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Abstract

Preconditioned Multigrid Methods
for Compressible Flow Calculations

on Stretched Meshes

Niles A. Pierce Doctor of Philosophy
Christ Church Trinity Term 1997

Efficient preconditioned multigrid methods are developed for both inviscid and vis-
cous flow applications. The work is motivated by the mixed results obtained using
the standard approach of scalar preconditioning and full coarsened multigrid, which
performs well for Euler calculations on moderately stretched meshes but is far less
effective for turbulent Navier—Stokes calculations, when the cell stretching becomes
severe. In the inviscid case, numerical studies of the preconditioned Fourier foot-
prints demonstrate that a block-Jacobi matrix preconditioner substantially improves
the damping and propagative efficiency of Runge—Kutta time-stepping schemes for
use with full coarsened multigrid, providing computational savings of approximately
a factor of three over the standard approach. In the viscous case, determination of
the analytic expressions for the preconditioned Fourier footprints in an asymptot-
ically stretched boundary layer cell reveals that all error modes can be effectively
damped using a combination of block-Jacobi preconditioning and a J-coarsened
multigrid strategy, in which coarsening is performed only in the direction normal
to the wall. This new approach provides rapid convergence to machine accuracy
for turbulent Navier—Stokes calculations in both two and three dimensions, yielding
computational savings of roughly an order of magnitude compared to the standard

method.
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Chapter 1

Introduction

In broad terms, the field of computational fluid dynamics has developed in response
to the need for accurate, efficient and robust numerical algorithms for solving in-
creasingly complete descriptions of fluid motion over increasingly complex geome-
tries. The present work focuses entirely on the efficiency aspects of this pursuit
for the two systems of governing equations that have been of principal interest for
aeronautical applications during the last two decades: the Euler equations, describ-
ing inviscid rotational compressible flow, and the Reynolds Averaged Navier—Stokes
equations (supplemented with an appropriate turbulence model), describing viscous
turbulent compressible flow. There is a significant disparity in the degree to which
existing methods have so far succeeded in efficiently producing solutions to these
two systems of equations. On the one hand, techniques developed for the Euler
equations are already relatively effective, so that while both the need and oppor-
tunity for further improvement are significant, they do not appear overwhelming.
On the other hand, the development of efficient numerical methods for solution of
the Navier—Stokes equations remains one of the ongoing challenges in the field of
computational fluid dynamics. Dramatic improvements over the performance of
existing methods will be necessary before this area of research may be considered

satisfactorily resolved.
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1.1 The Viscous Challenge

The difficulty for viscous calculations stems from the need to use a computational
mesh that is highly resolved in the direction normal to the wall in order to ac-
curately represent the steep gradients in high Reynolds number boundary layers.
This requirement proves problematic both because the resulting high aspect ratio
cells greatly reduce the efficiency of existing numerical algorithms and because the
overall increase in the number of mesh points stretches the capability of existing
computational hardware for problems of practical aerodynamic interest. The first
difficulty suggests that the design of an appropriate numerical algorithm must be
based on a careful assessment of the interaction between the discrete method, the
computational mesh and the physics of the viscous flow. The second difficulty places
a premium on striking the right balance between the operation count, storage re-
quirements and parallel scalability of the method.

Since the relevant problem size will continue to increase as fast as hardware
constraints will allow, it is critical that the convergence rate of the method should be
insensitive to the number of unknowns. The general solution strategy that appears
most promising in this regard is multigrid, for which grid-independent convergence
rates have been proven for elliptic operators [20, 5, 53, 10, 23]. Although no rigorous
extension of this theory has emerged for problems involving a hyperbolic component,
methods based on multigrid have proven highly effective for inviscid calculations
with the Euler equations [52, 27, 29] and remain the most attractive approach for
Navier—Stokes calculations despite the widely observed performance breakdown in
the presence of boundary layer anisotropy.

In the present work, the focus will be placed on developing efficient multigrid
methods for steady transonic flow calculations, which are of paramount importance
in modeling supercritical flight at cruise conditions. Steady solutions to the Euler
and Navier—Stokes equations are obtained by time-marching the unsteady systems
until the time-derivative terms have become sufficiently small to ensure the desired

degree of steadiness in the solution. Numerically, a steady state is achieved by
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eliminating transient error modes either by damping or by expulsion from the com-
putational domain. Since the transient solution is not of interest, multigrid can be
employed to accelerate convergence to a steady state without concern for the loss of
time-accuracy. Classical multigrid techniques developed for elliptic problems trans-
fer the low frequency errors in the solution to a succession of coarser meshes where
they become high frequency errors that are more effectively smoothed by traditional
relaxation methods. For the unsteady Fuler and Navier—Stokes equations, which
exhibit both parabolic and hyperbolic properties in their discrete formulations, the
coarse meshes in the multigrid cycle serve the dual role of enhancing both damping
and propagation of error modes. Since damping is essentially a local process and er-
ror expulsion a global one (requiring disturbances to propagate across the domain to
a far field boundary), it is the damping properties of the relaxation scheme that are
most critical for ensuring insensitivity to problem size. The propagative efficiency
of the relaxation method remains important to the performance of the multigrid
algorithm, but is nonetheless a second priority during the investigations that follow.

Efficient multigrid performance hinges on the ability of the relaxation scheme
to eliminate on the current mesh all error modes that cannot be resolved without
aliasing on the next coarser mesh in the cycle. The choice between an explicit or an
implicit relaxation scheme to drive the multigrid algorithm requires consideration
of the computational trade-offs, in addition to the relative damping and propaga-
tive efficiencies of the approaches. Explicit schemes offer a low operation count,
low storage requirements and good parallel scalability but suffer from the limited
stability imposed by the CFL condition [15, 63]. Alternatively, implicit schemes
theoretically offer unconditional stability but are more computationally intensive,
require a heavy storage overhead and are more difficult to parallelize efficiently.
In practice, direct inversion is infeasible for large problems due to a high operation
count, so that some approximate factorization such as ADI or LU must be employed
[22, 7, 62, 37, 38]. The resulting factorization errors effectively limit the convergence
of the scheme when very large time steps are employed so that it is not possible to

fully capitalize on the potential benefits of unconditional stability [38]. Given these
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circumstances, it therefore seems advantageous to adopt an explicit approach if a
scheme with suitable properties can be designed.

A popular explicit multigrid smoother is the semi-discrete scheme proposed by
Jameson et al. [36] which uses multi-stage Runge-Kutta time-stepping to integrate
the system of ordinary differential equations resulting from the spatial discretiza-
tion. In accordance with the requirements for efficient multigrid performance, the
coefficients of the Runge—Kutta scheme are chosen to promote rapid damping and
propagation of error modes [27, 78]. This is accomplished by ensuring that the
amplification factor is small in regions of the complex plane where the residual
eigenvalues corresponding to high frequency modes are concentrated, as well as by
providing large stability limits along the imaginary and negative real axes. Multigrid
solvers based on this approach represent an important schematic innovation in en-
abling large and complex Euler calculations to be performed as a routine part of the
aerodynamic design procedure [27, 29]. However, despite the favorable convergence
rates observed for Fuler computations, the standard approach does not satisfy all
the requirements for efficient multigrid performance. These shortcomings become

far more evident when the approach is applied to Navier—Stokes calculations.

1.2 Diagnosis of Multigrid Breakdown

The hierarchy of factors leading to multigrid inefficiency are illustrated in Fig. 1.1.
The two fundamental causes of degraded multigrid performance for both the Euler
and Navier—Stokes equations are stiffness in the discrete system and decoupling of
modes in one or more coordinate directions. These two problems manifest them-
selves in an identical manner by causing the corresponding eigenvalues of the discrete
residual operator to fall near the origin in the complex plane so that they can be
neither damped nor propagated efficiently by the multi-stage Runge—Kutta scheme.

For Euler computations, discrete stiffness results primarily from the inherent
disparity in the propagative speeds of convective and acoustic modes. The standard

scalar preconditioner (local time step) [40] is fundamentally unable to address this
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Propagative Cell Flow Turbulence
Disparity Stretching Alignment Model

E,NS NS NS E,NS NS

Discrete Directional Numerical
Stiffness Decoupling Problems

E,NS ENS /NS

Slower
Convergence

Figure 1.1 Diagnosis of multigrid breakdown for the Euler and Navier-Stokes equations.

type of matrix stiffness but does help to reduce stiffness produced by local varia-
tion in scalar quantities such as spectral radius and cell size. This shortcoming is
relatively innocuous for inviscid transonic flows, since propagative stiffness is only
substantial near the stagnation point, at shocks and across the sonic line. Direc-
tional decoupling in Euler computations results primarily from alignment of the flow
with the computational mesh, which causes some convective modes to decouple in
the transverse direction. In practice, these shortcomings have not prevented the
attainment of sufficiently rapid convergence to meet industrial requirements for in-
viscid transonic flow calculations [32], and although improvements are possible, they
do not represent a substantial concern to the CFD community.

For Navier—Stokes computations of high Reynolds number flows, the problems
resulting from the disparity in propagative speeds and from flow alignment still per-
sist, but a far more serious source of difficulties is introduced by the high aspect ratio
cells inside the boundary layer. These highly stretched cells increase the discrete
stiffness of the system by several orders of magnitude so that the entire convective
Fourier footprints collapse to the origin while decoupling the acoustic modes from
the streamwise coordinate direction. Under these circumstances, the multigrid al-

gorithm is extremely inefficient at eliminating a large fraction of the error modes
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which could potentially exist in the solution.

Convergence problems for high Reynolds number Navier-Stokes applications are
also compounded by the need to incorporate a turbulence model. Popular alge-
braic models are notorious for introducing a disruptive blinking phenomenon into
the convergence process as the reference distance migrates back and forth between
neighboring cells. Alternatively, adopting a one or two-equation model requires the
solution of turbulent transport equations that incorporate production and destruc-
tion source terms that are both temperamental and stiff. However, recent efforts
have demonstrated that turbulent transport equations can be successfully discretized
using a multigrid approach without interfering with the convergence process of the
flow equations [43, 60].

For three-dimensional calculations, mesh quality can also play a substantial role
in determining the convergence rate of a calculation. In particular, single block wing
meshes invariably have a topological singularity at the wing tip which can adversely
affect both convergence and robustness. Unlike the aforementioned problems, this
difficulty arises not from a property of the governing flow equations but from the
geometric complexity of the engineering application. The pragmatic challenges of
obtaining solutions in the face of poor mesh quality will not be considered in the

present work.

1.3 A Unified Approach to Preconditioning
and Multigrid

One means of combatting discrete stiffness in the Euler and Navier—Stokes equations
is the use of a matrix time step or preconditioner [13, 71, 82, 77, 50, 39, 73]. In the
present work, the preconditioner is viewed as a mechanism for overcoming discrete
stiffness by clustering the residual eigenvalues away from the origin into a region of
the complex plane for which the multi-stage scheme can provide rapid damping and
propagation of the corresponding error modes [1, 59]. This is an alternative view-

point to the one invoked by those who have developed preconditioners for low-Mach
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number and incompressible flows [13, 72, 77, 12, 75, 83] where the focus is placed
on eliminating analytic stiffness arising from the inherent propagative disparities in
the limit of vanishing Mach number. Although the theoretical advantages of matrix
preconditioning have been evident for some time, the development of robust nu-
merical implementations has proven challenging [72, 77, 79, 18, 49, 80]. Therefore,
the choice of an appropriate matrix preconditioner must be governed by the dual
objectives of maximizing the benefits to convergence while minimizing the adverse
effects on robustness.

For the problem of directional decoupling, one possible remedy is the use of
directional coarsening multigrid algorithms [51]. In certain cases, preconditioning
methods can also play a role in alleviating the problems associated with directional
decoupling [59, 60, 2]. Under these circumstances, the interaction between the
preconditioner and the multigrid coarsening strategy is critical. Therefore, it is
imperative that the two components of the scheme are considered simultaneously
when attempting to design efficient preconditioned multigrid methods.

Allmaras provided a systematic examination of the damping requirements for re-
laxation methods used in conjunction with both traditional full coarsened multigrid
and the semi-coarsening multigrid algorithm of Mulder [2, 51]. Using full coarsened
multigrid in two dimensions, only modes which are low frequency in both mesh di-
rections can be resolved on the coarser grids, so that the relaxation scheme must
eliminate all high frequency modes, and also those modes that are high frequency
in one mesh direction and low frequency in the other. For use in conjunction with
an explicit Runge-Kutta scheme, Allmaras recommends an implicit ADI precon-
ditioner because explicit methods are notoriously poor at damping modes with a
low frequency component [2]. Buelow et al. [11] and Venkateswaran et al. [80] have
employed related strategies based on a low-Mach number matrix preconditioner [81]
and ADI relaxation.

Alternatively, the semi-coarsening algorithm proposed by Mulder [51] coarsens
separately in each mesh direction and therefore reduces the region of Fourier space

for which the relaxation scheme on each mesh must successfully damp error modes.
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To obtain an O(N) method for a three-dimensional calculation in which N is the
cost of relaxation on the fine mesh, Mulder defined a restriction and prolongation
structure in which not all grids are coarsened in every direction. For two-dimensional
grids that are coarsened separately in both directions, only those modes that are
high frequency in both mesh directions need be damped by the relaxation scheme.
For this purpose, Allmaras suggests the point-implicit block-Jacobi preconditioner
proposed by Morano et al. [50] that has previously been demonstrated to be effective
in clustering high frequency eigenvalues away from the origin [1]. For grids that are
not coarsened in one of the mesh directions, Allmaras proposes using a semi-implicit
line-Jacobi preconditioner in that direction [2].

These strategies for preconditioning in the context of both full and semi-coarsened
multigrid are well-conceived. The principal drawback of these approaches is that
they do not take into account any properties of the viscous flow physics or the
computational mesh which could potentially reduce the demands placed on the nu-
merical method. By attempting to provide a completely general approach, both
alternatives incur substantial computational overheads. The drawback to implicit
preconditioning for full coarsened multigrid is the associated increase in operation
count, storage overhead and difficulty in efficient parallelization. The drawback to
a semi-coarsened approach is primarily the increase in operation count: for a three-
dimensional computation, the costs for full coarsened V and W-cycles are bounded
by %N and %N , respectively, while for semi-coarsening, the cost of a V-Cycle is
bounded by 8N and a W-cycle is no longer O(N) [51].

The purpose of the present work is to analyze and implement two less expensive
preconditioned multigrid methods, one of which is designed to perform efficiently
for Euler calculations, and the other for turbulent Navier—Stokes calculations. In
each case, the intention is to strike an appropriate balance between the additional
computational overhead incurred and the degree to which improvement over existing
methods can reasonably be expected.

For the Euler equations, existing multigrid solvers employing a standard scalar

preconditioner [40] and a full coarsened strategy routinely demonstrate relatively
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good convergence rates [32] despite their failure to satisfy all the damping and prop-
agation requirements for efficient multigrid performance. The widespread success
using this approach suggests that the computational challenges arising from discrete
stiffness and directional decoupling are not particularly severe for Euler calculations.
Therefore, it is undesirable to pursue alternative methods that substantially increase
the cost and complexity of each multigrid cycle in order to ensure that these effi-
ciency criteria are completely satisfied. Instead, it seems reasonable to view these
efficiency requirements as a worthwhile objective to be attained to the highest de-
gree possible while maintaining the desirable cost and complexity properties of a full
coarsened approach. The sole responsibility for improving convergence will therefore
be placed on the development of an appropriate matrix preconditioning approach.

Numerical studies of the preconditioned Fourier footprints are used to demon-
strate that substantial improvements in full coarsened multigrid performance can
be achieved by replacing the standard scalar preconditioner with the point-implicit
block-Jacobi matrix preconditioner proposed by Morano et al. [50] and suggested by
Allmaras for use with the more expensive semi-coarsened strategy [2]. Several au-
thors have successfully applied this preconditioner to Euler multigrid calculations on
unstructured meshes [50, 19, 54]. For transonic airfoil calculations on fully-resolved
structured meshes, the block-Jacobi matrix preconditioner yields computational sav-
ings of roughly a factor of three over the standard scalar preconditioner when used in
conjunction with full coarsened multigrid [59, 60, 58]. This preconditioned multigrid
method has proven robust for inviscid calculations and represents a suitable start-
ing point for addressing the more pressing challenge of improving the convergence
of viscous methods.

In the case of turbulent Navier—Stokes calculations, the standard combination of
scalar preconditioning and full coarsened multigrid has proven largely inadequate for
coping with the problems arising from stretched boundary layer cells. Consequently,
some compromise in the simplicity of the standard approach seems justifiable, and
modifications to both the preconditioner and the coarsening strategy will be con-

sidered. To identify the specific nature of the difficulties and assist in designing
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an inexpensive algorithm that does not falter in the presence of boundary layer
anisotropy, the present work examines the analytic form of the two-dimensional
preconditioned Fourier footprints inside an asymptotically stretched boundary layer
cell [59, 60].

This analysis reveals the asymptotic dependence of the residual eigenvalues on
the two Fourier angles, thus exposing the clustering properties of the preconditioned
algorithm. In particular, it is demonstrated that the balance between streamwise
convection and normal diffusion inside the boundary layer enables a point-implicit
block-Jacobi preconditioner to ensure that even those convective modes with a low
frequency component in one mesh direction are effectively damped [59]. A simple
modification of the full coarsened algorithm to a J-coarsened strategy, in which
coarsening is performed only in the direction normal to the wall, further ensures that
all acoustic modes are damped [60]. The theoretical validity of the approach is then
extended to three-dimensional Navier—Stokes calculations by assuming the worst
case scenario in which the Fourier footprint is decoupled from the third coordinate
direction [61]. This argument suggests that it is unnecessary to resort to either
an implicit preconditioner or a complete semi-coarsening algorithm to produce a
preconditioned multigrid method that ensures that all error modes are effectively
damped inside the boundary layer.

For turbulent Navier—Stokes calculations of transonic airfoil flows on fully-resolved
meshes, the combination of block-Jacobi preconditioning and J-coarsened multigrid
yields computational savings of roughly an order of magnitude over existing methods
that rely on the standard combination of scalar preconditioning and full coarsened
multigrid [60, 58]. This new preconditioned multigrid method has been extended
to three-dimensional turbulent Navier—Stokes calculations and has been shown to
provide essentially the same convergence rates as for two-dimensional flows [61].
The applicability of the new approach extends beyond steady state flow analysis
to other areas of active research that rely on a steady state solver as an inner ker-
nel. These include both optimal design by adjoint methods [30, 35] and unsteady

methods based on an inner multigrid iteration [31, 57, 56].
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1.4 Summary

The main body of the dissertation is divided into two chapters corresponding to the
development of separate preconditioned multigrid methods for Euler and turbulent
Navier—Stokes applications. Supporting documentation that is necessary for com-
pleteness but that does not contribute substantively to the primary thrust of the
discussion is incorporated in a series of appendices.

The chapter on Euler applications begins with a number of preliminary points,
including a description of the scheme formulation, definitions of the scalar and ma-
trix preconditioners and a discussion of stability considerations that restrict the
possible combinations of preconditioner and numerical dissipation. The Fourier
footprint is then described as a mechanism for assessing the effectiveness of pre-
conditioners in clustering residual eigenvalues for rapid damping and propagation
by a multi-stage Runge—Kutta scheme. Numerical studies of the two-dimensional
preconditioned Fourier footprints are then used to illustrate the improved damping
and propagative clustering provided by the block-Jacobi matrix preconditioner. The
numerical implementation is then briefly described before a demonstration of robust
convergence acceleration is provided for standard transonic airfoil test cases.

