Elliptic Curves. Sheet 8.
(Some exam-style questions and the 2006,2007,2008 Exams).

The following exam-style questions and the 2006,2007,2008 Exams need not be handed
in for classes; they are intended primarily to help you with your revision in Trinity Term
(when I shall have consultation sessions, in case you have any questions during your Trinity
Term revision). Of course, there are no guarantees about whether specific topics in the
exam-style questions and the 2006,2007,2008 Exams will be asked in this year’s exam. Note
that the parts (i),(ii),. . . of a question may or may not be related to each other. Note that,
in the 2006,2007,2008 Exams, two of the questions have portions that are ‘bookwork’ (re-
producing proofs from lectures). It will also be true of this year’s exam that two of the ques-
tions will include some bookwork. I bring to your attention the new 2008/09 Part C Exami-
nation Conventions (which have been posted at: www.maths.ox.ac.uk/notices/undergrad),
in particular note the change this year to the number of questions available (described in
3.1 Structure of Papers). You will probably also find it helpful to have a calculator in the
exam; please see the examination regulations for a description of the types of calculators
allowed.

Elliptic Curves. Some Exam-style Questions.

Question 1.
(i) Find an z € Z such that |22 + 3|7 < 7L
(ii) For what prime p does —% have p-adic expansion 1,2 =1+ 2p + 2p* + 2p +...7

(iii) Let p = 1 (mod 3) be prime. Show that —3 is a quadratic residue mod p [Hint:
consider separately the cases p =1 (mod 4) and p = 3 (mod 4)]. Use Hensel’s Lemma to
deduce that —3 is a square in Q.

(iv) Let ¢ = 1 (mod 27) be prime. Show that (X2 + 3)(X3 — ¢) = 0 has solutions in R
and every Q,.

Question 2.

(i) Find the torsion group over Q of the elliptic curve Y? = X3 + 3.

(ii) Find the torsion group over Q of the elliptic curve Y? = X3 4+ 4X.

(iii) Let n € Z satisfy n # 0,£1. Show that (n, +n(n + 1)), (—n,j:n(n — 1)) are points
of order 4 on the elliptic curve Y2 = X (X + 1)(X + n?). Find the torsion group over Q
when n = 2 (modulo 5).



(iv) Let k € Z, k # 0, let € be the elliptic curve Y2 = X3 — k2X + k3, and let (z,y) be a
point of finite order in &£(Q). Show that |y| < 5|k|® and |z| < 3|k|>.

Question 3. Let C: Y2 = X(X?2+aX +b) and D : Y2 = X(X? + a; X + by), where
a,b € 7 with b(a? — 4b) # 0 and a; = —2a, by = a® — 4b. Let the map ¢ [which you may
assume to be a homomorphism| be defined as usual by

vy by
¢:C(Q) = DQ): (z,y) = (55,y — F)

T

Let g be defined as usual by
0: D(Q) = Q*/(Q")? : (u,v) = u when u # 0,
q:(0,0) > b1, g:om 1,
where o denotes the point at infinity on D.

(i) Show that the image of ¢ is a subset of the finite set

{r : ris a square free integer and r|b; }.

(ii) Find the rank of the elliptic curve Y2 = X (X2 + 2X + 3).

Question 4. A four-letter word LqiLoL3L4 has been divided into two pairs: L;iLs and
L3Ly. Each of these pairs has been converted into an integer (of at most 4 digits) via the
standard map: A — 01, B — 02,...,Z — 26. These integers have been encoded by taking
each to the power of d = 4451, modulo N = 10001. The encoded message reads:

6847, 2577.

You may assume that N is the product of two primes.
(i) Factorise N by applying Pollard’s “p — 1” method, using base 2 and exponent 68.

(ii) Use the factorisation of N to decode the message (which is the name of the animal
used as the mascot for the sports teams at the University of California at Santa Cruz).

(iii) Let A be an Abelian group with group operation +, and let h : A — R satisfy:
(1) For any @ € A, there exists C1 = C1(Q) such that h(P + Q) < 2h(P) + C; for all
P e A
(2) There exists Cy, independent of P, such that h(2P) > 4h(P) — C; for all P € A.
(3) For any Cj3, the set {P € A: h(P) < Cs} is finite.
Suppose also that A/2A is finite. Prove that A is finitely generated.

(iv) Let A and h be as in (c). Suppose that P is a torsion element of A [that is: there exists
an integer N > 0 such that NP is the identity element of A]. Show that h(P) < £Cs.




Elliptic Curves Questions from the 2006 Examination.

Question 1.

(i) Let K be a field, complete with respect to a non-Archimedean valuation | |, with
valuation ring R = {z € K : |x| < 1}. Prove Hensel’s Lemma, that if f(z) € R[x] and
aop € R satisfies |f(ag)| < |f'(ao)|?, then there exists a unique a € R such that f(a) =0

and |a — ao| < [f(ao)|/|f (ao)l
(ii) For which primes p do there exist z,y € Z, such that 3y* = 423 — 10?7

(iii) For prime p # 2, determine how many elements there are in the set Qj /(Q;)Z.

