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Abstract

We discuss a technique for trying to find all rational points on curves of the form

Y 2 = f3X
6 + f2X

4 + f1X
2 + f0, where the sextic has nonzero discriminant. This is a

bielliptic curve of genus 2. When the rank of the Jacobian is 0 or 1, Chabauty’s Theorem

may be applied. However, we shall concentrate on the situation when the rank is at least 2.

In this case, we shall derive an associated family of elliptic curves, defined over a number

field Q(α). If each of these elliptic curves has rank less than the degree of Q(α) : Q, then

we shall describe a Chabauty-like technique which may be applied to try to find all the

points (x, y) defined over Q(α) on the elliptic curves, for which x ∈ Q. This in turn allows

us to find all Q-rational points on the original genus 2 curve. We apply this to give a

solution to a problem of Diophantus (where the sextic in X is irreducible over Q), which

simplifies the recent solution of Wetherell. We also present two examples where the sextic

in X is reducible over Q.

§0. Introduction

In Problem 17 of book VI of the Arabic manuscript of Arithmetica [8], Diophantus

poses a problem equivalent to finding a non-trivial rational point on the genus 2 curve

C : Y 2 = X6 + X2 + 1. (0.1)

The related problem of finding all rational points has recently been solved by Wetherell

[11], who showed that C(Q) = {∞+,∞−, (0,±1), (±1/2,±9/8)}, where by ∞+,∞− we
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mean the points on the non-singular curve that lie over the point at infinity on C. We note

that C covers two elliptic curves:

Ea : Y 2 = x3 + x + 1,

Eb : Y 2 = x3 + x2 + 1,
(0.2)

with the maps (X, Y ) 7→ (X2, Y ) from C to Ea and (X, Y ) 7→ (1/X2, Y/X3) from C to Eb.

Both Ea(Q) and Eb(Q) have rank 1, and A = Ea ×Eb is isogenous to J , the Jacobian of C,

so that J(Q) has rank 2. This means that the explicit Chabauty techniques described

in [3,7] cannot be directly applied, since they rely on the rank of J(Q) being strictly

less than the genus of C. Wetherell uses pullbacks of the isogeny φ : A → J to find a

pair of genus 5 curves D1, D2 whose rational points cover the rational points on C. The

hyperelliptic involution on C lifts to an involution on each of the genus 5 curves, yielding

genus 3 quotients F1, F2, respectively:

F1 : t2 = (s4 − 2s2 − 8s + 1)(s3 + s + 1),

F2 : t2 = (s4 − 8s− 4)(s3 + s2 + 1).
(0.3)

Wetherell [11] shows that, in order to compute C(Q), it is sufficient to find F1(Q) and

F2(Q). It turns out that the Jacobians of F1 and F2 have ranks 1 and 0, respectively.

Since these are both less than the genus, one can apply the explicit genus 3 Chabauty

techniques in [11] to F1, F2. These determine F1(Q) and F2(Q) completely which in turn

allows all of C(Q) to be found.

The above analysis can be generalised to any bielliptic genus 2 curve. Once we have

obtained standard equations for the appropriate genus 3 curves, the genus 3 Chabauty ar-

guments are fairly straightforward; however, the determination of equations for the genus 3

curves can be tricky. Our aim here is to demonstrate an approach which replaces each

genus 3 curve over Q with an explicitly given elliptic curve over some number field Q(α).

Since we are trading genus for field degree, this approach is simultaneously simpler and

more complicated. Nevertheless, the ease of obtaining equations for the elliptic curves

makes the elliptic curve approach preferable in most circumstances.

In Section 1, we give models for these elliptic curves Ei, and show that, if one can

find all points (x, y) ∈ Ei(Q(α)) with x ∈ Q, then one can find C(Q). In Section 2 we
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give explicit Chabauty-style equations (using the elliptic curve formal group) which can

be used to try to find all such (x, y) when the rank of each Ei(Q(α)) is less than the degree

of Q(α) : Q. In Section 3, we apply the technique to three worked examples. The first

example is a simplified reproof of the above Diophantus example in [11], where Q(α) is

cubic; we include (although we do not require it) a simpler derivation of the curves (0.3)

than the derivation in [11]. In the second example Q(α) is quadratic; in the third example

Q(α) = Q.

§1. Associated Elliptic Curves over a Number Field

Suppose we have a curve of genus 2

C : Y 2 = f3X
6 + f2X

4 + f1X
2 + f0, (1.1)

where f0, . . . , f3 ∈ Z, and where the sextic has nonzero discriminant; we wish to find C(Q).

We first observe that (X, Y ) 7→ (X2, Y ) gives a map from C to the elliptic curve

Ea : Y 2 = F a(x) = f3x
3 + f2x

2 + f1x + f0. (1.2)

Finding C(Q) is equivalent to finding all points

(x, Y ) ∈ Ea(Q) where x = X2, for some X ∈ Q. (1.3)

We shall formally, with slight abuse of notation, write (x, Y ) = ∞, when (x, Y ) is the

point at infinity, which we take to be the identity in Ea(Q). When (x, Y ) = ∞, we shall

say that (1.3) is satisfied if f3 ∈ (Q∗)2. Suppose now that (x, Y ) is such a point, so that

(x, Y ) ∈ Ea(Q) and (X, Y ) ∈ C(Q). Suppose also that we have found Ea(Q)/2Ea(Q) by

performing a 2-descent, and that

{(x1, Y1), . . . , (xm, Ym)} is a set of representatives for Ea(Q)/2Ea(Q). (1.4)