The chapter on turbulent Navier—Stokes applications begins by extending the
earlier definitions to incorporate the viscous terms. Analytic expressions for the
two-dimensional preconditioned Fourier footprints in an asymptotically stretched
boundary layer cell are then obtained for both scalar and matrix preconditioners.
Numerically generated footprints are used to verify the correctness of the asymptotic
procedure and the validity of the asymptotic approximation for addressing problems
arising from practical high Reynolds number applications. After exposing the inad-
equacy of the standard approach of scalar preconditioning and full coarsened multi-
grid for viscous flow calculations, the analytic footprints are used to motivate an
alternative method combining block-Jacobi matrix preconditioning and J-coarsened
multigrid. Following an extension of this analysis to the three-dimensional case, the

numerical implementation is summarized and the impact on convergence is demon-
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strated for both two and three-dimensional turbulent Navier—Stokes calculations.
A concluding chapter summarizes the main results of the research and provides
some suggestions for future work. The first appendix then examines the damping
and propagative mechanisms for a scalar convection—diffusion equation to demon-
strate the manner in which both damping and propagative information can be ob-
tained from Fourier footprints. The remaining appendices document the implemen-
tation of the Euler and turbulent Navier—Stokes flow solvers, describing successively
the discretization, the preconditioners, the multigrid algorithms, and the turbulence

models.



Chapter 2

Euler Applications

To assess the properties of the scalar and matrix preconditioners, Fourier analysis is
used to decompose the transient solution errors into modal components which can
then be examined individually. This analytic approach is based on a local lineariza-
tion of the flow on a mesh with constant spacing and periodic boundary conditions.
The validity of the analysis then depends on the degree to which the true local be-
havior of the solution can be modeled under these assumptions. For computational
problems not incorporating mesh singularities, numerical results suggest that Fourier

analysis does provide a useful indicator of scheme performance characteristics.

2.1 Preliminaries

Some basic definitions must be introduced before proceeding to the examination of
preconditioned multigrid methods for inviscid applications. These definitions will
be accompanied by a few observations that will influence the focus of the ensuing

investigations.

Scheme Description

Inviscid analysis is based on the two-dimensional Euler equations in Cartesian co-

ordinates, linearized with respect to perturbations to a uniform flow,

ow ow ow
ot + 4 Ox + Ay oy =90,
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where W is the state vector and A, and A, are the uniform inviscid flux Jacobians.
A preconditioned semi-discrete finite volume discretization of this system appears
as

LW + PR(W) =0, (2.1)

where R(W) is the residual vector of the spatial discretization, L; represents the
multi-stage Runge-Kutta operator and P is the preconditioner, which has the di-
mension of time and plays the role of a time step. The transient solution is not
of interest for steady applications, so the preconditioner and the coefficients of the
Runge-Kutta operator can be chosen to promote rapid convergence without regard
for time-accuracy. The steady solution admitted by the spatial discretization is
unaffected by the choice of preconditioner, as long as P is non-singular, since the
system reduces to R(W) = 0 when the unsteady terms have vanished.

For the analysis that follows, R is taken to be the standard first order linear

operator
- 2Az

_ 1A

Az ] Ay
61‘1‘ + 2 Ay

r 2Azx 2Ay

020 — 02y Oyy» (2.2)

where numerical dissipation corresponding to upwinding has been introduced using
a Roe linearization [64]. Numerical dissipation of this type is a form of matrix dissi-
pation [70], in which each characteristic field is upwinded by introducing dissipation
scaled by the associated characteristic speed. A related form of scalar dissipation
may be obtained by replacing |A;| and |Ay| in (2.2) by their spectral radii p(A;)
and p(Ay,), so that the dissipation for each characteristic is instead scaled by the
maximum characteristic speed [36]. This approach is computationally less expensive
since it avoids matrix operations, but is also less accurate as it introduces unneces-
sarily large amounts of dissipation into all but one of the characteristic fields. The
implications for stability and convergence are compared for these two alternative
schemes, but detailed analysis will focus on the more accurate matrix dissipation
approach.

Assuming constant 7, the three independent parameters that govern the discrete

steady Euler residual are the Mach number, reciprocal cell aspect ratio and flow
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angle:
M= Vu? + v? Ay v
- c ’ Az’ u

A Cartesian mesh is assumed to simplify notation, but the theory extends naturally

to real applications using either structured or unstructured meshes.

Scalar Preconditioner

The standard scalar preconditioner (local time step) [40] used for Euler calculations

is based on the spectral radii of the flux Jacobians

P§1 _ l (P(AA;) 4 P(Af‘l;)) :

2

where the Courant number o reflects the extent of the Runge-Kutta stability region
along the imaginary axis in the complex plane. In comparison with a uniform global
time step, this local stability estimate defines a suitable scalar preconditioner for
the Euler equations that reduces stiffness resulting from variation in spectral radius

and cell size throughout the mesh [40].

Matrix Preconditioner

The block-Jacobi matrix preconditioner is obtained from the discrete residual oper-

ator (2.2) by extracting the terms corresponding to the central node in the stencil

1 _ 1 (A |A|>
[ =yt
Par _0<Ax+Ay '

It has been demonstrated [60] that the preconditioner takes a fundamentally similar
form for a switched scheme [36] based on the same Roe linearization [64]. This
compatibility and related numerical experiments suggest that it is acceptable to base
the preconditioner on a first order discretization even when using higher resolution

switched and limited schemes.

Stability Considerations

It is essential to note that the choice of either a scalar or matrix preconditioner

cannot be made independently from the choice of numerical dissipation. This may
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be understood by considering the necessary and sufficient stability condition
v Az?
At <min [ —, ——
- <a2’ 2u )
for the scalar convection—diffusion equation

ou ou 9%u

ot o T ow
discretized using central differences in space and forward differences in time. This
discretization can be used to represent first order upwinding of a scalar convection
equation if the diffusion coefficient is chosen to correspond to the appropriate form
of numerical dissipation v = MI#_ In this case, the stability requirement then
reduces to the standard CFL condition At < %.
Using characteristic-based matrix dissipation, the linearized Euler equations can

be expressed in the corresponding representation

ow . OW Az W
o Y or — 2 M

This one-dimensional system can be decoupled into scalar characteristic equations

80 89  Ar . 920
O\ _ A,
or Ao = 2 Mg

using an eigenvector decomposition of the flux Jacobian A = TAT ! to produce
the characteristic variables Q = T 'W, where A is a diagonal eigenvalue matrix.
Applying the convection—diffusion stability requirement separately to each charac-
teristic equation leads to the limit Af; < | X, | for the k-th characteristic, where A\g

is the corresponding eigenvalue. The scalar preconditioner is stable but sub-optimal

Az

since all characteristics evolve with Aty = e (D))

The matrix preconditioner is
stable and also optimal in one dimension, since Aty = ﬁ, and each characteristic
field is evolving at its stability limit.

Alternatively, using scalar dissipation, the equivalent expression for the Euler

equations becomes
ow oW Az 0*wW
b AT i A A
o T T W
where p(A) = maxy(|\g|) is the spectral radius of the flux Jacobian. This system

can still be decoupled into characteristic equations using the same transformation
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as above. However, the stability requirement for all characteristics is now just the
standard scalar CFL condition, Aty < %. As a result, the matrix preconditioner
is unstable when used in conjunction with scalar dissipation based on the spectral
radius and only the scalar preconditioner is appropriate. Out of the four possible
combinations of scalar (S) and matrix (M) preconditioners and numerical dissipa-
tion schemes, the three stable combinations are denoted PsRjs, PyyRyr and PsRg.
The behavior of the scalar preconditioner applied to scalar dissipation (PgRg) will
only be considered briefly to illuminate the properties of the other two combinations
since it produces a different steady state solution and it is undesirable to compromise

accuracy for the purposes of convergence acceleration.

Fourier Footprint

In the context of a semi-discrete scheme (2.1), the Fourier footprint of the spatial
discretization is critical in revealing the effectiveness of the Runge—Kutta operator
in damping and propagating error modes. The footprint is found by substituting a

semi-discrete Fourier mode of the form

—

W’L] — W(t)ei(i6’1+j6’y)

into the spatial residual operator (2.2) where (7, 7) are the mesh indices and (6, 6,)
are the Fourier angles in the corresponding directions. The Fourier amplitude W(t)

satisfies the evolution equation
LW +PZW =0,

where Z is the Fourier symbol of the residual operator

A | As|
Z(0s,0y) = ZA$SIHOI+ A (1 —cosby)

sin @, + @(1 —cos ).

+ Ay

» Ay
Z_
Ay
The Fourier footprint is defined as the eigenvalues of the matrix PZ, which are

functions of the Fourier angles. The distribution of these residual eigenvalues in

the complex plane can be compared with the amplification factor contours of the
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Stability Region and Contours
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Figure 2.1 Stability region and amplification factor contours defined by |¢(z)| = 0.1,0.2,...,1.0
for a 5-stage Runge-Kutta scheme.

Runge-Kutta scheme to determine the damping properties of the combined spatial
and temporal discretization. For a given Runge-Kutta operator, the amplification

factor |¢(z)| is defined by the relationship
W = ()W,

where n is the time step index. Stability of the combined discretization requires that
the footprint lies within the stability region defined by |¢(2)] < 1. The stability
region and amplification factor contours for a 5-stage Runge-Kutta scheme due
to Martinelli [45] are shown in Fig. 2.1 to provide a realistic context for ensuing
examinations of eigenvalue clustering.

In two dimensions, there are four characteristic families representing convec-
tive entropy modes, convective vorticity modes and two groups of acoustic pressure
modes. From a damping perspective, it is desirable for the residual eigenvalues cor-
responding to all these modes to be clustered into a region of the complex plane
where the amplification factor is significantly less than unity. The primary weak-
ness of explicit time integration using a scalar preconditioner is that a significant
fraction of the residual eigenvalues cluster near the origin where the amplification
factor is close to unity and the damping of error modes is very inefficient. Since,

at the origin, the gradient vector of the amplification factor lies along the negative
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real axis, improved damping of these troublesome modes will follow directly from
an increase in the magnitude of the real component of the corresponding residual
eigenvalues.

Error modes are propagated at the group velocity corresponding to a discrete
wave packet of the corresponding spatial frequency. The expression for the group
velocity depends on the form of the temporal discretization operator, so it is im-
possible to determine detailed propagative information from the Fourier footprint.
However, for those low frequency modes that are clustered near the origin and are
consequently most in need of rapid propagation, the group velocity actually can be
obtained by visual inspection of the Fourier footprint, as explained in Appendix A.
For Runge-Kutta operators of the type used in the present work, the group velocity
of these modes is proportional to the variation in the imaginary components of the
residual eigenvalues in the corresponding modal family. Therefore, for rapid propa-
gation, it is desirable for the residual eigenvalues in each family to extend far from

the negative real axis.

2.2 Numerical Studies

For full coarsened multigrid to function efficiently, all modes corresponding to the
three shaded Fourier quadrants in Fig. 2.2 must be damped by the relaxation scheme
since only modes that are low frequency in both mesh directions (L,L,) can be
resolved without aliasing on the next coarser mesh. Efficient propagation and sub-
sequent expulsion of these error modes will also enhance the performance of the
multigrid algorithm. Analysis of eigenvalue clustering will initially focus on modes
that are high frequency in both mesh directions (H,H,) since point-implicit methods

are notoriously poor at eliminating modes with a low frequency component.

2.2.1 High Frequency Modes

Fourier footprints corresponding to high frequency modes for aligned inviscid sub-

sonic flow in a moderately stretched mesh cell are shown for all three stable combi-
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Figure 2.2 Fourier quadrants for which the corresponding error modes must be damped for full

coarsened multigrid to function efficiently.

nations of preconditioner and numerical dissipation in Fig. 2.3. The outer solid line
in these plots is the stability region of the 5-stage Runge-Kutta scheme. The inner
solid line represents the envelope of all possible high frequency footprints arising
from a related scalar model problem preconditioned by a suitable scalar time step
[1]. Since scalar preconditioning is entirely appropriate for a scalar problem, this
boundary represents a useful clustering target for a matrix preconditioner applied to
a system of equations. For the purposes of the discussion that follows, this boundary
will be considered to define the optimal clustering envelope from a damping per-
spective. From a propagative viewpoint, only the curved portion of the boundary
is optimal.

Examining Fig. 2.3a, it is evident that the scalar preconditioner applied to ma-
trix dissipation (PsRjs) is unable to cluster the residual eigenvalues of the two
convective modes away from the origin, so that they are neither damped nor prop-
agated efficiently. By contrast, the two acoustic families are clustered nearly inside
the optimal envelope and have large imaginary components, so they will be rapidly
damped, and low frequency modes from these families will be propagated efficiently.
This behavior reflects the better balance that exists between the magnitude of the

scalar preconditioner and the dissipative and propagative coefficients of the acoustic
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Fourier Footprint
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2.3a Scalar preconditioner with matrix dissipation (PsRar).

Fourier Footprint
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2.3b Matrix preconditioner with matrix dissipation (ParRaz).

Fourier Footprint
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2.3c Scalar preconditioner with scalar dissipation (PsRs).

Figure 2.3 Preconditioned Fourier footprint for high frequency modes (H,Hy).
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modes.

The matrix preconditioner applied to matrix dissipation (Py;Rjys) provides op-
timal damping clustering for all four modal families. The clustering for the entropy
footprint is also optimal from a propagative perspective since it forms an arc on
the optimal clustering envelope. The two acoustic footprints have nearly the same
radius as the entropy mode, falling one each above and below the real axis, so that
low frequency modes from these families will also be propagated efficiently. Only
the vorticity footprint, which forms a tongue between the two acoustic footprints,
does not approach optimal propagative clustering, though the situation is still far
better than with a scalar preconditioner. These excellent damping and propagation
properties reflect the delicate balance achieved between the physical characteristic
speeds, the magnitude of the corresponding numerical dissipation and the effective
time step using the matrix preconditioner.

From a convergence perspective, the scalar preconditioner applied to scalar dis-
sipation (PsRg) represents an interesting middle ground between the two previous
alternatives. The footprints for all four modes are clustered within the optimal
damping envelope since both the preconditioner and the numerical dissipation are
based on the spectral radii of the flux Jacobians and therefore balance perfectly.
However, the propagative properties of this scheme are nearly identical to those of
the scalar preconditioner applied to matrix dissipation. The effect of using scalar
dissipation has been to slide the eigenvalues along the negative real axis without
significantly altering the imaginary components. This behavior, while beneficial in
terms of convergence, reflects a corresponding degradation in solution quality since
the numerical dissipation no longer scales separately with the individual characteris-
tic speeds. Scalar dissipation has remained popular, despite this drawback, because
it does provide superior convergence to matrix dissipative schemes when using a
standard scalar preconditioner.

Of the three combinations of preconditioner and numerical dissipation, only the
combination of matrix preconditioning and matrix dissipation performs well in terms

of damping, propagation and accuracy. Although the PgRg combination provides
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a significant damping improvement over the PgRjys option, it is highly undesirable
to compromise solution accuracy for purposes of convergence, so the remainder
of the analysis will focus on scalar and matrix preconditioners applied to matrix

dissipation.

2.2.2 High and Low Frequency Modes

We have seen that the matrix preconditioner provides excellent damping and prop-
agative clustering for modes in the H,H, quadrant. This result has been shown
to hold for a wide range of flow and mesh conditions [1, 59]. The treatment of
modes corresponding to the L, H, and H,L, quadrants must still be accounted for
to ensure efficient full coarsened multigrid performance.

For Euler calculations, the cell stretching is typically not severe so that discrete
stiffness is chiefly caused by the inherent disparity in propagative speeds and direc-
tional decoupling results primarily from flow alignment, as previously indicated in
Fig. 1.1. Propagative disparities are most pronounced near the stagnation point,
across the sonic line and at shocks, while flow alignment occurs near the airfoil
surface when using a body-conforming mesh.

In regions of strong propagative disparity or perfect flow alignment, neither
preconditioner succeeds in clustering all of the residual eigenvalues corresponding
to the L, H, and H,L, quadrants away from the origin. To illustrate the effect of
directional decoupling caused by flow alignment, consider the footprints of Fig. 2.4
which contain the residual eigenvalues corresponding to all modes except those in the
L, L, quadrant for the same subsonic flow conditions as were previously examined.
Using either preconditioner, the convective entropy and vorticity footprints form
arcs which extend to the origin. This reflects the decoupling of these modal families
from the normal coordinate direction so that modes from the L, H, quadrant cannot
be effectively clustered. However, there remains a significant qualitative difference
in the magnitude of this shortcoming for the two preconditioning alternatives. Using
the scalar preconditioner, the entire footprints of both convective families are densely

clustered near the origin so that damping and propagation are impeded for all modes
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2.4a Scalar preconditioner. 2.4b Matrix preconditioner.

Figure 2.4 Preconditioned Fourier footprints (all modes except L,L,) illustrating the effects of

. . . . . _ Ay 1 v __ —
directional decoupling resulting from flow alignment. M = 0.5, £ = 2, 2 = 0,0 = 2.5.

in these families. With the matrix preconditioner, only the tips of the two convective
footprints touch the origin and the rest of the eigenvalues in these families extend far
away from both the real and imaginary axes. As a result, nearly all the convective
error modes will be damped efficiently and the streamwise group velocity of those
modes clustered near the origin will be relatively large.

The ability of the two preconditioners to cope with discrete stiffness arising
from the inherent propagative disparity between convective and acoustic modes is
illustrated in Fig. 2.5 for low subsonic cross-flow conditions. At a low Mach number
of 0.05, the two convective footprints have collapsed nearly to the origin using the
scalar preconditioner. Using the matrix preconditioner, the primary effect of the
stiffness is the reduction in the imaginary component of the convective vorticity
footprint, which now forms a shallow arc above the real axis, extending very close
to the origin. On the other hand, the entropy footprint now forms a fan in the upper
half-plane and is well clustered away from the origin. This reflects the fact that the
diagonal cross-flow has alleviated the directional decoupling which was present in
the previous example.

Although the block-Jacobi matrix preconditioner does not entirely eliminate the
negative impact of flow alignment and propagative disparity for all modes with a

low frequency component, it does significantly improve the prospects for efficient
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2.5a Scalar preconditioner. 2.5b Matrix preconditioner.

Figure 2.5 Preconditioned Fourier footprints (all modes except L,L,) illustrating the effects of
discrete stiffness resulting from the inherent propagative disparity between convective and acoustic

modes. M =0.05, 8% =12 =1 5=25

damping and propagation of most error modes. For typical inviscid computations,
the impact on convergence of the few troublesome modes that are not well damped
is almost certainly insufficient to warrant switching from full coarsened multigrid to
a more expensive algorithm.

An interesting possibility for further improving the clustering performance at
low Mach numbers has recently been suggested by Turkel [74] and Mavriplis [47],
who introduce a low-Mach number preconditioner into the numerical dissipation
matrices following Ref. [75]. This modification subsequently alters the form of the

block-Jacobi matrix preconditioner to become

P]\_41 — l <P*_1|P*AI| + P*_1|P*Ay|> ,

o Az Ay
where P, is some form of low-Mach number preconditioner [77, 72, 12, 44, 83]. This
strategy substantially improves the damping and propagative clustering properties
of the block-Jacobi preconditioner as the Mach number approaches zero, but does
not yield significant improvements at higher Mach numbers [74]. The approach is
therefore best suited for calculations with a low free stream Mach number, but it
may still prove worthwhile for transonic calculations due to the subsonic zone at the
stagnation point. This idea will not be explored further in the present work, but it

represents a potentially fruitful modification of the present scheme that should be
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considered in the future.

2.3 Results

This section will demonstrate the relative performance of the scalar and block-
Jacobi preconditioners when used in conjunction with full coarsened multigrid for
transonic airfoil calculations. Full documentation of the two-dimensional flow solver
developed for the present work is provided in Appendices B-D. A brief description
of the implementation is provided here for convenience.

