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Preface

These are notes for an advanced undergraduate course on ergodic theory. The
first draft was written for a 24-hour course in Part III of the Mathematical Tripos
in Cambridge in 2008. Those notes were then substantially revised in preparation

for a 16-lecture advanced undergraduate course in Oxford in 2014.

The aim is to cover some topics in ergodic theory motivated by applications
to number theory: normal numbers, continued fraction expansions, recurrence of

polynomials, and Szemerédi’s theorem on arithmetic progressions.

I wanted to get away, as far as possible, from the typical style of many texts on
ergodic theory in which one first develops or recalls results from measure theory and
functional analysis at length. I take the view that a student does not really need to
be completely on top of measure theory to derive benefit from a course on ergodic
theory. Indeed, such a course can help consolidate or refresh knowledge of measure
theory, or act as motivation to go and learn about it. A particular point is that
one really does not need to know very much about the construction of measures to

benefit from this course.

The style of these notes, then, is to “recall” the measure theory we need as we
go along. The first several chapters require only very basic notions, and it is only
in Chapter ?? (which may well not make it into a typical 16-lecture course) that

we require more serious material.

Similar remarks apply to topics in Fourier Analysis and Functional Analysis.
Everything we need about the former is summarised (with proofs and further ref-
erences) in Appendix B, but we would recommend the reader plunge straight into
the course without first reading that appendix. Concerning the latter, for much
of the course we have tried to minimise the use of anything other than very basic
facts. Thus we do require some very simple properties of Hilbert space (projections
to closed subspaces and existence of adjoints) but deeper topics such as the Riesz

representation theorem are confined to optional parts of the course.

vii



viii PREFACE

The focus of this book is on applications to number theory and simplicity of
exposition. As such, it has been necessary to sacrifice generality. Very often we
will make statements which are in fact valid in far greater generality than we state
them. We will say nothing about actions of groups other than Z, and we will restrict
attention to relatively benign settings (measure-preserving systems on compact

metric spaces) when it suit us.

Finally a word on the word ergodic, the etymology of which is less than obvious.
Apparently the term was coined by Boltzmann and derives from the Greek words

gpyov (ergon: “work”) and 0dd¢ (odos: ”path” or "way”).



CHAPTER 1

Introduction and some examples

Let X be a set, and let T : X — X be a map. This course is about what
happens when the map T is applied repeatedly. If one takes a point x and applies
T repeatedly, the resulting set {x, T2, T?x,...} is called an orbit. In this course

we will be concerned with variants of the following basic question:

Is the orbit =, Tz, T2z, ... equidistributed in X?

It is not even obvious what this question means — how should we define equidis-
tributed? We will turn to this question later, but let us begin by considering some

examples of the sorts of systems we will be looking at.

Circle rotations. Let X = R/Z, and define the transformation T : X — X by
Tx =z + a(mod1).

Torus rotations. A similar example works in higher dimensions: let X =
[0, 1)¢, write a = (g, ..., 0q), and define T: X — X by Tz = x + a.

Doubling map. Let X = [0,1), and define the transformation T': X — X by
Tz = 2x(mod 1). Similarly, if £ € N, we may define the map T'z = ka(mod 1).

Bernouilli shift. Let X be the set of two sided 0-1 sequences & = (z,)nez, and
define T': X — X by (TZ),, = vp+1. We may also consider the one-sided variant
of this in which X is not the space of 0-1 sequences (x,,)52, and we define T in the

same way, thus T'(xg, z1,Z2,...) = (X1, Z2,...).

The Gauss map. Let X = [0,1]. If # € (0,1] then define Tw := L — [ 1], where
|t] denotes the integer part of ¢. Define T'(0) = 0 (the inclusion of the point 0 is
just to make the underlying space compact). The map T and its iterates map be
used to compute the continued fraction expansion of x € (0,1). Indeed if ay,as, ...
are natural numbers and

1 1

then Tx =

1
az +

a3+i+...
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and so the nth partial quotient a,, can be recovered as a,, = |1/T" 'x]|. Note that,
in contrast to the earlier examples, the map T is not continuous with respect to

11 )

the natural topology on [0,1) (it has dramatic discontinuities at z = 3, 3,...).

As a warm-up for the rest of the course, and to introduce some techniques we
will use later, we begin by studying the first example, circle rotations, from first
principles in a little more detail. In the case X = R/Z, there is a natural definition
of what we should mean by saying that the orbit (7T"x)32, is equidistributed.

DEFINITION 1.1. We say that the orbit (T™z)22, is equidistributed in intervals
if
lim i#{n €{0,1,...,N =1} : T"z € I} — length([)
N—oo N
for all intervals I C R/Z.

Let us say for the sake of argument that our intervals are closed, but this is
of no consequence later on. Here is the basic theorem about circle rotations and

equidistribution in intervals.

THEOREM 1.1. Suppose that Tx = x + a(mod 1) is a circle rotation. Then

o If € Q then (T™x)22, is not equidistributed in intervals for any x;

o Ifa ¢ Q then (T™x)22, is equidistributed in intervals for every x.

PRrOOF. The first part is quite obvious: if a = % then T"x = = + % and so
the orbit (T"x)52, consists of at most ¢ points, separated by at least 1/¢q. Thus
there are intervals of length 1/2¢ (say) which are never visited by this orbit, which
cannot therefore be equidistributed in intervals.

The second part is much less obvious. Suppose that o ¢ Q. A slightly fancier
way of writing what it means for (7T"x)52, to be equidistributed in intervals is as
follows: for all x € R/Z and for all functions f of the form f = 1; (defined by
f(z) =11if x € I and 0 otherwise) we have

1 N-1 1
A}EHOON; F(T2) — /0 F(t)dt.

More succinctly,

(1.1) S f(z) = / f(tydt,

where
Nf

=

Sn @)= 5 Y f(T")

n=0
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If this holds with the convergence of Sy f(z) to fol f(t)dt being uniform in = we
say that the function f = 1; has the “time averages = space averages” property
(TASAY).

It turns out that the indicator functions f = 1; are not the easiest functions
for proving TASA. Tt is much easier to prove that the exponential functions f(z) =
e?m k@ I ¢ 7, are TASA. The proof goes by summing a geometric progression, first
noting that the case k = 0 is trivial. If k£ # 0 then we have

2mikx 1— e2m’kNo¢

N 1 — e2mika :

1 N-—-1 ] e
SNf($> _ N Z e2mk(w+na) —
n=0

Here we used the fact that « is irrational: this guarantees that ka ¢ Z and hence
that the denominator here is not zero. Therefore

2 1
S < —=——,
| Nf($)| N|17627”k0‘|

a quantity which tends to 0 as N — oo uniformly in x. Since

1 1
/ f(t)dt = / Xkt — 0,
0 0

we have Sy f(z) — fol f(t)dt uniformly in z, and so the exponential functions have
TASA.

LThis is not standard terminology.



4 1. INTRODUCTION AND SOME EXAMPLES

If f1, fo have TASA then it is very easy to see that ¢y f1 + co fo does also, and so
any finite sum of exponentials or trigonometric polynomial has the TASA property.

Next we prove that the set of functions with the TASA property is closed under
uniform convergence: that is, if f1, f2, f3,... is a sequence of functions with TASA
for which sup,cp /7 | fj(z) — f(z)| — 0 then f is also TASA.

To see this, let € > 0. Then there is some ¢ such that we have
(1.2) sgplfi(t) = f(O)] <e/3.

Since f; has TASA, for N large enough we have

1
Swfito) — [ fitde] < /3
0
for all x € R/Z. However (1.2) and the triangle inequality easily implies that
|SNfl(l‘) — SNf(l‘)‘ < 8/3

for all x, and it also implies that

|/O1 fi(t)dt—/olf(t)dﬂ <c/3.

Therefore by the triangle inequality we have
1
Swf@) - [ riejar] <e.
0

Since € was arbitrary, it follows that Sy f(z) — fol f(t)dt, or in other words that f
has TASA.

It is a well-known fact that the trigonometric polynomials are dense in the space
C(X) of continuous functions on X, with the topology induced by the uniform
norm, or in other words that every continuous f : X — R may be uniformly ap-
proximated by trigonometric polynomials. This follows from the Stone-Weierstrass
theorem, or it may be proven directly: see Appendix B for a direct argument. Thus,
by the above comments, every continuous function on R/Z is TASA.

Unfortunately, the characteristic functions f(t) = 1;(¢) are not continuous.
However, for any € > 0 we may find continuous functions x2, xZ such that xZ (t) <
17(t) < x& (t) pointwise for all ¢t € R/Z and such that

1
/ X- (t)dt > length([) — e
0
and L
/ xS (t)dt < length(1) + €.
0

For example, we could take xI to look like this:



1. INTRODUCTION AND SOME EXAMPLES 5

X<

and x_ to be this function:

Xe

Hence, if N is large enough, for all z € R/Z we have

1
Snf(x) < SnxT(z) <e +/ XT (t)dt < 2e + length(I)
0

and .
Snf(x) = Snx: (z) = —¢ +/ X& (t)dt > —2¢ + length([).
0
Since € > 0 was arbitrary, the result follows. O

Time averages Sy f. We wish to highlight a piece of notation introduced in this

proof which will reappear throughout the course: namely the definition

| N2
Snf(z) = N Z;) f(T"x)
to describe the “time averages” of f along the orbit (7"z)2, starting from z.

To conclude this section we wish to highlight, for future reference, a key result

established in the course of the proof of Theorem 1.1.

PROPOSITION 1.1. Suppose that X = R/Z and that T : X — X is the circle
rotation given by Tax = x + a(mod 1). Suppose that o ¢ Q. Let f : R/Z — C be a

continuous function. Then

1
Swf(@) -~ [ fwar
0
as N — 0o, this convergence being uniform in x € R/Z for each fized f.

In the course of the proof of Theorem 1.1 this was the property that we described
by saying that “every continuous f has TASA”, but we will not use this nonstandard

nomenclature in later chapters.






CHAPTER 2

Measure-preserving systems

2.1. Probability spaces

In the introduction we discussed the circle rotation system in which X = R/Z
and T : X — X is given by Tz = = + a(mod 1). We proved a result about when
orbits (IT™x);2,, are equidistributed. We did not look in any detail at the other
examples, and in some cases (for example the Bernouilli shift) it is less obvious
what it should even mean for an orbit to be equidistributed.

One can easily guess a rough form for the definition.

ROUGH DEFINITION. An orbit (T"z)52, is equidistributed if

n=0
1
lim —#{ne{0,1,...,.N—1}:T"z € E} = vol(E)
N—oo N
for all “nice” sets £ C X.

In the circle rotation example, we took the nice sets to be intervals, and then
it was obvious how to define their volume: the volume vol(F) of an interval E is
length(E).

The right framework for understanding these concepts in much greater generality
is measure theory. In this course, all the spaces X we will be studying will be
probability spaces. A probability space is a set X together with a collection £ of
subsets of X which we know the volume, or measure, of, and this measure will
always lie in [0, 1]. We write u : 8 — [0,1] for the function which assigns to a set
A € 2 its measure. The function p is itself called a measure.

The collection £ is required to be a g-algebra, which means that it contains
the empty set # and X, and it is closed under complements, countable intersections
and countable unions. To spell it out:

e We have (), X € %,
o If Ac A then X\ A € %
o If Ay, Ay, € B then (), A, € %,
o If Ay, Ay,--- € Bthen |J,—, A, € B.
The measure p is required to interact with 2 in a pleasant way. Specifically, for p

to qualify as a probability measure we must have, whenever A, A’, A,,..., A, € B:
e We have p(0) =0 and u(X) =1;

7
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e (Additivity) If A, A" are disjoint then pu(AU A’) = u(A) + p(4’);
e (Limits) If A; C Ay C A3 C ... then pu(U,—; 4,) = lim,_, A,, and if
A1 DAy D A3 D ... then pu(N, 2 An) = lim,o0 pu(Ay).

In fact, each of the two limit conditions is easily seen to imply the other on taking
complements. Often, the limit condition is phrased differently as a condition called
“countable additivity”: if Ey, Es,... are disjoint subsets of % then p({J,>, E,) =
>0 w(Ey). This corresponds exactly to the first limit condition, taking A, = Ej,
As = E1UE,y, A3 = E1UEyU Ej, or in the other direction Ey = Ay, Ey = As\ Ay,
E5 = A3\ As, and so on.

The standard convention, which we will follow in this course, is to write (X, %, )
for a probability space together with its associated o-algebra % and measure u :
%2 —[0,1].