For the moment we assume, for simplicity, that F a(x) is irreducible over Q. Let

α = root of F a(x) (1.5)
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and q denote the standard homomorphism, with kernel 2Ea(Q), given by

q : Ea(Q) −→ Q(α)∗/(Q(α)∗)2 : (x, Y ) 7→ f3(x− α), (1.6)

where we define x − α = f3 when (x, Y ) = ∞, so that q(∞) = 1. From (1.4) we know

that there is a unique choice of i such that (x, Y ) = (xi, Yi) in Ea(Q)/2Ea(Q), which is

equivalent to (x, Y ) + (xi, Yi) ∈ 2Ea(Q). Using the homomorphism (1.6), we must have

(xi − α)(x− α) ∈ Q(α)2, for some i = 1, . . . m. (1.7)

We also have, by pure algebra, that

F a(x) = (x− α)
(
f3x

2 + (f2 + αf3)x + (f1 + αf2 + α2f3)
)

= Y 2 ∈ Q2 ⊂ Q(α)2. (1.8)

It follows from (1.7), (1.8) and x = X2 ∈ Q2 ⊂ Q(α)2 that

(xi − α)x
(
f3x

2 + (αf3 + f2)x + (α2f3 + αf2 + f1)
)
∈ Q(α)2. (1.9)

We may summarise the above discussion in the following Lemma.

Lemma 1.1(a). Let C be the genus 2 curve, and Ea be the elliptic curve

C : Y 2 = f3X
6 + f2X

4 + f1X
2 + f0 and Ea : Y 2 = F a(x) = f3x

3 + f2x
2 + f1x + f0,

where f0, . . . f3 ∈ Z and F a(x) is irreducible over Q. Let {(x1, Y1), . . . , (xm, Ym)} be a set

of representatives for Ea(Q)/2Ea(Q), and let α = root of F a(x). Suppose (X, Y ) ∈ C(Q),

and let x = X2. Then there is a unique choice of i (1 6 i 6 m) such that x satisfies

Ea
i : y2 = (xi − α)x

(
f3x

2 + (αf3 + f2)x + (α2f3 + αf2 + f1)
)
, (1.10)

for some y ∈ Q(α), where (xi − α) should be taken to be f3 when (xi, Yi) = ∞.

Of course, we could just as easily have used

Eb : Y 2 = f0x
3 + f1x

2 + f2x + f3 (1.11)

in place of Ea in all of the above discussion, with the adjustment that the map from C to

Eb is (X, Y ) 7→ (1/X2, Y/X3). This gives the following alternative version of the Lemma.

4



Lemma 1.1(b). Let C be the genus 2 curve, and Eb be the elliptic curve

C : Y 2 = f3X
6 + f2X

4 + f1X
2 + f0 and Eb : Y 2 = F b(x) = f0x

3 + f1x
2 + f2x + f3,

where f0, . . . f3 ∈ Z and F b(x) is irreducible over Q. Let {(x1, Y 1), . . . , (xn, Y n)} be a set

of representatives for Eb(Q)/2Eb(Q), and let α = root of F b(x). Suppose (X, Y ) ∈ C(Q),

and let x = 1/X2. Then there is a unique choice of j (1 6 j 6 n) such that x satisfies

Eb
j : y2 = (xj − α)x

(
f0x

2 + (αf0 + f1)x + (α2f0 + αf1 + f2)
)
, (1.12)

for some y ∈ Q(α), where (xj − α) should be taken to be f0 when (xj , Y j) = ∞.

Whichever version is used, this gives a strategy for trying to find C(Q). For example,

suppose we have computed a complete set of representatives for Ea(Q)/2Ea(Q). Then for

each i = 1, . . . ,m, we try to find all (x, y) ∈ Ea
i (Q(α)) with x ∈ Q. For each such (x, y),

we then check whether x ∈ Q2 and F a(x) ∈ Q2. By Lemma 1.1, all members of C(Q)

must arise this way. An analogous strategy is available if we can compute a complete set

of representatives for Eb(Q)/2Eb(Q). Note that m does not necessarily equal n, so one of

these strategies may be more efficient than the other.

On the other hand, if we can compute a complete set of representatives for both

Ea(Q)/2Ea(Q) and Eb(Q)/2Eb(Q), then we can combine the results to cut down on the

number of cases we must consider. This is due to the following observation. Suppose we fix

a point (X, Y ) ∈ C(Q) and apply both Lemma 1.1(a) and Lemma 1.1(b). (To be definite,

in Lemma 1.1(b) we choose α = 1/α.) This gives us values for i and j such that

(xi − α)(x− α) ∈ Q(α)2 and (xj − α)(x− α) = (xj − α)(α− x)/(αx) ∈ Q(α)2. (1.13)

Combining these two statements with the fact that x = X2 we find that

c2
i,j =

−α(xj − α)
(xi − α)

=
(1− αxj)
(xi − α)

(1.14)

for some ci,j ∈ Q(α). The convention for computing xi − α or xj − α when (xi, Yi) = ∞

or (xj , Y j) = ∞, is the same as that described in Lemma 1.1. Note that for each choice
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of i there is at most one value of j which satisfies (1.14) and for each j there is at most

one i; therefore we can view ci,j as depending merely on one of i or j.