The code is based on a conservative cell-centered semi-discrete finite volume ap-
proach [36]. Characteristic-based matrix dissipation formed using a Roe lineariza-
tion [64] provides a basis for the construction of a matrix switched scheme [36, 32]
that has been previously validated for inviscid calculations [55, 59]. The solution
is computed on a sequence of fine meshes using full coarsened W-cycles in which
one time step with a 5-stage Runge—Kutta scheme is performed at each level when
moving down the multigrid cycle [36, 27, 45]. The switched scheme is used only
on the fine meshes and a purely first order version of the numerical dissipation is
used on all coarser meshes. The preconditioner is assembled and inverted before the
first stage of each time step for rapid multiplication by the residual updates during
each subsequent stage. In the context of preconditioning, an entropy fix serves to
prevent the time step from becoming too large near the stagnation point, at shocks
and at the sonic line. For Euler calculations, the matrix preconditioner incorpo-
rates the same van Leer entropy fix [76] that is used in the numerical dissipation,
although numerous tests seem to indicate that this precaution is unnecessary for
inviscid calculations.

The test cases used to demonstrate the performance of the proposed precondi-
tioned multigrid method (new) in comparison to the standard approach (standard)
are defined in Table 2.1. For the convergence comparisons that follow, the plotted
residuals represent the r.m.s. change in density (normalized by the initial resid-

ual) during one application of the time-stepping scheme on the finest mesh in the
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Test || Geometry | My Q Mesh | ARpax

E1 || NACAO0012 | 0.800 | 1.25° || 160x32 2
E2 || NACA0012 | 0.800 | 1.25° || 320x64 2
E3 || NACA0012 | 0.850 | 1.00° || 320x 64 2

Table 2.1 Euler test case definitions: airfoil, free stream Mach number, angle of attack, mesh

dimensions, maximum cell aspect ratio at the wall.

Cycles Rate CPU Time (s) || Cost

Test
Standard | New || Standard | New || Standard | New || Ratio
El 167 45 9463 | .8120 255.8 79.5 | 3.22
}g E2 213 66 9576 | .8675| 1390.0 |487.6| 2.85
- E3 237 61 9617 |.8532( 1550.8 |451.3| 3.44
% E1l 264 48 .9657 .8262 403.2 83.6 || 4.82
g E2 253 73 9643 | .8804 | 1646.8 |534.8| 3.08
5 E3 327 71 9722 8839 || 2134.0 |520.2( 4.10

Table 2.2 Euler results: Initial (10°—107*) and asymptotic (10~*—10"%) convergence comparisons
for scalar preconditioning with full coarsened multigrid (standard) vs. block-Jacobi preconditioning
with full coarsened multigrid (new). Categories represent multigrid cycles, convergence rate per
cycle, CPU time™ and CPU speed-up.

multigrid cycle. Convergence information is also provided in various useful forms
in Table 2.2 for both the initial convergence rate between residual levels of 10° and
10~* and the asymptotic convergence rate between residual levels of 10~* and 10~8.

The first test case is a standard transonic NACA(0012 case with a strong shock on
the upper surface and weak shock on the lower surface. Calculations are performed
on the 160x32 O-mesh shown in Fig. 2.6, which provides good near-field resolu-
tion for inviscid flows but does not introduce significant cell stretching, having a
maximum cell aspect ratio of only two. The computed pressure distribution and
convergence histories are shown in Fig. 2.7. Both the new and standard methods

converge to machine accuracy with very little degradation in asymptotic convergence

*CPU time for an IBM RS6000/590 processor.
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Figure 2.6 160x32 O-mesh for the NACA0012 Airfoil.

relative to the initial rate, requiring approximately 150 and 700 cycles, respectively.
As detailed in Table 2.2, the matrix preconditioned scheme requires 45 cycles to
reach a residual level of 10~* at a rate of 0.8120 and an additional 48 cycles to con-
verge the next four orders at a rate of 0.8262. By comparison, the standard scheme
using a scalar preconditioner converges four orders in 167 cycles, corresponding to a
rate of 0.9463, and then requires an additional 264 cycles to converge the next four
orders at a rate of 0.9657. In terms of CPU time, the matrix preconditioner yields
computational savings of a factor of 3.22 in initial convergence rate and a factor of
4.82 in asymptotic performance.

Results for the same flow conditions are presented in Fig. 2.8 for a 320x64
O-mesh with twice the resolution of the mesh used for the previous calculation.
Using the scalar preconditioner, the number of cycles required to reach machine
accuracy increases only slightly to about 720 cycles, while the matrix preconditioner
now requires about 220 cycles. The computational savings for this case are a factor
of 2.85 in initial convergence and a factor of 3.08 in asymptotic convergence.

Results for another standard NACAQ012 test case with strong shocks on both
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upper and lower surfaces are shown in Fig. 2.9 for a calculation performed on the
same 320x64 O-mesh. The convergence using the matrix preconditioned scheme is
very similar to that of the previous case, while the scalar preconditioned scheme
converges somewhat more slowly, so that the initial and asymptotic speed-ups are
now 3.44 and 4.10, respectively.

Overall, the scheme using block-Jacobi matrix preconditioning and full coarsened
multigrid yields computational savings of roughly a factor of three for convergence
to engineering accuracy [59, 60]. Ollivier-Gooch has obtained comparable accelera-
tions using the same matrix preconditioner on unstructured grids [54]. Of principal
importance is the fact that this acceleration is achievable without any compromise
in the robustness of the flow solver. The groundwork is now in place to consider
the more demanding problem of developing an efficient preconditioned multigrid

method for turbulent Navier-Stokes calculations.
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2.7b Convergence comparison.

Figure 2.7 Test E1: Solution and convergence.
NACA0012 Airfoil. My = 0.8, = 1.25, 160x32 O-mesh.
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Figure 2.8 Test E2: Solution and convergence.
NACA0012 Airfoil. My = 0.8, = 1.25, 320x64 O-mesh.
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Figure 2.9 Test E3: Solution and convergence.
NACA0012 Airfoil. My = 0.85,a = 1.0, 320x64 O-mesh.
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Turbulent Navier—Stokes

Applications

For inviscid applications, the problems of discrete stiffness and directional decou-
pling are not particularly severe. The convergence achieved using block-Jacobi ma-
trix preconditioning and full coarsened multigrid is sufficiently rapid that it is un-
desirable to adopt a more expensive coarsening strategy to account for the few
remaining modes that are not efficiently damped. The situation is much different
for turbulent Navier—Stokes calculations, where the highly stretched boundary layer
cells significantly exacerbate both the stiffness and decoupling problems. Conver-
gence degrades rapidly as the cell aspect ratios increase, so for viscous applications
it is essential to account for the damping of every error mode. Although it is opti-
mal if modes are both rapidly damped and propagated, in the demanding context of
severe boundary layer anisotropy, the clustering is deemed successful as long as the
residual eigenvalues do not fall arbitrarily close to the origin where the amplification

factor is unity.

3.1 Definitions

Before proceeding to the analysis of preconditioned multigrid methods for turbu-

lent Navier—Stokes calculations, each of the basic definitions provided for the Euler

33
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equations must first be restated to incorporate the appropriate viscous terms.

Scheme Description

Viscous analysis is based on the two-dimensional linearized Navier—Stokes equations

in Cartesian coordinates

oW L OW L OW L PW W W
ot ox Yoy T 02 Y 0y2 Y oxoy’

where By, By, and By, are the viscous flux Jacobians. The preconditioned semi-
discrete scheme has the same basic components as in the inviscid case (2.1), but the
residual vector of the spatial discretization now has the form
A A
b Al

Ay oAy

k 2A7 2 2Azx + 2Ay 2y 2Ay %Y
Bas Byy Bay
- - - 1
Ax? Oz Ay? Oy 4AzAy 0202y, (3.1)

where, once again, upwinding of the inviscid terms is accomplished by a Roe lin-
earization [64].

Assuming constant Pr and <y, the four independent parameters that govern the
discrete steady Navier—Stokes residual are the cell Reynolds number, Mach number,

reciprocal cell aspect ratio and flow angle:

ulAzx Vu? +v? Ay v
ReAx = T M = - N -
v c Az U

As in the inviscid case, a Cartesian mesh is assumed to simplify notation, but the

theory extends naturally to real applications using either structured or unstructured

meshes.

Scalar Preconditioner

A conservative time step estimate for the Navier—Stokes equations is based on the
purely hyperbolic and parabolic time steps formed using the spectral radii of the
flux Jacobians [45],

Pyl = At + At (3.2)
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where the hyperbolic time step is given by

b (P(Aac) P(Ay)>
Aty op \ Az + Ay

and the parabolic time step is

- 1 (4p(Byz) | 4p(Byy) | p(Bay)
Al — & vy y ) .
P op < Az? + Ay? + AzAy

The factor of four in the parabolic time step arises from considering the scenario
of a checkerboard mode, for which the coefficients of the second-difference stencil
reinforce each other in both directions. The hyperbolic and parabolic Courant num-
bers, o, and o0y, reflect the extent of the stability region of the Runge-Kutta time-
stepping scheme along the imaginary and negative real axes, respectively. For the
5-stage Runge-Kutta scheme used in the present work, the fact that the maximum
extent along the negative real axis is roughly twice the extent in either direction
along the imaginary axis (see Fig. 2.1) suggests the definition o, = 20y, so that
only the hyperbolic Courant number need be specified and the subscripts may be

dropped.

Matrix Preconditioner

In the viscous case, the block-Jacobi matrix preconditioner based on the spatial

residual operator (3.1) becomes

_ 1 (1Al  |A,| 2B 2B
p-l_ 2 x y zz yy)_ ‘
M a(Aaz+Ay+AfE2+Ay2 (3:3)

Fourier Footprint

As before, the Fourier footprint is defined by the eigenvalues of the matrix PZ where

Z is the Fourier symbol of the spatial residual operator

Z(0z,0,) = iﬁ sinf, + [ | (1 —cosb,)
Az

Az
A A
+ iA—Z sin 6, + %(1 — cos By)
2B 2B
+ N (1 —cosb) + A—;éy(l — cos 0,)

B
+ A;Xy sin 6, sin 6,,.
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3.2 Asymptotic Analysis

An effective means of illuminating the causes of multigrid breakdown for high
Reynolds number calculations is an examination of the preconditioned Fourier foot-
prints that arise in a highly stretched boundary layer cell. As for the preceding
inviscid studies, these footprints could be evaluated numerically to reveal the clus-
tering behavior of the residual eigenvalues for various flow and mesh conditions.
However, the current interest in high Reynolds number applications suggests that
more detailed information may be available by considering the asymptotic form of
the preconditioned Fourier footprints as the cell Reynolds number increases to in-
finity. In this limit, the structure of the footprints becomes sufficiently simple that
analytic expressions for their asymptotic behavior can be deduced.

These analytic footprints are valuable because they identify the asymptotic de-
pendence of each modal family on the two Fourier angles, thus exposing the cluster-
ing properties of the preconditioned algorithm for modes from each of the Fourier
quadrants. In general, asymptotic dependence on a Fourier angle corresponds to
effective damping of modes with a high frequency component in the corresponding
mesh direction since the residual eigenvalues will be prevented from collapsing to
the origin. To establish the relevance of conclusions drawn from these asymptotic
results, it will be important to verify that the asymptotic expressions closely ap-
proximate the footprints obtained for finite cell Reynolds numbers representative of

practical aerodynamic calculations.

3.2.1 Procedure

In the present work, analytic expressions for the preconditioned Fourier footprints
are obtained for the important set of asymptotic limits summarized in Table 3.1.
Cases E1 and E2 represent the inviscid flows corresponding to the viscous condi-
tions of cases NS1 and NS2, and are provided to illustrate the importance of viscous
coupling across the boundary layer in determining the appropriate course of ac-

tion. Cases E1 and NS1 represent a stretched cell with perfect flow alignment while
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Case E1 Rep, = 00 %_)0 v=0
Case B2 | Reaz =00 | R =0 v _ Ay
Case NS1 || Reaz — 00 % — Re _1/2 % =0
Case NS2 || Reay — o0 % = Refl/2 4= ﬁ_g

Table 3.1 Asymptotic limits for which analytic expressions for the preconditioned Fourier footprints

are obtained.

Case ||eig(PsZr) eig(PyrZr)
0 Cy + 18,
- 0 C, +i1Ms,
Cy +isy Cy +isy
Cy — sy Cy — sy
0 %(Cx""cy)"‘%(%"‘sy)
o 0 257 Ce + 7257 [Cy + i(se + 5y)]
Cy +isy Cy +isy
Cy — sy Cy — sy
0 2+PrO + 2+P (Cy +isz)
NS1 0 1+2MC + 1+2M(O + Sr)
Cy +isy Cy +isy
Cy —isy Cy —isy
0 7 Cy + (1+Pr) [3(Ca + Cy) + 3 (50 + 5y)]
NS 0 i Co + B[Oy + (5o + 5y)]
Cy +isy Cy +isy
Cy — sy Cy — sy

Table 3.2 Analytic expressions for the preconditioned Fourier footprints of scalar and matrix

preconditioners applied to first order upwind matrix dissipation for the cases described in Table 3.1.

The modal families are listed in the order: entropy, vorticity, acoustic, acoustic.
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Cases E2 and NS2 correspond to the same stretched cell with diagonal cross-flow.
For the viscous cases, the cell aspect ratio is scaled to reflect the physical balance

between streamwise convection and normal diffusion, so that

u v
Az Ay?’
which leads to the relation
Ay —1/2
Ap = Feas

The Mach number is held fixed during the limiting procedure so that it appears
in the analytic expressions for the Fourier footprints displayed in Table 3.2 for
first order upwind matrix dissipation. Here, the notation s, = sinf,, s, = sin6,,
Cy =1—cosb,, Cy =1—cosby is adopted for brevity.

To assist in obtaining these expressions, a symbolic manipulation package [84]
was used to expand all the terms in the complete expression for the matrix PZ. For
the inviscid cases, the simplified asymptotic form of the matrix was then identified
by eliminating all but the dominant terms as % tended to zero. For the viscous
cases, a similar procedure was applied in the limit as Rea, tended to infinity. The
analytic expressions for the preconditioned residual eigenvalues of the asymptotic

matrix were then obtained using the same symbolic package.

3.2.2 Validation

Before considering the clustering implications of the expressions in Table 3.2, it
is first important to verify both that the analytic results correctly describe the
asymptotic behavior of the complete expressions for the footprints and also that
the asymptotic approximation is appropriate for Reynolds numbers typical of aero-
dynamic applications. For this purpose, numerically generated Fourier footprints
corresponding to matrix preconditioning for the aligned viscous flow of Case NS1
are shown for cell Reynolds numbers of 102, 103 and 10* in Fig. 3.1. Comparison
of these footprints with a plot of the corresponding analytic asymptotic footprint

displayed in Fig. 3.3a reveals that the analytic expressions do accurately reflect the
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Figure 3.1 Numerical validation of analytic asymptotic Fourier footprints.
Case NS1 for a range of cell Reynolds numbers with M = 0.05.
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true asymptotic behavior of all four modal families as the cell Reynolds number
increases.

To establish the applicability of the asymptotic approximation to analysis mo-
tivated by practical aerodynamic applications, it is necessary only to demonstrate
that the cell Reynolds numbers typically achieved near the wall in turbulent calcula-
tions are sufficiently large. The cell Reynolds number and the free stream Reynolds

number based on chord are related by the expression

A
Ren, = Rey, - _33_
Uso L

For flow and mesh conditions typical of transonic turbulent aerodynamic calcu-
lations, a good estimate of the minimum cell Reynolds number achieved in the

boundary layer is given by
Reaz ~ O(107) O(1072) O(1072) = 0(10%),

which falls well within the range for which asymptotic footprints have been demon-

strated to closely approximate the full Fourier footprint expressions.

3.2.3 Scalar Preconditioner and Full Coarsened Multigrid

The analytic footprints of Table 3.2 may now be used to identify the inadequacies of
the standard combination of scalar preconditioning and full coarsened multigrid for
high Reynolds number applications. Using the scalar preconditioner, the asymptotic
footprints are identical for all four cases and are displayed in Fig. 3.2a for all modes
except those in the L, L, quadrant, which need not be damped on the fine mesh in
a full coarsened multigrid context. The entire footprints of both convective families
collapse to the origin so that neither damping nor propagation of these modes is
possible and the system will not converge. The situation is not as bad for the
acoustic families, which depend asymptotically on 6, so that modes with a high
frequency component in the y direction will be damped effectively. However, acoustic
modes that are low frequency in the y direction will be poorly damped, and in the

worst case, the eigenvalue for a “washboard” acoustic mode that is uniform in the y
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direction and high frequency in the z direction will fall exactly on the origin. These
H,L, modes will still propagate transversely across the boundary layer since the
dependence on 6, produces a large variation in the imaginary components of the
acoustic footprints. Although beneficial, this error propagation is far from sufficient
to yield efficient elimination of these modes in a multigrid context, and it remains
essential to ensure that all error modes can be eliminated locally by the damping of
the Runge-Kutta scheme.

Given this scenario, the expectations for the performance of full coarsened multi-
grid with scalar preconditioning, which is the strategy in widespread use throughout
the CFD community, are illustrated schematically in Fig. 3.2b. The shaded re-
gions represent Fourier quadrants for which the corresponding modes are effectively
damped and the other hatchings are stylized depictions of the modes that cannot be
damped and therefore prevent or impede convergence. There is no mechanism for
damping convective modes in any quadrant or acoustic modes in the H, L, quadrant.
It is not surprising that poor convergence is observed when using this algorithm for

viscous computations with highly stretched boundary layer cells.
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3.2.4 Matrix Preconditioner and Full Coarsened Multigrid

Developing an understanding for the behavior of the block-Jacobi matrix precondi-
tioner requires a careful examination of the expressions in Table 3.2. For the aligned
inviscid flow of Case E1, the convective modes are dependent only on 6, and the
acoustic modes are dependent only on 6, so that each modal family is damped effec-
tively in only two Fourier quadrants. By comparison, the viscous results of Case NS1
reveal that the balance between streamwise convection and normal diffusion has
caused the two convective families to become dependent on both Fourier angles, so
that all quadrants except L;L, will be damped effectively. For the entropy family,
this property is independent of the Mach number, while for the vorticity family, this
behavior exists except in the case of vanishing Mach number. For both inviscid and
viscous results, the effect of introducing diagonal cross-flow in Cases E2 and NS2 is
to improve the propagative performance for the convective modes by introducing a
dependence on both Fourier angles in the imaginary components. Notice that the
matrix preconditioner has no effect on the footprints for the acoustic modes, which
are identical to those using the scalar preconditioner.

The scenario for full coarsened multigrid using the matrix preconditioner is il-
lustrated by the Fourier footprint and schematic damping diagram of Fig. 3.3. The
footprint depicts all modes except L,L, for the perfectly aligned viscous flow of
Case NS1 with M = 0.05. This Mach number represents a realistic value for a
highly stretched boundary layer cell near the wall [58]. Fig. 3.3a reveals that the
entropy footprint is clustered well away from the origin for all modes. The vor-
ticity footprint remains distinctly clustered away from the origin even at this low
Mach number. Propagative clustering of the vorticity mode away from the real axis
improves if either the Mach number or the flow angle increases.

This beneficial effect on the clustering of the convective eigenvalues has a pro-
found influence on the outlook for the performance of full coarsened multigrid as
described in Fig. 3.3b. Darker shading is used to denote the Fourier quadrants for
which damping is facilitated by use of a matrix preconditioner. The full coarsened

algorithm will now function efficiently for all convective modes. However, the foot-
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Figure 3.3 Clustering provided by the block-Jacobi matrix preconditioner and implications for the
performance of full coarsened multigrid in highly stretched boundary layer cells. Footprint symbols:
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prints for the acoustic modes still approach the origin when 6, is small, so the only
remaining impediments to efficient performance are the acoustic modes correspond-

ing to the H,L, quadrant.