Determine how many elements there are in the set Q5/ (Q§)2.
Question 2. Let R be any ring (commutative, with 1), and let F,G be formal groups
over R.

(i) Show that there exists a unique normalised invariant differential for F', which is given
by w = Fx(0,T)~1dT € R[[T]]dT, and that every invariant differential for F is of the form
aw for some a € R.

(ii) Let f be a homomorphism over R from F' to G. Let wp,wa be the normalised invariant
differentials on F, G, respectively. Show that wg o f = f/(0) wgr. Deduce that, for any
prime p, there exist f,g € R[[T]] such that [p|(T) = pf(T) + g(T?) [where [p] represents
the multiplication-by-p map on F].

(iii) Let m,n € Z, with n # 0. Show that the curve Y2 = X3 — (m? + 1)2X + 9n? has
infinitely many Q-rational points.
Question 3.

(i) Find a proper factor of N = 1517 by applying the Elliptic Curve Method, using the
curve Y2 = X3+ 7X — 7 and 4P, where P = (1,1).

(ii) Find the torsion group over Q of the elliptic curve Y? = X3 — 2X.

(iii) Let & be the elliptic curve Y2 = X3 + k, where k € Q and k # 0. Show that there
is always a point of order 3 in £ (C) which is not in £ (Q).

Question 4.

(i) Find the rank of the elliptic curve Y? = X (X2 + 3X + 5).

(ii) For any prime p = 5 (mod 8), show that the elliptic curve Y? = X3+ p? X has rank 0.




Elliptic Curves Questions from the 2007 Examination.

Question 1.

(i) Find an z € Z such that |2? + 2|3 < 372. Show that there does not exist z € Z such
that |22 + 3|3 < 372

(ii) Let p # 2 be prime. Find the p-adic expansion of 1+2p

(iii) Does there exist a prime p such that p = p? in @;/(@;)p?

(iv) Let g, r be distinct primes, and let «, 5 € Q. Show that there exists a sequence x,, € Q
such that z, — o with respect to | |4, and z,, — 8 with respect to | |, as n — oco. Does
there exist a sequence y,, € Q* such that y,, — 0 with respect to | |, for all primes p, and
yn — 0 with respect to | |, as n — o7

Question 2.

(i) Let K be field, complete with respect to a discrete non-Archimedean valuation, R =
{re K:|z| <1}, M={z € K : |z| < 1}, and assume that R/M is of characteristic p,
for some prime p. Let F(X,Y) be a formal group defined over R and suppose that z € M
has exact order p”, for some n > 1, with respect to the group operation x ® y = F(z,y)
on M. Show that: )

2]  pl7=T.

[You may assume the result that, for any prime p, the multiplication by p map [p|(T") can
be written as [p|(T) = pf(T)+g(T?), for some f(T) =T+... € R[[T]] and g(T) € R|[T]].]

(ii) Let £ : y?> = 2 + Ax + B, be an elliptic curve, where A, B € Z,, and let £ denote the
reduction of £ modulo p. Show that any (z,y) € Eors(Qp) satisfies |zf, <1, |yl < 1.
When & is non-singular, show that Eiors(Qp) is isomorphic to a subgroup of £ E(F )

(iii) Let D € Z, D > 0, D = 2 (mod 3). Describe the torsion group over Q of the elliptic
curve Y? = X3+ DX.

Question 3. Let C: Y? = X(X? +aX +b) and D : Y2 = X(X? + a; X + b;), where
a,b € Z with b(a? — 4b) # 0 and a; = —2a, by = a® — 4b. Let the map ¢ [which you may
assume to be a homomorphism| be defined as usual by
2 2
Y by ¥ 4axr+b by
¢:0(Q) > DQ: @y~ (5, v-5) = (o y-5).

2 T x2

Let g be defined as usual by

q:D(Q) = Q*/(Q")?: (u,v) — u when u # 0,

q:(0,0) —~ by, g: 0+ 1.



(i) Show that ¢ is a homomorphism.
[You are only required to show that ¢(P + Q) = q(P)q(Q) in the typical case when none
of P,Q, P+ @ are (0,0) or o.]

(ii) Show that g has kernel ¢(C(Q)).
(iii) Find the rank of the elliptic curve Y2 = X (X2 + X — 2).

Question 4.

(i) Find a proper factor of N = 10573 by applying the Elliptic Curve Method, using the
curve Y? = X3 — X — 5 and 3P, where P = (2,1).

(ii) For any elliptic curve £ and
(s,t) € £(Q) with 5,t € Q and s = §, ¢,d € Z, ged(ce,d) = 1,
let the height function h,(s,t) be defined, as usual, by:

hm((s,t)) = logmax(|c], ]d\),

and define h,(0) = 0.

Let C, D, ¢ be as defined in the previous question. Find a constant k, which depends
only on a,b, such that hy(¢(P)) < 2(hs(P)) + k, for all P € C(Q). Find a constant ,
which depends only on a, b, such that h, (2P) < 4(hg(P)) + ¢, for all P € C(Q).

