ELLIPTIC CURVES

SOLUTIONS TO THE ELLIPTIC CURVES QUESTIONS
ON THE 2008 EXAMINATION.

Question 1.

(i) [Seen similar on problem sheet]. Suppose z°® = 5 for some x € Q3. Then |z|} =
|23|3 = |5]3 = 1, so that |z|3 = 1, and so x must have 3-adic expansion of the form
T = ag,aids ... = ag + a;3' + ..., which means that (ag + a13' +...)> = 5 would give a
solution ag+a;3 to the congruence x* = 5 (mod 3%). However, 03, 13,23 33 43 53 63,73, 8% =
0,1,8,0,1,8,0, 1,8 (mod 3?), respectively, so that there does not exist z with > = 5 (mod 3?).
Hence, there does not exist € Q3 such that z3 = 5.

Suppose 2% = 5 for some z € Q5. Then |z|} = 2|5 = |5|5 = 57!, so that |z|s = 571/3,
which is impossible, since any = € Q5 has |z|5; = 5" for some r € Z. Hence, there does not
exist © € Q5 such that 2% = 5.

Let to = —2 and let f(z) = 2® — 5. Then |f(ty)|13 = [(—2)3 — 5|13 = | — 13|13 = 137!
and | f'(to)|13 = [2to|13 = |4]13 = 1, so that |f(to)]13 < |f(to)|33- By Hensel’'s Lemma, there
exists a € Z, C Q, such that f(a) = 0. Hence, there does exist x € Q3 (namely: = = a)
such that 2% = 5. [7 marks]
(ii) [Unseen]. First note that | — 2|3 = 1, so that —2 = ag, a1as ... = ag+ a13' + a23* + ...
and so: —13 = 8(ap + a13' + ap3? +...). Then: —13 = 8ag (mod 3), so that ag = 1. It
follows that: —13 = 8(1 + a;3') (mod 3?) and so: —7 = 8a; (mod 3), giving a; = 1. Then:
—13 = 8(1 + 13! + a»3?) (mod 3%), and so: —5 = 8ay (mod 3), giving ap = 2. Similarly,
az = 1,ay = 2. One suspects that —22 = 1,12, so let &« = 1,12 and let § = o — 1 =
0,12=3"42-324+3"+2-3"+ ... Then (6 —3'—2-3%)/3% = 5, giving: # = —% and so
a=0F+1=—2, as required.

Now, let a = ag,@1as = ag + a1p + asp?® + a1p® +asp* + ..., and 8 = a — ag = 0, @143 =
ar1p+asp*+ayp3+asp?+. ... Then (B—a;p—asp?)/p? = B3, so that 3 = (—ayp—azp?)/(p*—1)
and a = § + ap = (pPap — ap — a1p — agp®)/(p* — 1). [6 marks]

(iii) [Unseen]. First note that z = 0,y = 0 satisfies f(x,y) = 23 +y* =0, (0f/0x)(z,y) =

322 = 0 and (0f/0z)(x,y) = 3y* = 0, so that (0,0) is a singular point on £(F,). Suppose
that (,y) on € reduces mod p to (0,0) on E(F,). Then |z, |yl, < 1, indeed |z|,, |yl, < p~*

(since any p-adic value is one of: ......,p~2,p~ 1, 1,p% p?, ..., so that if a p-adic value is < 1
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then it must be < p~'), so that |z[3 < p~*. But |p|, = p~' and so |z[} # |p|, which means

that |p — 2?|, = max(|z|,, |p|,) = p~!. Since z,y satisfy y*> = p — 2®, we must therefore have:
1



ly|5 = p~', which contradicts the fact that |y} = p®" for some integer r. Hence, (0,0) does

not lift to a point on £(Q,). Letting D : * 4+ 43 = p®, we see that D = £ and (0,0) € D(F,)
does lift to the point (0, p) on D(Q,). [6 marks]

(iv) [Unseen]. Let a, 5,7 € F,\{0} be the reductions mod p of a, b, ¢, respectively. The map
z +— x? on F, takes 0 — 0, and is a 2-to-1 map on F,\{0}. It follows that the both of the
sets {ax? : x € F,} and {y— fBy*: y € F,} have size (p—1)/2+1 = (p+1)/2. Since F, has
only p elements, and the sum of the sizes of the given sets is p+ 1, there must be an element
common to both sets. That is, there must exist zg,yo € F, such that azf = v — fy3, and
so axr? + fys = 7. Since a, 3,7 # 0, at least one of g, yo is nonzero; say that zy # 0. Let
y € Z be any choice of y = yo modulo p. Then ¢ — by? € Z, satisfies |c — by?|, = 1 and there
exists an zy such that |az3 — (¢ — by?)|, < 1. Applying Hensel’s Lemma to the polynomial
F(T) = aT? — (¢ — by?) gives that there must exist an = € Z, such that F'(z) = 0, that is:
ax? + by* = x, as required. [6 marks]

Question 2.