3.2.5 Matrix Preconditioner and J-Coarsened Multigrid

The fact that the block-Jacobi preconditioner provides effective clustering of con-
vective eigenvalues in all but the L,L, quadrant provides the freedom to modify
the multigrid coarsening strategy with only the damping of H, L, acoustic modes in
mind. One possibility that avoids the high cost of a complete semi-coarsening stencil
and takes advantage of the damping properties revealed in the present analysis is a
J-coarsened strategy in which coarsening is performed only in the direction normal
to the wall. Using this approach, only modes corresponding to the shaded Fourier
quadrants in Fig. 3.4 need be damped by the relaxation scheme on the current
mesh since all modes that are low frequency in 6, can now be resolved on the next
coarser mesh. The implications for multigrid performance with this strategy are

summarized in Fig. 3.5. The Fourier footprint is plotted for the diagonal cross-flow
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Figure 3.4 Fourier quadrants for which the corresponding error modes must be damped for

J-coarsened multigrid to function efficiently.

of Case NS2 with M = 0.2 to demonstrate the rapid improvement in the clustering
of the convective eigenvalues as the flow angle and Mach number increase above the
extreme conditions shown in Fig. 3.3a. Only residual eigenvalues corresponding to
modes in the L,H, and H,H, Fourier quadrants are displayed in Fig. 3.5a since
modes from the other two quadrants can be resolved on the next coarser mesh.
The residual eigenvalues are now effectively clustered away from the origin for all
families.

The schematic of Fig. 3.5b demonstrates that the combination of block-Jacobi
preconditioning and J-coarsened multigrid accounts for the damping of all error
modes inside highly stretched boundary layer cells. This result holds even for the
perfectly aligned flow of Case NS1 as long as the Mach number does not vanish. The
requirement on Mach number emphasizes the point that the methods developed in
this paper are not intended for preconditioning in the limit of incompressibility. For
typical viscous meshes, the Mach number remains sufficiently large, even in the cells
near the wall, that the tip of the vorticity footprint remains distinguishable from
the origin as in Fig. 3.3a. For most boundary layer cells, the Mach number is large
enough that even the vorticity footprint is clustered well away from the origin as

in Fig. 3.5a. The interaction between the preconditioner and multigrid algorithm
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is critical, since the preconditioner is chiefly responsible for damping the convective
modes and the coarsening strategy is essential to damping the acoustic modes.

The use of a low-Mach number preconditioner within the block-Jacobi construc-
tion [74, 47], previously described in an inviscid context on p. 25, could potentially
prove most beneficial for viscous applications, where large regions of low-subsonic
flow exist near the wall even for transonic calculations. On the basis of the analysis
presented above, it appears that this modification to the present approach would
be particularly attractive if improved damping and propagative clustering of the
convective vorticity family could be demonstrated for the case of large cell aspect
ratios. This possibility is not explored further in the present work but should be
considered as a subject for future investigation.

Cost bounds for full and J-coarsened cycles are presented in Table 3.3, where
N is the cost of relaxation on the fine mesh and K is the number of multigrid
levels. The cost of J-coarsened multigrid is independent of the number of dimensions
since coarsening is performed in only one direction. For a V-cycle, the cost of

J-coarsening is 80% more than full coarsening in two dimensions and 133% more in
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2D || Full J 3D || Full J
V || 3N | 3N V || 2N | 3N
W% 2N | KN W% %N KN
3.3a 2D multigrid cost bounds. 3.3b 3D multigrid cost bounds.

Table 3.3 Cost comparisons for V and W-cycles using full and J-coarsened multigrid.

three dimensions. Use of a J-coarsened W-cycle is inadvisable since the cost depends
on the number of multigrid levels. While there is a significant overhead associated
with using J-coarsened vs. full coarsened multigrid, subsequent demonstrations will
show that the penalty is well worthwhile for turbulent Navier—Stokes calculations.

The implementation of J-coarsening for structured grid applications is straight-
forward for single block codes but potentially problematic for multi-block solvers.
Coarsening directions will not necessarily coincide in all blocks so that cell mis-
matches would be produced at the block interfaces on the coarse meshes. This
problem can be avoided if an implementation is developed in which hanging nodes
are permitted so that local coarsening directions can be specified independently for
each block, or even locally within each block [25]. The difficulty of mismatches on
the coarse meshes can also be circumvented by the overset grid approach in which
interpolation is performed between the overlapping blocks [8].

Since the J-coarsened approach is only beneficial inside the boundary layer, those
blocks in the inviscid region of the flow should employ a full coarsened strategy, while
continuing to use the block-Jacobi preconditioner for improved eigenvalue clustering
[59, 60]. Assuming that half the mesh cells are located in blocks outside the boundary
layer, this has the effect of decreasing the cost of the multigrid cycle to the average
of the full and J-coarsened bounds.

Although the J-coarsened approach is described in the present work using struc-
tured mesh terminology, the method also fits very naturally into unstructured grid
applications. In this case, it is no longer necessary to specify a global coarsening
direction since edge collapsing [16, 17], agglomeration [66, 48] or graph-based overset

meshing [47] procedures can be employed to provide directional coarsening across
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the boundary layer and full coarsening in the inviscid regions.

3.2.6 Extension to Three Dimensions

In three dimensions, the situation is complicated by the addition of one more con-
vective vorticity family and one more space dimension in which error modes for all
five modal families must be efficiently damped. It is not possible to obtain ana-
lytic asymptotic results for the three-dimensional preconditioned Fourier footprints,
since determination of the eigenvalues requires solution of a quintic equation®. Side-
stepping this intractability, it is still possible to proceed in assessing the performance
of the two proposed methods by assuming the worst case scenario: that none of the
preconditioned footprints are asymptotically dependent on 6,. This is true for the
cases previously examined if Az = O(Az) and the flow is aligned with the z direc-
tion.

In three dimensions, a complete multigrid damping schematic must display infor-
mation for all eight Fourier octants. This is most easily accomplished by displaying
two slices through Fourier space, one for low values of the third Fourier angle and
one for high values. One possibility is to take the slices for low and high values of 0,.
Assuming that there is no coupling in the z direction, these two slices would each be
identical to the two-dimensional schematic of Fig. 3.5. In other words, the perfor-
mance of the scheme is unchanged by the addition of a third coordinate direction.
To see why this is the case, it is illuminating to display slices for low and high values
of 6, so that the interaction between the z direction and the direction of coarsening
is exposed. Fig. 3.6 illustrates that the behavior for all acoustic modes is identical
to the two-dimensional case. The principal development in three dimensions is that
the preconditioner no longer ensures that all convective modes are damped since the
convective eigenvalues for the L,L,H, octant are assumed not to be dependent on
f,. However, using a J-coarsened strategy, these modes are transferred to a coarser

mesh where they become L, H,H, modes that can then be effectively damped. The

*Abel proved in 1824 that the method of radicals, which can be employed to find the roots of
equations of degree < 4, cannot be extended to the solution of quintics [69].
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Figure 3.6 Implications for the performance of J-coarsened multigrid with block-Jacobi matrix

preconditioning in three dimensions.

coarsening strategy therefore assumes the extra responsibility of eliminating some
of the convective modes in addition to the normal role of eliminating all the acoustic
modes with a low frequency component in 6,,.

Although the use of J-coarsened multigrid avoids the excessively high cost of
using a complete semi-coarsening algorithm, the cost of a J-coarsened V-cycle is
still more than double the cost of full coarsening for three-dimensional applications.
Therefore, it may prove worthwhile to consider a rival combination of preconditioner
and coarsening strategy that strikes a moderately different balance between cost,
storage and scalability demands. Asymptotic analysis indicates that the combina-
tion of a J-Jacobi preconditioner that is line-implicit in the direction normal to the
wall, together with an IJ-coarsened multigrid strategy that coarsens in both the
normal direction and predominate streamwise direction, will also provide effective
damping of all error modes inside the boundary layer [61]. Subsequent investiga-
tions may even demonstrate that this assessment is overly conservative and that full
coarsened multigrid may be employed with impunity. In either case, this scheme has
the advantage that the beneficial multigrid cost bounds are substantially recovered.

The use of an implicit preconditioner in only one mesh direction need not inhibit the
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parallel efficiency of the method since the approach is only appropriate inside the
boundary layer and can therefore be applied in only those blocks adjacent to the wall.
These improvements are obtained at the cost of increased storage requirements and
an increased cost of relaxation. This method has not yet been thoroughly explored
but details of the analysis motivating the approach can be found in Ref. [61].
Using a hybrid approach, in which line-implicit preconditioning is combined with
directional coarsening normal to the wall, Mavriplis [47] has recently demonstrated
good convergence rates for turbulent Navier-Stokes calculations on unstructured
grids. Rather than opting for a full coarsened strategy, the improved low frequency
damping properties of the line-implicit preconditioner are exploited by increasing
the ratio of the directional coarsening procedure from 2:1 to 4:1 so that desirable

multigrid cost bounds can once again be attained for both V and W-cycles.

3.3 Results

This section will demonstrate the acceleration provided by the proposed precondi-
tioned multigrid method of block-Jacobi preconditioning and J-coarsened multigrid
(new) in comparison to the standard approach of scalar preconditioning and full
coarsened multigrid (standard) for two and three-dimensional turbulent Navier—
Stokes calculations on highly stretched meshes.

Two-dimensional calculations were performed using a flow solver developed for
the present work and three-dimensional calculations were performed with the solver
FLO107 written by Jameson and Martinelli [34]. This code was modified by the
author to include matrix preconditioning and J-coarsening as well as to operate
on parallel platforms. Full documentation of the two-dimensional implementation
is provided in Appendices B-E and details are provided whenever the extension
to three dimensions is not straightforward. The discretization of the inviscid por-
tion of the algorithm is identical to that used for the Euler solver, as described
briefly in Section 2.3. In discretizing the viscous terms, it is critical to use a com-

pact formulation that does not admit odd/even oscillatory modes, as these modes
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can significantly impede convergence. In two dimensions, this is accomplished by
evaluating the gradients for the stress components using auxiliary control volumes
centered on the cell faces [45]. In three dimensions, each cell is associated with three
faces but only one vertex, so it is more economical to evaluate the gradients and
stress components at the vertices and then average to the cell faces before computing
the viscous flux balance. This implementation produces a large stencil which admits
odd/even spurious modes, but the discretization can be approximately converted to
the compact stencil of the face-centered approach by applying a correction stencil
to the velocity gradients computed at the vertices [33, 43, 61].

For turbulent Navier—Stokes calculations, solutions are computed on a sequence
of fine meshes using either full or J-coarsened V-cycles on each mesh. A single
Runge-Kutta time step is computed at each level when moving both up and down
the multigrid cycle. Again the switched formulation of the numerical dissipation is
used on the fine meshes and a first order version is used on all coarser meshes. In
viscous calculations, the principal role of the entropy fix in the matrix preconditioner
is to bound the hyperbolic contribution to the time step near the wall. For high
aspect ratio cells, the van Leer entropy fix used in the numerical dissipation does not
sufficiently limit the time step to provide robustness [76] so a more severe Harten
entropy fix [24] is employed.

Both the algebraic Baldwin-Lomax (BL) turbulence model [6] and the one-
equation Spalart-Allmaras (SA) turbulence model [68] are implemented. The tur-
bulent transport equation for the SA model is solved using a first order spatial
discretization and 5-stage Runge-Kutta time integration with implicit treatment of
the source terms within the same multigrid algorithm as used for the flow equations.
Precautions must be taken to ensure that neither the time integration procedure nor
the coarse grid corrections introduce negative turbulent viscosity values into the flow
field. Even so, it is sometimes necessary to freeze the turbulent viscosity after a cer-
tain initial level of convergence has been achieved, to prevent the turbulence models
from adversely affecting the convergence of the flow equations. For the convergence

comparisons that follow, the plotted residuals represent the r.m.s. change in density
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or turbulent viscosity (normalized in each case by the corresponding initial resid-
ual) during one application of the time-stepping scheme on the finest mesh in the

multigrid cycle.

3.3.1 Two Dimensions

The two-dimensional turbulent Navier—Stokes test cases used for the present work
are defined in Table 3.4 and correspond to RAE2822 AGARD Cases 6 and 9 [14]. Ini-
tial (10° — 10~*) and asymptotic (10~* — 10~®8) convergence information for these
calculations is provided in Table 3.5. All but one of these calculations converged
smoothly to machine accuracy without having to freeze the turbulent viscosity. The
only exception was for AGARD Case 9 using the SA turbulence model and the
standard preconditioned multigrid method, when the turbulence field was frozen
after the density had converged by four orders of magnitude. These calculations
were performed on a 288x64 C-mesh with 224 cells on the surface of the airfoil as
shown in Fig. 3.7. The maximum cell aspect ratio on the airfoil surface is 2500 and
the average and maximum y* values at the first cell height are about one and two,
respectively.

Results for RAE2822 AGARD Case 6 using both the Spalart—Allmaras [68] and
Baldwin-Lomax [6] turbulence models are shown in Figs 3.8 and 3.9. The computed
pressure distributions compare well with the experimental results [14] as shown
in Fig. 3.8a. The Spalart—Allmaras turbulence model produces a shock location
somewhat forward of the experimental location as has been previously observed
[68].

Convergence histories of the density and turbulent viscosity residuals using the
SA model are shown in Fig. 3.8b for both the new approach of block-Jacobi precon-
ditioning with J-coarsened multigrid and the standard approach of scalar precon-
ditioning with full coarsened multigrid. Using the new approach, both quantities
converge to machine accuracy in under 500 cycles, while the standard approach
converges rapidly at first and then experiences the widely observed degradation in

convergence after about three orders, eventually reaching machine accuracy after
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Test || Geometry | M o Rej, Mesh | ARpax | v

Yave /max

NS1 || RAE2822 | 0.725 | 2.40° | 6.5x10° || 288x64 | 2500 |1.02/2.12
NS2 || RAE2822 | 0.730 | 2.79° | 6.5x10° || 288x64 | 2500 |0.97/1.83

Table 3.4 Two-dimensional turbulent Navier—Stokes test case definitions: airfoil, free stream Mach
number, angle of attack, Reynolds number, mesh dimensions, maximum cell aspect ratio at the wall,

average and maximum y™ at the first cell height.

about 35,000 cycles. From Table 3.5 it is evident that the new approach converges
four orders of magnitude in 113 cycles at a rate of .9205 while the standard approach
requires 2212 cycles at a rate .9958, yielding computational savings of 10.49 in initial
convergence. The standard scheme then requires an additional 13,109 cycles to con-
verge the next four orders while the new approach requires only 163, corresponding
to a computational speed-up of 42.93 in asymptotic performance.

To demonstrate the individual roles that the preconditioners and coarsening
strategies play in determining convergence properties, residual histories generated
using the Baldwin-Lomax turbulence model for the same AGARD Case 6 test case
are shown for all four combinations of preconditioner and coarsening strategy in
Fig. 3.9a. These schemes are designated P\MGj, PsMGj, PMMGgy and PsMGgy,
where the first and last combinations correspond to the schemes otherwise referred to
as “new” and “standard”. First, it is worth mentioning that over-plotting the results
for the new and standard schemes with the previously described results obtained
using the SA turbulence model reveals that the convergence histories are virtually
identical all the way to machine accuracy. This demonstrates that the solution of
the one-equation SA turbulence model can be obtained using multigrid without any
negative effects on the convergence of the flow equations [60, 58].

Returning to the discussion of the four combinations of preconditioners and
coarsening strategies, it is evident from Fig. 3.9a that in comparison to the scalar
preconditioner, the block-Jacobi matrix preconditioner has the effect of improving
both the initial and asymptotic convergence rates using either coarsening strategy,

but does not influence the shape of the convergence history. In particular, the re-
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Turb Cycles Rate CPU Time (s) Cost

et Model || Standard | New || Standard | New || Standard | New || Ratio

SA 2212 | 113 19958 29205 || 17,747.1|1692.4 || 10.49

& o BL 2262 | 114 29959 |.9208 || 13,310.3|1234.0 || 10.79
E SA 2273 | 110 29960 | .9196 || 18,150.8|1640.9 || 11.06
N2 BL 2467 | 111 19963 9175 14,576.6 | 1202.3 || 12.12

} SA 13,109 | 163 29993 | .9456 || 104,086.0 | 2424.3 || 42.93
.:5 ! BL 12,508 | 162 29993 | 9455 || 73,606.6 | 1747.2 || 42.13
§ SA 13,827 | 174 29993 | .94851| 110,164.3 | 2576.1 || 42.76
= |2 BL 17,190 | 161 29995 | .9463 || 101,553.9 | 1737.4 || 58.45

Table 3.5 Two-dimensional turbulent Navier-Stokes results: Initial (10°—10"*) and asymptotic
(107*—=10""®) convergence comparisons for scalar preconditioning with full coarsened multigrid
(standard) vs. block-Jacobi preconditioning with J-coarsened multigrid (new). Categories represent

multigrid cycles, convergence rate per cycle, CPU time* and CPU speed-up.

sults using the matrix preconditioner and full coarsened multigrid (PyfMGpyy) still
exhibit a significant degradation in convergence at around three orders of magni-
tude. On the other hand, the dominant effect of J-coarsening in comparison to the
standard full coarsened strategy is to change the shape of the convergence history by
dramatically improving the asymptotic convergence rate using either preconditioner
so that the “elbow” at three orders of magnitude is eliminated. = These results
suggest that for turbulent Navier—Stokes calculations on highly stretched meshes,
the initial convergence is limited by the convective modes, while the asymptotic
convergence is limited by the acoustic modes. Re-examining Fig. 3.9a, it is evident
that J-coarsening actually has no effect on the initial convergence using the scalar
preconditioner since the convective error modes are still dominant. On the other
hand, when employing the matrix preconditioner, the convective modes are being
effectively damped so the acoustic modes become significant even in the initial stages
of convergence and J-coarsening yields improvements throughout the convergence

process.

*CPU time for an IBM RS6000/590 processor.
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Figure 3.7 288x64 C-mesh for the RAE2822 Airfoil.

When comparing these four schemes, it is important to take into account the
actual computational expense of each type of preconditioned multigrid cycle. For
this purpose, the entire convergence histories for the four calculations are plotted
as a function of CPU time in Fig. 3.9b. To reach a residual level of 1074, the new
approach (PyMGy) requires 114 cycles and 1234.0 s, while the standard approach
(PsMGgyn) requires 2262 cycles and 13,310.3 s. The intermediate scheme using
scalar preconditioning and J-coarsened multigrid (PsMGj) requires 589 cycles and
5664.2 s while the other intermediate scheme using matrix preconditioning and full
coarsened multigrid (PyMGpy) requires 723 cycles and 4763.8 s. Although the
first of the intermediate schemes requires fewer multigrid cycles than the second,
the lower cost per cycle makes the second intermediate approach more efficient at
the level of engineering accuracy. Compared to the standard method, the CPU
speed-up using this second intermediate scheme is a factor of 2.79 in initial conver-
gence, which is roughly the same degree of acceleration observed using the identical
approach for the Euler equations. For situations in which it is infeasible to imple-

ment J-coarsening, it is therefore still beneficial to adopt the matrix preconditioner
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when using full coarsened multigrid due to the substantial improvement in initial
convergence rate. The use of J-coarsening in conjunction with the matrix precon-
ditioner then yields further savings of a factor of 3.86 for a total savings over the
standard approach of 10.79.