This cuts down on the number of cases we need to consider when searching for

rational points, since we only need to consider those values of i for which some value

of j makes (1.14) true. Moreover, when i and j are related by (1.14) then the map

(x, y) 7→ (1/x, ci,jy/x2) gives an isomorphism between Ea
i and Eb

j which is defined over

Q(α), and which preserves the Q-rationality of the x-coordinate. In other words, when

we restrict to the i-j pairs which satisfy (1.14), the search for points in C(Q) using

Lemma 1.1(a) is exactly the same as the search using Lemma 1.1(b).

We now drop our assumption that F a(x) is irreducible over Q, in which case a straight-

forward imitation of the above arguments proves the following.

Lemma 1.2(a). Let C, Ea, F a(x), (x1, Y1), . . . , (xm, Ym) be as in Lemma 1.1(a), except

that F a(x) = f3(x−α1)(x−α2)(x−α3) might or might not be irreducible over Q. Suppose

(X, Y ) ∈ C(Q), and let x = X2. Then there is a choice of i (1 6 i 6 m) such that x satisfies

Ea
i,k : y2

k = (xi − αk)xF a(x)/(x− αk), k = 1, 2, 3, (1.15)

for some yk ∈ Q(αk), where (xi − αk) should be taken to be f3 when (xi, Yi) = ∞, and

f3

∏
r 6=k(xi − αr) when xi = αk.

Lemma 1.2(b). Let C, Eb, F b(x), (x1, Y 1), . . . , (xn, Y n) be as in Lemma 1.1(b), except

that F b(x) = f0(x−α1)(x−α2)(x−α3) might or might not be irreducible over Q. Suppose

(X, Y ) ∈ C(Q), and let x = 1/X2. Then there is a choice of j (1 6 j 6 n) such that x

satisfies

Eb
j,k : y2

k
= (xj − αk)xF b(x)/(x− αk), k = 1, 2, 3, (1.16)

for some y
k
∈ Q(αk), where (xj − αk) should be taken to be f0 when (xj , Y j) = ∞, and

f0

∏
r 6=k(xj − αr) when xj = αk.

If F a (or equivalently F b) is irreducible over Q, then Lemma 1.1 is derivable as a

special case of Lemma 1.2, since the three elliptic curves Ea
i,k (respectively, Eb

j,k), k = 1, 2, 3,

are just the conjugates of Ea
i (respectively, Eb

i ) over Q. When exactly one root of F a (or
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equivalently F b) is defined over Q and the other two are quadratic and conjugate, then

exactly one elliptic curve is defined over Q and the other two are conjugate. Similarly, if

all three roots of F a (or equivalently F b) are defined over Q, then so are the three elliptic

curves Ea
i,k (or Eb

j,k), k = 1, 2, 3. In summary, the collection of three elliptic curves Ea
i,k,

for any given i (or Eb
j,k, for any given j), has the same Galois structure as the collection of

roots αk of F a.

As with Lemma 1.1 we can combine the results of Lemma 1.2(a) and Lemma 1.2(b).

For example, if we are applying Lemma 1.2(a), we find that we only need to consider those

choices of i such that, for some j, and for all three values k = 1, 2, 3,

c2
i,j,k =

−αk(xj − αk)
(xi − αk)

=
(1− αkxj)
(xi − αk)

(1.17)

for some ci,j,k ∈ Q(αk), where we have chosen the roots αk of F b(x) to satisfy αk = 1/αk

for k = 1, 2, 3. The convention for computing xi−αk or xj −αk when (xi, Yi) = ∞, (αk, 0)

or (xj , Y j) = ∞, (αk, 0), is the same as that described in Lemma 1.2. Computing all of

the (1− αkxj)/(xi − αk), for 1 6 i 6 m, 1 6 j 6 n and 1 6 k 6 3, is a useful initial

task before embarking on an application of Lemma 1.2, since it can be used to eliminate

some of the elliptic curve rank computations. When i and j are related by (1.17) then, for

a fixed k, the map (x, y) 7→ (1/x, ci,j,ky/x2) gives an isomorphism between Ea
i,k and Eb

j,k

which is defined over Q(αk), and which preserves the Q-rationality of the x-coordinate.

Note that (1.14) is a special case of (1.17) in the same way that Lemma 1.1 is a special

case of Lemma 1.2.

What is still required is a method for taking an elliptic curve E : y2 = g3x
3 + . . . + g0,

defined over a number field Q(α), and finding all (x, y) ∈ E(Q(α)) for which x ∈ Q. If we

can do this for each of the above Ea
i (or if, for each i, we can do this for at least one Ea

i,k),

then we can find all of C(Q), as required. In Section 2, we shall discuss this problem in

the case when E(Q(α)) has rank less than the degree of Q(α) : Q.
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§2. Elliptic Curve Chabauty

In this section, we consider an elliptic curve

E : y2 = g3x
3 + g2x

2 + g1x + g0, (2.1)

defined over the number field Q(α) of degree d over Q, and discuss how to try to find all

(x, y) ∈ E(Q(α)) with x ∈ Q. (2.2)

For the purposes of problem (0.1), only the cases d = 1, 2, 3 are relevant; however, the

strategy in this section does not depend on d, and so we shall not place any restriction

on d except (later in the section) that d is greater than the rank of E(Q(α)). Imitating

Chapter IV of [10], we introduce the variables z, w, defined by

z = −x/y,w = −1/y. Reverse transformation: x = z/w, y = −1/w. (2.3)

Then ∞ on E corresponds to z = w = 0, and z, w satisfy

w = g3z
3 + g2z

2w + g1zw2 + g0w
3. (2.4)

On recursive substitution, this gives w as a power series in z

w = w(z) = g3

(
z3 + g2z

5 + (g1g3 + g2
2)z7 + (g0g

2
3 + g3

2 + 3g1g2g3)z9 + O(z11)
)