(1) [Proof from lectures|. The Nagell-Lutz Theorem states that, if (z,y) is a Q-rational torsion
point on £ : Y2 = X3 + AX + B, where A, B € Z, then x,y € Z and y = 0 or y?|A, where
A =4A% 4278

Proof. We are given the result that z,y € Z. If y = 0 then the result is satisfied; otherwise,
(x,y) is not 2-torsion and we consider (zq,y2) = 2(z,y), with (z2,y2) # 0, and so xs, y2 € Q.
But (z9,¥s) is also a torsion point, so x2,ys € Z. Now, the line tangent to £ at (z,y) has
slope (3z% 4+ A)/(2y), from which we immediately get: x5 = ((3z* + A)/(Qy))2 — 22. Now,
we know x5,z € Z and so ((32? + A)/(Qy))2 € Z. Tt follows that 4y?|(32? + A)? and so
y?|(32 + A)? = ¢y (). Also, y* = 2® + Az + B = i»(x). Using the identity given on the
exam paper, y2|(¢1(x)1 () + do(x)he(x)) = A, as required. [9 marks]

(ii) [Seen similar on a problem sheet]. Let € : y* = 2 + x + 1. Here, A = B = 1, so that
2A = 2(4A%+27B%) = 2-31, and 50 Eors(Q) is isomorphic to a subgroup of £(F,) for any p #
2,31. Letting p = 3, we have: E(F3) = {0, (0,1),(0,2), (1,0)}, s0 that #&Ews(Q)|#E(F3) =
4. Letting p = 5, we have: E(F5) = {o,(0,1),(0,4),(2,1),(2,4),(3,1),(3,4), (4,2), (4,3)},
so that #Etors(Q)|#g(]F5) = 9. Since ged(9,5) = 1, it follows that #&ns(Q) = 1 with
Eiors(Q) = {o} [Alternatively, can apply Nagell-Lutz]. Hence the point (0,1) € £(Q) is
non-torsion, so that £(Q) is infinite. [5 marks]

(iii) [Unseen]. Let € : y* = 23+ D. Here 2A = 2-27-D? and we are given that D % 0 modulo
cach of 5,7, p, and 50 #E(Q) is a factor of #E(Fs), #E (F7), #g(]Fp) where the prime p =
1 (mod p). First note the map x — 22 is an injection on Fj [since 03,13,23,33 43 =0,1,3,2,4
(mod 5)]. Letting y = 0,...,4, for each such y there is then a unique x € Fj5 such that
23 = y% — D. It follows that there are 5 affine points in £(Fs) which, together with o, gives
#g(Fg)) = 6. Hence #&:01s(Q)]6. Also mod 7, we see that € : y? = 23+ 2, since we are given