Results for RAE2822 AGARD Case 9 are shown for the new and standard
schemes in Fig. 3.10 for both the SA and BL turbulence models. As before, the
BL model predicts a stronger shock somewhat aft of that predicted by the SA tur-
bulence model, though in this case the SA result is in better agreement with the
experimental measurements [14]. Using the SA turbulence model, the shock induces
a very small region of separation measuring roughly 0.5% of chord while the stronger
shock predicted by the BL model produces a separation bubble that measures about
5% of chord. From Fig. 3.10b it is evident that the new and standard schemes con-
verge at rates similar to those observed for Case 6. Once again, the new approach
yields convergence to machine accuracy in just under 500 cycles while the standard
approach exhibits the usual degradation in convergence after about three orders of
magnitude. The computational savings at a residual level of 10~% are 11.06 and
12.12 using the SA and BL turbulence models, respectively. The CPU speed-up for
asymptotic performance is 42.76 using the SA turbulence model, which is nearly
identical to the results for Case 6. The asymptotic convergence rate of the standard
scheme is somewhat slower using the BL. model, increasing the asymptotic speed-up

to 58.45.

3.3.2 Three Dimensions

To compare the performance of the new and standard approaches for three-dimensional
turbulent Navier—Stokes computations, a series of test cases are chosen to system-

atically introduce the influence of the third coordinate direction into the flow:
e straight wing with spanwise periodicity,
e swept wing with spanwise periodicity,

e twisted wing with spanwise periodicity,
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Wing Section | AR | SW |TW Mesh My | @ Rey, Span b.c.

Straight || RAE2822| 4.0 | 0.0° | 0.0° | 288x64x16 || 0.725 | 2.4° | 6.5x10° || Periodicity
Swept RAE2822 | 4.0 | 30.0° | 0.0° | 288x64x16 || 0.800 | 2.8° | 6.5x10° || Periodicity
Twisted || RAE2822 | 4.0 | 0.0° | 2.0° | 288x64x16 || 0.725 | 3.4° | 6.5x10° || Periodicity
Fully-3D || RAE2822 | 8.0 | 30.0° | 3.5° | 288x64x16 || 0.800 | 4.0° | 6.5x 105 || Symmetry

Table 3.6 Three-dimensional turbulent Navier—Stokes test case definitions: wing name, airfoil
section, aspect ratio, sweep, twist, mesh dimensions, free stream Mach number, angle of attack,

Reynolds number, and type of boundary condition in the spanwise direction.
e fully-3D swept twisted wing with symmetry planes at the root and tip.

The RAE2822 airfoil section is used to construct all test cases and the details of
the geometry and flow conditions for each case are provided in Table 3.6. The first
case is essentially a two-dimensional flow corresponding to AGARD Case 6 [14] and
provides an opportunity for direct comparison with the two-dimensional flow solver
[60, 58]. The second case introduces a constant spanwise velocity into the flow and
the third case introduces a periodically varying spanwise velocity into the flow. The
final case provides a fully three-dimensional wing flow. Symmetry planes are placed
at both the root and tip sections to avoid the issue of mesh singularities emanating
from the wing tip. This geometry therefore resembles a wind tunnel model with end
plates. For each of the test geometries, the flow conditions were modified so as to
produce a pressure distribution with a shock strength resembling that of Case 6.

Initial (10° — 10~*) and asymptotic (10~* — 10~8) convergence information for
all the test cases is provided in various useful forms in Table 3.7 . The asymptotic
rate of the standard approach is too slow to permit convergence of the solution
to a residual level of 1078, so the asymptotic rates for this approach are extrap-
olated based on the convergence during the first 500 cycles after 10~ has been
reached. This estimate is generous since some degradation in the asymptotic con-
vergence rate continues to occur beyond this point in the convergence history. For
three-dimensional calculations, the turbulent viscosity was generally frozen after the

density had converged by four orders of magnitude, although in a few cases it was
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Turb Cycles Rate WC Time (s) || Cost
Wing )
Model || Standard | New || Standard | New || Standard | New || Ratio
SA 2120 | 109 9957 | 9187 44,188 | 5000|| 8.84
Straight
BL 1935 | 113 9953 | .9213 24,407 | 3257 | 7.49
:..g Swept BL 1855 | 113 9950 |.9190 23,409 |3340| 7.01
=
Twisted SA 2113 | 124 9957 | .9268 46,362 | 5672 || 8.17
Fully-3D | BL 5579 | 131 9984 | .9321 54,559 | 2904 | 18.79
SA 9013 | 199 9990 |.9548 || 186,780 | 9185 | 20.34
Straight
o BL 8386 | 191 9989 [ .9528 || 104,200 | 5450 | 19.12
S
é Swept BL 6572 | 196 9986 | .9554 82,693 | 5605 || 14.75
5 Twisted SA 9555 | 207 9990 | .9568 || 198,160 | 9436 || 21.00
Fully-3D | BL 27,100 | 213 9997 | .9575 | 266,710 | 4685 || 56.93

Table 3.7 Three-dimensional turbulent Navier-Stokes results: Initial (10°—10"*) and asymptotic
(10~*—107%) convergence comparisons for scalar preconditioning with full coarsened multigrid
(standard) vs. block-Jacobi preconditioning with J-coarsened multigrid (new): multigrid cycles,
convergence rate per cycle, wall clock time”, wall clock time speed-up. Asymptotic convergence
information for the standard method is extrapolated based on the first 500 cycles after reaching
107"

necessary to freeze the turbulence field after only three orders.

Straight Wing

The initial convergence rates for the density and turbulent viscosity using the
Spalart—Allmaras turbulence model are displayed in Fig. 3.11a. The convergence
histories of the two quantities are identical using the new approach and the turbu-
lent viscosity converges somewhat faster than the flow equations using the standard
approach. As summarized in Table 3.7, the density residual requires 109 cycles at a
rate of .9187 per cycle to reach four orders of magnitude using the new method while
the standard approach requires 2120 cycles at a rate of .9957 to reach the same level
of convergence. Since each multigrid cycle is more than twice as expensive using the

new approach, it is important to take into consideration the actual computational

*Wall clock time for an IBM SP2 with RS6000/590 nodes and a high performance switch.
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effort involved in each of these calculations. To ensure that the communication costs
of the parallel implementation are accounted for, all cost comparisons are made on
the basis of wall clock time. A wall clock time cost comparison is shown for the
present calculations in Fig. 3.11b. The new approach yields savings of a factor of
8.84 in reaching a residual level of 10™* and a factor of 20.34 in asymptotic perfor-
mance.

The convergence rate of the new approach using the 3D code is compared to the
convergence history on the same mesh using the 2D code in Fig. 3.12a. These calcu-
lations were performed with both Spalart—Allmaras and Baldwin—Lomax turbulence
models to demonstrate that the new approach is insensitive to the choice of turbu-
lence model. The initial convergence of the 2D and 3D codes is nearly identical, with
the 2D code eventually converging to machine accuracy in about 450 cycles and the
3D code requiring about 500 cycles. This slight decrease in asymptotic convergence
for the 3D implementation results from freezing the turbulent viscosity after four
orders of magnitude in order to prevent the turbulence models from interfering even
more substantially with the convergence process. The corresponding solutions are
displayed in Fig. 3.12b, where the two implementations of the SA model yield al-
most identical results, while the two BL implementations produce slightly different
shock locations that are both in better agreement with the experimental location
[14]. The computational savings of the new approach are slightly less when using
the Baldwin-Lomax turbulence model for this test case, yielding a factor of 7.49 in

initial convergence and 19.12 in asymptotic convergence.

Swept Wing

The convergence histories for a periodically swept wing with constant spanwise
velocity are shown in Fig. 3.13. Both the Mach number and angle of attack were
increased for this flow, as the spanwise relief would otherwise eliminate the shock on
the upper surface. Using the Baldwin-Lomax turbulence model, the new approach
converges four orders of magnitude in 113 cycles at a rate of .9190 and the standard

approach requires 1855 cycles at a rate of .9950, corresponding to computational
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savings of 7.01 in initial convergence and 14.75 in asymptotic rate. As in the case of
the straight wing with two-dimensional flow, the new method converges to machine

accuracy in about 500 cycles.

Twisted Wing

Convergence results for the periodically twisted wing are shown in Fig. 3.14 for a
calculation employing the Spalart—Allmaras turbulence model. The twist produces
incidence angles ranging between +1° of the standard AGARD Case 6 value of
2.4°. For the case of non-uniform spanwise velocity, the new approach now requires
124 multigrid cycles to reach four orders of magnitude compared to 2113 using
the standard approach, which represents a computational savings of 8.17. The
computational savings in terms of asymptotic convergence rate are now a factor of
21.00. The number of cycles required for the new approach to converge to machine

accuracy increases slightly to about 550.

Fully-3D Wing

This geometry was constructed using a swept planform with constant chord and a
linear twist distribution along the span. The pressure distributions at six stations
along the wing are shown in Fig. 3.15. The presence of the end plate at the tip does
not substantially alter the flow field over the majority of the wing, as is evident from
the typical root and central pressure distributions. However, the plate does have a
significant effect on the flow near the tip, where the lack of three-dimensional relief
tends to introduce a very strong shock. The choice of the maximum twist angle was
therefore largely governed by the desire to keep the tip flow from separating. Note
that the small wiggles in the pressure distribution are not numerical oscillations but
rather the effect of imperfections in the measured experimental coordinates of the
original RAE2822 test section [14].

The convergence results for the new and standard methods are displayed in terms
of multigrid cycles and wall clock time in Figs 3.16a and 3.16b. The introduction of

full three-dimensionality into the flow field has very little effect upon the convergence
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rate of the new approach. Four orders of convergence are achieved in 131 cycles at a
rate of .9321 and the next four orders require only an additional 213 cycles at a rate of
.9575. As in the case of periodic twist, the solution converges to machine accuracy in
about 550 cycles. The convergence of the standard approach is substantially slower
than for the previous cases, requiring 5579 cycles to reach four orders at a rate
of .9984 and an extrapolated requirement of 27,100 additional cycles to converge
the next four orders. The new approach therefore provides computational savings
in terms of wall clock time of 18.79 in initial convergence and 56.93 in asymptotic
convergence.

It remains to extend the method to treat exposed wing tips and other com-
plex configurations which introduce mesh singularities that do not fall within the
assumptions of the theoretical analysis used to motivate this approach. Extensive
testing has not yet been performed for wings with exposed tips, but preliminary
studies suggest that the void produced at the wing tip using a C-H topology does

reduce the robustness of the approach.
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3.8b Convergence comparison using the SA model.

Figure 3.8 Test NS1: Solution and convergence comparisons.
RAE2822 AGARD Case 6. Mo, = 0.725,a = 2.4, Re = 6.5x10°%, 288x64 C-mesh.
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3.9b CPU cost comparison using the BL. model.

Figure 3.9 Test NS1: Convergence and cost comparisons.
RAE2822 AGARD Case 6. Mo, = 0.725,a = 2.4, Re = 6.5x10°%, 288x64 C-mesh.
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3.10b Convergence comparison using the SA and BL models.

Figure 3.10 Test NS2: Solution and convergence comparisons.
RAE2822 AGARD Case9. My = 0.73,a = 2.79, Re = 6.5x10°, 288x64 C-mesh.
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Figure 3.12 Straight Wing: Comparison of the 2D and 3D codes using the SA and BL models.
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Figure 3.13 Swept Wing: Convergence comparison using the BL model.
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Figure 3.14 Twisted Wing: Convergence comparison using the SA model.
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Chapter 4

Conclusions

Efficient preconditioned multigrid methods have been proposed, analyzed and im-
plemented for both inviscid and viscous flow applications. The standard scheme
currently in widespread use employs a scalar preconditioner (local time step) with
full coarsened multigrid. This approach works relatively well for Euler calculations
but is less effective for turbulent Navier—Stokes calculations as a result of the dis-
crete stiffness and directional decoupling introduced by the highly stretched cells in
the boundary layer.

For Euler calculations on moderately stretched meshes, numerical studies of the
preconditioned Fourier footprints demonstrate that a block-Jacobi matrix precon-
ditioner substantially improves the damping and propagative efficiency of Runge-
Kutta time-stepping schemes for use with full coarsened multigrid. In comparison
to the standard method, the computational savings using this approach are roughly
a factor of three for convergence to engineering accuracy and between a factor of
three and five for asymptotic convergence.

For turbulent Navier—Stokes flows, a new scheme based on block-Jacobi precon-
ditioning and J-coarsened multigrid is shown to provide effective damping of all
error modes inside the boundary layer. Analytic expressions for the preconditioned
Fourier footprints inside an asymptotically stretched boundary layer cell reveal that
the balance between streamwise convection and normal diffusion enables the pre-

conditioner to damp all convective modes. Adoption of a J-coarsened strategy, in
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which coarsening is performed only in the direction normal to the wall, then ensures
that all acoustic modes are damped. The new scheme provides rapid and robust
convergence to machine accuracy for turbulent Navier—Stokes calculations in both
two and three dimensions. The computational savings relative to the standard ap-
proach are roughly an order of magnitude for engineering accuracy and much larger
in terms of asymptotic performance. The analysis and computational results indi-
cate that the initial convergence of the standard approach is primarily limited by
convective error modes while the notoriously poor asymptotic performance of the
method results principally from acoustic pressure modes that are uniform across the
boundary layer and rapidly varying in the streamwise direction.

Substantial further work will be necessary before the new preconditioned multi-
grid method can be incorporated in production flow solvers for complex configura-
tions. The first priority is the demonstration of robust convergence in the presence
of topological mesh singularities such as those produced at the wing tip of a sin-
gle block mesh. For applicability to calculations involving complex configurations,
additional work will be required to develop a flexible multi-block implementation
that allows local coarsening directions in each block. Alternatively, the method can
be implemented in the context of unstructured grids. To improve the damping and
propagation of error modes at low Mach numbers, the advantages of incorporating a
low-Mach number preconditioner into the numerical dissipation and hence into the
block-Jacobi preconditioner should be further explored. Additional research is also
required into the possibility of using a line-implicit preconditioner either in lieu of,

or possibly in conjunction with, directional coarsening.
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Appendix A

Damping and Propagative

Mechanisms

Transient errors in the discrete solution are eliminated by a combination of damping
and propagation produced by the interaction between the spatial and temporal
discretization operators. To facilitate the examination of these properties for errors
arising locally in the flow domain, it is useful to view each disturbance as a discrete
wave packet of the type shown in Fig. A.1, where the amplitude of the oscillating
error is nonzero in only a small region of the domain. The wave number is assumed
to be uniform within each packet so that a given disturbance represents only a single
slice of the spatial Fourier spectrum. The packet is eliminated either by damping
the amplitude to zero or by propagation out of the computational domain.

In general, the crests within the packet travel with a phase velocity ¢ that differs
in magnitude (and possibly direction) from the group velocity ¢, at which the packet
itself travels. As a result, new oscillations will continuously arise and disappear
at opposite ends of the packet as it propagates through the domain. From the
point of view of error expulsion, the motion of these individual crests within the
packet provides no benefit. Rather, it is the motion of the packet itself that is of
interest. Consequently, the relevant quantity for examining propagative effectiveness
is the group velocity associated with a given error disturbance. The corresponding

measure of damping effectiveness is the the amplification factor, y, which represents

7
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Discrete Wave Packet

Wave Amplitude

| | | | | | |
0 5 10 15 20 25 30 35 40
Mesh Index

Figure A.1 Discrete wave packet model for a local error with uniform wave number.

the reduction in the packet amplitude from one time level to the next.

A.1 Analytic Properties

To examine the structure of the damping and propagative mechanisms, it is conve-
nient to consider the behavior of solutions to a scalar convection—diffusion equation

defined by the linear differential operator,

ou ou 0%u,

L) =5 + % ~Von

=0. (A.1)
The analytic solutions are damped sinusoids of the form
u = uge PlelkT—w) (A.2)

where ¢ is the damping parameter, k is the wave number and w is the frequency.

Substituting (A.2) into (A.1) produces the damping and dispersion relationships

Re[L(u)] =0 = ¢ =vk?
(A.3)

Im[L(u)] =0 = w=adk.

The amplification factor describing the reduction in amplitude of the wave per unit

time is then defined by
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and the phase velocity at which the wave crests travel is defined by

The analytic solution is therefore non-dispersive since the phase velocity is indepen-
dent of the wave number. For a wave packet produced by a linear combination of
waves of differing wave number, Lighthill [41] has shown that the analytic group

velocity is given by
_ 0w

= o (A4)

Cyg

For wave packets composed of non-dispersive analytic solutions of the form (A.2),

the group velocity is thus equal to the phase velocity.

A.2 Discrete Properties

As a discrete approximation to (A.1), consider the general linear homogeneous finite
difference equation

Lu? =0, (A.5)

where ¢ is the mesh index, n is the time level, and the discretization operator L has

the form

L= CupSmazSpt.

m,p

Here, Cy,, are the coefficients of the difference stencil and the spatial and temporal

shift operators are defined by Sp,u? = u?,,, and Spu? = u]*? [21]. To examine
the evolution of a discrete wave packet governed by this difference equation, the
solution is written as the product of a damped sinusoid and an amplitude that is a

function of both space and time
ul = A(i,n)e "0 0, (A.6)

where A is the amplitude, ¢ is the damping parameter,  is the wave number and 2

is the frequency*. Following immediately from this representation, the amplification

*The main body of the dissertation deals exclusively with a semi-discrete representation so
there is little call to use the word “frequency” in a temporal sense. It is therefore conveniently
appropriated and used to refer to spatial variation in accordance with common usage (e.g. “high
frequency modes”).
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factor describing the reduction in magnitude during each time step is given by

x=e?,

and the phase velocity at which the wave crests travel may be expressed as

The appropriate definition for the discrete group velocity is not readily apparent
and requires some further observations.

Following the approach of Giles and Thompkins [21], the amplitude is assumed to
be slowly varying in both space and time so that A may be accurately represented
within the discretization stencil using a first order Taylor series approximation.

Substitution of (A.6) into (A.5) then produces

o N 0A 0A
n ~ ,—n¢ _i(i0—n — i(mO—pQ . _
LU=~ e il )mZpC’mpe P gi(m0—pS2) Al,n—l—p%—l-mg = 0.
This expression requires that the amplitude satisfies
0A 0A
aO(¢7979)A+al(¢707 Q)_ +02(¢7979)_- = 07 (A7)
on 01
where
ao($,0,92) = Y Cpe P07,
m,p
80,0
a ¢7 07 Q = v )
1( ) 9% |,
80,0
Q) = —1— .
0’2(¢7 07 ) t 90 0

The coefficient ag(¢p,8,) represents the substitution of a damped sinusoid into
the discretization stencil, so that by analogy with (A.3), the discrete damping and

dispersion relationships are found by equating the real and imaginary parts to zero

Re[a0(¢a 0, Q)] =0 = ¢= ¢(9)a

Tmlao(¢,0,Q2)] =0 = Q=Q(8).

(A.8)

The remaining terms of (A.7) may then be written in the form

0A 0A
% + (ag/al)g =0,
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where the group velocity at which the packet amplitude propagates is defined by
cq = Relaz/a1].

This expression for the group velocity may be evaluated by differentiating ag with

respect to 0

Oao| 0, Do dag| - 0% _
99 |90 00 99 o4 O |49 00 N
and noting that
Oao|  _ _; 9%
99 lp.0 O g0
to yield
az _ 090 0¢
al N 89 60

The group velocity for the propagation of a discrete wave packet is therefore given

by
)
00’

Cg:

which is analogous to the analytic expression (A.4).