∈ Z[g0, g1, g2, g3][[z]].
(2.5)

Of course x(z) = z/w(z) and y(z) = −1/w(z) are Laurent Series, not power series, but

1/x = w(z)/z is a power series, obtained by dividing (2.5) through by z:

1
x

=
1

x(z)
= g3

(
z2 + g2z

4 + (g1g3 + g2
2)z6 + (g0g

2
3 + g3

2 + 3g1g2g3)z8 + O(z10)
)

∈ Z[g0, g1, g2, g3][[z]].
(2.6)

Furthermore, if (x0, y0) is another point on E , then adding (x0, y0) + (x, y) results in a

point whose x-coordinate is as follows:

x-coord of (x0, y0) + (x, y) = (((y − y0)/(x− x0))2 − g2)/g3 − x− x0

=
w(1 + y0w)2 − (g2w + g3z + g3x0w)(z − x0w)2

g3w(z − x0w)2
(2.7)
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where, as usual, (x, y) = (z/w,−1/w). On replacing w by w(z) of (2.5) in this last fraction,

note that the z3 terms cancel in the numerator, and that there is a common factor of g3z
5

in the numerator and denominator. On cancelling g3z
5, the denominator is of the form

1 + O(z), and so the fraction is a power series

x-coord of (x0, y0) + (x, y) = x0 + 2y0z + (3g3x
2
0 + 2g2x0 + g1)z2 + (4g3x0y0 + 2g2y0)z3

+ (4g2
3x3

0 + 6g2g3x
2
0 + 2g1g3x0 + 2g2

2x0 + g0g3 + g3y
2
0 + g1g2)z4 + O(z5)

∈ Z[g0, g1, g2, g3, x0, y0][[z]].
(2.8)

If (z1, w(z1)), (z2, w(z2)) are two points in z-w coordinates then the z-coordinate of the

sum can be written as a power series, the formal group: F(z1, z2) ∈ Z[g0, g1, g2, g3][[z1, z2]].

Chapter IV of [10] can be imitated for deriving the terms of F(z1, z2) up to any desired

degree. Letting G(z1, z2) = ∂/∂z1F(z1, z2) and log(t) =
∫

G(0, t)−1dt gives

log(t) = t +
1
3
g2t

3 +
1
5
(g2

2 + 2g1g3)t5 +
1
7
(g3

2 + 6g1g2g3 + 3g0g
2
3)t7 + O(t9)

∈ Q[g0, g1, g2, g3][[t]],
(2.9)

which satisfies log(F(z1, z2)) = log(z1)+log(z2). We can then solve for the function exp(t)

defined by exp(log(t)) = t, giving

exp(t) = t− 1
3
g2t

3 +
1
15

(2g2
2 − 6g1g3)t5 −

1
315

(17g3
2 − 66g1g2g3 + 135g0g

2
3)t7 + O(t9)

∈ Q[g0, g1, g2, g3][[t]],
(2.10)

which satisfies F(exp(z1), exp(z2)) = exp(z1 + z2). The denominators of the coefficents in

both log(t) and exp(t) are restricted by the fact that

k!
(
coeff of tk in log(t) or exp(t)

)
∈ Z[g0, g1, g2, g3]. (2.11)

Suppose that we have performed a descent on E(Q(α)) and have found the torsion group,

the rank r and a set of generators for E(Q(α)); the general principles for this can be found

in Chapter X of [10], and there are now several articles in the literature explaining how

to find generators of elliptic curves over number fields, such as [1,5,6,9]. If r = 0, then

E(Q(α)) = E(Q(α))tors, the torsion group of E(Q(α)), which is finite. In this case, it
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is trivial to solve the problem given in equation (2.2), since we merely need to check all

(x, y) ∈ E(Q(α))tors, and see which ones satisfy x ∈ Q.

Suppose that the rank r of E(Q(α)) is less than d, the degree of Q(α) : Q, and that

we have found generators for E(Q(α)):

E(Q(α)) = 〈E(Q(α))tors, P1, . . . , Pr〉. (2.12)

Now, choose an odd prime p such that α is p-integral, and let α̃ denote the image of α in

O/pO, where O is the ring of integers in Q(α). We shall assume that p satisfies

(1) [Qp(α) : Qp] = [Q(α) : Q] = d, (2) Q(α) is unramified at p,

(3) |α|p = 1, (4) Fp(α̃) is the residue field of Qp(α),

(5) E has good reduction at p, (6) |gi|p 6 1, for i = 0, . . . 3.

(2.13)

It may take a minute to digest these conditions. Condition (1) is the most striking;

although it is always possible to satisfy (1) when Q(α) has degree 2 or 3 over Q, it is

not possible if, for example, Q(α) = Q(
√

a,
√

b). Without this condition we would need to

study the ring L = Q(α)⊗Qp and the set of sections E(L). Note that L ∼= K1 × · · · ×Kn,

where the Ki are p-adic fields, and E(L) ∼= E(K1)×· · ·×E(Kn). In what follows we would

perform each step in parallel for each of the fields Ki. Since it will suffice to assume Q(α)

has degree 2 or 3, we have chosen to avoid these complications. The remaining conditions

are fairly mild. Conditions (2), (5), and (6) are standard assumptions, while conditions

(3) and (4) are imposed so that α (or its reduction) is a generator for all fields and rings

we will consider.

Let Ẽ denote the reduced curve

Ẽ : y2 = g̃3x
3 + g̃2x

2 + g̃1x + g̃0, (2.14)

where each g̃i is the reduction of gi mod p. This is an elliptic curve defined over Fp(α̃).