How does this fit with the discussion of the previous chapter? Let us consider
first of all the circle rotation on X = R/Z, or the doubling map on the same space.
Here p((a,b)) = b — a for every open interval (a,b). What is the o-algebra %?
It is not simply the set of all intervals (a,b), since this is not closed under taking
countable complements or unions. To be closed under these operations, % must
also contain all open subsets of [0, 1], and then all countable intersections of these
sets (the so-called F,-sets), then all countable unions of these sets, and so on. For

the purposes of this course, it is best not to think too explicitly about it.

DEFINITION 2.1. The Borel algebra % on R/Z is the smallest o-algebra con-
taining the open intervals, or in other words the o-algebra generated by the open
intervals. More generally, if X is a metric space then the Borel algebra is the

smallest o-algebra containing the open balls {y : d(z,y) < €}.

The Borel o-algebra on R/Z (or on any metric space) does exist, because the
intersection of any two o-algebras is again a o-algebra. Thus we may define it to
be the intersection of all o-algebras containing the open intervals.

In the introduction, we only considered the measure p of intervals. However, a
remarkable fact is that p extends to a measure on all of 4. This measure is known
as Lebesgue measure, and it can be defined by first defining the measure p(U) of

an open set U by setting
p(U) =" uly),
=1

where U(;il I; is the decomposition of U as a disjoint union of countably many
open intervals (you may wish to recall why there is such a decomposition, or see
Appendix A). Then for an arbitrary Borel set E we define

wE) = inf p(U),
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where the infimum is taken over all open sets U containing E. We will not really
need to know any of the details of the proof that this definition works, which are
given in the Part A course Integration. For the most part, in this course, we hardly
need to know the definition. We do make repeated use of one important consequence

of it, namely the following statement that “every Borel set is almost an open set”.

LEMMA 2.1 (Regularity of Lebesgue measure). Let E be a Borel set and let
€ > 0. Then there is an open set U D E such that u(U \ E) < ¢.

This allows one to approximate measurable sets E' by “simple” sets such as finite
unions of intervals in various ways. For a general statement of this type see Lemma
A2.

What about a different example, such as the one-sided Bernouilli shift? Here,
we took X = {0,1}". This space X is one that we are less used to dealing with,
but it does seem intuitively reasonable that the measure u(FE) of any cylinder set
FE of the form

(2.1) E={(z1,22,...) 1 @iy =€1,...,%i), =€k}

(that is to say, the set of sequences with k fixed digits) should be 27%.

The collection of cylinder sets is not a o-algebra, but again there is some smallest
o-algebra % containing the cylinder sets. Once again, the measure p extends to a
measure on A.

Both this fact and the existence of Lebesgue measure are consequences of a
general result from measure theory called the Carathéodory Extension Theorem.
We will state it in Appendix A, though for this course you do not really need
to know either the statement or the proof. Note that there is some confusion in
the literature about exactly what this theorem states — for example in the 2014
notes from Part A integration [2] this term is used for a more specific result about

Lebesgue measure (though the general result is very closely related).

2.2. Measure-preserving transformations

We have talked in some generality about spaces X and measures on them. In
the examples of the introduction we also had maps T : X — X. What kind of
maps were these? They were not always continuous with respect to some natural
topology — for example the Gauss map is discontinuous at infinitely many points.

These were examples of measure-preserving maps.

DEFINITION 2.2. Suppose that (X7, %1, pu1) and (X, B2, pu2) are two probability
spaces. If T : X; — X, is a map, we say that T is measurable if T~'A € %, for all
A€ Bs.
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Here, T~ A denotes the set of all ; € X for which Tz, € A. The definition of
measurable should be compared to the definition of continuity in a topological space
(note, however, that probability spaces do not automatically come with a topolog-
ical structure and so it does not necessarily make sense to talk about continuous
functions in this context). This notion was also covered in the Part A course on

integration.

DEFINITION 2.3. Suppose that (X7, %1, pu1) and (X, $Ba, pu2) are two probability
spaces and that T : X; — X5 is a map. Then we say that T is measure-preserving
if it is measurable and if p; (T71A) = uz(A) for all A € %s.

The main object of study in this course will be measure-preserving maps from a
probability space (X, %, ) to itself. The quadruple (X, %, u, T) is called a measure-
preserving system.

In the next section we revisit the examples from the introduction and see that
they are indeed measure-preserving systems. In order to do this, we need to be able
to check whether a map T : X — X is measure-preserving. Thankfully, to decide
whether this is so we do not have to look at T~*(A) for an arbitrary A € 4, as the

following lemma shows.

LEMMA 2.2. Suppose that (X1, B1, 1), (Xa, Ba, n2) are probability spaces and
that T : X1 — X5 is a map. Suppose that By is generated, as a o-algebra, by
a collection o/ C B,. Suppose that for all A € o/ we have T"'A € %, and
p1(T7YA) = po(A). Then T is measure-preserving.

PROOF. The set of all E C %, for which T~ E € %, and u1(T71E) = pus(E)
is closed under countable unions, intersections and complementation. Since we
know this is true for all E' € &7, it also holds for all F in the o-algebra generated
by &, that is to say %s. O

2.3. Examples

Let us revisit the examples of the introduction and explain why they are measure-

preserving systems.

Circle rotations. Take X = R/Z, define T : X — X by Tz = 2 + a(mod 1),
take #A to be the o-algebra of Borel sets and let u be Lebesgue measure. Then
(X, u,#A,T) is a measure-preserving system. By Lemma 2.2, all we need check is

that T=1((a, b)) is measurable and has measure b — a; this, however, is obvious.

Doubling map. Let X,y and Z be as in the above example, but now take

Tz = 2z(mod1). We have T '((a,b)) = (%,2)U (3 + 4,3 + %), a union of two

intervals with total measure b — a. (Here, the meaning of § is ambiguous: we can
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take it to mean the unique element in [0, +) for which 2- % = a(mod 1).) Since the

open intervals generate 4, it follows from Lemma 2.2 that T is measure-preserving.

Let us draw attention to an important point: in the case of the doubling map,
we do not have (TE) = p(E) for all measurable E. Indeed, if E = [0, 3] then
TE =1[0,1] and so pu(TE) = 2u(E).

Bernouilli shift. Consider the one-sided Bernouilli shift, with X = {0, 1}
and (TZ),, = Tp41 where T = (2,)22,. Let & be the o-algebra on X generated by

n=1-

the cylinder sets. If
E={(z1,22,...) 1 Ty =€1,...,Ti, =€k}
is such a set then
T'E={(x1,22,...) : Tiy 41 = €1, -, Tip+1 = Ek}-

By definition of the measure p on X, both of these sets have measure 27%. Thus
w(E) = p(T~1E) for all cylinder sets E, and by Lemma 2.2 we see that T is

measure-preserving.

Gauss map. Set X = [0, 1]. Recall that the Gauss map T : X — X is defined
by T(xz) = {1/z} if  # 0 and T'(0) = 0, where {t} denotes the fractional part of ¢.
The point 0 is only included to make the underlying space X compact, and plays
no role in what follows. The Gauss map T is not measure-preserving with respect

to the Lebesgue measure p. Indeed,

1 21
7710, 2]) = —
([0,2}) U[2n+1,n],
n=1
and so 1 1 1 1 1 1
-1 —_ = —_— = —_— = = —_ —_
w(T ([0,2]) 2(2 3+4 5+...) 2 2log27é2.

It turns out, however, that T is measure-preserving with respect to a different

measure v, the so-called Gauss measure. This is defined by*

_ L [ dux)
UE) = logZ/E 1+ax°

LEMMA 2.3 (Gauss map preserves the Gauss measure). Let X = [0,1], £ be

the Borel o-algebra, T : X — X the Gauss map and v the Gauss measure. Then

(X,v,%,T) is a measure-preserving system.
PROOF. By Lemma 2.2 it suffices to prove that v(T~*(a,b)) = v((a, b)) for all
0 < a < b < 1. This is just simple calculus, combined with a small amount of

IThe integral here is a Lebesgue integral. We remind the reader what this means in the next

chapter. In the case E = (a,b) this is simply the Riemann integral f: %
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thought. Indeed the inverse image 7*((a,b)) is the union (J;~; (-5, —) and

n+b’ nta
so we have
00 1/(n+a) dz
log 2 - (T (a, b)) = /

nz::l 1(nth) 1+
=3 (log (— 41) —log (1 4 1))

— n+a n+b

N
. n+a+1 n+b+1
= g, 2 (log(= == —loe(==5)
N4+a+1

- ]\}gnm (log(1+b) —log(l+a) + log(m))

=log(1 +b) —log(1 +a)
=log2-v((a,b)).

2.4. Invariant measures

In what we have said so far, we have largely taken the view that the probability
space (X, u, ) has been fixed and we have been interested in transformations
T : X — X that are measure-preserving, leading to the measure-preserving system
(X, u,B,T). Tt is very useful to consider an alternate perspective, in which X,
T and the o-algebra Z are fixed and we are at liberty to choose the probability
measure u : % — [0,1] so that T is a measure-preserving transformation with
respect to u. We saw this point of view when we discussed the Gauss map T :
[0,1] — [0,1], which was not measure-preserving for the Lebesgue measure, but
was measure-preserving for a different measure (the Gauss measure).

When looking at things this way around, we say that u is an invariant probability
measure for T. If X is a metric space and Z the o-algebra of Borel sets, we say
that p is an invariant Borel probability measure.

There may well not be a unique choice of an invariant probability measure pu:

some examples are presented on the first exercise sheet.

2.5. Poincére recurrence theorem

We conclude this chapter by proving a basic theorem about measure-preserving

systems in general, the Poincaré recurrence theorem.

We begin by with some remarks on the terms almost all and measure zero. A
set of measure zero is a set A € & for which u(A) = 0. Note that this absolutely
does not imply that A is empty. For example, if X = [0, 1] with Lebesgue measure

then all singletons {«} have measure zero, as do all countable sets and even some
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uncountable sets (such as the Cantor set). We say that some property P of points
of X holds for almost every x if the set {x € X : =P(z)} is measurable and has

measure zero.

THEOREM 2.1 (Poincare Recurrence Theorem). Let (X, %, u,T) be a measure-
preserving system. Let A € % and let A" C A be the set of v € A for which there
are infinitely many n > 1 with T"xz € A. Then u(A\ A’) = 0, or in other words

almost all points in A recur back to A.

PRrOOF. Write
Sy:=J 174

n>N
for the set of x € X for which T"z € A for some n > N, and
S:=()Sn
N

for the set of = for which 7"z € A for infinitely many n. Note that S is measurable.
Then A’ = AN S. Now we have the nesting Sy D S; D ..., and by the measure-
preserving nature of T' we have u(Syi1) = u(T-1Sy) = u(Sy). By the limit
principle it follows that p(S) = limy_ye0 £(Sn) = 1(So), and so (S \ S) = 0. But
A C Sy, and therefore u(A\ S) is zero as well. O

Another consequence of the Poincaré Recurrence Theorem is as follows: for any
Ae R,

A\ |17 4) =0.

n=1






CHAPTER 3

Ergodic transformations

In the last chapter we introduced the notion of a measure-preserving system
(X, B, 1, T). In this chapter we will take a look a specific property that such a sys-
tem may enjoy: that of ergodicity. Ergodic transformations are, roughly speaking,

those for which the orbit (T"x)32, is almost always equidistributed on X.

3.1. The definition of ergodicity

To understand this more precisely, we need to know what “equidistributed”

means. In the case X = R/Z, we said that this was so if

1
lim N#{n €{0,1,...,N —1}:T"z € I} — length(I)

N—oc0

for all (closed) intervals I C R/Z.
In the more general setting of measure-preserving systems, there are no sets

playing the distinguished role of intervals — we have only the sets E in 4.

DEFINITION 3.1. Let (X, %, i, T) be a measure-preserving system, and let F €
2. Then we say that the orbit (T"x)52, equidistributes in E if

1
lim —#{ne€{0,1,...,.N—1}:T"z € E} — pu(F)
N—oco N
With this notion in hand, we may make the following further definition.

DEFINITION 3.2. Let (X, %, 1, T) be a measure-preserving system. Then we say
that T is equidistributing if, for every E € 2, the orbit (T™xz)22, equidistributes

in F for almost every x € X.

Note that the order of the quantifiers here is important: we are not asserting
that for almost every x € X it is the case that (T"z)5%, equidistributes in E for all
FE € A. In fact, this could never be the case in any of the examples considered in
Chapter 2: for any z, we can take E = {x, Tz, T?x, ...}, and if we assume that the
orbit (T"x)5°  equidistributes in E then pu(F) = 1. However, in all the examples
the measure of any point was 0 and so, by countable additivity, u(E) = 0.

The notion of a transformation T' being equidistributing is not standard. Trans-
formations with this property are usually called ergodic. The usual definition of

ergodic, however, looks rather different.