that D =2 (mod 7), and so: &(F-) = {o, (0,3),(0,4), (3,1), (3,6), (5,1), (5,6), (6,1), (6,6)},
giving: #&(F;) = 9. Hence: #Eors(Q)]9, which we can combine with #&0rs(Q)[6 to obtain
#Ei0:s(Q) = 1 or 3. Finally, mod p, note that z — 23 is a 3-to-1 map on [, (since p =
1 (mod p)) and there is no point on £ (mod p) with = 0 (since D is not a quadratic residue
mod p), so that the number of affine points on £ (F,) is divisible by 3. After including o,
we see that #&(F,) is not divisible by 3; since also #Eums(Q)|#E (F,), we now know that
#HEors(Q) = 1, with E5(Q) = {0}. [5 marks]
(iv) [Unseen]. The line tangent to £ at (z,y) = (2, 2i) has slope A = (3z*> —10z+4)/(2y) = 1,
so the z-coordinate of the third point of intersection is A*+5—2z = 0, so that 2(2,2i) = (0, 0),
which has order 2, so that (2,2i) has order 4. Similarly, 2(1 — iv/3,3 + iv/3) = (1,0)
and 2(4 4 2v/3,6 + 4v/3) = (4,0) also have order 4 (or can use 2-isogenies between £ and
y? = x(2? + 102 +9). Note that the roots of the cubic z(z — 1)(x — 4) are distinct mod 5, so
that 5 is a prime of good reduction. Now, g(F5) ={0,(1,0),(2,1),(2,4),(3,2),(3,3),(4,0)},
so that #&s(Q)]8. But {0, (0,0),(1,0),(4,0)} < Eos(Q) so that Eos(Q) = 4 or 8. There
cannot be any further points of order 2 in &£,5(Q) since these are of the form (z,0). If
Eiors(Q) = 8 there would have to exist a point (zg,v%0) € Eiors(Q) of order 4. But then
(0,%0), (zo0,y0) + (0,0), (zo,v0) + (1,0) and (zg,yo) + (4,0) would give 4 distinct points
of order 4 in Es(Q), and the given (2,24), (1 — iv/3,3 + iv/3), (4 + 2v/3,6 + 4V/3), with
their conjugates and negatives, would give a further 10 points of order 4 in &s(C), giving
a total of at least 14 distint points of order 4 in &;s(C). However, this is impossible, since
multiplication-by-2 is a 4-to-1 map and so there can be at most 12 points of order 4 (the
preimages of the 3 points of order 2). Hence there are no points of order 4 in &,5(Q), so that
#Ers(Q) = 4 [alternatively, can use Nagell-Lutz to show that #&s(Q) = 4]. Finally, note
for any prime p # 2,3, (’?3) = (’71) (%), so that at least one of —3,—1,3 is a quadratic
residue mod p. So, at least one of the points (2, 2i), (1 —iv/3,34iv/3), (4 +2v/3,6 +4v/3) of
order 4 is in g(]Fp), as well as o, (0,0), (1,0), (4,0), so that g(Fp) > 8, as required. [6 marks]

Question 3.

(i) [Proof from lectures|. Let r € Q*/(Q*)?,r € imq,r € Z,r square free. We want to prove
that r|b;. Suppose r = q(u,v), where (u,v) € D(Q), which must exist since r € im ¢. Then:
r=q(u,v) = u=u?+au+b; in Q*/(Q*)? [since u(u*+ayu+by) = v?]. So, r,u,u*+a;u+b;

are all the same modulo squares, which means we can write:

w4 au+b =rs?, w=rt?, forsome s,te Q.

Hence: (rt?)* + a1(rt*) + by = rs?. Let t = {/m, where {,m € Z and ged(¢,m) = 1.
Then: r20*/m* + ayrf?/m? + by = rs®, and so: 7?0 + ayrf?m? + bym* = r(m?s)?. Now,
ai,by,r, 0,m € 7Z, so the LHS of this last equation is in Z, and so the RHS is also in Z;
that is: r(m?s)? € Z. Since r is square free, we must therefore have m?s € Z. Define:



n =m?s € Z. Then our equation becomes:
r20* + ayr*m? + bym* = rn®,  for some £,m,n € Z, ged(¢,m) = 1. (1)

We want to show that r|b;, and we know that r is square free. It is sufficient to show, for

any prime p, that p|r = plb;.

Imagine p|r and p [ by, for some prime p. Then p|r?¢* a;rf>m? rn? and so by (1),
p|lbym*, which in turn gives: p|m [since p [ b;]. Hence, since now p|r and p|m, we
have: p?|r20* a;rf>m? bym*, and so by (1), p?|rn?, which in turn gives: p|n [since r
is square free]. Hence, since now p|r, m,n, we have: p*|a;r¢*>m?,bym?*, rn?, and so by
(1), p3|r2¢*, which in turn gives: p|¢ [since r is square free]. This is a contradiction,

since p|¢ and p|m but ged(¢,m) = 1.

The above assumption that p|r and p f b; let to a contradiction, and so it is impossible for
any prime p to satisfy p|r and p [ b;. This is the same as saying that p|r = p|b; for any
prime p. Since r is square free, we conclude that r|b;, as required [12 marks]

(ii) [Seen similar on a problem sheet].

Let C: Y? = X(X?*+aX +b) = X(X?+3X —3), where a = 3,b = —3, and isogenous curve
D:Y?=X(X?+a X +b)=X(X?—-6X +21), where a; = —6,b; = 21, with the usual
isogeny ¢ : C(Q) — D(Q) : (z,y) — (y*/2%,y + 3y/z?), and dual isogeny ¢ : D(Q) — C(Q) :
(u,v) — (30/u?, (v — 21v/u?)).

