intuitively, a super-harmonic function takes values larger than its local mean values. However, it cannot
take too large values because of the lower semi-continuity.

f(z) < ligl_jgff(é)-

Remark B.1 Let f: D — R be a continuous (resp. lower semi-continuous, upper semi-continuous) function.
Then f is harmonic (resp. super-harmonic, sub-harmonic) if and only if it satisfies the mean (resp. super-
mean, sub-mean) value property : for all z € D, there exists 6 > 0 such that the disk {|¢ — 2| <0} C D and

for all 0 < r < 6, we have
1 2m )
f(2) f(z+7e®)dd  (resp. >,<)

:% .

Remark B.2 Assume f € C%(D). Then f is super-harmonic if and only if —Af > 0. To understand this
claim, we can consider the function

27
f(z+re®) do

m(r;z) = o |

and use the following formula
1
2w r] (o)

orm(r; z) Af.

Proof. Consider f as a function from R? to R . Let 7/ (#) = (cos 6, sin §):
0, f((Re(2), Im(2)) +rn(6)) = V f - 7 (9).

By Green’s theorem:

Bl ) = — Vi)Y

2m dB(z,r

) T
:271”“//)3(0’”?~€f~d5.
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Example B.1 Le F be a holomorphic function on an open subset D € C. Then for p > 0, |F|” and log |F|
are sub-harmonic. Indeed, it is enough to prove this claim on the open set {F # 0}. Since locally F?
(resp. log F') has a holomorphic branch, we can verify the continuity and apply Cauchy’s formula. Then we
conclude by using the triangular inequality for integrals (by considering the real part resp.).

Proposition B.1 Let f, g be two super-harmonic function on U. Then min(f,g) is also super-harmonic on
U.

Proof. The minimum of two lLs.c. functions is still a l.s.c. function. Then we conclude by verifying the
super-mean property. O

Theorem B.1 (Minimum principle for super-harmonic functions). Let D C C be a connected and bounded
open subset. Let f be a non-constant super-harmonic function on D such that

liminf f(2) > m, V(€ dD

z2—C

Then f(z) > m for all z € D. Thus, no non-constant super-harmonic function on a connected open set (not
necessarily bounded) reaches its minimum.

Proof. The idea of the proof is to use the super-mean property and an open-closed set argument.

Firstly, we extend f(z) to all points ¢ € 9D by f(¢) = lim inf, ¢ f(2) and f|D~: f. So fis a ls.c.
function on D and super-harmonic on D. Since D C C is bounded and D is compact, f reaches its minimum
m’ =ming f on D (Prop. [A.2).

Since f is Ls.c., the set {f =m'} = {f < m'} is closed in D. On the other hand, for all {, € D verifying
f (&) = m/, we have for some § > 0 and all r €]0, d],

1 27 .
m' = f(C) =5 [ f(Go+re?) do = m’
T Jo
By Prop. for all r €]0,6], 6 € [0,27], we have f(Co + re®) = f(¢o) = m/, i.e. f=m/ in a neighborhood
of (o, which shows that {f = m'} is an open subset of D. Thus, {f < m'} = {f = m’} is open-closed in D;
it is not D since f is non-constant, so it is empty because D is connected, i.e. f(z) > m/, Vz € D.

On the other hand, since m’ is effectively reached by f, there exists o € D\D = &D such that f(¢y) = m'.
By definition of f and the hypothesis in the statement of the theorem (finally!), we have

f(¢o) = liminf f(z) > m

z—Co

. So that m’ > m. Then we conclude that f(z) > m, Vz € D. O

Corollary B.1 (Maximum principle for potentials). Let i be a finite positive measure with compact support.
If U#(z) < M for all z € supp(u), then it holds for all z € C.

Proof. Let K = supp(u). Let us define f(z) := —U*(z), which is a harmonic function, a fortiori super-
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harmonic on C\K. It is non-constant and converges to +oo when z — oo. For all {y € K, we have

liminf f(z) > —M. (4)

z—Co

Then f reaches its minimum if there exists z € C such that U*(z) > M.
Now we should prove . Let » > 0. We have

) — 16— _ ¢ — ¢
£6) = £(2) = [ 1og = dutt) = ( /. et / \B@M)) log (-t du().