15



16 3. ERGODIC TRANSFORMATIONS

DEFINITION 3.3 (Ergodicity). Let (X, %, u, T) be a measure-preserving system.
By an invariant set we mean a set E € % with the property that T-'E and E
differ in a set of measure 0. We say that T is ergodic if all invariant sets have

measure either 0 or 1.

Many texts say that T is ergodic all strictly invariant sets F, that is to say sets
with T7'E = E, have measure 0 or 1. Ostensibly this is a weaker notion, but in
fact the two notions are equivalent. This is not quite trivial — see Examples 1, Ex.
9. In this course we will allow T~'E = E to differ in a set of measure zero, as all
the tools we use work most naturally up to a.e. equivalence.

Another way to express the invariance of F is to say that 1g(z) = 1g(Tx) for
a.e. . It is an easy exercise to show that if £ is invariant then, for every n > 1, the
sets T~"E and FE differ in a set of measure 0, and that 1g(z) = 1g(T™z) for almost
every x. Moreover, since a countable union of sets of measure zero has measure
zero, we can assert that in fact for a.e. = we have 1g(z) = 1g(T"x) for all n, and

that we have
(3.1) E=|JTr"E=(\T"E
n=1 n=1

up to measure 0. (Note that these facts would be completely trivial if invariance
were replaced by strict invariance.)
Here is a simple lemma about the relationship between ergodic and equidis-

tributing transformations.

LEMMA 3.1. Let (X, %,u,T) be a measure-preserving system. If T is equidis-

tributing, then it is also ergodic.

PROOF. Suppose that T is equidistributing. Let F € % be an invariant set,
and suppose that u(E) > 0. Set

Sp:={ze€ X :(T"x),;>, equidistributes in E}.

By assumption, u(Sg) = 1. Since p(E) > 0, it follows from (3.1) that
w(()T"E) >0,
n=1

and therefore Sp and (), T~ "E intersect. Let = be a point in the intersection.
The fact that z € (), T~™E implies that z, Tz, T?z,T3x,--- € E, and therefore

1
N#{ne {0,1,...,N—-1}:T"x € E} = 1.
On the other hand, since x € S we have

%#{né{O,l,...,Nfl}:T”I€E}:u(E).
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Therefore u(E) = 1. O

A way to think about this lemma is as follows: a relatively obvious obstruction
to T being equidistributing is the existence of a nontrivial invariant set FE, where
nontrivial means that p(E) # 0, 1.

It is a remarkable fact that this is the only obstruction: that is, an ergodic
transformation is also equidistributing. Thus being equidistributing and being er-
godic are one and the same concept (which is why the term equidistributing is not
standard). This is known as the Birkhoff ergodic theorem, and we will prove it in
the next chapter.

Whether or not a map T : X — X is ergodic is not an intrinsic property of
T, but also depends on the measure p and the o-algebra % (see, for example,
Examples 1, Ex. 8). Thus, in a sense, it is an abuse of nomenclature to say that
T is ergodic. The word ergodic is also used for the whole system (X, u, Z,T), this
system being said to be ergodic if T' is ergodic with respect to u. As with the notion
of invariance discussed in the last chapter, we often switch the emphasis from T to
p. Thus a measure p is said to be ergodic (for a transformation T': X — X) if u

is T-invariant and if the system (X, u, £, T) is ergodic.
3.2. Ergodicity and recurrence

Let (X, pu, B, T) be a measure-preserving system. To get a feel for what it means
for this system to be ergodic, we prove a lemma giving a property about recurrence

which is equivalent to ergodicity.

LEMMA 3.2. A system is ergodic if and only if the following is true: For every
measurable set A with u(A) > 0, for almost every x there is some n such that
Trx € A. In particular if u(B) > 0 then there is some b € B such that T"b € A

for somen > 1.

PRrROOF. Suppose that the system is ergodic. We claim that the set A, :=
Uo—, T7"A of points x for which some 7"z lies in A is T-invariant. Certainly
T~-YA, C Ay, and the difference between these two sets, T A\ (T"2AUT3AU
...), has measure zero by the Poincaré Recurrence Theorem (in the form given
after the proof of that result at the end of Chapter 2). Since T is ergodic, we have
w(Ay) =0 or 1. The first possibility is absurd since A, C T71A and u(T-1A) =
1(A) > 0, and therefore pu(Ay) = 1, that is to say almost every point of X lies in
Al

Conversely, suppose that the recurrence condition holds and that E is T-invariant,
thus T~'E = E up to measure zero. Then E, = E up to measure zero. However,
we are assuming that if if 4(E) > 0 then u(E4) = 1. Therefore u(E) =0 or 1.

O
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3.3. A very quick refresher on integration and L!

From now on in the course we will use a little more measure theory, specifically
some notions of integration. Familiarity with the proofs of the statements we require
is not important.

If (X, A, ) is a probability space and if f : X — R is a function then we say that
[ is measurable if f=1((a,b)) € B for every open interval (a,b) C R. This notion
may be extended to complex-valued functions by taking real and imaginary parts,
and it has good closure properties: if fi, fo are measurable then so are c¢1 f1 + co fo
and |f;|, for example. If f is real-valued and non-negative we may define [, fdu
by approximating f by simple measurable functions, that is to say functions of
the form g =3, ;
Jx gdp to be the “obvious” quantity Y, ¢;u(E;). We discuss this a little more

¢ilg, with I finite and the F; disjoint, in which case we define

carefully in Appendix A.
The integral [ « fdpu may take the value oo, but we distinguish the space

LNX,B,p)={f: X = C: fmeasurable,/ |fldu < oo}
X

of integrable functions. This space is called L' because it is a special case of a
more general construction of LP-spaces; we will see the case p = 2 later on. If
f € LY(X, %, 1) then we may define the integral Jx fdup by splitting f = (Rf)4+ —
(Rf)— +i(Sf)+ — i(Sf)- and appealing to the definition of the integral in the
non-negative case. This integral will always be finite if f € L'(X, %, ). The map
f— fX fdu is a linear map from L'(X, %, ) to C and has various pleasant limit
properties such as the monotone and dominated convergence theorems; we will not
make explicit use of these in this course. If X = R/Z or [0,1] and f is continuous
then [y fdpu is equal to the Riemann integral of f.

Usually, functions in L'(X, %, u) which agree outside of a set of measure 0 are

regarded as the same. With this quotienting convention in force,

T /X | Fldy

defines a norm on L'(X, %, ). (The point about quotienting is that for || - [|; to
qualify as a norm we must have ||f|l; = 0 if and only if f = 0, but this is only true

up to a set of measure 0.)

One sometimes calls the functions f in L'(X,%,u) “integrable”. A useful
fact for us will be the following statement about the behaviour of integrals un-

der measure-preserving transformations.
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LEMMA 3.3. Suppose that (X, u, B,T) is a measure-preserving system and that

fe LY X, B, u). Then
/fdu=/(foT)du,
X X

[ 1@dn) = [ Tt

that is to say

PROOF. *Since every f € L'(X, %, i) can be approximated arbitrarily closely
(in the || - || norm) by simple measurable functions, it suffices check this statement
when f is simple-measurable. This quickly reduces to checking the case f = 1g, E

measurable. However
[ tedu= (),
X
whilst

[ o m)dn = [ 1e(ra)duta) = ).
X X

The result now follows from the fact that 7' is measure-preserving. O

We remark that this lemma is “the reason” why the notion of measure-preserving
is defined using 7! rather than T.

To conclude this section we formally record, in the language of this section, a

fact that we already used in the proof of Theorem 1.1.

LEMMA 3.4. The time averages map Sy is a contraction on L'(X,%,u). That
is, if f € LNX, 2, ) then ||Sn flly < || fll1-

ProoOF. This is simply the triangle inequality:

1 N—-1 1 N-1
ISwfl= 51D FoTll< 5 D IFoT =1/l
n=0 n=0

3.4. Irrational rotations are ergodic

We are going to give three proofs that irrational circle rotations are ergodic,

that is to say of the following theorem.

PropoSITION 3.1 (Irrational circle rotations are ergodic). Let X = R/Z, A
the Borel o-algebra, v the Lebesque measure and T : X — X the rotation Tx =
x4+ a(mod 1). Suppose that « is irrational. Then T is ergodic.

The first two proofs are somewhat similar and should be thought of as “L!”
proofs. The third proof is more “L?” and will be given later. Both of the first two

proofs rely on the following fact.



20 3. ERGODIC TRANSFORMATIONS

LEMMA 3.5. Let E C R/Z be measurable (with respect to the Borel o-algebra).
Suppose that E € A is a measurable set. Then for every e > 0 there is a continuous
function f:R/Z — [0,1] such that || f — 1g|1 < e.

PRrROOF. By the regularity property of Lebesgue measure there is an open set
U with E C U and u(U \ E) < £/3. Now U is a countable union of disjoint open
intervals U;il I;. By the limit property of measures we have limj_, U}I:1 I; =
w(U), and so there is a set U’ C U with U’ a finite union of open intervals and
w(U\U') < e/3. Note that u(EAU’) < 2¢/3, and so ||1g — 1|1 < 2¢/3. Finally,
we can find a continuous function f : R/Z — [0,1] such that || f — 1|1 < &/3
by adapting the contruction used in the proof of Theorem 1.1 to approximate
characteristic functions of intervals by continuous functions. In fact, if U’ = szl I;
then we can take, in the notation of that theorem, f = Z;’Zl XZ’E/J. O

We remark that a small elaboration of this allows one to prove that the con-

tinuous functions are dense in L'(X, %, 1): see Appendix A for further comment.

First proof of Proposition 3.1. Suppose that E is an invariant set, that is to say
T~'E = E up to measure 0. Then, as remarked above, 15(T"z) = 1g(x) for all n
and for a.e. x. Let £ > 0, and choose some continuous function f : R/Z — [0, 1]
such that ||f — 1g|l1 < e. We showed in Chapter 1 that all continuous functions
have TASA, by which we meant that

S f(z) = / F(t)dt

as N — oo, uniformly in z. In particular if N is big enough then

1
Iswf = [ el <.
0
Since Sy is a contraction in L' we have

[Snf—Snlgpllh <|If —1elh <e,
and therefore
S8l — w(E)| < 3e.
However, the fact that 15(T"x) = 1g(z) for a.e. = implies that Sylg(z) = 1g(x)
for a.e. x, and thus
e = p(E)llL < 3e.
Since € > 0 was arbitrary, it follows that |1z — u(E)||1 = 0, and so 1g(z) = u(E)
for a.e. x. This forces pu(E) =0 or 1.
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Second proof of Proposition 3.1. This is quite similar to the first, but is uses less
information. Rather than the fact that continuous functions are TASA, we just use
the fact that the orbit (an)$2; is dense in R/Z. Whilst this is a straightforward
consequence of the main result of Chapter 1, it may also be proven in a more
elementary fashion. See Exercise sheet 1. We begin as before. Suppose that FE
is an invariant set, and note that 1g(T"z) = 1g(z) for all n and for a.e. z. Let
e > 0, and choose a continuous function f such that |1z — f|l1 < e. Since T i

measure-preserving we have
g = f)eT |1 <e
Since 1 = 1g o T™ a.e., this implies that
g —foT 1 <e
By the triangle inequality, it follows that
[f = foT™|1 < 2,

or, written out in full,

/ |f(z) = f(z 4+ na)|de < 2

for all n € N. Now since (na)$2; is dense in R/Z, for any ¢t € R/Z we may choose a
sequence n; of integers with n;a — t(mod 1). It follows from this and the continuity
of f that in fact

/|f Flo +8)]dz <

for all t € R/Z. From this it follows that

5= [ 1= [ 1@~ [ 1+ 0 du(o) duto)

/|f F(& + ) du(t)du(z)
2e

Thus we have ||1g — [ f|l1 < 3e. This implies that

—/f\Z\/OE—/f)duKSe

and hence by the triangle inequality |1z — p(E)|1 < 6e. However € > 0 was
arbitrary, and so ||1g — u(E)||1 = 0 which implies that 1g(x) = p(F) a.e. It follows
that u(E) =0 or 1.
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Remark: we did not really use much about integration and L' in either of these
proofs. All of the functions we were integrating in these two arguments were linear

combinations of continuous functions and characteristic functions of sets.

3.5. A very quick refresher on L?

The space L%(X, %, ) is defined by
LA (X, Z,p)={f: X =>C:f measurable,/ |f|?du < oo}
X

As with L', we identify functions which differ only in a set of measure zero, and
then || f||l2 :== ([ |f|*dr)'/? becomes a norm. The most important fact about L?
is that it is a Hilbert space, that is to say a complete inner product space. We will
need very little of the general theory of Hilbert spaces in this course: what we do

need is summarised in Section 4.1

THEOREM 3.1. L?(X, %, 1) is a Hilbert space, that is to say a complete inner
product space when endowed with the inner product (f,g) = fX fodu.