The map ¢ : D(Q)/6(C(Q)) — Q" /(Q°)? : (w,0) > u, for (u,v) # (0,0), with ¢ (0,0)
by and ¢ : o — 1, is an injection with img contained in {d : d is square free and d|b;} =
(1,43, +7,£21}. Also, 0 1, (0,0) — 21, so that {1,21} C imq C {1, £3, +7, £21}.

We know that 3 € imgq iff there are integers ¢, m,n, not all 0, and with ged(¢, m) = 1, such
that: 301+ a1 0?m? + (b1 /3) - m* = n? that is: 3¢* — 60>m? + 7m* = n?, which is satsfied by
¢ =m = 1,n =2, giving that there exists (u,v) € D(Q) with u = r(¢/m)* = 3(1/1)? = 3.
Indeed (3,6) € D(Q) with ¢ : (3,6) — 3. [Alternatively, could have just searched on D
to find the point (3,6) € D(Q) and ¢ : (3,6) — 3.] Similarly (7,—14) € D(Q) [which is
(0,0) + (3,6)] and ¢ : (7,—14) + 7. In summary, ¢ : o — 1, (0,0) — 21, (3,6) — 3,
(7,—14) + 7, so that {1,3,7,21} C imq C {£1,+3, £7, £21}.

There is only one coset to check, represented by —1, say. We know that —1 € imgq iff
there are integers £,m,n, not all 0, and with ged(¢,m) = 1, such that: (—1) - ¢* + a;/*m?* +
(b1/(—=1))-m* = n? that is: —¢*—6(*m?* —21m* = n?. This is impossible in R (the left hand
side is < 0 and the right hand side is > 0, and equality only occurs when ¢* = 21m* = n? = 0,
implying ¢ = m = n = 0, which is not allowed). Hence —1 ¢ imgq.

We conclude that img = {1,3,7,21}, and so D(Q)/¢(C(Q)) = {o,(0,0),(3,6),(7,—14)}
is generated by (0,0) and (3,6).



The map G : C(Q)/$(D(Q)) — Q°/(Q")?: (z,y) + x, for (x,y) # (0,0), with g : (0,0) — b
and ¢ : o — 1, is an injection with imqg contained in {d : d is square free and d|b} =
{£1,4£3}. Also, o+ 1 and (0,0) — —3, so that {1, =3} C imqg C {1, £3}.

There is only one coset to check, represented by —1, say. We know that —1 € imgq iff
there are integers £, m, n, not all 0, and with ged(¢,m) = 1, such that: (—1) - £* + al*m? +
(b/(—=1))-m* = n?; that is: —0*+30?>m?+3m* = n?. Multiply both sides by 4 and rewrite as:
— (202 —3m?)? + 21m* = 4n?. Reducing modulo 3 gives — (2% —3m?)? = n? (modulo 3). If n
were coprime to 3, then this would give: ((26%> —3m?)/n)* = —1 in F3, contradicting the fact
that —1 is not a quadratic residue modulo 3. So, 3|n and so 3|(2(* — 3m?) also. This means
that 32[(2¢% — 3m?)? and 3%|n?, which can be combined with —(2¢% — 3m?)? + 21m* = 4n?
to give: 3%21m* and so 3|7m?, giving 3|m. Also, from 3|(2¢%> — 3m?) we deduce 3|2¢* and so
3|¢. This contradicts the fact that ged(¢,m) = 1. Hence our equation is impossible in Qs,
and so impossible in Q. Hence —1 ¢ img.

We conclude that im§ = {1, —3}, and so C(Q)/d(D(Q)) is generated by (0,0).

Finally, since multiplication by 2 in C(Q) is ¢o¢, we have that C(Q)/2C(Q) is generated by:
generators for C(Q)/¢(D(Q)) namely: (0,0)] together with the images under ¢ of generators
for D(Q)/$(C(Q)) [namely, $((0,0)) = o and $((3,6)) = (1%, 1(6 — &) = (1,-1)].
Conclusion: C(Q)/2C(Q) is generated by (0,0), (1, —1), and is isomorphic to Cy x Cy. We
also know that C(Q)/2C(Q) is isomorphic t0 Ciors(Q)/2Ci0rs(Q) x C%, which is isomorphic to
C(Q)[2] x C3, where C(Q)[2] is the 2-torsion group and r is the rank. The 2-torsion points
on C:Y? = X(X?+3X — 3) are o together with the points of the form (z,0), where z is
a root of X (X?+ 3X — 3), that is: (0,0), (=2 + @,0) and (—32 — @,0), of which only o
and (0,0) are in C(Q)[2], giving that C(Q)[2] is isomorphic to Cy. Combining this with the
facts (already found) that C(Q)/2C(Q) is isomorphic both to Cy x C and to C(Q)[2] x C7,
give that C(Q) has rank 1. [13 marks]

Question 4.