A.3 Semi-discrete Interpretation

Having determined general expressions for the amplification factor and phase and
group velocities in the fully-discrete case, it is now desirable to examine the behavior
of these quantities for semi-discrete schemes of the type being used in the present
work [36]. With a semi-discrete approach, the spatial approximation is performed
first and then the resulting o.d.e.’s are integrated in time. Applied to a scalar model

problem, the scheme appears as
Liyu + AtR(u) = 0, (A.9)

where L; is the Runge-Kutta operator, At is the time step and R is the spatial
residual operator.
The solution is once again represented in terms of damped sinusoids, but follow-

ing the semi-discrete paradigm, only the spatial variation is initially introduced so
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that the semi-discrete solution has the form

where 4(t) is an unspecified time-varying Fourier amplitude. Substituting this ex-

pression into (A.9) produces an evolution equation for
Lyu = AtZu, (A.10)
where 7 is the complex spatial Fourier operator
Z(6) = X(0) +1Y(0),

and the Fourier footprint is the scalar quantity AtZ.

Temporal integration of (A.10) then produces

a"v ! = p(ALZ)a" (A.11)

where 9 is also complex
b = U(X,Y,At) +iV (X, Y, At).

Specifying the time varying amplitude to have the form

a(t) = ule MO+
and substituting this expression into (A.11) then yields

e~ (1) — 4,

Taking the logarithm of both sides and equating the real and imaginary parts to
zero as for (A.8) then produces the discrete damping and dispersion relationships

corresponding to the spatial and temporal discretization operators R and L,

= _1n|¢|a

Q = —tan"!

ST

The amplification factor is then given by

x=e? =y = U+ V2 (A.12)



Appendiz A - Damping and Propagative Mechanisms 83

the phase velocity by
=—>- (A.13)
and the group velocity by

oUu 2%
09 Vo —USsg

T 00 U+ V2 (A.14)

Cyg

One noticeable difference between the damping and propagative quantities is that
the amplification factor || does not depend explicitly on 6 and is thus uniquely
defined at each locus in the complex plane. As a result, contours of the ampli-
fication factor can be evaluated for a given temporal operator L; independently
from the choice of spatial operator R. The damping effectiveness for a particular R
can then be determined by over-plotting the corresponding spatial Fourier footprint
AtZ. In this sense, the damping properties can be conveniently analyzed within
the context of a semi-discrete approach where the spatial and temporal discretiza-
tions are treated separately. On the other hand, the phase and group velocities
depend explicitly on # and must be evaluated for the combined spatial and tem-
poral discretization. Since group velocity contours for a given temporal operator
are not uniquely defined in the complex plane, it is impossible to deduce detailed
propagative information from the Fourier footprint. However, the next section will
demonstrate that footprints can still be used to deduce some important propagative

features of the combined discretization.

A.4 Evaluation for Runge-Kutta Schemes

Using order of magnitude arguments, the behavior of both the Runge-Kutta scheme
and the Fourier footprint can be determined near the origin in the complex plane
where the amplification factor is close to unity. For this purpose, consider a dis-
cretization of the convection—diffusion equation (A.1) with the diffusion coefficient

taken to be
la| Az
2 h)

Choosing ® = 1 corresponds to upwinding of a convection equation while setting

v=>a d>1.

® > 1 corresponds to more diffusive conditions typical of viscous flows. The spatial
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residual operator then takes the form

a a
AL 623@ - CI)Ldmca (A'15)

R= 2Az

so that the real and imaginary parts of the Fourier footprint are

X(0) = —@%(1 —cos ), Y (0) = _Aix sin,

and the time step is given by
At = ?M,
o Azx
where o is the Courant number. For Runge—Kutta schemes of the class defined
in Section B.4, the consistency requirements on the coefficients ensure that to first

order, the real and imaginary components of 1) are approximated near the origin by
U1+ AtX, V =~ AtY.

The portion of the Fourier footprint near the origin corresponds to small 6, so to
first order

AtX ~0, AtY ~ _%9,

and the discrete frequency is thus found to be

Vv
Q= —tan ' — ~

i 6.

il Q

The phase and group velocities are therefore approximately equivalent
(A.16)

indicating that the discretization is non-dispersive for modes that vary slowly in
space. Moreover, for these low wave number modes, the group velocity is approxi-
mately equal to the amplitude of the sinusoid that defines the imaginary component
in the Fourier footprint.

This information is useful because it provides a means of evaluating the group
velocity for those modes that are least efficiently damped simply by visual inspection
of the Fourier footprint. For example, Fig. A.2 depicts three different Fourier foot-

prints corresponding to various choices of ® and o for the spatial operator defined
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Fourier Footprints
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Figure A.2 Visual determination of the group velocity for errors with low wave number.

by (A.15). The stability region for the 5-stage Runge-Kutta scheme [45] used in
the present work is also included to provide a frame of reference. Without actually
knowing the analytic dependence of 2 on 6 for these combinations of R and L, it is
now possible to observe that the low wave number modes from the footprint forming
a large circular arc will be propagated quite well (¢, = 2.5) while those from the
other two footprints will be propagated equally poorly (¢, =~ 0.25).

To obtain detailed propagative information for every mode represented in the
Fourier footprint, it is necessary to resort to numerical evaluation of the group
velocity for specific choices of R and L;. As a relevant example, consider the spatial
operator (A.15) with ® = 1 (corresponding to upwinding of a convection equation)
and the same 5-stage Runge-Kutta time integration scheme. After much tedious
manipulation, it is possible to obtain analytic expressions for U, V, %—g and %—‘0/ and
hence to form expressions for 1, ¢ and ¢, using equations (A.12) to (A.14). Sampling
these expressions numerically on the intervals (0 < 6§ < m) and (0 < o < 2.5) yields
the contours shown in Fig. A.3. In the complex plane, this sampling corresponds

to the Fourier footprint shown in Fig. A.4*, where for example, the arched line

corresponds to o = 2.5 for the range of # and the ray from the origin to the center

“For visual simplicity, the convention is adopted of plotting Fourier footprints with a reflected
imaginary component so that residual eigenvalues corresponding to a positive phase velocity fall in
the upper half-plane.
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of the arc corresponds to # = 7 for the range of o.

The amplification factor contours in Fig. A.3a provide an alternative viewpoint to
the more familiar complex plane representation of Fig. 2.1. For the reasons explained
in Section A.3, the phase and group velocities cannot be uniquely defined in the
complex plane, so they must instead be evaluated in the (0, 0) coordinate system.
The phase velocity contours in Fig. A.3b exhibit the expected linear behavior of
equation (A.16) for small values of # and vary smoothly elsewhere except at 6 = ,
where there are step discontinuities as U switches sign for V = 0. While the phase
velocity is non-negative everywhere, the group velocity produced by the discrete
method does become negative for certain modes, as shown in Fig. A.3c. As expected,
the group velocity is identical to the phase velocity for small values of 6. This can
be more clearly seen in Fig. A.5a, where slices of all three contour plots are shown
for 0 = {5. Tt is also interesting to slice the contour plots in the other direction
as displayed in Fig. A.5b for ¢ = 2.5. Here it is evident that disturbances with
wave number 6 ~ 7 will actually propagate with a group velocity significantly
larger than the Courant number, while errors with 6 = 5 will propagate very slowly
in the direction opposite to the physical convection velocity. Fortunately, as seen
from Fig. A.3c, this phenomenon occurs only for modes which have wave numbers

significantly larger than zero, and can therefore be damped effectively.
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A.3a Amplification factor contours.

A.3b Phase velocity contours.
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A.3c Group velocity contours.

Figure A.3 Contours describing the damping and propagation properties of the combined space-

time discretization.
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Fourier Footprint
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Figure A.4 Fourier footprint for which contours of damping and propagative quantities are shown
in Fig. A.3.
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Figure A.5 Variation in amplification factor, phase velocity and group velocity.




Appendix B

Discretization

This appendix provides a brief but complete description of the two-dimensional dis-
cretization implemented for the present work. Three-dimensional calculations were
performed using a modified version of the flow solver FLO107 written by Jameson
and Martinelli [34]. In most cases, the three-dimensional discretization is a straight-
forward extension of the two-dimensional case and details are not provided here.
The principal exception is the evaluation of the viscous fluxes, for which separate

expositions are provided in Section B.2.3.

B.1 Governing Equations

In Cartesian coordinates (x,y), the Navier—Stokes equations are non-dimensionalized

using the variables

8
I
i
<
I
ke
i
I
7|
s
I

x _ VIMso p E* — T — P

(B.1)
Omitting the asterisks for clarity, the two-dimensional Navier-Stokes equations then

take the form
oW OF, OF, 0G, 0G, .
- 0 B.2
o T ox "oy 0w oy MM (B-2)

89
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where the state vector W and inviscid flux vectors F,, and Fj are given by

( ( ( w
p pu pu
2
U pu” +p puv
W = , Fp= , Fy= , (B.3)
pv puUv pv2 +p
| PE | puH | pvH |

and the viscous flux vectors G, and G, are described by

{ 4
0 ) 0 )
o o
Gz = " ’ Gy = - (B 4)
Oy Oyy
| U0z + V0 — qy J | U0y +voyy —qy J

The Euler equations are obtained by neglecting the viscous fluxes on the right hand
side of (B.2).
In these definitions, p is the density, (u,v) are the Cartesian velocity components

and F is the total energy. The pressure is determined by the equation of state,
p=(7—Dp{E—1(ﬁ+mﬁ}
2 )
where « is the ratio of the specific heats (y = 1.4 for air), and the stagnation

enthalpy is given by

H=E+"2
p

The viscous stresses may be written as

Ogx — 2M@+>\<au+%>a

ox or dy
ov Oou Ov

ou  Ov
Ozy = Oyzr = M 8_y+% y
where the molecular viscosity p is modeled by Sutherland’s law (s.t.p. conditions),

_ 1.461 x 10-°73/2
S SR T TV R

and the bulk viscosity A is defined by invoking Stokes’ hypothesis

2
A=—Zu.
S
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The heat fluxes are given by Fourier’s law

q$=—k%, Qy:_k_

with the coefficient of thermal conductivity and the temperature defined by

Y P
k=12 T= , (B.5)
Pr (y—1p

where Pr is the Prandtl number (Pr = 0.72 for air).

For turbulent calculations, the Reynolds averaged Navier—Stokes equations [65]
are solved using a turbulence model for closure. Following from the Boussinesq
hypothesis [9], the averaged equations take the same form as the Navier—Stokes
equations if the definitions of the viscosity and thermal conductivity are modified to
incorporate both molecular and turbulent contributions. The total viscosities then

become

2
Mot = b+ fig, Atot = _g,U«tota

and the thermal conductivity is given by

Y Y
ko, — —— 4 7%
T pr TPy

where pu; is the turbulent eddy viscosity and Pry is the turbulent Prandtl number
(Pry = 0.9 for air). The calculation of the turbulent eddy viscosity using a turbulence
model is described in Appendix E.

To obtain a well-posed problem, appropriate boundary conditions must be im-
posed on the domain boundary 9f). For the Euler equations, the appropriate solid
wall boundary condition is zero velocity normal to the wall. For the Navier—Stokes
equations, both the normal and tangential velocity components are zero at the wall
and either the temperature or the heat flux must be specified at the wall. Cal-
culations are generally performed on a truncated domain, so in practice it is also

necessary to introduce boundary conditions at the far field boundary.
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B.2 Semi-Discrete Finite Volume Scheme

The finite volume method is based on an integral formulation of the governing

conservation laws

d
ELWM@+A#%%M@—@—%M&

The domain € is subdivided into a number of discrete mesh cells which are treated as
individual control volumes over which the integrals are evaluated. Using a structured
mesh, it is convenient to adopt a mesh-aligned (£,7) coordinate system defined by

the metrics

o oz Lo e

K=[% 971 J=det(K), K'l=-=| o 9|, (B.6)
ay oy J|_oy  ox
9% on T

where the Jacobian of the mapping J represents the local cell volume. The projec-
tions of the cell faces in the Cartesian coordinate directions can then be expressed

as
Sex  Sey

Snx STIZ/

= JK 1, (B.7)

where, for example, S¢, represents the projection of the & face in the z direction. In
computational coordinates, the integral form of the Navier—Stokes equations then

becomes
d
- W + Fr — —(F, -G
dt/QJ ddn /{m( ¢ Gg)dn ( ! n)d&

with inviscid and viscous fluxes defined with respect to the computational cell faces

by

Fe = Seaby + Sey By, Ge = SeaGa + Sy Gy,

Fy = SyuFy + Sy, Fy, Gy = SpeGa + SpyGy.

Following the semi-discrete approach of Jameson et al. [36], the fluxes are eval-

uated first to produce a coupled system of o.d.e.’s,

d
E(Wi’j) + Ri,j =0,
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Primary Control Volume

Figure B.1 Finite volume mesh cell for evaluation of the inviscid, viscous and numerical dissipation

flux balances.

which can then be integrated in time using a multi-stage Runge-Kutta scheme.
Here, (i,j) are the cell-centered mesh indices in the (£,n) directions as shown in
Fig. B.1. The residual vector

1

Rij=——
2¥)

(Eij = Vij — Nij)

represents the contributions £ and V of the physical inviscid and viscous fluxes
as well as the numerical dissipation fluxes N. Numerical dissipation is introduced
to suppress spurious oscillations and to ensure numerical stability. The scheme
is constructed so that the numerical dissipation preserves second order accuracy
in smooth regions of the flow while allowing sharp non-oscillatory resolution of

discontinuities.

B.2.1 Inviscid Fluxes

For a cell-centered scheme, the inviscid flux through a cell face is evaluated by

averaging the fluxes computed at the cell centers on either side (e.g. Ff_H 2 =

%[Fi’j + Fig—H,j])’ where it is understood that all the metric terms in this expression
are evaluated at the face. The inviscid contribution to the residual vector then takes

the form

_ € 3 U n
E;j = F, Fi—1/2,j + Fi,j+1/2 B Fi,j—1/2'

Fe o — (B.8)



Appendiz B - Discretization 94

On a regular mesh, this spatial discretization corresponds to central differencing so
that there is no mechanism for eliminating spurious odd/even modes that oscillate
between positive and negative values in alternate cells. It is therefore imperative to
introduce some form of numerical dissipation to ensure that these spurious oscilla-

tions are suppressed.

B.2.2 Numerical Dissipation Fluxes

The numerical dissipation fluxes are evaluated in terms of characteristic variables
and are introduced independently in each mesh direction. For this purpose, the Roe
matrix A that identically satisfies AF = AAW [64] is constructed at the cell face
and decomposed into right and left eigenvector matrices 7' and 7! and a diagonal

eigenvalue matrix A

A=TAT™ "

These matrices are identical to the standard flux Jacobians described in Appendix C
if they are evaluated in terms of Roe-averaged variables. The Roe-averaged velocity
components and stagnation enthalpy are determined at the cell faces using expres-

sions of the form
VPt 1,jUit1,j + \/Pi Ui
VPt /i

and the Roe-averaged speed of sound is evaluated in terms of these quantities using

Z=(-1) (H—a2+62>.

Uiy1/2,5 =

2

Defining the characteristic difference A2 across the cell face,
AQ =T AW,

the dissipative flux corresponding to first order upwinding of each characteristic field

takes the form

1 1
FJ%M/QJ = §(T|A|AQ)¢+1/2,3' =3 k;4(|>‘k|TkAQk)i+1/2,ja

where the second expression reveals that the dissipation for the k-th characteris-

tic field is scaled by the modulus of the corresponding eigenvalue |A;|. This type
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of dissipation is termed matrix dissipation because it requires matrix operations
(multiplication by T and T~') to introduce the dissipation independently to each
characteristic field.

As a brief aside, note that a less expensive scalar dissipation may be constructed

by scaling the dissipation for all characteristic fields by the maximum eigenvalue

1
FRorn; = 3 PAAW i1z

This scheme is not employed for the present work because it reduces the solution
quality by introducing excess numerical dissipation into all but one of the charac-
teristic fields.

The matrix scheme described above does not naturally incorporate an entropy
condition, so to ensure that non-physical expansion shocks are not allowed to persist
at the sonic line, an entropy fix must be applied to the two acoustic eigenvalues to
prevent the numerical dissipation from vanishing in the corresponding characteristic
fields. The fix is also applied to the two convective eigenvalues to prevent the
dissipation in the convective characteristic fields from vanishing near stagnation
points and near the wall in viscous calculations.

In both roles, the fix smoothly bounds the absolute value of the characteris-
tic speed away from zero whenever it falls below a specified threshold e using the

construction
Al Al > e,
V=i (B.9)
5 (? + 6) , |>\| < €.

Following van Leer et al. [76], the threshold parameter is based on the gradient
across the cell face so that the fix is active whenever the average value at the face
becomes small compared to the gradient across the face. For the acoustic families,

using an expanded definition for the gradient

€iv1/25 = 2(Nit1,5 — Nij), (B.10)

ensures that the fix modifies the eigenvalues at two cell faces on either side of an

expansion and will remain inactive in a shock. For the convective families, this
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expression should be modified by taking the absolute value of the gradient across
the face so that the fix will activate in both accelerating and decelerating stagnation
points. This trigger based on gradient vs. average has the desirable property that
the fix remains inactive in regions of the flow where the speeds are uniformly small
but do not pass through zero, thus avoiding contaminating the boundary layer with
additional numerical dissipation.

This first order scheme admits monotone one-point shocks but fails to provide
sufficient accuracy in smooth regions of the flow. As a suitable higher order alter-
native, the 2nd/4th difference switch of Jameson et al. [36] can be applied to the
characteristic variables formed using the Roe linearization. The numerical dissipa-

tion fluxes then take the form

2
F]%H—l/?,j = T 105 |M i1 /284172

— eNT iAo (AQ 30 — 2AQ 19+ AQy s )

where the dissipative coefficients are determined using a sensor based on pressure
curvature [36, 55]. Near a discontinuity, ¢(?) = % and e™® = 0 to yield first order
upwinding and a monotone one-point shock structure as before. In smooth regions,
£ = O(Az?) and £ = O(1) so that the accuracy of the dissipative flux balance is
O(Az3), and the discretization will retain the second order accuracy of the central
differences arising from the inviscid flux calculations. The numerical dissipation flux

balance has the same appearance as the inviscid flux balance (B.8) with Fﬁ, and Fy.

substituted for F¢ and F".

B.2.3 Viscous Fluxes
Two Dimensions

To evaluate the viscous fluxes, both the flow variables and their gradients are re-
quired at the faces. The gradients are found at the midpoint of a cell face by applying
Gauss’ theorem to an auxiliary control volume of the type shown in Fig. B.2, formed

by joining the centers of two adjacent cells with the end points of their dividing side
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Auxiliary Control Volume

(i+1/2,5+1/2)

(i+1/2,j—1/2)

Figure B.2 Auxiliary control volume for calculating velocity and temperature gradients at the cell

face.

[45]. This leads to expressions for the gradients of the form

ou 1 oudy Oudy
o 2 <8£8n_3n3§>’
ou 1 Ou dx  Oudx
5 =z o arE)"

where J,ux is the volume of the auxiliary cell and differencing with respect to & and
n corresponds to differencing across the diagonals of the auxiliary control volume.
Averaging all other necessary flow variables to the cell face, the viscous fluxes are
then assembled directly at the face midpoint and the flux balance is performed in
an analogous manner to (B.8). This discretization of the viscous terms has the
desirable property that it does not admit odd/even modes that oscillate between
positive and negative values at alternate cells. Unfortunately, the auxiliary control
volumes centered at the cell faces are difficult to generalize to three dimensions, so

some alternative formulation is generally adopted.

Three Dimensions

The baseline version of the viscous flux discretization in FLO107 [34] evaluates the
velocity gradients and forms the stress components at the vertices before averag-

ing to the centers of the cell faces to compute the viscous flux balance [42]. This
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discretization is very efficient because it avoids having to compute the velocity gra-
dients separately for each cell face (each cell being associated with three faces but
only one vertex). However, as a result of this averaging process, the discretization
does admit odd/even spurious modes that oscillate between positive and negative
values at alternate cells. This was previously thought not to be a concern since the
numerical dissipation is designed to eliminate this type of oscillation in the solution.