We further let P̃i denote the reduction mod p of Pi, and define mi, Qi by

mi = order of P̃i in Ẽ(Fp(α̃)), Qi = miPi ∈ E(Q(α)), for i = 1, . . . , r, (2.15)
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so that each Qi is in the kernel of the reduction map from E(Q(α)) to Ẽ(Fp(α̃)). We now

imitate the strategy developed in [7] (which applied to genus 2 curves over Q) and let S

be the finite set

{T + k1P1 + . . . + krPr : T ∈ E(Q(α))tors, b−mi/2c+ 1 6 ki 6 bmi/2c} (2.16)

so that every P ∈ E(Q(α)) can be written uniquely in the form

P = S + n1Q1 + . . . + nrQr (2.17)

for some S ∈ S and n1, . . . nr ∈ Z. Further, let

zi = z-coord of Qi, for i = 1, . . . , r, (2.18)

so that zi = −xi/yi for each Qi = (xi, yi). Condition (6) of (2.13), the standard estimate

|k!|p > p−(k−1)/(p−1), and the fact that |zi| 6 p−1, give, on substitution into (2.9),(2.10),

that

z-coord of n1Q1 + . . . + nrQr = exp(n1log(z1) + . . . + nrlog(zr)) ∈ Zp[α][[n1, . . . , nr]],

(2.19)

and the coefficient of nk1
1 . . . nkr

r must converge to 0 in Zp[α] as k1+. . .+kr →∞. Returning

to our general P of (2.17), first suppose that S = ∞; then substitute (2.19) for z in (2.6)

to define θ∞ by

θ∞(n1, . . . , nr) =
1

x-coord of n1Q1 + . . . + nrQr
∈ Zp[α][[n1, . . . , nr]]. (2.20)

Now suppose that S = (x0, y0) 6= ∞. By the way S was constructed, S is not in the kernel

of reduction mod p and so |x0|p, |y0|p 6 1. Substitute (2.19) for z in (2.8) to define θS by

θS(n1, . . . , nr) = x-coord of S + n1Q1 + . . . + nrQr ∈ Zp[α][[n1, . . . , nr]]. (2.21)

Whether S = ∞ or S 6= ∞, we now split θS into its components

θS = θ
(0)
S + θ

(1)
S α + . . . + θ

(d−1)
S αd−1, each θ

(i)
S = θ

(i)
S (n1, . . . nr) ∈ Zp[[n1, . . . , nr]]. (2.22)
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It is clear that the coefficients of these power series tend to 0 in Zp, and that

(x-coord of P ) ∈ Q ⇒ θ
(1)
S = . . . = θ

(d−1)
S = 0, (2.23)

where P is as described in (2.17). But every P ∈ E(Q(α)) can be written in the form (2.17).

Hence, to solve our problem (2.2) as to which members of E(Q(α)) have Q-rational x-

coordinate, it is sufficient, for each member S of the finite set S, to determine which

n1, . . . , nr satisfy all of θ
(1)
S = . . . = θ

(d−1)
S = 0. At this point we should use the following

standard result, proved on p. 62 of [2].

Theorem 2.1 (Strassman). Let θ(X) = c0 + c1X + . . . ∈ Zp[[X]] satisfy cj → 0 in Zp.

Define ` uniquely by: |c`|p > |cj |p for all j > 0, and |c`|p > |cj |p for all j > `. Then there

are at most ` values of x ∈ Zp such that θ(x) = 0.

There is now a clear strategy for attempting to solve our problem (2.2), as follows.

Step 1. Find a set of generators for E(Q(α)).

Step 2. Choose an odd prime p satisfying the 6 conditions in (2.13). Compute the mi, Qi

defined by (2.15) and the finite set S defined by (2.16), so that any P ∈ E(Q(α)) can be

written in the form given by (2.17).

Step 3. For each S ∈ S construct the power series θ
(0)
S , θ

(1)
S , . . . , θ

(d−1)
S of (2.22), all

defined over Zp with coefficients converging to 0 in Zp. Then (x-coord of P ) ∈ Q ⇒

θ
(1)
S = . . . = θ

(d−1)
S = 0. In the case of rank E(Q(α)) = 1, each θ

(i)
S = θ

(i)
S (n1), a

power series in one variable n1. We compute the coefficients of the power series θ
(1)
S ,

say, modulo a sufficiently high power of p so that the bound of Strassman’s Theorem can

be computed; this gives a bound on the number of n1 ∈ Zp, and so on the number of

n1 ∈ Z, for which θ
(1)
S = 0. Alternatively any of θ

(2)
S , . . . , θ

(d−1)
S can be used in place of

θ
(1)
S . Indeed, when rank E(Q(α)) = 1 and d > 3, then greatest common divisors have

the potential to improve the bounds. For example, if p 6= 2, 3 and n1 is a root of both

θ
(1)
S ≡ 1 + 2n1 + n2

1 (mod p) and θ
(2)
S ≡ 1 + 3n1 + 2n2

1 (mod p), then the Strassman bound

on the number of solutions is 2 for each power series considered separately; however, n1 is

also a root of 2θ
(1)
S − θ

(2)
S ≡ 1 + n1 (mod p), for which the Strassman bound is 1.

At this stage, we have a bound on the number of n1 ∈ Z for which S + n1Q1 has

Q-rational x-coordinate. The sum of these bounds over all S ∈ S gives a bound on the
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total number of P ∈ E(Q(α)) with Q-rational x-coordinate, which we hope to be the same

as the known number of such P .