PROOF. * That L?(X, %, 1) is a complex vector space, and that (f, g) is well-
defined if f, g € L?(X, %, j1), are both consequences of the Cauchy-Schwarz inequal-
ity. The deep part of this theorem is the assertion that L?(X, %, u) is complete,
which is sometimes called the Riesz-Fischer theorem. This will have been discussed
in Part A Integration in the case X = [0,1]. The proof in the general case —

involving the monotone convergence theorem — is essentially the same. (Il

It follows from Lemma 3.3 that if f € L?(X, %, ), and if T : X — X is measure-
preserving, then foT € L?(X, %, ). We introduce the special notation Ur for the
map which sends f to f o T: that is to say, Urf(xz) = f(Tz). We only use this
notation when working in L2. This map' Uy is an isometry that is, |Ur f|l2 = || f||2

for all f, and more generally

(Urf,Urg) = / F(T)g @) dulz / fa () = (f.9).

Finally, we note that if X is a probability space then, by the Cauchy-Schwarz

Jo< o v e =f e

or in other words || f]|1 < ||f|l2- In particular,

inequality,

LA(X, P, 1) C LY(X, 5B, ).

IThe letter U stands for unitary: a unitary map on a Hilbert space is an invertible isometry.
Note that Urp will not always be unitary if T is not invertible. For example, if T : R/Z — R/Z is
the doubling map Tx = 2x(mod 1) then Uz maps L2(R/Z) into the space of functions satisfying
fl@)= f(z+ %), which is certainly a proper subspace of L?(R/Z).
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3.6. Irrational rotations are ergodic: an L? proof

We now give our third proof of Proposition 3.1, which may be thought of as a
“Hilbert space” or L? proof of the proposition, though we use rather little about
Hilbert spaces, and most of what we do use is embedded in the proofs of facts about
Fourier series, for which see Appendix B. We use the notation Ur for the isometry
on L?(X, %, ) induced by T, introduced in the last section.

Given f € L? and r € Z, we define the Fourier coefficient

) = (frer) = / f(@)er (@) de,

where e,.(x) := e>™"*. This is well-defined since if f € L? then certainly f € L', as

remarked at the end of the last section. Now we have
1 1
UTf(’I") — / f(x + a)6727rirzdx — e?ﬂira/ f(.l? + 04)6727ri7"(m+o¢)daj — eQﬂiraf(r).
0 0

Suppose that E is T-invariant. Then 1z = Urlg a.e., and so G(r) = m(r) for
all r € Z. By the preceding computation, this implies that

TE‘(T) — eQTriT'aTE(r)

for all r € Z. Since o ¢ Q, we have €™ £ 1 when r # 0, and so 1g(r) = 0
whenever r # 0. It follows that f := 1p — u(E) has f(r) = 0 for all integers
r. By a standard fact from Fourier analysis (uniqueness of Fourier coefficients, see
Appendix B) this implies that f = 0 a.e., and hence 1g(z) = u(FE) a.e. This implies
that u(E) =0 or 1, and so T is indeed ergodic.

3.7. The doubling map is ergodic

We have given three proofs that irrational circle rotations are ergodic, but in
a sense we have learned little more than we knew already in the first chapter.
However, we have acquired some techniques, and we now use these to prove that
the doubling map is ergodic and then, in the next section, to show that the Gauss

map is ergodic.

PROPOSITION 3.2 (Doubling map is ergodic). The doubling map T : R/Z — R/Z

is ergodic with respect to the Lebesgue measure .
We give two proofs, an “L'-style proof” and an “L2-style proof”.

L' proof. Let D,, be a “standard dyadic interval at scale n”, that is to say

a a4+l
271/ b 271,

hard to check that u(T~"E N D,y) = 27"u(E). Thus if E is T-invariant, so that
T-"E = F for all n, then u(E N Dy ) =27 "u(E) (or in other words the relative

an interval of type ( ), a € Z. If E is any measurable set then it is not
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density of E on D, is u(E)). It follows that if U is any finite union of standard
dyadic intervals then u(E NU) = p(E)u(U). Now by the regularity of Lebesgue
measure, for any € > 0 there is an open set U with E C U and u(U \ E) < e. For
each n write U, for the union of all the standard dyadic intervals at scale n which
are contained in U. We clearly have U; C Uy C ..., and since U is open we have
U,, Un = U. By the limit principle for measures we therefore have

pE) =pENU) = lim p(ENU,) = p(E) lim p(Un) = p(E)u(U).

n n—oo
Thus if p(E) # 0 then p(U) =1, and hence pu(E) > p(U) —e =1 — e. Since ¢ was
arbitrary we must have u(E) = 1.

i—1 z]

One could also have appealed to Lemma A.2, taking Uy, ; = [, 5=

L? proof. Suppose that E C R/Z is measurable and T-invariant, thus T~'E = E
up to measure 0. Equivalently, Urlg(z) = 1g(x) for a.e x. Using Fourier analysis,

with the same notation as before, we have for any function f € L?(X) that

R 1 1 __
fr) = / f(@)er@)dz = / f(2x)e, @x)dr = Uz f (2r)

for all integers r. Taking f = 1, it follows that 1z(r) = 15(2r) for all r. By the
Riemann-Lebesgue lemma (see Appendix B), which states that lim, o f(r) = 0
for all f € L%(R/Z), we are forced to conclude that 15(r) = 0 whenever 7 # 0. As
before, this implies that u(E) =0 or 1.

3.8. The Gauss map is ergodic
This is a little harder than the previous two arguments.

PRrROPOSITION 3.3. The Gauss map T is ergodic with respect to the Gauss mea-

sure v.

PROOF. In a sense, this proof is similar in structure to the proof that the
x2 map is ergodic. The details are, however, rather more difficult. Rather than
work with the Gauss measure v, we work with the Lebesgue measure u. We have
#(E) =0 if and only if ¥(E) = 0, so the notion of T-invariant set does not depend
on which of these measures we use. Recall, however, that we do not in general have
u(T~1A) = pu(A); this will not be a problem in the argument that follows.

For any choice of integers k1, ..., k, > 1 define the map ¥y, , : (0,1] — (0,1]
by
1
Vho,oohr (T) 1= T ;

kn + kn—l‘l’"'#’ﬁ

that is to say
Yhp ks = Pk © 072 0 Py
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where ¢ () 1= ﬂ Note that T™ o)y, ...k, is the identity map, and indeed every

preimage of x under T™ is of the form ¢kn,...,k1 (z) for some choice of the k;.
Write Ukm‘_.’k‘l = ’(ﬂkmm’kl((o, 1)) == ¢kn ©c:---0 qﬁkl((O, ].)) Ukngu-’kl is easily
seen to be an interval. Furthermore, for any 0 < @ < b < 1 and for any k£ € N we
have
b—a
Pr(a) — or(b) = k+a)(k+b) <b-—a,
and so

(Ulﬁ) (Ukz k1) (Ukmkz,kl) 2.
We claim that, for any choice of k1, ks, .. .,

1

(3'2) (Ukn+27 n+17kn7~~;k71) I’L(Ukn7kn 15 7k )'

To prove this set k := ky41,k" := kn12 and suppose that Uk, k. ...k = (a,b),
Ukpiryohey = (@',0") and Uy, .., = (a”,0"”) . Then

nt2
1~ o] = [66(a) — 0u(b)] = | ).
(k+a)(k+0b)
This is < 2(b—a) if k > 2, and so the claim follows in this case. If K = 1 then
a’:Hb,b'——andsoa b > =. But then
'~ = o (@) — b (0] = | o o | < | < S

<k/+a><k'+b/>'\ w17 <2
This establishes the claim (3.2).

It follows from (3.2) and a simple induction that
(3:3) #(Us ) < 271002,

If [a,b] and F : [a,b] — R is a function which never vanishes, we define the
variation of var(, yj F' on [a,b] to be sup, ,cq.) |F(y |. Our next claim is that the
variation of the derivative wkn,..., %, is bounded by an absolute constant, indepen-
dently of n and the choice of k,,...,%k;. This means that the map vy, .. %, from
X to Ug,,.. k, is “almost affine” in a weak sense.

To see this, we use the chain rule to conclude that

! ! /
Varo1] Yi,,... by S VAT0,1] Vhy gk VAT L ((01]) P,

By (3.3) the right hand quantity is bounded by max; var; gb;%, the maximum being
taken over all intervals I of length at most 2~ 1"*/2]. However

k+0b, 1+0b
o2 ¢ e + PR +b— o <1430 —a),
k+a

var p ¢ = |
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It follows that

var 1 Y g < H(1 3272y ¢ BT
n=1

LOERERE]

We call any interval Uy, .k, a standard interval at level n (compare with the
notion of a standard dyadic interval at scale n that we encountered in our discussion
of the doubling map). Let E C [0, 1] be measurable. Fix ki,...,k, and set ¢ =
Wk, kon_1,...k:- Then the map ¢ : E — 9(E) is a bijection. Hence by change of

variables we have

Hb(E)) = / (i) (&) dp(z) = / 1(y)0 (y) duly).

By the fact that varjy ;)9 is bounded this lies between M;u(E) and Mau(E) where
the ratio Ms/M; is bounded independently of E and of kq,...,k,. Noting that
when E = [0, 1] we have ¢(E) = Uy, ... k,, we see that

w(Y(E)) = e B)u(Uk, ... k)

for some absolute constant ¢ > 0 (there is a similar upper bound, but we do not
require it). Now ¢(E) =T "ENUk, k,_1,...k:» and thus

w(T"ENUk,,...k) Z c(E)u(Us,....k)-
At last, we reach the main argument. Suppose that F is T-invariant. Then T~"FE =

FE up to measure zero, and so we see that
WENT) > ep(B)u(0)

for all sets U which are finite unions of standard intervals at level n. Call such sets
U standard at level n.

Now the union of all the standard intervals at level n consists of all of (0,1)
except for some numbers with finite continued fraction expansion (numbers of the
form vy, ...k, (0) or g, ..k (1)). All of these are rational, and so the union of all
the standard intervals at level n has measure 1. We showed above that the length
of any standard interval of level n is at most 2-L"/2), which of course tends to 0
with n. We may therefore apply Lemma A.2 to conclude that every measurable set

can be approximated arbitrarily well by standard sets at some level. It follows that
WENE) > cu(B)u(E)

for all measurable E' € 2.
Taking E' = [0,1] \ E we immediately obtain u(E) = 0 or 1. This concludes the
proof that the Gauss map is ergodic. ([



CHAPTER 4

The mean ergodic theorem

In this chapter we will develop some aspects of the “L2-theory” of ergodic trans-
formations, and in particular prove our first ergodic theorem, the mean ergodic
theorem. It is stated in Section 4.3 below.

An ergodic theorem is a theorem in the opposite direction to the rather trivial
Lemma 3.1, asserting that ergodic transformations have equidistributing properties.
More accurately, an ergodic theorem is any result stating that the time averages
Snf = % Zi::ol f(T™z) converge to the space average [ fdu. There are various
notions of convergence of functions we might consider, some stronger than others.
In this chapter we will consider the case of convergence in L?. In the next chapter

we will consider the rather harder question of pointwise convergence.

4.1. L*(X) as a Hilbert space

If (X,u,%,T) is a measure-preserving system we will make much use of the
Hilbert space L?(X) = L?*(X, %, ) and of the associated isometry Ur : L?(X) —
L?(X) given by Ur f(x) = f(Tx). We introduced these objects in the last chapter,
but made no real use of the fact that L?(X) is a Hilbert space.

We do not wish to assume that students have taken a course in Hilbert spaces,
although many will have done. Here we will use two basic facts: the existence of
projection operators to closed subspaces, and the existence of adjoints of bounded
linear operators on Hilbert space. Students do not need to know the proofs of
these results, though they are not difficult. Here is a very brief refresher on their

statements.

DEFINITION 4.1. A (complex) Hilbert space H is a real or complex vector space
which is endowed with an inner product (,) : H x H — C with the property that H
is complete with respect to the norm ||z|| := /{(x, x) induced by this inner product.

For the rest of this chapter

LEMMA 4.1 (Projections). Let H be a Hilbert space. Suppose that V. C H is
a closed subspace of H. Then we have a direct sum decomposition H =V @ V=+.

Hence there is a unique linear projection operator

n:H—>V

27
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such that
(i) 7|y s the identity on V;
(i) 7|y o is identically zero;
(iii) For allz € H, x — w(z) € V1, that is to say (w,v) = (7(x),v) for all
vel.