One of the surprises during the course of the present work was the discovery that
the admission of these odd /even modes actually can present a significant impediment
to convergence. Using the standard scalar preconditioner, this discretization was
found to necessitate a smaller Courant number in comparison to the modified scheme
described below, and was actually unstable when used in conjunction with the block-
Jacobi preconditioner. This problem also arose for the viscous fluxes in the Spalart—
Allmaras turbulence model, which failed to converge when using this discretization.

To overcome this difficulty, one option is to accept the additional cost of cal-
culating the velocity gradients at the cell faces in order to return to a compact
viscous discretization stencil that does not admit oscillatory modes. An alternative
approach, which was proposed by Jameson and Caughey in developing a discretiza-
tion for the transonic potential equation [33] and later suggested for use with the
Navier-Stokes equations by Liu and Zheng [43], is to add a correction stencil to the
velocity gradients calculated at the vertices in order to approximately convert the
large stencil of the present scheme to the smaller stencil of a face-centered approach.

Consider a regular Cartesian grid with unit mesh spacing and mesh indices
(i,7,k) located at the cell centers in the (z,y,z) coordinate directions. Using a
compact face-centered scheme to compute a velocity gradient at the face (i+1/2, 7, k)

produces
ou

oz = Ai+1/2“j,ka

compact

where A; /> denotes differencing across the cell face in the i direction. By contrast,

computing the gradients at the vertices and averaging to the cell face gives

ou

g = Aj12M,

averaged
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where M is the stencil
%ﬁuj—i—l,k—l %Uﬂ-l,k 1_16Uj+1,k+1
M =1 gujr-1  fujk  FUik+
%ﬁuj—l,k—l %Uj—l,k 1_16Uj—1,k+1
Comparing these expressions reveals that in the case of a regular grid, the compact

stencil can be exactly recovered by subtracting a correction stencil from the averaged

formula

@
ox

_8u

compact oz

—Ajy12N,

averaged

where N is given by

1 1 1
TeUj+1k—1 gU+1,k  TgUj+1,k+1
_ |1 3 1
N=| gujk1  —qujk  sUjk+
Lo Lo Lo
16 “j—1k=1  gUj—1k T6"j—1,k+1
Generalizing this formula to mesh-aligned computational coordinates (£,7,¢) then

produces the approximate relationship for the gradient at a ¢ face

ou

ou N ou
ox

compact oz

_ e
averaged Ji+1/2

Ai—l—l/QNa

where S¢; represents the projection of the ¢ face in the x coordinate direction and
Jit1/2 is the average volume of the cells on either side of the face. Similar expressions
can be obtained for the gradients of the other relevant flow variables for each of the
(x,y, z) coordinate directions at each of the (£,n,() cell faces. Note that for a given
face, the stencil N need only be calculated once per flow variable and then the
metric term is varied for each Cartesian direction. The same correction stencil is
applied to the calculation of the viscous fluxes for the Spalart—Allmaras turbulence
model.

Using this approach, the velocity gradients are computed at the vertices as in the
original version of FLO107 and then averaged to the cell faces, where the correction
stencil is applied before assembling the stress components. This method is relatively

inexpensive compared to computing the velocity gradients directly at the cell faces
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and provides a good approximation to the compact stencil that eliminates odd/even
grid point decoupling. In fact, running side by side with the two-dimensional flow
solver on a straight wing with an aspect ratio of 10® (so as to eliminate the influence
of the third coordinate direction), the two codes produced identical convergence

histories to machine accuracy.

B.3 Boundary Conditions

For airfoil calculations, both the wall and far field boundary conditions are enforced
by assigning values to dummy cells outside the computational domain. For Euler
flows, zero mass flux through a solid wall boundary is ensured by reflecting the
normal velocity component in the dummy cell and the pressure is extrapolated
using an approximation based on the wall curvature.

For Navier—Stokes flows, zero mass flux and no slip conditions are enforced by
reflecting both velocity components, and all other flow quantities are set equal to
those in the cell adjacent to the wall to produce an adiabatic boundary with zero
normal pressure gradient.

At the far field, non-reflecting boundary conditions are employed for both Eu-
ler and Navier—Stokes calculations. These are introduced using Riemann invariants
based on the approximation of one-dimensional flow normal to the boundary. As-
suming the far field is subsonic, the outgoing and incoming Riemann invariants at

the boundary are defined by

2¢
Rowy = qn. + - >
v—1
2ey
Ry, = — ,
in Angy v 1

where ¢, is the normal velocity and c is the speed of sound. The outgoing invariant
is formed by extrapolating quantities from the computational cell adjacent to the
boundary. For the incoming invariant, the normal velocity is based on the free
stream velocity and a far field vortex correction derived from linear potential thin

airfoil theory [4]. The vortex model includes the Prandtl-Glauert compressibility
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correction for validity in the transonic regime [26]. The speed of sound for the
incoming invariant is found from the corrected far field velocities and an isenthalpic
condition.

These invariants are then added and subtracted to produce the values to be

specified in the far field dummy cells

1
dn = 5 (Rout + Rin) 3

-1
c = ’YT (Rout - Rin) .

At an outflow boundary (g, > 0), the entropy and tangential velocity are extrap-
olated from the last computational cell to fully determine the state vector in the
far field. At an inflow boundary, the tangential velocity is based on the far field
model and the entropy is set to the free stream value. The only deviation from this
approach is in a viscous wake region, where the static pressure is set to the free
stream value and all other quantities are extrapolated from the last computational

cell.

B.4 Multi-Stage Runge—-Kutta Time-Stepping Scheme

After evaluating the spatial residual vector, the system is integrated in time using

a multi-stage Runge-Kutta scheme [36],
LiWij + PijRi; =0,

where L; is the Runge—Kutta operator and P is a local preconditioner that acts as
a time step. To improve the damping properties of the Runge-Kutta operator and
to provide large stability limits along both the real and imaginary axes, the residual

is divided into convective and diffusive contributions

Ri; = Ci;— Dij;,

1
C.. = —F. .
2,] JZ,J 1,79
1
D;; = —(Vij+ Nij),

Jij
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that are treated separately during the integration procedure. For an M-stage

scheme, the Runge-Kutta operator L; is then defined by

wo — wn

W = W" — ap PRK=1 (B.11)
with

DW= B DW®) + (1 — By ) DE),

and the consistency requirements apy = 1 and 5y = 1 [28]. The beneficial properties
of this construction are that only one previous solution level need be stored and that
the diffusive terms, which are the most expensive to compute, need not be calculated
at every stage. The present work employs a 5-stage scheme due to Martinelli [45]

that requires three evaluations of the diffusive terms and has the coefficients

ool

) 04521,

D=

az = g, Q4 =

o=

1
a1:17 Qg =

Bi=1, =0, B3=1, Bi=0, B5=12,
which produce the stability region and amplification factor contours previously dis-
played in Fig. 2.1. With this scheme, all calculations are performed using a Courant
number of 2.5 using either scalar or matrix preconditioning in either two or three

dimensions.

B.5 Parallelization

To take advantage of modern computer architectures, the three-dimensional code
was parallelized using the MPI (Message Passing Interface) library to implement
a domain decomposition approach using a SPMD (Single Program Multiple Data)
paradigm [3]. Halo data is exchanged between neighboring processors after every
Runge-Kutta stage on all meshes so that the convergence of the parallel code is

identical to that of the serial version.
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Parallel Efficiency

=
©

16 B
— Ideal
o Observed
14+ A
o P
E -
B2t - g
2 .
2 -
w ~
2 _
£10 .- 1
£ .
X //
%
=} P
o 8t - B
T 7
2 ks
6F - |
%
a P |
s |
2 4 6 8 10 12 14 16 18

Number of Processors

Figure B.3 Parallel efficiency for a 288x64x16 mesh.

The parallel scalability of the approach is demonstrated in Fig. B.3 for a tur-
bulent Navier—Stokes calculation on a 288x64x16 mesh with 294,912 cells. The
calculation scales to 18 processors with an efficiency of 78% relative to a calculation
with 2 processors. The calculation could not be performed on one processor due to
memory constraints. For viscous meshes with an order of magnitude more cells, the

method will continue to scale efficiently to far larger numbers of processors.



Appendix C

Preconditioners

This appendix provides a thorough documentation of the form of the preconditioners

in both two and three dimensions to serve as a reference for future code development.

C.1 Two Dimensions

The expressions for the scalar and matrix preconditioners follow from the linearized
Navier—Stokes equations in (£,n) mesh-aligned coordinates. Starting from conserva-

tion form in Cartesian coordinates, the system appears as

AW OF, OF, 0G, 0G,
- = 1
dt + oz + oy ox + oy’ (C.1)

where F; and F, are the inviscid flux vectors and G, and G are the viscous flux

vectors. The viscous fluxes contain terms of the form

2 (1)
oz Moz )

which can be linearized about a constant state (a, i) to produce
0%
MUW7
where fluctuations in viscosity have been neglected and u now represents the local

velocity perturbation. Regrouping terms with like derivatives gives

dW OF, 0F, 0°G. 0°Gyy  0°Gay
AN e + + :
dt Ox oy 0x? Oy? 0xOy

104
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so that upon transforming to mesh-aligned computational coordinates, the system

becomes

awv 1 (% %) _ 1 (82G55+82Gnn+62G£n>
J? '

A Y R A N T

Here, the inviscid fluxes are of the form
Fg = S&:Fx + S{yFya

and the viscous fluxes appear as

Gee S2:Gan + S2,Gyys

Gen = 2SS Gaz + 25y SpyGyy + (SeaxSny + SeySpa) Gay-

The metric terms are defined by (B.7), where, as before, J represents the cell volume
and S¢, represents the projection of the £ face in the z direction.
Introduction of the flux Jacobians then leads to the linearized form of the two-

dimensional Navier—Stokes equations in computational coordinates

aw 1 (A oW 8W> ! ( 02w W 82W>
== -

2, - hAASRTY Al hASNT - i A hal A
dt + 7 '3 o€ + Ay 677 &€ 662 + by 8772 + fnagan
The derivation of the Jacobians is simplified by first differentiating the fluxes with

respect to a non-conservative vector of flow variables W = {p,u,v,w,p}"" and then

transforming to conservative variables using the transformation matrix M = g—g
OF,
Ag - —,-\_{M_l,
ow
oG
ng = —,EEM -1
ow

The spatial residual operator based on this linear mesh-aligned representation then

has the form
1 AE |A£| An |An|
7 <2A§ %2 = 5Ae%€ T 38,02 T 9An ’"’)

1 <B££ S Bnn B§

(C.2)
72 \agle t xpp0m + m%&n) )

where first order upwinding of the inviscid terms is accomplished by a Roe lineariza-

tion [64].
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C.1.1 Scalar Preconditioner

The scalar preconditioner employed for Navier—-Stokes calculations is a simplified

version of the standard local time step described by equation (3.2) on p. 34

poi=l F <P(A§) N P(An)> L2 (p(ng) N P(Brm)>] _ (C.3)

o lJ\ A An T2\ AL An?

This simplified form is obtained by neglecting the viscous cross-diffusion term and by
noting that o), ~ 20y, for the 5-stage Runge-Kutta scheme employed in the present
work (see Fig. 2.1). Alternatively, the present simplified form may be obtained di-
rectly from the block-Jacobi matrix preconditioner (3.3) by replacing its constituent
matrices by their spectral radii. For Euler calculations, only the inviscid terms are
included in the preconditioner. Note that by definition, all of the metric differences
are equal to unity.

Defining the flow speed g,
the speed of sound c,

the flux rate through the £ face Q¢,
Qg = ngu + Sgyv, (C.4)
and the area of the { face S¢,
2 _ @2 2
S¢ = Sep + 5S¢y (C.5)
the spectral radii of the inviscid flux Jacobians may then be expressed as

p(A¢) = Qe + ¢S, p(Ay) = |Qy| + Sy,

and spectral radii of the viscous flux Jacobians take the form

TH &2 YU &2
Bee) = P g B,,) = g2
P( 55) P’I"p & p( nn) P’I"p n

The spectral radii are evaluated at the cell faces and then averaged to the cell centers
to form the preconditioner before the first stage of each time step. Note that one
of the factors of J~! will cancel out of both the fluxes and the preconditioner and

may therefore be left out of the discretization.
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C.1.2 Matrix Preconditioner

The block-Jacobi matrix preconditioner is formed by extracting the coefficients of

the residual operator (C.2) that correspond to the central node

1L /A |A|> 2(3 B)]
1_ - |2 (28, Pl £ (286 L P
P _J{J<A§+An Tr\agtaz)]

The structure of the inviscid and viscous Jacobian matrices is identical for the &
and 1 mesh directions, the only difference being that the metric terms must be
switched to correspond to the cell face in question. Therefore, it is convenient to
present a generic form of the inviscid and viscous matrices with the mesh direction
left unspecified in the metric terms. It is then understood that S, represents Sg,
when computing |A¢| and Sy, when computing |A,|. For Euler calculations, the

matrix preconditioner incorporates only the inviscid Jacobians.

Inviscid Contributions

The absolute value of the inviscid Jacobian is based on the eigenvector decomposition
|A| = T|A|T™".

Defining the face normals,

S
S

Ny = ) Ny =
and the normal and tangential velocities,
Qn = UNg + UV Ny,

gt = Vg — UNy,

the absolute value of the eigenvalue matrix takes the form

Ql 0 0 0
0 Q| 0 0
Al =
0 0 |Q+cS| 0
0 0 0 1Q — ¢S] J
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The right eigenvectors are the columns of
1 0 1 1 W
U —CNhy U+Ccng U—CNhy

Vo CNg VFCny U—CNhy

NS

cqq H+4+cq, H—cq,

and the left eigenvectors are the rows of 7!, which has the form

- (r-1% (v = Du (v =1 ~(r-1) |

1 —Cq —Ccny cny 0
i lo-DE —cq] —Ha-Du-end —Ho-Do—en] Y-
S - 0% ] R -Duten] -3y -Duten] S-1) |

In evaluating the inviscid Jacobians for the preconditioner, the use of Roe-averaged
variables was found to provide no benefit over simple arithmetic averages.

The application of an entropy fix (B.9) to the eigenvalues in the numerical dis-
sipation has the effect of reducing the size of the local stability limit in each charac-
teristic field in which the fix is active. Applying an entropy fix to the eigenvalues in
the preconditioner produces a corresponding reduction in the time step so that sta-
bility is ensured. For Euler calculations, the same van Leer entropy fix (B.10) that
is used in the numerical dissipation is also applied to the preconditioner, although
this precaution has proven unnecessary in practice. However, for turbulent Navier—
Stokes calculations on highly stretched meshes, this approach does not sufficiently
limit the time step to provide robustness, so a more severe Harten entropy fix [24] is
adopted, in which the eigenvalues are bounded away from zero based on a fraction
of the local speed of sound. For the present calculations, the threshold parameter
is chosen to be € = 7, so that the minimum of the bounding parabola is one eighth
the speed of sound and the fix in the preconditioner is active throughout much of

the boundary layer.
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Viscous Contributions

The viscous Jacobians in conservative variables are defined by

B= B—AG,M*I,
ow
where the columns of the matrix

oG

P [C1|C2|C5|Cy]
are given by
( (
0 ) 0 )
0 S2(2u+ \) + 52
c, = Oy (2p+ A) + Syp |
0 SzSy(p+ )
| A %S? | @ [S220+X) + S2u] + 55,8, (n+ ) |
( (
0 ) 0
SySy(p+ A 0
Oy = y(:u ) ’ Oy = ,
Sy(2u—+X) + Szp 0
| [S2@n+ ) + S2u] + @SaSy(+ ) | | ptyis? )
and the transformation matrices have the form
(1 0 0 0 ] [ 0 0 0 ]
u p 0 0 —% % 0 0
M = , M=
v 0 p 0 —% 0 % 0
L oo L (=D —(y-Du —(y-1p y-1
Implementation

The 4x4 block-Jacobi preconditioner is computed for each cell before the first stage
of each time step. The contributing Jacobian matrices are evaluated at the cell
boundaries and averaged to the cell centers to form the preconditioner. The re-
sulting matrix is then inverted using Gaussian elimination and stored for rapid
multiplication by the residual vector during each stage of the Runge-Kutta scheme.

To avoid the need for pivoting during the inversion process, elimination is begun
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from the (4,4) element since the heat flux contribution ensures that in contrast to
the (1,1) element, this term does not tend to zero at the wall. The Roe matrices are
computed separately for the preconditioner and the numerical dissipation since, for
reasons of economy, it is undesirable to explicitly form the matrices in evaluating
the numerical dissipation. Using this implementation, the additional computational
expense of matrix preconditioning relative to scalar preconditioning ranges between

12%-15% for both inviscid and viscous calculations.

C.2 Three Dimensions

The expressions for the three-dimensional scalar and matrix preconditioners are
obtained by following the same procedure as in the two-dimensional case. Starting

from conservative form in Cartesian coordinates

aw n OF, N 0F, N oF, 0G, n oGy N 0G,
dt ox Ay 0z Oz dy 0z’

and linearizing the viscous terms about a constant state, the system can be re-

grouped in terms of like derivatives

dw  OF, O0F, OF, 0?°Gre  0°G 0°G,
dt or oy 0z Ox? 0y? 022
Gy N *Gy, N 0?G

+ oxdy  Oydz 020z

This representation can then be transformed to (£, 7, () mesh-aligned coordinates

aw l<aF§+aF,,+aF¢>:

dt T\ae Tan T ac
1 (32G£§ PGy  PCo PGy PGy 32Gc&>
72\ "oz T a2 T econ T amac T acoe )

where, for example, the inviscid fluxes have the form
Fg = S{zFx + S&yFy + SgZFZ,
and the viscous fluxes have the form

Gee = S£.Gan+ SZ,Gyy + SE.G..

+  SerSeyGaz + SeySe Gy + Se25¢2G 2,
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ng = 255;,;SMGM + QSgySnyny + Qngsnszz
Introduction of the flux Jacobians then leads to the linearized form of the three-

dimensional Navier—Stokes equations in computational coordinates

AW 1 ow oW WY _
T _(Afa_g"‘Anan "'AC_)—

(BEE oz T Bnn an2 + BCC 342 + B&n agan oy + Bn( anag + BC&agag)
The Jacobians are once again found by first differentiating with respect to a non-
conservative vector of flow variables W = {p,u,v,w,p}” and then transforming to
conservative variables using the matrix M = g—%. The spatial residual operator

based on the linear system then takes the form

_ 1 | A | | Ay A |A¢]
R = (2A§52£ gaglee + 2 02 — 2An5nn + 5a702 C 2A45§C)
B
o ﬁ (Agz Oge + An Oy + A—g25<< + 4A§An O2¢2n + 4AnAC doan2c + 4AE£A§52C2§) )
where the inviscid terms have once again been upwinded using a Roe linearization

[64].