In the case of rank E(Q(α)) > 2, each θ
(i)
S = θ

(i)
S (n1, . . . , nr) for i = 1, . . . d − 1.

For each i, we can try to apply the Weierstrass Preparation Theorem (see p. 108 of [2])

with respect to nr, say, and find a polynomial in nr (whose coefficients are power series

in n1, . . . nr−1), whose zero set is the same as θ
(i)
S . Taking resultants with respect to nr,

one obtains d − 2 power series in n1, . . . nr−1. Continuing inductively, we can hope to

obtain a single power series in n1; then apply Strassman’s Theorem as before. Note that

our condition r < d ensures that there are at least as many equations θ
(1)
S , . . . , θ

(d−1)
S as

variables n1, . . . , nr.

The reader may wonder why we have called this ‘Elliptic Curve Chabauty’. This is

due to the following classical result of Chabauty [4].

Theorem 2.2. Let C be a curve of genus g defined over a number field K, whose Jacobian

has Mordell-Weil rank 6 g − 1. Then C has only finitely many K-rational points.

The problem described by (2.1),(2.2) can rephrased as follows. For simplicity, we

suppose that Q(α) : Q is of degree 3, and we describe an associated curve given by the

following 3 equations

y2
i = σi(g3)x3 + σi(g2)x2 + σi(g1)x + σi(g0), i = 1, 2, 3, (2.24)

in the 4 variables x, y1, y2, y3, where σ1, σ2, σ3 are the 3 embeddings of Q(α) into C. The

curve C given by this set of conjugate equations is genus 3 and can be defined over Q.

We view a point (x, y1, y2, y3) on C to be Q-rational if x ∈ Q and y1, y2, y3 are a set of

conjugates over Q; it follows that the Q-rational points on C come from points on E(Q(α))

which have Q-rational x-coordinate. Moreover, the rank of the Jacobian of C over Q is

equal to the rank of E(Q(α)). When the rank of E(Q(α)) is 0, 1, 2, the application of

Chabauty’s Theorem to C is equivalent to applying the methods of this section to E .
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§3. Worked Examples

In this section, we give a simplified and more accessible solution to the Diophantus

Example (0.1), involving a cubic number field. We also present an example where the

number field is quadratic, and an example where all Ea
i,k and Eb

j,k are defined over Q.

Example 3.1. Let C : Y 2 = X6+X2+1. Then C(Q) = {∞+,∞−, (0,±1), (±1/2,±9/8)}.

Proof. The curves Ea : Y 2 = F a(x) = x3 + x + 1 and Eb : Y 2 = F b(x) = x3 + x2 + 1

come with the usual maps (X, Y ) 7→ (X2, Y ) from C to Ea and (X, Y ) 7→ (1/X2, Y/X3)

from C to Eb. A standard descent shows that Ea(Q) has no torsion, has rank 1, and

that {(x1, Y1), (x2, Y2)} = {∞, (0, 1)} is a set of representatives for Ea(Q)/2Ea(Q). Sim-

ilarly, Eb(Q) has no torsion, has rank 1, and {(x1, Y 1), (x2, Y 2)} = {∞, (0, 1)} is a set

of representatives for Eb(Q)/2Eb(Q). Let α = root of F a(x). Recall, from (1.14), that

if (X, Y ) ∈ C(Q) maps to (x, Y ) = (X2, Y ) = (xi, Yi) ∈ Ea(Q)/2Ea(Q) and maps to

(x, Y ) = (1/X2, Y/X3) = (xj , Y j) ∈ Eb(Q)/2Eb(Q), then (1 − αxj)/(xi − α) is a square

in Q(α). We compute the matrix whose (i, j)th entry is (1 − αxj)/(xi − α) to get:(−α
1

1
−α

)
. We see that 1 is a square, but −α is not (as can be seen from the fact that

Norm(t2 + α) = t6 + t2 − 1 is irreducible over Q). This explicitly matches up the work

involved in the Ea approach of Lemma 1.1(a) and the Eb approach of Lemma 1.1(b),

with Ea
1 , Ea

2 being Q(α)-birationally equivalent to Eb
2 , Eb

1 , respectively (where the birational

transformations preserve the Q-rationality of the x-coordinates). There are no entire rows

or columns of non-squares in our 2 × 2 matrix, so the matrix does not save us from any

rank computations, whether Ea or Eb is used.

We shall use Ea; it is sufficient to show that ∞, (0,±1), (1/4,±9/8) give all (x, Y ) ∈

Ea(Q) for which x is a square in Q. From Lemma 1.1(a), we derive the elliptic curves

Ea
1 : y2 = x(x2 + αx + (α2 + 1))

Ea
2 : y2 = −αx(x2 + αx + (α2 + 1))

(3.1)

corresponding to replacing (xi, Yi) in equation (1.12) by ∞, (0, 1), respectively. It is suf-

ficient, for each of Ea
1 , Ea

2 , to show that the only (x, y) ∈ Ea
i (Q(α)) with x ∈ Q have
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x = 0, 1/4 or ∞. A standard descent (as in [1,6,9,10]) shows that Ea
2 (Q(α)) has rank 0

and consists only of ∞ and (0, 0), so that Ea
2 trivially satisfies our requirements.