If H is a Hilbert space, then a bounded linear operator is a linear map ¢ : H - H
such that [|¢(z)|| < Cllz|| for all x € H and for some constant C. The infimum of

all such C' is called the norm of ¢ and is written ||¢||.

LEMMA 4.2 (Adjoints). Let H be a Hilbert space and suppose that ¢ : H — H
is a bounded linear operator. Then ¢ has an adjoint ¢*, which is a bounded linear
map ¢* : H — H with ||¢|| = [|¢"[| and {¢(z),y) = (x,¢"(y)) for all z,y € H.

4.2. The space of invariant functions.

Suppose that (X, u,T) is a measure-preserving system, not necessarily ergodic.

Then we consider! the space
Ir:={f € L*(X): f(z) = f(Tx) ae}

of invariant functions on L?(X). Alternatively, recalling that Ur : L?(X) — L?(X)
is the isometry given by Ur f(z) = f(Tz), we have

Ir ={f € L*(X): f = Urf} = ker(id —Ur).

It is easy to see that I7 is a closed subspace of L?(X).
The following fact is fairly straightforward.

LEMMA 4.3. The transformation T is ergodic if and only if the space It of

invariant functions consists of just the functions which are constant a.e.

PrROOF. The “if” direction is trivial: suppose that F C £ is T-invariant, so
T—'E = E up to measure zero. Alternatively, 1z = Urlg a.e., and so 1y € Ir.
Hence, by assumption, 1g is constant a.e., and this implies that u(E) =0 or 1.

The “only if” direction is not much harder. Suppose that T is ergodic. Suppose
that f € I, that is to say f = Urf. In other words, f(z) = f(Tx) a.e. Then the
level sets

Eop:={re X :a<|f(x) <b}
are T-invariant, that is to say z € E, if and only if Tz € E,, outside a set of
measure 0. All these sets are measurable and hence must have measure 0 or 1, and
this implies that f is constant a.e. You are asked to supply a detailed proof in
Example Sheet 2, Q2. [

INote that the space of strictly invariant functions, those with f(z) = f(Tz) for all z, is not really
well-defined since functions in L2(X) are only defined almost everywhere.
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Since I is a closed linear subspace of a Hilbert space, it follows from Lemma

4.1 that there is a projection operator
7 LX(X) — I

to this space of invariant functions.

Let us note a few simple but useful facts about how 7 interacts with Ur.

LEMMA 4.4. We have the following.

(i) If f € It then U f = f.
(ii) If T is ergodic then mrf = [ fdpu.

Proor. (i) Let y € H be arbitrary, and let ¢ : H — H be any isometry. Then

we have

= (0(y), d(x) —x) = 0.
Taking y = x — ¢*(x) tells us that ||z — ¢*(z)|| = 0, and the result follows. (We
remark that the assumption that ¢ is an isometry is not really necessary, and can
be replaced with the weaker condition that ||¢|| < 1, but it slightly simplifies the
proof.)

(ii) We know that I consists of just the constant functions when T is ergodic.

Now it is clear that

([ ranvy =0 = [ s,
- (¢~ [ sdu.vy=o.

Therefore the map sending f to [ fdu is precisely the orthogonal projection to the
space Ip. (Il

4.3. Von Neumann’s mean ergodic theorem
THEOREM 4.1. Suppose that (X, u,T) is an ergodic m.p.s. Then for any f €
L?*(X) we have Sy f — [ fdp in L*.

There is, in fact, a version of the theorem for measure-preserving transformations

which are not necessarily ergodic.

THEOREM 4.2. Suppose that (X, pu,T) is a m.p.s. Then for any f € L*(X) we
have ||Snf — 70 (f)||l2 = 0 as N — oo.
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It is immediate that Theorem 4.1 follows from 4.2 using Lemma 4.4 (ii), so we

will prove only Theorem 4.2.

PrOOF. The key idea of the proof is to identify the orthogonal complement
I% of Iy, the space of T-invariant functions, as the closed subspace spanned by
cocycles. If g € L*(X) we write Og = g — Urg: this is called a cocycle. Let M be
the closed subspace of L?(X) spanned by all cocycles dg. It is clear that It C M+,
since (by Lemma 4.4 (1)) if f is Up-invariant then it is also Uj-invariant and we
have

(0g,f) = (g —Urg, f) = (9, f) = (9, Urf) = 0.

Suppose, conversely, that f € L?*(X) is orthogonal to all cocycles. Then in

particular we have (f,df) = 0. It follows that

If = Uz fI? =4, F = Urf) +(f = Urf, £) = IFIP + Uz 12
= —[lFI* + lUr fI1?
=0.
Thus f = Urf a.e., that is to say f € I.
Now by the standard facts about Hilbert spaces mentioned in Section 7?7 we
have
LA(X)=Ir & If.
Now that we know that I:,% is the closure of the space of cocycles, so we have the

following statement. We state it as a separate lemma as we will use it in the next

chapter.

LEMMA 4.5. Let f € L?(X) be arbitrary. Then for any € > 0 we may write

f=mr(f)+0g9+h

where ||h|| < e. In particular if T is ergodic we have

f:/ f+0g+h
X
where ||h]] < €.

Taking time averages, and using the fact that Sy (7 f) = 7 f since nr f € Iy,

we thus have

(4.1) 1Sn f =7 (NI < [1Sn(99)[l + [|Snhll.

Now Sy : L?(X) — L?(X) is easily seen to be a contraction (the proof is the same
as for L1(X)) and so
[Snhl <e.
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Now by telescoping the sum we see that

1
Sn(99) = (9~ Urg),

and so 5
ISn (@)l < .
Comparing with (4.1) we see that
2
ISn 7~ ()l < 2ol +

which is less than 2¢ if N is big enough. Since € > 0 was arbitrary, the result
follows. O






CHAPTER 5

The pointwise ergodic theorem

Our aim in this chapter is to prove the following result, asserting that “time

averages converge to space averages” in a rather strong sense.

THEOREM 5.1 (Birkhoff’s almost-everywhere ergodic theorem). Suppose that
(X, u, B,T) is an ergodic measure-preserving system, and suppose that f € L*(X).
Then Snf — fX fdp pointwise almost everywhere. That is, for all x € X outside

of a set of measure zero,

Jim Sxpe) > [ fn

The proof of this is somewhat tricky. An important ingredient of it is a kind
of special case known (essentially) as the maximal ergodic theorem. This is an
assertion to the effect that if the “space average” ||f|1 = [y [f(z)|du(x) is small

then so are many of the time averages.

5.1. The maximal ergodic theorem

Before stating and proving the maximal ergodic theorem, we isolate a simple

lemma (a special case of the Vitali covering lemma) from its proof.

LEMMA 5.1. Let {I,,}mes be a collection of intervals of form I,, = [m,m +
(m)) C Z. Then there is a disjoint subcollection {I,,}mes whose union has length
at least $|S|.

PROOF. First of all pass to a minimal subcollection {I,, : m € S,} with the
property that J,,cg. Im = U,cg Im- By a simple inspection this subcollection
has the property that no point y lies in three of the I,,,. Writing S, = {m; <
me < -+ < myg}, it may now be seen that the two collections Ip,, U I, U ...
and I,, U Iy, U... consist of disjoint intervals. Furthermore the union of these

two collections is | I, and hence contains S. Thus at least one of these two

mesS
collections has union of size at least |5, and the lemma follows. O

PROPOSITION 5.1 (Maximal ergodic theorem). Suppose that (X, u, B,T) is a
measure-preserving system. Suppose that f € LY(X) is a function with | f|l1 =
Jx [f@)]du(z) < e. Let E C X be the set of all x € X for which some time
average Sy f(x), N =1,2,3,... has magnitude at least 6. Then pu(E) < 2¢/0.

33
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Note that we do not need to assume that 7" is ergodic here.

PRrooOF. By replacing f by |f|, we may assume that f > 0 everywhere. For
integer No, Write E(Ny) C X for the set of all x € X for which some time average
Sn f(x) with N < Ny has magnitude at least §. Then E(Ny) A E as Ng — oo.
By the limit principle it is therefore enough to show that u(F(Ng)) < 2¢/6. For
notational brevity, let us replace E(Ny) by E in what follows.

If x € FE then, by definition, there is some N(x) < Ny such that

|SN(z)f(x)| > 67

or in other words
(5.1) Eocnan@) f(T"T) = 0.

Here we have used the convenient notation E cx = ﬁ > wcx to denote averaging
over a set X. Thus, since F is large, many averages such as (5.1) are large. We
wish to use this fact to show that ||f||; is also large. The first trick is to shift
(5.1) around to get many further large averages. Indeed by an obvious change of

variables we have, for any positive integer m,

and so
(53) Em<n<m+N(Tmm’)f(Tn‘rl) > 4

for all 2’ e T"™E.

Let N7 be a quantity to be specified later, much larger than Ny. For x € X, let
A(z) be the set of all return times of x to E before time Ny, that is to say the set
of all m € [0, N7) such that x € T~™E. Thus if z € X and if m € A(x) then we

have

(54) ]Emén<m+N(me)f(Tnx) > 57

Note that N(T™z) € [0, Np).
Now we have
(5.5) [ 1A@ldu@) = Y w(@ ) = u(E)M,
X 0<m<N,
since T' is measure-preserving.
For each z € X, consider the collection of intervals {Im}meA(m), where I,,, =

[m,m+ N(T™z)). In general these intervals will overlap, but by Lemma 5.1 there



5.2. TIME AVERAGES, SPACE AVERAGES AND LIMITS 35

is a disjoint subcollection {/,, }mea () With
1
> 1l > LA
meA’(x)
Since all these intervals are contained in [0, Ny + N7) we have

Yoo Tz D ) f(Te)

0<n<No+N1 meA’(z) n€lm,

>5 ) |l

meA’(x)
> Lojag)

Now we integrate both sides over all x € X. Since T is measure-preserving, we
have [ foT"du = [, fdu for all n. Using (5.5), it follows that

(No + NI fllr = (No + Nl)/X Jdu

- /X (S F@)dut)

0<n<No+Ny

1
> 50 [ JAG@)du(o)
X
1
It follows that o NN
+ N1
E) < 222211
p(E) < 5=
Letting N7y — 0o, we obtain
2 2e
FE)< = < —.
w(E) <317 < =
This completes the proof. O

5.2. Time averages, space averages and limits

Suppose that (X, u, #,T) is an ergodic measure-preserving system. In Chapter
1 we talked about continuous functions having the time averages - space averages
property (TASA). As we remarked, this nomenclature was slightly nonstandard.
Here, we require a very similar notion for functions in L(X).

Given a function f € L'(X), we say that f has TASA if

(5.6) Jim_ Sy f(x) = /X fdu
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for a.e. . Note that now we do not require the convergence to be uniform in =z,
so this notion of TASA is not the same as the one in Chapter 1. We will only be
using this terminology during the proof of the pointwise ergodic theorem.

In this section we use the maximal ergodic theorem to establish a pleasant
closure property of the set of all f € L*(X) with TASA.

LEMMA 5.2. Suppose that a sequence of functions fi, fa, -+ € L*(X) all have
TASA, and that f; — f in LY(X) (that is, limjeo || f; — fll1 = 0). Then f also
has TASA.

PROOF. Let ¢ > 0, and suppose that 0 < § < %. Choose j so large that

3
Ifi = flli < %255, thus

1
dp — dp| < —de.
I/fju /ful 126
Write Ay for the set of all # € X for which [Sn f;(z) — [y fidp| > 36 for some
N > M. Then (\3;_, A is contained in the set of z for which Sy fj(x fX fidu,
and hence has measure 0. Noting that we have the nesting A; D A; D ... it follows

from the limit property of u that u(Axr) N\ 0, and so there is some M, such that
1(Anr.) < 6. Thus
1
|Sn fi( / fidp| < g
forall N > M, and all = ¢ Ay, .
Also if B is the set of all x € X for which we do not have
1
S 3(2) — Sn 7 (@)] < 5
for all N = 1,2,3,... then, by the maximal ergodic theorem, u(B) < %5. If
x ¢ Ay, U B, a set of measure at most J, then by combining the three displayed

equations and using the triangle inequality we have

1Sn f(a / fdul <

for all N > M,, that is to say

limsup [Sn f(z / fdu| <

N—o0
This is true for all x outside a set of measure at most J, but § was arbitrary:
therefore it is true for a.e. x. Take a sequence €1 > €9 > &3 > ... with &; — 0. For
each ¢ and for a.e. x we have

limsup |[Sn f(z / fdu| <

N—oc0
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Since a countable union of sets of measure zero has measure zero, this is true, for
a.e. x, for all ¢ simultaneously. For these x we of course have

limsup |Sn f(z / fdu| =0,

N—o0

and this concludes the proof. [

5.3. Proof of the pointwise ergodic theorem

Proof of the pointwise ergodic theorem. We now wish to prove the pointwise
ergodic theorem, namely that in an ergodic measure-preserving system (X, u, %, T)
every function f € L'(X) has the TASA property in the sense defined in the last
section.