C.2.1 Scalar Preconditioner

The three-dimensional scalar preconditioner for the Navier—Stokes equations takes

the form

p-1_1 [1 (p(Ag) N p(Ay)

+

S

N p(A<)> N % (P(BEE)

p(Bypy)  p(Bee)
Ae T Ay TUAC A 2t ﬂ

An? A2

Defining the flow speed g,
the speed of sound c,

the flux rate through the £ face Q¢,
Q¢ = Sezu + Seyv + Se,w,
and the area of the & face S¢,

S; = S%, + S, + SE.,
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the spectral radii of the inviscid flux Jacobians may then be expressed as

p(Ag) = Qel +¢Se, p(Ay) = [Qql + ¢Sy, p(A¢) = |Q¢| + ¢S,

and spectral radii of the viscous flux Jacobians take the form

TH &2 TH &2 TH &2
Bee) = g B, = s Beo) = g2,
p(Bee) Prp 6 p(Byy) Prp p(Bec) Prp°¢

C.2.2 Matrix Preconditioner

The three-dimensional block-Jacobi preconditioner takes the form

.11 /|4 A |Ad\ 2 (Be B, B
p-1 - 11 (14¢ n c) _( e, Bm cc)}_
U[J<A£+An+A( TrE\ag tapg T ae

Inviscid Contributions

The absolute value of the conservative Jacobian is

|A| = T|A|T L.
Defining the face normals,
Sy Sy S,
nnga ny:§7 ’I’Lzzg,

and the normal velocity,

Qn = UNg + VU Ny + Wny,

the absolute value of the eigenvalue matrix appears as

Q] 0 0 0 0
0 1Q 0 0 0
A=J7"1 0 0 Q| 0 0
0 0 0 |Q+cS| 0
0 0 0 0 Q—cS|

The right eigenvectors are the columns of

T = [R1|R2|R3|R4|Rs5),
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given by
' Ng W ' ny W
Uny UTy — €Ny
= VNg +Cny, , Rp= vV Ny
WNy — CNy wWny +cng
\ %nz-l-c(vnz—wny) J \ %ny-l-c(wnm—unz) J
ny W ( 1 W ( 1 W
UMy + CNy U+ Ccng U — CNy
R3 = VNy — CNy v Ra=9q v+en, ¢ Bs=9 v—cny ¢
wWn, W+ CNy W — CNy
\ %nz—i-c(uny—vnm) ) \H—i-cqnj \H—cqnj
and the left eigenvectors are the rows of
T'= C%[L1|L2|L3|L4|L5]T,
given by
' {02—(7—1)%]nz+c(wny—vnz) W
(v = Dung
L, = (y = vng +cn, ;
(v = Dwngy —cny
L —(y—1ny )
' [02—(7—1)§] Ny +c(un, —wny) W
(y=1Duny —cn,
Ly = (v — Don, ;
(v = Dwny +cny
\ —(y =Dy J
r [02_(7—1)§] ny +c(vng —uny)
(y=1Dun, +cny
L3 = (vy—Dovn, —cny )

(y = Dwn;

—(y=1)n,
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' O =10% - ca W ' O =10% +ca
=3 [(v = Du —eny] =3 [(v = Du+eny)
Li=q —5[(y = 1o —cny] Ly=19 —5[(y—Dv+ecny]
—5[(y = Dw —cn] —2 (v = Dw +cn,]
\ s(y—1) ) \ s(r=1)

The same entropy fix is applied to the eigenvalues in the three-dimensional precon-

ditioner as in the two-dimensional case.

Viscous Contributions

The viscous Jacobian in conservative variables is defined by B = %M ~1, where

=~ [GCH[CH[CH[C,
with columns defined by
( 0 W ( 0 W
0 0
C, = 0 Cs = 0 )
0 0
| ot S | o=1PrsS” )
' 0
Sy2u+ ) + (Sy + S2)u
Coy = Sz Sy + N)
SySu(p+A)
| @[S0+ ) + (8] + 52| + (u+ N[5, + -] |
' 0
SeSy(p+ )
Cs = Sy(2u+X) + (S7+ S3)u
SySy(k+ A)
| 7 [S220+N) + (S2+ S2)u] + (1 + V) [SySa + S,8y1) |
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0
SySu(p+A)
Cy= SySa(p+ X)
ST+ + (57 + S
| @ S22+ A) + (S2+ 2| + (1 + N [S:8,5 + 5,5.7] |

The transformation matrices have the form

1 0 0 0 0
u p 0 0 0
M=|9vv 0 p 0 0 )
w 0 0 »p 0
2
5 o
1 0 0 0 0
U 1
— 5 0 0 0
M~ = _v 1
- 0 ; 0 0
w 1
" 0 0 - 0
1.2
| O (-1 —(y- D —(y—Dw y-1 |
Implementation

For the three-dimensional implementation, the 5x5 block-Jacobi preconditioner is
once again computed for each cell before the first stage of each time step. As an
alternative to inverting the matrix, the preconditioner is instead stored as UL factors
for inexpensive back substitution during each stage of the Runge-Kutta scheme. A
UL decomposition is used instead of the more standard LU approach to avoid the
need for pivoting by starting with the (5,5) element which does not tend to zero
at the wall due to the heat flux contribution. For the three-dimensional solver,
the preconditioner was formed without using Roe-averaged variables in the inviscid
contributions to avoid the expense of computing multiple square roots. No adverse
effects on either efficiency or robustness were observed. Using this implementation,
the additional computational expense of matrix preconditioning relative to scalar

preconditioning is approximately 15% for turbulent Navier—Stokes calculations.



Appendix D

Multigrid Algorithms

This appendix describes both the full and J-coarsened multigrid algorithms in two
dimensions. The three-dimensional implementations are obtained by straightfor-

ward extension of these descriptions.

D.1 Full Coarsened Multigrid

Full coarsened multigrid is implemented based on the full approximation scheme
developed for the Euler equations by Jameson [27] and extended to the Navier—
Stokes equations by Martinelli and Jameson [46]. Coarser meshes are generated by
removing alternate mesh points in both directions. In the descriptions that follow,
quantities on the fine mesh are denoted by subscripts (a,b) and quantities on the next
coarser mesh have subscripts (2a,2b) to indicate that the size of the mesh interval
has doubled in both the ¢ and 7 directions.

The multigrid cycle begins with an application of an M-stage Runge-Kutta
time-stepping scheme on the fine mesh. Flow variables are then defined on the next
coarser mesh using the cell volumes as weights to conserve mass, momentum and
energy

o Xt Ja,bwéf)

W =
2a,2b
@ JQa,Qb

A forcing function for the coarse mesh is defined based on a set of residuals calculated

116
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after the M-th stage on the fine mesh and before the first stage on the coarse mesh
! M+1 0
Quin = |5 s (WE5)] ~ R (w2 o.1)
1

This forcing function drives all stages of the M-stage Runge-Kutta scheme on the

coarse mesh, so that the k-th stage appears as

WO =W — a P(RY ) + Qaa) - (D.2)

The unforced form of the Runge-Kutta scheme (B.11) is used only on the finest
mesh. High resolution numerical dissipation is used only on the finest mesh and
first order dissipation is used on all coarser meshes. Wall and far field boundary
conditions are evaluated on the coarse mesh exactly as on the fine mesh, with the
exception that for Euler calculations, the pressure extrapolation based on wall cur-
vature is abandoned on coarse meshes due to the loss of smoothness in the geometric
definition. After completing the M-stage scheme on grid (2a, 2b), the process is then
repeated for the next coarser grid denoted by (4a,4b).

After applying the M-stage scheme on the coarsest grid, say (8a, 8b) for a 4 level
cycle, the coarse grid correction to the next finer grid is calculated by subtracting

out the initial coarse grid values
M 0
AWBG,BI’ = WS(a,S)b - nga,)Sb :

This correction is then bilinearly interpolated to the next finer mesh and added to

the stored solution on that mesh
Wiady = Wiaap + I (AWsagp) » (D.3)

where I is the interpolation operator based on the weighting coefficients (1%, %, 1%, %6)
as depicted in Fig. D.1a.

The multigrid cycle is traversed in either a V or a W pattern as defined in
Fig. D.2. Using a V-cycle, the process continues by applying the M-stage scheme
(driven by the previously computed forcing function Q(44,45)) to the new solution

ijﬁb, before calculating and interpolating the correction to the next finer mesh.
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Interpolation Weights Interpolation Weights

D.1a Full Coarsened Multigrid. D.1b J-Coarsened Multigrid.

Figure D.1 Interpolation weights for transferring coarse grid corrections to the next finer grid.

This process continues until the cycle is completed by correcting the solution on the
finest mesh. Using a W-cycle, the M-stage scheme is applied only when moving down
the cycle and the corrections are computed and interpolated without performing a
flow evaluation when moving up the cycle. The forcing function @) is re-computed at
each point in the cycle at which the solution is transferred from a finer to a coarser

mesh.

D.2 J-Coarsened Multigrid

For a J-coarsened multigrid approach, the mesh is coarsened only in the direction
normal to the wall, which is assumed to be located at n = 0. Quantities on the
fine mesh are denoted by subscripts (a,b) as before, but quantities on the next
coarser mesh now have subscripts (a, 2b) to indicate that the mesh interval remains
unchanged in the ¢ direction and has doubled in the 5 direction. With the follow-
ing new definitions for the multigrid operators, the basic procedure for traversing
the multigrid cycle remains unchanged from the previously defined full coarsened
approach.

The volume-weighted transfer to a coarse mesh becomes

M

W _ 53 JapW i)
a,2b — J
a,2b
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Cycle Description Cycle Description

D.2a V-cycle (4 levels). D.2b W-Cycle (4 levels).

Figure D.2 Multigrid cycle descriptions: (e) Apply M-stage Runge-Kutta scheme and transfer,

(o) Transfer without relaxation.

while the forcing function for the coarse mesh now takes the form

Qo = [z Roy (W;,@M)] R (W),
1

and the k-th stage of the M-stage Runge-Kutta scheme on the coarse mesh appears
as

W® =w" — o, PRIV + Qo). (D.4)

For a four level scheme, the correction from the coarsest mesh is then

AW,.g, = W%) - ng’s’b :

and the correction is linearly interpolated to the next finer mesh using
adh = W + T (AWag)

where [ is the interpolation operator based on the weighting coefficients (%, %) as

depicted in Fig. D.1b.



Appendix E

Turbulence Models

This appendix thoroughly documents the two-dimensional implementations of the
Baldwin-Lomax and Spalart—Allmaras turbulence models used in the present work.
The extension of these implementations to three dimensions follows naturally from

the approaches described here.

E.1 Baldwin—Lomax Model

The Baldwin-Lomax turbulence model [6] is a zero-equation or algebraic model

which defines the eddy viscosity using a two-layer formulation

Ptinners  Yn < Ycrossover;
Mt =

Ptouters Yn = Yerossover

where y,, is the normal distance to the wall and Ycrossover 1S the minimum value of

Yn at which py In the present implementation, ¥, is approximated by

inner ~ /'I/touter'

the distance to the wall moving along mesh lines in the J direction.

In the inner layer, the turbulent eddy viscosity is defined by

/'I/tinner = plQS’

where p is the density, [ is the reference length,

| = ky, [1 —exp(—yt/AT)],
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and S is the magnitude of the vorticity
_|0v  Ou

oz Oy

The wall factor is given by

+ V PwTw
Yy = Yn,
M

where py, pty and 7, are the density, molecular viscosity, and laminar shear stress

at the wall.

In the outer layer, the turbulent eddy viscosity is defined by
Ptouser = K CoppFivaie Fiieb,
with
Fyake = min(Ymax Fmax, kaymangiﬁ/Fmax)a

and
-1

Fyier, =

y 6
1+5.5 <Ckleb L ) ]
ymaX

Here, Fiax represents the maximum within a given profile of the function

F(yn) = ynS [1 — exp(—y T /AT)],

and yYmax 18 the value of y,, at which this maximum occurs. Also, Ug;g is given by

Udiff = gmax — ¢min;

where gmax is the velocity magnitude at ymax and gmin is the minimum velocity mag-
nitude in the profile (zero for a profile containing a wall). To promote smoothness
in the eddy viscosity field, the values of Fiax, Ymax and Unax are evaluated using
quadratic polynomial fits to the cell centered values that bracket the maximum of
F(yyn). For wake profiles, only the outer formulation is used and the exponential is
dropped in the evaluation of F(y,). The model constants are given by

k=04, AT = 26, K =10.0168,

Cep = 1.6, Cwr = 1.0, Cxiep = 0.3.
Transition is fixed based on the experimental trip location by setting the turbulent
viscosity to zero up to a specified percentage of the chord. For use with multigrid,
the turbulent viscosity is evaluated prior to relaxation on the fine mesh and frozen

on all coarser meshes.
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E.2 Spalart—Allmaras Model

E.2.1 Description

The Spalart—Allmaras turbulence model [68] is a one-equation model that takes the

form of a scalar convection—diffusion equation with source terms

ov ov ov 1
‘+u—+v—=—

E or ay b3 {V . [(V + I/)VV] + CbQVI/ . VI/} + Q,

where v is the molecular kinematic viscosity and © is the turbulent working variable.

The source terms have the form

=\ 2
Q= cn(l - fw)55 = (enfu = 1) (5) +FaBUP,  (BD)

which may be divided into production, destruction and trip contributions
Q=vPw)—vDP)+T
using the definitions

PP(0) = ep(l— f12)87,

PD() = (ot fu— ) G)Z’ (E.2)

K2
T = fu(AU)%
Here, the production and destruction terms have been represented as products for
future notational convenience. The trip term provides a mechanism for triggering
transition at a specified location on the geometry.
The turbulent transport equation retains its original form after non-dimensionalization

using the variables

v * k o~k
A
o.@] o.@]

and the other non-dimensional variables B.1 previously defined for the flow equa-

~ %

tions. The turbulent eddy viscosity is defined by

Mt = p’jf'ula
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and the auxiliary relations used to construct the production and destruction terms

are
3 _

— X -1 - X —_—

f’Ul_ X3+Cgl’ va_l THx o1’ X = v
1

_ 1+063 6 _ 6 _ D
fw—g(ga+c1:éu3) ) g =71+ cua(r® —r), r=35ap
Q _ U _ | v ou
S =5+ g for, S=\ox ~ 5yl

Here, d is the distance to the nearest wall and the closure constants are

cpy = 0.1355, cpr = 0.622, cb3 = 2, cp1 = 7.1,
Cwl = % + %, cw2 = 0.3, Cw3 = 2, k= 0.41.

The auxiliary relations for the trip terms are

52
ftl = Ct19t €Xp (_CtZ (A&)Z [d2 + thd?]> )

fro = Ct3eXP(—Ct4X2),
AU
7S¢Afl?t

g+ = min(0.1 )s

with the additional closure constants given by

Ci1 — ]_, Co — 2, Ct3 = 12, Ci4 — 0.5.

Here, d; is the distance to the trip point on the wall, S; is the wall vorticity at the
trip, AU is the difference in velocity between the field cell and the trip and Axy is
the grid spacing along the wall at the trip. At a solid wall, the appropriate boundary

condition is v = 0.

E.2.2 Implementation

In discretizing the scalar turbulence equation, the same basic solution strategy is
employed as for the flow equations. However, to improve the numerical properties
of the discrete turbulence model, several modifications have been introduced both

to the model description and to the discretization procedure.
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Modifications to Model Description

To improve robustness, the non-conservative convective terms in the model are re-
placed by the conservative form

ovu  Obw

or oy
which amounts to adding the term

_(Ou  Ov
(G 5)
to the original model. This term could become significant across a shock, but numer-
ical tests have revealed that the influence on the solution is negligible compared to
the error bars implied by the deviation from experimental data and results computed
using other turbulence models.

In implementing the turbulence model, one of the primary concerns is ensuring
that the turbulent working variable v always remains positive. The non-conservative
diffusion term

Vv .-V

is difficult to discretize in a manner that ensures positivity, so the combined diffusion

operators are reformulated in the conservative form [67]

1
TG ()4 )V — D2+ )V
Ch3 Cp3

This corresponds to supplementing the original model with the term

c -
29y . Vo,
Ch3

which is negligible in regions where the turbulent viscosity is significant.

Modifications to Discretization Procedure

Using the conservative reformulation of the convective and diffusive operators de-
scribed above, the flux balances can be constructed using the scalar analogs of the

flux formulae described for the Navier—Stokes equations in Sections B.2.1, B.2.2 and
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B.2.3. For the turbulence equation, only the first order form of the numerical dissi-
pation is used since the dominant flux balance occurs between the physical diffusion
operator and the turbulent source terms. The turbulent source terms are sensitive
to the method used to compute the distance to the wall, so it is important to de-
termine the actual distance from the center of each field cell to the surface of the
computational model rather than use a less expensive approximation such as the
distance along mesh lines.

To preserve the positivity of ©, several modifications are made to the Runge-
Kutta time integration procedure described in Section B.4. The negative contri-
butions of the turbulent source operator ) are treated implicitly to limit the rate
of exponential decay in the solution. This is equivalent to employing the standard
explicit integration procedure (B.11) with a reduced local time step (scalar precon-

ditioner)
At
1+ Qs At

where At is the explicit time step given by

V1@l 1@nl | 201 + o)
AN < L >
o {J A¢ + An + J2cp3

Atimp = (E.3)

(v+70)8¢  (v+1)S?
Ag? An? '

Here, o is the Courant number and the flux rate Q¢ and face area S¢ are defined
by (C.4) and (C.5), respectively. For robustness, the hyperbolic contribution to the
time step is prevented from becoming too small using the fix construction (B.9) with
€ = g, where c is the local speed of sound.

Following the approach of Spalart and Allmaras [67], the Jacobian @ is defined
so as to preserve positivity while minimizing the adverse effects on convergence.

Defining the operator

q, q=0,
pos(q) =
0, ¢<Q0,

the Jacobian is then formulated as
Qs = —pos(D — P) — pos(D' — P')v,

where P and D are production and destruction terms defined by (E.2). These

terms are analytically differentiated with respect to 7 to determined P’ and D'.
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This definition for the Jacobian ensures that the time step will not be unnecessarily
reduced in regions of the flow where cancellation occurs between individually large
contributions from the production and destruction operators. No implicit treatment
of the trip term is required since it is positive independently from the value of .

While the implicit treatment described above provides a useful mechanism for
limiting the evolution of the turbulence equation in regions of the flow where rapid
decay might otherwise result in negative values of 7, this treatment does not amount
to a guarantee of positivity throughout the Runge-Kutta time-stepping procedure.
Therefore, it is important to limit the update to the scheme whenever a negative
value of 7 would result. A single stage of the Runge-Kutta update process (B.11)
takes the form

) =" — Ap,
where the standard update is defined by
AD = o Atimp R*Y.

To guarantee positivity, this update is then replaced by the limited update

AD, AP <0,
Abi =4 (E.4)
T min) AV A ()

(0" —Dmin) +AD
which smoothly reduces the change in the solution for positive values of Ar, so
that a minimum value Iy, is maintained throughout the domain. In practice, this
minimum is chosen to be the free stream value Py, = Vo = 1x10712.

The turbulence equation is solved using the same multigrid algorithm as for the
flow equations, with the following modifications to account for the numerical prop-
erties of the turbulence model. Multigrid is ineffective in removing errors in the
source terms because there is no coupling between the source operators in neighbor-
ing cells. Furthermore, the source terms are poorly resolved on the coarse meshes
so that the corrections arising from these meshes can actually interfere with the
convergence process. Therefore, in regions of the flow where the source terms are

strongly active, it is desirable to deflate the fine mesh contribution to the forcing

function (D.1) that drives the coarse mesh corrections. This is accomplished using
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the denominator from the implicit time step (E.3), which is equal to unity in inviscid
regions of the flow and is dominated by the Jacobian @) inside the boundary layer.

For a full coarsened algorithm, the forcing term on mesh (2a, 2b) then takes the form

4
Q24,20 = ﬁ [; Rap (77,%“))] — Raq20 (’752),21;) .

The positivity of 7 is maintained by the volume weighted transfer operator (D.1)
when moving to coarser meshes in the cycle and by the limited update (E.4) when
applying the Runge-Kutta scheme on each of these meshes. However, the possibility
exists that negative values could be produced by the interpolation of coarse grid
corrections to the finer meshes. Therefore, the correction procedure (D.3) is modified

to become

ﬁérllgﬁb = ma’x(ﬁ4a,4b +1 (AI;&L,BI)): ﬁmin) )

so that U is prevented from falling below a specified minimum value Pnin = Vo