Let us choose ¢ = ((z) € argmincex | — z|. Then for all ¢t € K, we have

C=t] _ =2l +lz=t] _Jt—zl+le—t] _,
|z —t| |z — ¢ B |z~ 1]
We derive that IC — ]
/ log du(t) < 2u(B(Co,7))-
KnB(or) 12— 1

On the other hand, when z — (p, we have { — (y. So,

[ g lE = a0 = (B0, 7)) x Tog() =0,
K\B(Co,r) |z —t

The assumption on U*(z) implies that f({) > —M > —oco. By passing to the limit z — (o, we have

liminf f(2) > =M — 2u(B(o, 7))- ()

z—Co

Since f > —M on K by hypothesis, we have f > —oo everywhere on C by the definition of f = —U¥(2). So
lim 1(B(Co, 7)) = p({Co}) = 0.

Combining with (5]), we conclude the proof of (). O

We state the following theorem which generalizes the [minimum principle}

Theorem B.2 (Generalized minimum principle). Let D C C be a connected open set such that Cap(9D) >
0. Let f be a non-constant super-harmonic function, lower-bounded in D, verifying quasi-almost everywhere
in D the inequality :

liminf f(z) > m.
z2—¢

Then we have f(z) > m for all z € D.

A proof of the theorem can be found in [7], Theorem 3.6.9.

Proposition B.2 (Backward-pulling by holomorphic mapping). Let f be a non-constant holomorphic func-
tion on a connected open subset D C C. Let D’ = f(D) (a connected open set as well). Then for any (sub-,
super-)harmonic function u : D’ — R, wo f is also (sub-, super-)harmonic.

A proof of the proposition can be found ([7], Corollary 2.4.3).
This proposition allows us to extend the definition of (sub-, super-)harmonic functions to the Riemann
sphere C = CU {o0}:
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Definition B.2 ((Super-, sub-)harmonic function on Riemann sphere). A function f(z) defined on a
neighborhood of oo (0o included) is said to be (sub-,super-)harmonic on a neighborhood of oo if f(1/z) is
(sub-, super-)harmonic at point 0. A function f : C D D — R is said to be (sub-,super-)harmonic if all points
of D have a neighborhood where f is (sub-,super-)harmonic.

C
SOME TECHNICAL PROOFS

C.1 PROOF OF PROPOSITION [2.6

Proposition C.1 Let K C C be a compact subset with Cap(K) > 0. If Qg verifies the cone condition, then
Qg is regular.

Proof. We shall prove that for all {; € 0Qk,

lim gx(z,00) =0
Z—)CO

(i) First, let x(z) be a positive super-harmonic function defined on a non-empty connected open set
Qo = Qi N B({p, d) such that

d
A:inf{x(z):zEQK,§<z—C0|<5}>0

lim x(z) =0.
Z—)Co
Since gk (-, 00) is bounded on € (Thm. [2.6), one can find a large enough M > 0 such that M A > gk (-,00)
on Qg; thus for all ¢ € Qg N IB((o,d), we have
lim i?f(Mx(z) — gr(2z,00)) > 0;
z—
we also deduce that My — gk (-, 00) is bounded from below on Qg. Also, because ¥ is positive, for all { € 0Ok

such that |¢ — (o| < 0, we have
lim inf x(z) > 0,
z—C
then we have g.-a.e. in 0k,
lim i?f(Mx(z) — gr(z,00)) > 0.
z—

On the other hand, x is super-harmonic on g, so Mx — gk (-, 00) is super-harmonic because gk (-, 00) is
harmonic. Observing that

0 C{C €0k :|¢—Col £0FU{C € QK :|¢C— (ol =0}

and that (Prop. c)) Cap(99) = Cap(Qp) > 0 since ) is open and non-empty (Cor. a)). By applying
the |generalized minimum principlel on g, we have for all z € g,

Mx(2) — g (2,00) > 0,



ECOLE
POLYTECHNIQUE

UNIVERSITE PARIS-SACLAY

COLLECTIVE PROJECT

therefore,
0= lim Mx(z) > limsup gx(z,00) >0

Z‘)C() Z"CO

lim gk (z,00) = 0.
Z—)CO

(ii) Let x be a positive super-harmonic function on Q1 = Qg N B((p, ) # @ such that

J
A:inf{x(z):zEQK,<z—§0|<(5}>0

2
lim x(z) =0
Z‘)Co
For z € Q, define
. min (M, 1) z €
X(2) = 4 '
1 z € Qr\

By definition, 0 < x < 1. As the minimum of two super-harmonic functions, x is also super-harmonic on §2;
X = 1 is super-harmonic on Qg N {|z — (| > g}; therefore, y is super-harmonic on Q. Furthermore, we
have

lim x(z) = 0.