Motivated by the proof of the mean ergodic theorem in the last chapter, let us
begin by noting that there is a class of functions for which the property is quite
easy to prove, namely the “constants plus bounded cocycles”. Indeed suppose that
f = ¢+ 0g for some constant ¢ and some g € L (X), where here g = g(z) —g(Tx)
and L*°(X) denotes the space of measurable functions for which |g(z)| < M for

a.e. x, for some finite M. Then by telescoping the sum we have

Sn (@) =+ 3 (g(r) — (T ).

Since ) )
|5 (9(@) — g(T" )] < =M 0
for a.e. z., it follows that Sy f(z) — ¢ for a.e. . On the other hand,

/8gdu /fdu /foT 0,

using the fact that T is measure-preserving.
By this observation and the main result of the last section, it is therefore enough

to prove the following lemma.

LEMMA 5.3. Suppose that (X, u, B,T) is an ergodic measure-preserving system.

Then the constant-plus-bounded-cocycle functions are dense in L'(X).

PROOF. In the proof of the von Neumann ergodic theorem we proved a super-
ficially similar result, Lemma 4.5. We will use this fact to establish Lemma 5.3.
The appeal to this lemma is in fact the only place in this section that we need the
assumption that T is ergodic. We will also make two appeals to Lemma A.4, which
seq Cilp, are dense in L'(X).

Let f be such a simple measurable function. Then f certainly lies in L?(X). By

states that the simple measurable functions f = >_

Lemma 4.5, there is some g € L*(X) with

= /f@ dgllz <

@M—*
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and hence, by the Cauchy-Schwarz inequality,

1
15 = [ sdu=oglh < =
X

This is almost what we want, except that there is no guarantee that g is bounded.
However, since g lies in L?(X) it also lies in L'(X), and so by Lemma A.4 it may
be approximated arbitrarily closely by simple measurable functions, all of which
lie in L°°(X). In particular we may find g € L°°(X) with |lg — gll1 < 3e. By the

triangle inequality we then have [0 — dg||1 < 2 and so

||f—/ fdp— 03y < e
X

Since € > 0 was arbitrary, we have shown that f may be approximated arbitrarily
well in L' by constant-plus-bounded-cocycle functions.
However, the simple measurable functions like f are dense in L'(X), and the

result follows. O

5.4. Normal numbers.

Let « € [0, 1], and write = 0.ajaz2a3 ... in base k (thus each a; lies in the set
{0,1,...,k —1}). For each sequence b, ...b; of digits, look at those n for which
Opy1 =b1,...,an1; = bj. We say that x is normal in base k if
(57) ]\;gﬂoo N#{n N: Ap+1 = bl, ceey Qpgy = bj} = k’ij
for all j and for all choices of by, ...,b;, that is to say the number of occurrences of
the pattern by ...b; amongst the base £ digits of = is what one expects it to be.

The normality of a number may be interpreted in terms of the xk maps T} on

the circle R/Z. Indeed any1 = b1,...,an4; = b; if, and only if, T’z lies in the
interval 5 b
I:=— S0
& +- +[ k:ﬂ)

Since the maps T} are ergodic (we only proved this for £ = 2, but the proof for

general k is the same) it follows from the pointwise ergodic theorem that

Jim —#{n N g1 =bi,... anyj=b;} = Nlﬁnoo* 2111 TPz) = p(l) = k™
for a.e. x. There are only countable many choices for j and by,...,b;, so in fact

the above holds for all such choices for a.e. z, that is to say almost all z € [0, 1] are
normal in base k.
It follows immediately that almost all z € [0, 1] are normal to all bases; such

numbers are called absolutely normal.
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5.5. The continued fraction expansion of a typical number

Let us derive a corollary about the partial quotients of a “typical” number in
(0,1). In this section we will write X = [0,1], T : X — X will be the Gauss map,
and v(E) = 1022 X dl"_ﬁ? will be Gauss measure. As we showed in Chapter 3, T is
ergodic with respect to v.

Recall our observation that if
1
a; + %

Lo e

xTr =

then a, = [1/T" 1z]. Writing f : (0,1] — R for the function defined by f(t) :=
log(|1/t]) it is not hard to check that f € L!([0,1],%,v). It follows from the

pointwise ergodic theorem that for v-a.e. x (and hence for uy-a.e. z) we have

1 [Hlog([1/t])
g2/0 1+t dt.

N
1
N;logan =Sy f(x) —>/de: o

Splitting the integral into the ranges (1/(k + 1),1/k) and making the substitution
u = 1/t — k, we see that the right hand side is

[ ! 1
1 .
1og2; ng/o T S

The integration is easily accomplished using the obvious partial fraction expansion,

and we see that the above is

1 & (k+1)2
logk - log 31—
log 2 k; BT 8 Lk + 2)

Thus for almost all x the partial quotients satisfy

9] 2\ logk/log?2
: 1N _ (k+1)
o can) =] (W ) -

The constant here is called Khintchine’s constant, and its numerical value is ap-
proximately 2.685452...
More applications of ergodic theory to the study of continued fractions may be

found on the third example sheet.






CHAPTER 6

Combinatorial number theory and the

correspondence principle

6.1. Szemerédi’s theorem

A beautiful application of ergodic theory, due to Furstenberg, is to give a proof
of a famous theorem of Szemerédi in combinatorial number theory. Here, and in
the rest of the chapter, [N]:={1,...,N}.

THEOREM 6.1. Let k € N be an integer and suppose that 6 > 0. Let A C [N] be
a set with density |A|/N at least §. Then, provided N is large enough, A contains

k distinct elements in arithmetic progression.

To prove this theorem, we relate it to a result about multiple recurrence on
certain types of system. The systems we will consider to begin with are called

Cantor systems (this is not standard terminology).

6.2. Cantor systems

DEFINITION 6.1 (Cantor system). A Cantor system is a quadruple (X, %, u,T)

where

X = {0,1}* is the space of doubly-infinite sequences & = (2, )nez;

Z is the ring of clopen sets ! which consists of all finite unions of cylinder

sets, that is to say sets obtained by fixing some finite number of coordi-
nates of z (for example the set R C X given by R={Z € X : z_3 =
0,20 = 1,27 = 0};

e T: X — X is the right shift map defined by (T'%),, = zp41;

w: % — [0,1] is a probability measure which is invariant with respect to

the shift: u(T"'R) = pu(R) for all R € Z.

A Cantor system is not a priori a measure-preserving system, because & is only

a ring of sets, and not a o-algebra (it is not closed under countable unions).

1clopen stands for “closed and open”. We never need the fact that all clopen sets are finite unions
of cylinder sets, though this is true and not hard to prove.

41
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The definition of probability measure on Z# is almost identical to that of a
probability measure on a o-algebra %, but with one slight change: the countable
additivity axiom now becomes

o If A, e #,if Ay C Ay C ... and if |J, | A, € Z then p(lU,—, 4n) =
220:1 1(Ay).
The only difference here is that it is not automatic that | J7—; 4, € Z.

In the specific case we are discussing here, the ring of clopen sets on the Cantor
space, the countable additivity axiom follows from the weaker finite additivity axiom
(AU A = u(A) + p(A') if A, A’ € Z are disjoint. This is because X = {0,1}%
(with the natural topology — see Examples Sheet 1, Q10) is compact and all elements
of Z are closed (and hence compact), so if |J;-; A, € Z then in fact Ui:l A, =
U~ A, for some finite k.

6.3. The correspondence principle

In this section we show that Szemerédi’s theorem is a consequence of the fol-

lowing multiple recurrence result for Cantor systems.

THEOREM 6.2. Suppose that (X, %Z,u,T) is a Cantor system. Let R € Z be a
set with u(R) > 0. Then there is some d > 1 such that u(RNT *RNT~2IR---N
T-(k=1DdR) > 0.

Here is the deduction, which is known as Furstenberg’s correspondence principle.
If Szemerédi’s theorem is false, we may find an infinite sequence (A4;)32; of finite
sets with A; C [N;], N; — oo, with |A;|/N; > ¢ for all j, but with no A; containing
k distinct elements in arithmetic progression.

Consider the Cantor space X = {0,1}%. Note that X can be identified with the

power set H(Z) of subsets of Z, via the identification which maps A C Z to &4

. )1 neA
(xA)n_{ 0 né¢A.

Consider the shift map T : X — X defined by (T'Z),, = x54+1. To any A C [N] we
also associate? a probability measure g4 on X = {0,1}% by setting
1 o
na(S) = N#{n € [N]: T%4 € S}.

That any such pa is a probability measure is easily verified: remember that it

where

suffices to check finite additivity.

2Technically this depends on N as well as on A, but we suppress explicit mention of this depen-
dence.
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The measure p4 captures various statistics of A. Consider, for example, the
cylinder sets S(aq,...,ar) € Z given by

S(ar,az,...,a5) ={F € X 1xq, =+ =14, =1}.

In particular if S = S(0) = {& : zp = 1} then, since (T"Z4)o = (Fa)p, =1ifnec A

and 0 otherwise, we see that
pa(5(0)) = y#{n € [N] i n € A},
That is to say, 14 (5(0)) is precisely the density of A as a subset of [N]. Similarly
1a(S(3,7,12)) = %#{n €N:n+3n+Tnt12€ A},

a certain “triple correlation density of A” and so on.

Define j1; := pa,. Now we come to a key idea: because the collection Z of clopen
sets is countable, we may apply a diagonal argument to pass to a subsequence of
the p; which converges “weakly”, that is to say such that p;(R) converges for
all R € #. Indeed, if Z = {R1,Ra, Rs,...} then first pass to a subsequence
{j1,1,71,2,. ..} € Nsuch that p;, ,(R1) converges as i — oo. Next pass to a further
subsequence {jo,1,j2,2,. .-} C {Jj1,1,J1,2,- ..} such that puj, (R2) converges, and so
on. Finally consider the diagonal subsequence {j1 1, j22,J3.3,... }: by construction
the sequence y;, , (R,) converges as i — oo, for every fixed r.

For simplicity of notation, let us assume that the sequence p; itself converges
weakly, and define a function p : Z — [0,1] by p(R) := lim;_,o0 it (R). It is easy
to check that p inherits the prooperty of finite additivity from the p;, and hence
is a probability measure on (X, %, u,T).

LEMMA 6.1. The probability measure p is T-invariant, and so (X, 2, u,T) is a

Cantor system.

Proor. The idea here is that, while the approximating measures p; are not
T-invariant, they are almost so and become truly invariant in the limit.

Indeed for any clopen set S € % we have

1 . _
pi(T718) = ~ €N T"Es €T 15}
J

i#{n €[N :T"Es € S)

N;

= i#{n €[N;]—1:T"%s € S}.
N;

Since .
1 (S) = ﬁ#{n € [N;]: T"Za € S},
J
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it follows that

_ 2
1s(8) = 13 (T18)| < = =0
J

as j — 0o, and therefore ;1(S) = u(T~15), as required. O
LEMMA 6.2. We have u(S(0)) > 0.

ProOF. We have 1;(5(0)) = N{1|Aj| > 6. Since S(0) is clopen, we have
1(S(0)) = lim; o0 1£;(S(0)) > 6 and the result follows. O

Now apply the multiple recurrence theorem for Cantor systems, Theorem 6.2,
with R = S(0). We obtain the existence of some d > 0 such that

w(S(0)NT=4(S(0)) NT~24(S(0)) N ---NnT~*k=D4(5(0))) > 0.
Note that
S(0)NT~4S(0)) NT24(S0))N---NnT~* =V4(S(0)) = S(0,d,...,(k—1)d)
is another clopen set. It follows that

lim 4;(5(0,d,...,(k—1)d) >0,
j—o0
and in particular
;i (S00,d,...,(k—1)d)) >0

for j sufficiently large. However, 1;(5(0,d, ..., (k —1)d)) is precisely
1
ﬁ#{n €[Nl :n,n+d,...,n+ (k—1)d € A;}.
J

This instantly implies that A; contains at least one k-term arithmetic progression

with common difference d, for all sufficiently large j, contrary to assumption.

6.4. Cantor systems and ergodic theory

The name Cantor system is not standard terminology. The reason for this is

that every Cantor system in fact has the structure of a measure-preserving system.