A standard descent also shows that Ea
1 (Q(α)) has rank 1. A set of generators is given

by (0, 0), (1/4, 1/8−α/2+α2/4), where (0, 0) is of order 2 and P1 = (1/4, 1/8−α/2+α2/4)

is of infinite order. It is sufficient to show that these two points, together with ∞, are

the only points in Ea
1 (Q(α)) with Q-rational x-coordinate. Since Ea

1 (Q(α)) has rank 1, we

can apply the strategy of Section 2, with g3 = 1, g2 = α, g1 = α2 + 1, g0 = 0 in all of the

equations of Section 2. We choose p = 5, which satisfies all 6 conditions of (2.13), and

compute multiples of P̃1 in F5(α̃). We find that the order of P̃1 is 7 and so we define, as

in (2.15),(2,16):

m1 = 7, Q1 = 7P1, where P1 = (1/4, 1/8− α/2 + α2/4),

S = {∞, (0, 0),±P1,±2P1,±3P1,±P1 + (0, 0),±2P1 + (0, 0),±3P1 + (0, 0)},
(3.2)

so that

every P ∈ Ea
1 (Q(α)) can be written as P = S + n1Q1, for some S ∈ S, n1 ∈ Z. (3.3)

Since Q1 is in the kernel of reduction mod p, P̃ = S̃, and so if P has Q-rational x-coordinate

then S̃ must have Fp-rational x-coordinate. Computing the members of S mod p, we find

that this is true only for S = ∞, (0, 0),±P1, and so these are the only S ∈ S we need to

consider. We shall have solved our problem if we can prove the following four claims:

Claim k. n1 = 0 is the only n1 ∈ Z for which Rk + n1Q1 has Q-rational x-coordinate,

where k = 1, . . . , 4 and R1 = ∞, R2 = (0, 0), R3 = P1, R4 = −P1.

We first compute what is needed in all cases, namely the z-coordinate of n1Q1

expressed as power series in n1 over Z5[α]. It will be sufficient to work mod 55 so

that, in view of (2.11) and the standard estimate |k!|p > p−(k−1)/(p−1), the O(z9) can

be ignored in (2.9),(2.10). We first note that the z-coordinate of Q1 (mod 55) is:

5(521+15α+121α2). Substituting this for t in (2.9) gives log(z-coordinate of Q1) (mod 55)

as: 5(471 + 65α + 321α2). We now substitute 5(471 + 65α + 321α2)n1 for t in (2.10), and

see that
z-coordinate of n1Q1 = exp(n1 log(z-coordinate of Q1)) = O(n1) ∈ Z5[α][[n1]]

≡ 5(471 + 65α + 321α2)n1 + 53(22 + 13α + 12α2)n3
1 + 54(1 + 2α + α2)n5

1 (mod 55).
(3.4)
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Proof of Claim 1. We replace z by (3.4) in (2.6) to get:

φ∞(n1) = 1/(x-coordinate of n1Q1) = O(n2
1) ∈ Z5[α][[n1]],

φ∞(n1) ≡ 52(111 + 84α + 66α2)n2
1 + 54(1 + 2α + 3α2)n4

1 (mod 55).
(3.5)

We split up φ∞(n1) = φ
(0)
∞ (n1)+φ

(1)
∞ (n1)α+φ

(2)
∞ (n1)α2, where each φ

(i)
∞ (n1) ∈ Z5[[n1]]. If

the x-coordinate of n1Q1 is Q-rational, then φ
(1)
∞ (n1) = φ

(2)
∞ (n1) = 0. Separating φ

(2)
∞ (n1)

off from (3.5) gives

φ(2)
∞ (n1) = O(n2

1) ∈ Z5[[n1]],

φ(2)
∞ (n1) ≡ 52 · 66 · n2

1 + 54 · 3 · n4
1 (mod 55).

(3.6)

This has a double root at 0, but |52 · 66|5 = 5−2, which is strictly greater than the 5-adic

norm of all subsequent coefficients. On applying Strassman’s Theorem to φ
(2)
∞ (n1)/n2

1 ∈

Z5[[n1]], we see that there are no other n1 ∈ Z5 (and so no other n1 ∈ Z) satisfying

φ
(2)
∞ (n1) = 0, proving Claim 1.

Proof of Claim 2. Replace (x0, y0) by (0, 0) and z by (3.4) in (2.8) to give

φ(0,0)(n1) = x-coordinate of (0, 0) + n1Q1 = O(n2
1) ∈ Z5[α][[n1]]

≡ 52(27 + 59α + 111α2)n2
1 + 54(4 + 2α + α2)n4

1 (mod 55).
(3.7)

This has a double root at 0, and an identical argument on φ
(2)
(0,0)(n1) to that performed on

φ
(2)
∞ (n1) above, shows that n1 = 0 is the only solution.

Proof of Claim 3. Replace (x0, y0) by P1 = (1/4, 1/8 − α/2 + α2/4) and z by (3.4) in

(2.8) to give

φP1(n1) = x-coordinate of P1 + n1Q1 ∈ Z5[α][[n1]]

φP1(n1) ≡ 2344 + 5(250 + 142α + 559α2)n1 + 52(7 + 66α + 56α2)n2
1

+ 53(14 + 21α + 14α2)n3
1 + 54(3 + 2α + 3α2)n4

1 (mod 55).

(3.8)

Taking φ
(2)
P1

(n1) ≡ 5 · 559 · n1 + 52 · 56 · n2
1 + 53 · 14 · n3

1 + 54 · 3 · n4
1 (mod 55), and applying

Strassman’s Theorem to φ
(2)
P1

(n1) = 0 again gives that n1 = 0 is the only solution.

Proof of Claim 4. Since −P1 + n1Q1 = −(P1 − n1Q1), Claim 4 follows from Claim 3.