Z‘?QO

Take R > 2§ large enough such that 0Qx C B((p, R), then Qo = Qx N B((o, R) # 0 is connected because Qx
is connected. Also, we have

inf{x(z):zeQK,J;<|Z—Co|<R}:1>0.

We have reduced our proof to the case (i) with (x,d) := (x, R).

(iii) For all (o € 0k, we shall prove the existence of such a function x as in (ii) (for some 6 > 0). We
can take the composition of a Mobius transformation and an analytic branch of ®(1/logw), |w| < 1.
More precisely, since the cone condition is verified, one can choose (; # {p such that the segment [¢y, (1] C

C\Qk. Then take
- z— (o z— (o
X<Z)§R<1/10gz—§1)’ ZGQK,Z_CI

for some well-chosen 6. Taking Prop. [B.2]into account, the verification of this construction will be direct. [J

<1

Remark C.1 Notice that it is only in step (iii) that we have used the cone condition, which aimed at
constructing a pair (6, x) for (ii); therefore, without the cone condition, if one can construct a pair (4, x) for
all {p € 0Nk verifying the conditions in (ii), then Qg is still regular.
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C.2 PROOF OF THEOREM [2.8

Theorem C.1 Let K3, Ky C C be two non-empty compact subsets. Let f: Qg U{oo} = Qk, U{oo} be a
non-constant holomorphic mapping such that f(oco) = co. Then,

(a) [Af| Cap(K1)" > Cap(K3).
(b) If we assume in addition :
(i) Cap(K2) > 0;
(if) f7*(00) = {oo};
(iii) Qk, is regular;
(iv) f can be continuously extended to the boundaries 0Q, — 0Qk,.

Then, Cap(K7)>0, Qk, is regular and

1

gKl(',OO) = nfng2(f(),OO)

|Ay| Cap(K1)"" = Cap(Ky).

Proof. (a). We can assume that Cap(K2) > 0 without loss of generality. Then gk, (-, 00) > 0 is harmonic on
Qk,. So that gk, (f(+),00) > 0 is super-harmonic (Prop. on Qg, (and it is harmonic if f~1(c0) = {oo}).
Furthermore, we have gk, (w, 00) = log |w| + Vi, + o(1) when w — oco. Then,

9K, (f(2),00) =log |f(2)| + Vi, + o(1) = nylog|z| + log |Af| + Vi, + 0o(1), 2z — 00
Assume first that Cap(K;) > 0. Let us define
h(z) = gk, (f(2),00) = nygx, (2, 00).
Then h is super-harmonic on Qf, , and even on Qg U {oco} if we remove this isolated singularity by defining
h(co) :=log|A¢| + Vi, — nfVk,.

According to Thm. lim,_,¢ gk, (z,00) = 0 for quasi-almost every ¢ € 0Q,. So, we have for quasi-almost
every ¢ € 00k,
liminf h(z) > 0.
z—¢
Besides, we have seen that h(z) in bounded on a neighborhood of oo; beyond this neighborhood , gk, (-, 00)
is bounded. Thus h(z) is lower-bounded. So, the |generalized minimun principle| implies that either h(z) =0
or h(z) > 0 on Qk,. In particular,

h(oco) =log|Af| + Vi, —nf Vi, > 0.

Henceforth, we no longer assume Cap(K;) > 0. For € > 0, let Kf = {z € C : dist(z, K1) < €}, which has
non-empty interior. Thus, Cap(K§) > 0 according to Cor. a). Then we have |Af| Cap(K§)" > Cap(K3)

by previous arguments. Applying Prop. [2.4{d) to the sequence (K11 / "), we have

|Af| Cap(K1)" > Cap(Ks)
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(b). We have Cap(K;) > 0 by (a). By the continuous extension theorem, we have that lim,_,¢, f(z) exists
and belongs to Qg, for all {y € 0Nk, . So the regularity of Qg, implies that

lim 9K, (f(Z), OO) = 07 VCO € 6QK1
z—Co
We keep the notations of (a). We remind that h(z) is bounded on a neighborhood U of co; The conditions
(ii) and (iv) imply that f(U) is included in the complementary of a neighborhood of oo in Qg,. Then
9x, (f(+),00) is bounded in Qg \U. We have then shown that h(z) is a harmonic function which is bounded

on Qg, U{oco} and verifies
lim h(z) = 0.

z—C

for quasi-almost every ¢ € 0Q0k,. By the [generalized minimum principle] applied to h and to —h, we have
h(z) =0, in particular h(co) = 0. So, we have

Vi, (log |Af| + Vk,)

1
T

Cap(Ky) = (0711)4(;'(2)>1/nf |
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