PROPOSITION 6.1. Suppose that (X, %,u,T) is a Cantor system. Let % be
the o-algebra generated by #. Then we may extend p to a (countably additive)
measure on B, and thereby regard the Cantor system as the restriction of a measure-

preserving system (X, B, u,T).

The proof of this proposition is an instance of the Carathéodory Extension
Theorem, discussed in Appendix A (it is not examinable in this course). The o-
algebra £ is usually called the Borel o-algebra, because when a natural metric

topology is placed on X this does indeed consist of the Borel sets (see Exercises 1,

Q10).
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It turns out that the analogue of Theorem 6.2 holds in this measure-preserving

system too.

THEOREM 6.3 (Furstenberg). Consider the measure-preserving system (X, B, u, T),
where X = {0,1}%* and % is the Borel o-algebra. Let E € B be a set with u(E) > 0.
Then there is some d > 1 such that W(ENT¢EN--.nT-¢-DIE) > 0,

In fact the same holds in any measure-preserving system, in a slightly stronger

form.

THEOREM 6.4. Suppose that (X, %, u,T) is an arbitrary measure-preserving
system. Then for any f € L>(X) with f > 0 and f not equal to 0 a.e. we have

2 . (k=1)n
1}&135 > / f(x - f(T x)dp(x) > 0.
o<n< N

Note that if f = 1g then
/ f f(T(k 1)d x)d‘u = /J:(E n T*dE N---N T*(k*l)dE).

Thus Theorem 6.4 implies Theorem 6.3, and in fact implies rather more: a positive
proportion of all integers d satisfy the conclusion of that theorem.

It is convenient to give a name to the property being demanded in Theorem 6.4.

DEFINITION 6.2 (The SZ property). We say that a m.p.s. (X, %, u,T) has the
SZ-property at level k if, for any function f € L*°(X) with f > 0 and f not equal

to zero almost everywhere we have

el . (k=1)n

1}\1[11)1;1; Z /f - f(T x)dp(z) > 0.
o<n<N
Equivalently, writing U = Uy for the Koopman operator U f(z) := f(Tx), we have
_ n (k—1)n
1}\?335 Z /fU f...U fdp > 0.
o<n<N

Thus Theorem 6.4 may be recast in the following form.

THEOREM 6.5. Every measure-preserving system (X, %, u,T) has the SZ prop-
erty at level k.

We will discuss some aspects of the proof of this theorem in the rest of the
course, taking the time to develop some interesting notions (such as weak-mixing)
which come up, and proving the theorem for particular types of system. The broad
structure of (one possible) proof of the general case is to isolate some chain of

T-invariant sub-o-algebras

{0yCcH CHC--- C By =5,
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and then to prove, by induction on i, the statement that Theorem 6.4 holds for
(X, u, %;,T).

The crucial point to note is that these sub o-algebras are not necessarily gener-
ated by subrings of the ring Z of clopen sets, and to see these vital structures one

must work in the setting of measure-preserving systems.



CHAPTER 7

Weak-mixing transformations

In this chapter we introduce a property that may be enjoyed by measure-
preserving systems (X, %, u,T) called weak-mizing. This is an important class
of measure-preserving systems in its own right, but our particular aim is to prove
that all such systems have the SZ property, introduced in the last chapter.

In this chapter L?(X) always refers to the Hilbert space of complex square
integrable functions. We adopt the convention that n < N meansn € {0,1,..., N—
1}, and write E,«y for & Y
tending to 0 as N — oo.

nen- Occasionally we will write o(1) for a quantity

7.1. Weak-mixing systems and their basic properties

DEFINITION 7.1 (Weak-mixing systems). Suppose that (X, %, u,T) is a m.p.s.
We say that this system is weak-mixing if, for all measurable sets A, B C X, we
have

Jim E,ox|u(T AN B) — p(A)u(B)] = 0.

To give a little intuition, let us remark that weak-mixing implies ergodicity.
Indeed if A is invariant, that is to say if T7-'A = A up to measure zero, then the
weak-mixing condition clearly implies that u(ANB) = p(A)u(B) for all measurable
B. Taking B = A, we see that u(A) = 0 or 1. Weak-mixing is a much stronger
assumption than ergodicity, however. Our basic example of an ergodic system,
the irrational circle rotation, fails to be weak-mixing as can be seen by taking
A = B =1 for a suitable interval I (to establish this rigorously, for all irrational
circle rotations, is on Sheet 4).

On the other hand the doubling map Tz = 2x(mod 1) is weakly-mixing. In fact
it has a strong property called mizing (or sometimes strongly mizing:

lim p(T7"ANB) = p(A)u(B)

n—oo

for all measurable A, B. This essentially follows from the “L!-style” proof that the
doubling map is ergodic, given in Section 3.7. There, we showed that ,u(T’"/A N
B) = u(A)u(B) whenever n' > n, if B is a union of dyadic intervals at level n.
The claim now follows by approximating an arbitrary measurable B using unions

of dyadic intervals, as done in Section 3.7 (and see also Lemma A.2).

47
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It is traditional, and I think rather pleasant, to supply a list of properties that
are equivalent to weak-mixing. Here, U = Ur denotes the Koopman operator,
namely U f(z) := f(Tx).

PROPOSITION 7.1 (Equivalent notions of weak-mixing). Suppose that (X, 1, 8,T)

is a measure-preserving system. Then the following are equivalent.

(i) T is weak-mizing;

(ii) Buvery f € L*(X) with [ fdu = 0 satisfies imn o0 Enen |[(f, U™ f)| =

(i) 1imx—so0 Encn | (f, Ug) — [ fdp [ Gyl = 0 for all f,g € L2(X);

(iv) T x T is weakly-mizing;

(v) T x T is ergodic on X x X for any ergodic m.p.s. (X, [t B T),
)

(vi) T x T is ergodic.

PrOOF. Evidently (iii) implies (ii). Conversely (ii) implies (iii) in the case
J fdp = [ gdp = 0 by using the “depolarization identity”

3

S g +imfUM g+ )i

m=0

=

(f,U"g) =

The general case then follows straightforwardly from the observation that

<f*/fdu,U”(g*/gdu)> =(f,U"g) */fdu/gdu-

Statement (iii) obviously implies (i), and conversely (i) implies (iil) by approxi-
mating f and g by simple-measurable functions in the usual way.
To see that (i) implies (iv), suppose that T is weak-mixing. We want to show

that T" x T is also weak-mixing, and so we must show that if F, F € & x & then
Enen(px p)((TxT)""ENF)—0.

Suppose first that E = A x C, F = B x D with A, B,C,D € 9. Then we have

En<n(px ) (T xT)""ENF)

Epan|(px p)(T xT)™"(Ax C)N (B x D) = p(A)u(B)u(C) (D)

= Enen|p(T™"ANB)u(T"C N D) = p(A)u(B)u(C) (D)

=Enen| (T " AN B) = p(A)u(B))w(T~"C' N D) + p(A)(B) (w(T~"C' N D) —

<Enen (T AN B) = (A)u(B)| + Enen |[(T~"C' N D) — u(C)u(D)]

— 0.

The case of general E, F' now follows by approximating each of these sets with a
finite union of product sets A x C', B x D: see Appendix A.
That (iv) implies (i) is very straightforward and is left to the reader.
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To see that (i) implies (v), suppose that T is weak-mixing and that T is ergodic.
We want to show that 7' x T is ergodic, to which end it suffices (and is necessary)
to show that

Enon (i x i)((T x T) B F) = (1 x i) (B)(u x i) (F)

for all measurable E, F' € & x 2. (Then take E = F to be some (T x T)-invariant
set and conclude that (4 x fi)(E) = 0 or 1.) One again we show this first in the
special case E = A x C and F = B x D, where A,B € % and C,D € %. The
general case again follows by an approximation argument.

The special case we need to prove is the following statement:
(7.1)  Epen(ux @)((T x T)7"(A x C) N (B x D)) = p(A)u(B)ji(C) (D).

The left-hand side minus the right is simply

which equals
Enen (W(T~"AN B) — u(A)u(B)(T~"C 1 D)
+ u(Au(B)ET"C N D) ~ ((C)i(D)).
This is bounded by
Enan (T~ AN B) — p(A)u(B)| + [Eocnan (i(T"C N D) — J(C)i(D))|

(note carefully the position of the modulus signs). Now since T is weak-mixing the

first term tends to zero. The second term is
(Sylc — / ledi, 1p),

which by the Cauchy-Schwarz inequality is bounded by ||Sy1¢ — [ 1cdfpil|2. By the
mean ergodic theorem and the fact that T is ergodic, this tends to 0 as N — co.
To see that (v) implies (vi), first take (X, fi, 8, T) to be the trivial one-point
system to conclude that T itself is ergodic. Then, taking T =T, we see that T'x T
is ergodic.
Finally we must show that (vi) implies (i), to which end it suffices (by Cauchy-
Schwarz) to show that

E,on|u(T AN B) - p(A)u(B) - 0.
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Expanding out the square, this may (with a little effort) be rewritten as
Enen (i x 1) (T x T) (A x A) 1\ (B x B))—
2( AV (1 x p)((T x T) (A x X) 11 (B x X))
 u(A)?u(B).
Writing S for the time averages with respect to 7' x T, this may be written as
(S¥1axa, 1pxp) = 2u(A)u(B)(S¥laxx, 1pxx) + u(A)*u(B)?,

where the inner products are on X x X. By two applications of the mean ergodic
theorem applied to T x T' (which tells us that SX1axa — u(A)? and SGlaxx —
u(A) in L?) and the Cauchy-Schwarz inequality, this does indeed tend to zero. [

Remark. In the above argument we applied the mean ergodic theorem three
times. A close inspection reveals that all we needed was the fact that Sy f — f fdu
in weak L?, which means that (Syf — [ fdu,g) = 0 for all g € L?*(X). This
statement admits of a much “softer” proof than the mean ergodic theorem, at least

if one knows a little functional analysis: see Exercise sheet 4.

An important fact is that weak-mixing is equivalent to a further property: that
the Koopman operator U has no non-constant eigenfunctions. That is, if f € L?(X)
and if f(Tx) = Af(x) for a.e. x then A = 1 and f is constant a.e. We will not
require this fact in these notes; the proof is not difficult, but does require a small
amount of machinery in the form of the Bochner-Herglotz spectral theorem. For
comparison note that 7" is ergodic if and only if the only eigenfunctions with A = 1

are the constants.

7.2. Multiple recurrence properties for weak-mixing systems

Our aim now is to establish that weakly-mixing systems have the SZ property.

THEOREM 7.1. Let (X, A, u,T) be an invertible weakly-mizing m.p.s. Then this
system has the SZ property at level k for every k.

We will in fact establish the following result.

PROPOSITION 7.2. Let r > 1. Let (X, %,u,T) be a weak-mixing m.p.s. Then
-
R N A [ faw)
1=

in L2(X), for every choice of fi,...,fr € L>=(X). The existence of the limit on
the left is part of the claim.
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The deduction of the SZ property at level k from the case r = k — 1 of this
proposition is a straightforward application of Cauchy-Schwarz. Indeed, taking

fi=fo=+--= fr_1 = g in the proposition we have

]En<N/fU"f...U(k—1)nfdM - (/f)k — (f,EpenU™f.. . U*Dnp (/ £
g ||f||2||En<NUnf . U(k_l)"f _ (/ f)k—1||2

—0
as N — oo. In particular if f > 0 and f is not 0 a.e. then
1gninfEn<N/fUnf...U<k—1>”fdu = (/ fF>o,
hade el

which is precisely the SZ property at level k.

The key ingredient in the proof of Proposition 7.2 is a result called the van der

Corput lemma.

PROPOSITION 7.3. Suppose that (x,)nen s a sequence of vectors in some Hilbert
space V, and that ||z, || < 1 for allm. Then

limsup |E,<nzn||? < limsup Epc g imsup E,o n (T, nsn)]-
—00 H—oco N—oco

ProoF. If H is some paranmeter, we write om, N0 (1) for a quantity tending
to 0 (in the norm on V), the rate of convergence depending only on H. Different
instances of the notation may indicate different quantities.

Fix H for the moment and suppose that h < H. Then we have the “shifting

principle”
(7.2) Enentn =EpcNTntn + 0 NS00 (1).
Indeed,
[Encnn ~ Bncxninll = Iy (o + -+ 2ny =2y = = ana)] < -

Taking averages over h < H yields

Enen@n =Epae NEnc HThnth + 00 N—o00(1)

and so

(7.3) IEn<NTn | = |Enc NEn<c aZnin||® + 08N —00(1).