All four claims being proved, this completes the proof of Example 3.1.
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Although we do not require it here, it is interesting to see how the genus 3 curves

F1, F2 over Q in (0.3) can be derived from our approach. As usual, let (X, Y ) ∈ C(Q)

so that (X2, Y ) ∈ Ea(Q) and (1/X2, Y/X3) ∈ Eb(Q), where Ea, Eb are as in (0.2). We

let, as usual, α denote a root of x3 + x + 1 and α = 1/α denote a root of x3 + x2 + 1 so

that, of course, Q(α) = Q(α). Recall that, in the above example, Ea(Q) has no torsion,

has rank 1, and {∞, (0, 1)} is a set of representatives for Ea(Q)/2Ea(Q). It follows that

(X2, Y ) ∈ Ea(Q) must satisfy either: (X2, Y ) ∈ 2Ea(Q) or (X2, Y ) ∈ (0, 1) + 2Ea(Q)

(corresponding to Ea
1 , Ea

2 of (3.1), respectively). In the second case, (0−α)(X2−α) ∈ Q(α)2,

and so 1/X2 − α = (0 − α)(X2 − α)/(αX)2 ∈ Q(α)2 = Q(α)2. This implies (using the

homomorphism (1.6)) that (1/X2, Y/X3) ∈ 2Eb(Q). In summary:

(X, Y ) ∈ C(Q) ⇒ (X2, Y ) ∈ 2Ea(Q) or (1/X2, Y/X3) ∈ 2Eb(Q). (3.9)

In the case of (X2, Y ) ∈ 2Ea(Q), say that (X2, Y ) = 2R, where R ∈ Ea(Q). Let s be the

x-coordinate of R, and let [2]a denote the x-coordinate duplication map on Ea. Then

X2 = [2]a(s) = (s4 − 2s2 − 8s + 1)/4(s3 + s + 1). (3.10)

Letting t = 2(s3 + s + 1)X gives the model F1 in (0.3). Similary, in the case of

(1/X2, Y/X3) ∈ 2Eb(Q), say that (1/X2, Y/X3) = 2R, where R ∈ Eb(Q). Let s be

the x-coordinate of R, and let [2]b denote the x-coordinate duplication map on Eb. Then

1/X2 = [2]b(s) = (s4 − 8s− 4)/4(s3 + s2 + 1). (3.11)

Letting t = 2(s3 + s2 + 1)/X gives the model F2 in (0.3). There is a trade off here in the

methods for solving for C(Q). One can either, as we have done in the above worked example,

find all members of Ea
1 (Q(α)), Ea

2 (Q(α)) (given in (3.1)) with Q-rational x-coordinate; or,

as in [11], one can find all members of F1(Q), F2(Q). That is, one can either work with

elliptic curves over a cubic number field, or genus 3 curves over Q. Both methods are

essentially ‘doing the same work’, but the first is easier, as it avoids the machinery of

genus 3 Jacobians. Furthermore, the approach to the general problem (2.1) of Section 2 is

easily applicable whatever the degree of d = Q(α) : Q; as d increases, the models for the
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corresponding high genus curves would become increasingly hard to derive, as would be

the Chabauty techniques on their Jacobians.

We now give an example Y 2 = F (X2) in which the cubic F (X) factors over Q as a

linear times an irreducible quadratic, so that our Elliptic Curve Chabauty technique of

Section 2 is applied to cases where Q(α) is a quadratic number field. This is followed by

an example where F (X) factors completely over Q into 3 linear factors, so that all of the

elliptic curves Ea
i,k in (1.15) are defined over Q.

Example 3.2. Let C : Y 2 = X6 − 2X4 − 2X2 + 1 = (X2 + 1)(X4 − 3X2 + 1). Then

C(Q) = {∞+,∞−, (0,±1), (±2,±5), (±1/2,±5/8)}.

Example 3.3. Let C : Y 2 = (X2 + 1)(X2 − 3)(X2 + 7). Then C has no Q-rational affine

points; that is, C(Q) = {∞+,∞−}.

The proofs for both of the above examples are available as a postscript file, at

www.maths.ox.ac.uk/̃ flynn/genus2/local/ex2and3.ps (which includes the use of (1.17) to

reduce the number of rank computations in Example 3.3).

We have done a small amount of rather unsystematic experimentation, in which 50

semi-random curves were tested. We found precisely one curve where the method failed,

namely: C : Y 2 = (X2 + 1)(X2 + 3)(X2 + 7). In this case, Ea(Q) and Eb(Q) both have

rank 1; furthermore, there exists i (corresponding to (xi, Yi) = (1, 8)) for which each

Ea
i,k(Q) has rank 1; similarly, there exists j (corresponding to (xj , Y j) = (1,−8)) for which

each Eb
j,k(Q) has rank 1. Hence we cannot reduce our eligible x = X2 down to a finite

number of possibilities, and the method fails.

In performing our rank computations, we found helpful the public domain programs:

the Mordell-Weil group program mwrank (John Cremona) and SIMATH (Horst Zimmer),

which can be found, respectively, at

http://www.maths.nott.ac.uk/personal/jec/ftp/progs

http://emmy.math.uni-sb.de/˜simath/

For anyone wishing to solve problems similar to those in this section, we have provided

www.maths.ox.ac.uk/̃ flynn/genus2/local/ell.curve.chab
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which contains the power series of Section 2, some to a higher degree in z; for example,

the formal exponential and logarithm power series are up to terms of degree 9.
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