(a) (i) [Unseen]. Using the given: |h,(P + Q) + ho(P — Q) — 2h,(P) — 2h,(Q)] < C' (%),
with @ = P, we get: |h,(2P) — 4h,(P)| < C (%),
so the result is true for m = 2, taking Cy, = C'. Now, suppose the that result is true for
all £ < m, that is, there exists C}, such that:

|he(kP) = k?he(P)| < Cr (% % %),
for all P,@ € £(Q). Using (x) with mP, P as P, Q, respectively, gives:
|he((m 4+ 1)P) 4+ hy((m — 1) P) — 2h,(mP) — 2h,(P)| < C, so that
|ha((m+1)P) = (m+1)he(P) + he((m—1)P) — (m—1)*hy(P) = 2(ha(mP) —m?*h,(P))| < C.
Hence, |h,((m + 1)P) — (m + 1)?h,(P)| <



|ha((m+1)P) = (m+1)hg (P) + ha((m — 1) P) = (m — 1)?hy (P) — 2(he(mP) — m*hy(P))] +
|he((m —1)P) — (m —1)2hy(P)| +2|he(mP) —m?hy(P)| < C+Chy_y +2C,,, where Cpy_y, Cypy

exist by the induction hypothesis (x * %). Hence the result by induction. [6 marks]
(i) [Unseen|. For any m,n, wlog n > m we have: [47"h,(2"P) —4""h,(2"P)|

= |[47"h, (2" P) — 4= (=D (2071 P) 4 4= =D ] (271 P) — L — 4™, (2MP))|

< |47"h, (27 P) — 4= DR (271 P)| + .. 4 (47D R (27 P) — 47 ), (27 P))|

<CMA™+4 00 4 44 mE)) < 3_% — 0 as m,n — oo, giving that the sequence is
Cauchy and so convergent (since it is a sequence in R). [5 marks]

(b) [Unseen]. From lectures, we know that the multiplication by p map [p|(T") can be written
as [p|(T) = pf(T)+g(T?), for some f(T) =T+ ... € R[[T]] and g(T) € R[[T]]. Let x € M,
and let z,, denote [p"|(z). Let v = min(|p|,|z|) < 1. Trivially, |z1| < . Furthermore,
il = [[P" (@) = llpl(za)l = Ipf(zn) + g(z})] < 7lwnl, so that, for all n we have:
|z,| <A™ — 0, giving x,, — 0, as required. [6 marks]

(c) [Unseen]. The line tangent to € at P = (1,1) has slope ' given by 2yy’ = 32% + a, with
x1 = 1,y; = 1; that is, the slope is (a+3)/2. This tangent line also goes through (1, 1) and so
has equation: Y = ((a+3)/2)X — (a+ 1)/2. Substituting this line into £, we see that the z-
coordinate of the third point of intersection is: zo = (a+3)?/4—1—1 = ((a+3)*—8)/4, with
corresponding y» = —(((a+3)/2)x2 — (a+1)/2), so that (z2,y2) = 2(x1,y1). We have so far
only had divisions by 2, which are allowable since p, ¢ are odd. In order to compute 3(1, 1),
we first need the slope of the line through (z1,y;) and (xs,y2), namely (y; — y2) /(21 — 22),
which involves finding the inverse, modulo N, of ((a 4+ 3)* — 8)/4 — 1 and so the inverse
of: (a + 3)? — 12 modulo N, for which the first step is to compute the ged of (a + 3)* — 12
and N. Since p = 1 (mod 12), (%) = (§> [by quadratic reciprocity, since p = 1 (mod 4)]

= (%) =1, so that 3 is a quadratic residue modulo p. Similarly, 3 is not a quadratic residue

modulo ¢q. Hence there exists a such that a? = 3 (modulo p). Taking a = 2a — 3 gives that
(a + 3)* — 12 is divisible by p, but is not divisible by ¢ (since 3 is not a quadratic residue
modulo ¢). Hence the ged of (a+ 3)%— 12 and N gives the proper factor p of N. [8 marks]

General Comment: In the above solutions, I have given everything in full pedantic detail,
in order to make every step as clear as possible to a non-specialist. Students could gain full
marks from intelligently shortened versions of the above answers.



