1. Find an integer n € Z such that [n3 — 5] < 273, Show that there is no integer n for which
‘713 — 5|5 < 573,

Let K be a field, complete with respect to a non-Archimedean valuation | |, with valuation
ring R = {z € K : |z| < 1}. Prove that if f(x) € R[z] and ap € R satisfies the inequality

|f(ao)| < |f'(ao)|?, then one can produce an infinite sequence (a,)§° in R, starting at ag, such

that

(i) laits —as| < [f(as)|/1f"(a:)] for i = 0;
(i) |f'(ao)| = [f"(ar)| = [f(az)| = ... and
(i) |f(ao)| > |f(a)] > ...
Deduce that there exists an element a € R such that |a — ag| < |f(ao)|/|f'(a0)| and f(a) =0 .

Show that the above conclusion remains true if |f(ao)| = |f’(ao)|?, providing that one has 0 <
|f'(ap)| <1 and |3 f"(b)] <1 forall b€ R.

For which values n € Z does the equation x> + 3z + y> + 3y = n have solutions z,y € Zsz ?

2. Let € : y? = 2® + Az + B, be an elliptic curve, where A, B € Z,,. Show that any (z,y) € Eors(Qp)
satisfies |z|, < 1,|y[p < 1.

[You may assume that if F(X,Y) is a formal group defined over Z,, and that if z € pZ, is a
non-trivial torsion point for the group operation z & y = F(z,y) on pZ,, then it has order p”,

and |z|, > p~ /""" ]

Let &€ denote the reduction of & modulo p. If Eis non-singular, show that Eios(Q)) is isomorphic
to a subgroup of £(F,).

Let y? = 2 +ax +b be an elliptic curve defined over Z. Show that if (x1,4;) € Q? is a non-trivial
torsion point, then x1,y; € Z, and either y; = 0 or y?|4a® + 27b°.

[You may use without proof the polynomial identity
D1(X)P1(X) + da(X)h2(X) = 4a® 4 2707,

where ¢1(X) = 3X2 + 4a, ¥1(X) = (3X?% + a)?, ¢2(X) = —27(X>® + aX — b) and o(X) =
X3+ aX +b.]

(a) If b = a?, find a point of infinite order on &£(Q).
(b) Find the torsion elements over Q, and their group structure, in the case a = 1,b = 2.

(c) Prove that if a = 1 (mod 10) and b = 5 (mod 10) then the point at infinity is the only
rational torsion point.
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3. Let £ : y?> = (2 + ax + b) be an elliptic curve, with a,b € Z, and let C = £(Q). Define the map
q:C — Q%/(Q*)? by setting q(x,y) = x(Q*)? if x # 0 and q(z,y) = b(Q*)? otherwise. Show
that the image of ¢ is finite.

Now let & be the elliptic curve y? = x(2? + a12 + by), with a; = —2a and b; = a® — 4b, and let
D = £'(Q). Stating clearly any properties you may require concerning the 2-isogeny ¢ : £ — &’
and its dual ¢, show that C/2C is finite.

[You may assume that the map ¢ above is a homomorphism, with kernel ¢(D).]
In the special case € : y? = z(2? — p?), where p is an odd prime, show that the rank is at most 2.

[You may use without proof the fact that the order of C/2C is 2%+* where R is the rank of C and
2% is the order of its rational 2-torsion subgroup.]

Show that if 2* + p*y* = 222 has a non-trivial integer solution, then (%) = +1, so that p = £1
(mod B).

Deduce that, for € : y?> = x(2? — p?) as before, the rank is at most 1 if p =3 or 5 (mod 8). For
p = 5 display a non-integral point (x,y) on the curve. [It may help to consider points for which
x is a square.] Deduce that for p = 5 the rank is exactly 1.

2 Turn Over



