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2. On the first page, write
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e the paper code

e the paper title

e and your course title (e.g. FHS Mathematics and Statistics Part B)
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3. For each question you attempt,

e start writing on a new sheet of paper,
e indicate the question number clearly at the top of each sheet of paper,
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4. Before scanning and submitting your work,

e add to the first page, in numerical order, the question numbers attempted,
e cross out all rough working and any working you do not want to be marked,

e and orient all scanned pages in the same way.
5. Submit a single PDF document with your answers for this paper.

If you do not attempt any questions at all on this paper, you should still submit a single page
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1. (a) [5 marks] Compute the 61-adic expansions of —& and .

(b) [8 marks] Find z € Q with |2 4+ 3z + 1|5 < 57*. Prove there does not exist z € Q5 with
23 +5x+5=0.

(c¢) [5 marks] Let S be a set of prime numbers, and « € Z. When S is finite, show that there
exists a sequence x,, € Z of distinct integers such that

Ty, — @ asn — 00

with respect to every valuation |- |, for p € S.

Does the same result hold when §' is infinite? Justify your answer.
(d) [7 marks] Find the structure of the group £(F5) where £ : y? = 2% + x — 1.

[You may use any results from lectures provided they are clearly stated.]

2. (a) [10 marks] For a € Q let &, be the curve y? = 23 + ax — a.
(i) Find the discriminant A(a) of 23 + az — a.
(ii) Assume now A(a) # 0. Let P = (1,1) € £/(Q). Show that

1 1
2P = <4(a2 + 6a + 1), é(—a3 — 94 — 15a + 1)) .

Deduce that P is not of order 4.
(iii) For a € Q with A(a) = 0, identify the singular points on &, and say whether each is
a cusp or a node.

(b) [5 marks] Compute the torsion subgroup &€(Q)ors of the curve & : y? = 23 — 15z + 22.

(c) [5 marks] Show that the equation y? = 23 — 422 + 52 — 2 has infinitely many solutions
(z,y) € Z°.

(d) [5 marks] Let R be a commutative ring with a 1, and let F' be a formal group over R. For
m a non-negative integer define the multiplication by m map [m|(T) € R[[T]] inductively
by: [0)(T) = 0,[m + 1](T") := F([m](T),T). Prove that [2](T") is a homomorphism from
FtoF.

[You may use any results from lectures provided they are clearly stated.]

3. (a) [10 marks] Compute the rank of the curve y? = x(2? + 3z + 5).
(b) [15 marks] Compute the Mordell-Weil group of the curve y? = x(z% + 10z + 8).

[You may use any results from lectures provided they are clearly stated.]

A12216W1 Page 2 of 2 End of Last Page