(iii) Let p # 2 be prime, let m € F;; and let £ be the elliptic curve Y? = X(X? +m?),
defined over F,,. Show that #&(F,) is always divisible by 4.
[You may wish to consider separately the cases p =1 (mod 4) and p = 3 (mod 4).]




Elliptic Curves Questions from the 2008 Examination.

Question 1.

(i) Decide whether there exists € Q, such that 2® = 5 for each of: p = 3,5, 13.

(ii) Find the 3-adic expansion of —1873. For any prime p, and ag,a1,a2 € {0,...,p — 1},

express ag, a1dz = ag + a1p + asp? + a1p® + asp* + ... in the form m/n, where m,n € Z.

(iii) Let & : 23 + y3 = p, defined over Q,, and let £ a3+ y® = 0, defined over F,, be
the reduction of € modulo p. Show that (0,0) is a singular point on & (F,) and that it
does not lift to a point on £(Q,). Find a curve D, nonsingular and defined over Q,, such
that D = £ and such that (0,0) € 5(1&,) does lift to a point on D(Q,).

(iv) Let p # 2 be prime and let a, b, ¢ € Z,, satisfy |a|, = |b|, = |c|, = 1. Show that there
exist z,y € Z, such that az? + by? = c.
[You might first wish to consider, for any «, 8,7 € F,\{0}, the sizes of the sets

{az?: 2z €F,} and {y — By 1y € Fp}]

Question 2.

(i) State and prove the Nagell-Lutz Theorem for Q-rational torsion points on the elliptic
curve y?> = 2° + Axr + B, with A,B € Z. [You may assume the result that any Q-
rational torsion point (z,y) on such a curve satisfies x,y € Z. You may also use the
polynomial identity: ¢1(X)11(X)+p2(X)ha(X) = 443 +27B2, where ¢1(X) = 3X?%+4A4,
P1(X) = (3X2 4+ A4)?, ¢o(X) = —27(X? + AX — B) and ¢2(X) = X* + AX + B

(ii) Find the torsion group over Q for the elliptic curve y? = 23 + x + 1, and deduce that
this curve has infinitely many rational points.

(iii) Let D € Z satisfy D # 0 (mod 5) and D = 2 (mod 7). Suppose also that there exists
a prime p = 1 (mod 3) such that D is not a quadratic residue mod p. Find the torsion
group over Q for the elliptic curve y? = 23 + D.

(iv) Let € : y> = x(z — 1)(x — 4). Show that (2,2i), (1 —iv/3,3+iV3), (4+2V/3,6 +4/3)
each have order 4 in £(C). Show that #&(F,) is divisible by 8, for all primes p # 2, 3.
Show that the torsion group of £(Q) has order 4.

Question 3. Let C: Y2 = X(X?2+aX +b) and D : Y2 = X(X? + a; X + by), where
a,b € 7 with b(a? — 4b) # 0 and a; = —2a, by = a® — 4b. Let the map ¢ [which you may
assume to be a homomorphism| be defined as usual by

6:C@ =D : (@) = (L, y— L) = (L, by,

2 T 2

Let g be defined as usual by

q:D(Q) = Q*/(Q*)?: (u,v) — u when u # 0,



q:(0,0) b1, qg: 0+ 1.
(i) Show that the image of ¢ is a subset of the finite set

{r : r is a square free integer and r|b; }.

(ii) Find the rank of the elliptic curve Y2 = X (X2 + 3X — 3). [Standard results may be
used without proof, provided they are accurately stated.]

Question 4.

(a) For any elliptic curve £ and (s,t) € £(Q) with s,t € Q and s = §, ¢,d € Z, ged(c,d) =
1, let the height function h,(s,t) be defined, as usual, by:

hm((s,t)) = 10gmax(|c|, |d|),

and define h,(0) = 0.

(i) Show that, for any m > 1, there is a constant C,, independent of P, such that
|he(mP) — m?h,(P)| < Cpp, for all P € £(Q).

(i) Show that, for any P € £(Q), the sequence 47 "h,(2"P) is Cauchy and therefore
convergent in R as n — oo.

[You may use the result that there exists a constant C', independent of P, @, such that
ha(P+ Q) + ha(P — Q) — 2, (P) — 21,(Q)| < C., for all P,Q € £(Q)]

(b) Let K be field, complete with respect to a discrete non-Archimedean valuation, R =
{reK:|z| <1}, M={z € K : |x| <1}, and assume that R/ M is of characteristic p,
for some prime p. Let F(X,Y) be a formal group defined over R, and let F(M) denote
the set M together with the group operation: x @ y = F(z,y). For any m > 1, let [m](z)
denote, as usual, z®. ..Sx [m times|. Show that, for any x € M, the sequence [p"|(z) — 0
as n — oo.

(c) Let p=1 (mod 12) and ¢ = 5 (mod 12) be primes. Show that there exists an elliptic
curve of the form 3?2 = 23 + ax — a, with a € Z, for which the Elliptic Curve Method,
using 3(1, 1), successfully factorises N = pq.