(Indeed if v = v' +w with |[v]|,]|v'|| < 1 then |[v]|? — [[v'[|? = 2{(v',w) + ||w]||?, and
(v, w)| < |lw|| by the Cauchy-Schwarz inequality, so |[[v]|*—[[v/[|?| < 2[jw||+]jw]?.)
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By the Cauchy-Schwarz inequality it follows from (7.3) that
|Enen®nl? € Enen|EncrTninl|® + 0mn—oo(1).

Expanding out the square and swapping the order of summation gives

(7.4) IEn<n@nll® < Enyho< o Ena N (Tt hys Totha )| + 08 N—so0 (1)
Note that by another application of the shifting principle

(7.5) En<a N {(Tnthy> Tnths) = Bna N (Tny Tntho—hy) + 0H;N—00(1),

and also that

IEn<N<:I;n+h1 5 xn+h2> = En<N<xn+h17h2 5 xn> + OH;NHOO(]-)

(7.6) = En<N<xn7 55'n+h17h2> + OH;NHOO(l)'

Substituting into (7.4) (using (7.5) when hy > h; and (7.6) when he < hy) we

obtain
(7.7) Enennl? < HQZ )| Ene v (Zn, Tnsn)| + 0800 (1),
h<H

where w(h) is the number of ways of writing h = hy — hy or h = he — h; with

hhhg < H, thus
H h=0
w(h) =
2H—-h) 1<h<H-L
Taking limsups as N — oo in (7.7), the o(1) terms disappear and we obtain

. 1 .
(7.8) limsup ||E, <y < I E w(h) limsup |E,< N (Zn, Tnin)l-
N—o0 h<H N— 00

Finally, we must take limsups as H — oo. We claim that for any bounded

sequence (y,) we have

(7.9) lim sup — e Z n < limsup Ep<gyn.
H—o00 h<H H—o0

Proposition 7.3 follows immediately from this claim and (7.8) upon taking vy, =

limsupy o0 [Ena N (Tn, Zngn)|.

It remains to prove the claim. To do this, note the identity

H
(7.10) dowlhyn=—Hyo+2 ) >

h<H H'=1h<H’

Suppose that E; gy, < C for all H > Hy. Then from (7.10) we have
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Ho—1
1
R WIS RES S WEEE b 91
h<H H'=1h<H' =Ho h<H'
1 2 ,
E + 27 -‘r — Z CH
- C
as H — oo.
The claim follows. O

PROOF OF PROPOSITION 7.2. We proceed by induction on r. The case r = 1
is simply the mean ergodic theorem; note that 7', being weak-mixing, is certainly
ergodic. Suppose now that r > 2. The case in which f,. is constant reduces to the
case r — 1. Hence, replacing f, by f,— [ frdu, we may suppose in what follows that
[ frdp = 0. We may also assume without loss of generality that || f;||s < 1 for all

t=1,...,r. In what follows we will consider various “derivatives” Ay f; := fiU"f;.
Note that ||Ap fillo < 1 and hence ||Ap fi|l2 < 1 for all h,4; note that this might

not be the case if we assumed, in the statement of Proposition 7.2, only a bound

on | fill2-
Our task is to show that

En<NUnf1 . Urnfr —0
in L.
Taking z,, :=U"f1...U™f, in the van der Corput lemma, and noting that

(Trs Tngn) = /(U"Ahfl) (U™ App fr)dp,

it is enough to show that

(7.11) lim sup Ep < g limsup [E, <y /(U"Ahfl) o (U™A fr)dp] = 0.

H—o0 N—oc0

Now by the T-invariance of p (and the fact that T is invertible) we have

/ (U BLf) - (U Do )

- / (A f) (U gy f2) -~ (U7 A £,)dp,
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and hence by Cauchy-Schwarz
Bucx (U B0A) (U™ B

=| / (AR f1)Enan (U™ Agp fo) - (U™ ALy £, ) dpl
<NEnan (U™ Aopfo) -+ (UTI" A, £ 2

Taking limits as N — oo, and using the induction hypothesis, we have

timsup B,y (07 f1)+ (07 B f)d

N—o00
§‘ ( Ajzfj)‘<| A'r'zfr|:|<f7‘aUrhf7'>‘-
}1/ W< [ A

To establish the desired statement (7.11), then, we need only show that

(7.12) limsup By < pr|(fr, U™ f1)] = 0.

H—o0

However, f, has integral zero and hence satisfies item (ii) of Proposition 7.1: this

means that
limsup Ep/ < 5/ |{f, Uh/fr>| =0,

H’'—o0
from which (7.12) follows immediately upon taking H' = rH and ignoring those h’
which are not divisible by r. (]



CHAPTER 8

Compact systems

8.1. Almost-periodic functions and compact systems

In the last set of notes we discussed weak-mixing systems. We begin this set
of notes by introducing a very different class of system, the compact systems. We
begin by defining the notion of an almost periodic function. Here, as in previous
chapters, (X, %, u,T) will always be a measure-preserving system and U = Ur :
L?(X) — L?(X) is the Koopman operator defined by U f(z) := f(Tz).

DEFINITION 8.1 (Almost periodic functions). Let (X, %, u,T) be an measure-
preserving system and suppose that f € L?(X). Then we say that f is almost
periodic if the forward orbit (U™ f),>0 is precompact in L?(X), that is to say has

compact closure.

To begin to get a handle on this definition, note first that L?(X) itself will

2minz a1l lie in

usually not be compact. For example, the functions f,(z) = e
L?*(R/7Z), but since ||f, — fml|l2 = V2 whenever n # m, this sequence of functions
has no convergent subsequence. Since L?(X) is a complete metric space, it follows
from basic material in analysis that a set S C L?(X) being precompact is equivalent
to that set being totally bounded: for every € > 0 there exists a finite collection

g1,-..,95 € S such that for every f € S there is a j such that ||f — g;||2 < e.

DEFINITION 8.2 (Compact systems). Let (X, %, u,T) be a measure-preserving
system. Then we say that this system is compact if every function in L?(X) is

almost periodic.

The archetypal example of a compact system is a circle rotation, as we shall
see in Lemma 8.2 below. Before establishing this, however, let us prove some basic

properties of almost periodic functions.

8.2. Basic properties of almost-periodic functions

In this section we collect together some basic properties of almost periodic func-

tions, and then use this information to conclude that circle rotations are compact.

LEMMA 8.1. Write AP(X) for the collection of almost periodic functions in
L?(X). Then

55
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AP(X) is a T-invariant;

AP(X) is closed in the L*-norm;

AP(X) is a vector subspace of L*(X);

(iv) If f € AP(X) then f := max(f,0) € AP(X).

PrOOF. (i) It is clear that AP(X) is T-invariant since the forward orbit of U f
is contained in that of f.

(ii) Suppose that f,,, m = 1,2,... are in AP(X) and that f,, — f in L% Let
¢ > 0. Then there is some m such that ||f,, — f]l2 < &/3. Since the forward orbit
(U fim)n>0 is precompact there is some J = J(¢) such that, for any n > 0, there is
an n’ < J(e) for which [|[U™ fp, — U™ fylla < /3. Since U is an isometry, we have
(U™ f = U full2 < e/3 and U™ f — U™ fonlla < €/3. By the triangle inequality it
follows that |U™f—U™ f|l2 < e. Since & was arbitrary, this means that f € AP(X),
and so AP(X) is indeed topologically closed.

(iii) Closure under scalar multiplication is obvious, so we just prove closure
under addition. Suppose, then, that f,g € AP(X). Take functions f;, g; € L*(X),
1 < 4,5 < k, with the property that for any n there are i,j such that |[U"™f —
fill2, |U™g — gjll2 < €/4. Thus for any n there are ¢, j such that

(8.1) 1U™(f +9) — (fi+ gi)ll2 < /2.

For each i, j take n;; to be the smallest n corresponding to a given i, j, if such an
n exists. Then if (8.1) holds we have

NU(f+9) U™ (f+g)l2 <e,

and so indeed f + g € AP(X).

(iv) This is straightforward. Suppose that f € AP(X). Then there is J(¢) such
that for any n there is n’ < J(¢) for which |[U™f — U™ f||2» < . But then, noting
that (U'f) = U'(fy), we see that |U"fy — U™ fy |2 < e as well. O

LEMMA 8.2. Let (X, B, u,T) be a circle rotation. That is, suppose that X =
R/Z, that & is the Borel o-algebra, that u is Lebesgue measure and that T : X — X
for the map x — = + a(mod 1) for some o € R. Then the system (X, B, u,T) is

compact.

PROOF. By the previous lemma we need only exhibit a collection of almost
periodic functions which are dense in L?(X). A suitable set of such functions is the
set of trigonometric polynomials. Since AP(X) is a vector subspace, it is enough

2miamzx

to check that each exponential function f(z) =e is almost-periodic. This is

clear when « € QQ, so suppose that « is irrational. Then we have

U f = U™ fllz = |20 — 1] < 10[jam(n — ') gz,



8.3. MULTIPLE RECURRENCE FOR COMPACT SYSTEMS 57

where ||t||r/z denotes the distance from ¢ to the nearest integer. Now the points
(amn/) ey are dense in R/Z, and so for fixed ¢ there is some J = J(g) such that the
points (amn/)nr=1, .. s come within £/10 of every point in R/Z. Therefore for any
n there is some n/ < J such that |[U™f — U™ f||y < e. This proves the lemma. [

8.3. Multiple recurrence for compact systems

PROPOSITION 8.1. Suppose that (X, %,u,T) is a measure-preserving system.
Let f € L*®(X) be almost-periodic, and suppose that f > 0 and that f is not 0 a.e.
Then

limianEn<N/f UM U £ > 0.
N—oo

In particular if (X, B, u,T) is a compact system then it satisfies the SZ property at
level k for every k > 2.

PROOF. Suppose that f € L°°(X) is a function with f > 0 and f not zero a.e.
Without loss of generality we may suppose that || f||cc = 1. Set e := % Ik fFdy; then
e > 0. Set &' :=e/k2k.

Now since f is almost periodic the closure of the forward orbit (U™ f)nen is
compact, and so there is some J = J(g) such that, for every n € N, there is
some n’ < J such that ||[U"f — U" f|ls < e. Since U is an isometry, this means
that ||U”*”'f — fll2 < €. In other words, the maximum gap between consecutive
elements of the set R := {n € N: |[U"f — f|l2 < &'} is bounded by J, a property
known as R being syndetic.

Let n € R. Since U is an isometry we have ||[U7"f — UUTU" f||, < & for all
positive integers j, and hence by the triangle inequality that ||f — U™ f|2 < ke’ for
j=1,...,k—1. Write g; := f — U’"f; then we have

/f U f Uy = /f(f g (f — gh) .

This may be split as [ f¥du plus a sum of at most 2% other terms, each of the
form (g;, F') for some function F' with || F||o < 1. Each such term is bounded by

e. Therefore
1
[rvmrvt gz [ fra-e=5 [ i

Since this is true for all n € R, a syndetic set, the result follows. ([l






CHAPTER 9

The case k = 3 of Szemerédi’s theorem

9.1. Weak mixing vs compactness

It is not the case that every system is either weak-mixing or compact (the 2-
dimensional skew torus is an example: see Sheet 4). However, it turns out that a
system which fails to be weakly mixing does at least have a small piece of compact-

ness.

THEOREM 9.1. Suppose that (X, B, u,T) is not weakly mizing. Then there is a

non-constant almost periodic function in L*(X).

One way of proving this is to show that if (X, %, u,T) is not weakly-mixing
then the Koopman operator U = Ur has a non-trivial eigenfunction: that is, there
is some f € L?(X) and a A such that Uf = \f, i.e. f(Tx) = Af(x) for a.e. z.
An eigenfunction for the Koopman operator is necessarily almost-periodic: every
iterate U" f comes within ¢ in the L?-norm of one of the functions e2™%/M f(z) ,
j=1,...,M, provided M = M(e) is sufficiently large. Unfortunately the proof
that there is an eigenfunction in the non weak-mixing case does require a basic
result in spectral theory, the Bochner-Hergoltz spectral theorem. While this is, in a
sense, just a kind of limiting version of the Fourier analysis results of Appendix B,
it falls outside the scope of this course. The following more elementary proposition

does not give an eigenfunction, but it does yield an almost-periodic function.

PROPOSITION 9.1. Suppose that (X, %,u,T) is a measure-preserving system.
Suppose that f € L*(X) is not weak-mizing. Then there is an almost periodic
function ¢ € L*(X) such that (f,¢) # 0.

PrOOF. Note that this proposition has little content when f f # 0, as in that
case we may take ¢ = 1. Suppose, then, that [ f = 0. Without loss of generality
we may normalise so that ||f|l2 < 1.

Define a function K € L?(X x X) by

K(z,y) = 1\}51100 EnenU"f(2)U" f(y).

The limit exists by the L2-ergodic theorem in (X x X, Zx A, ux u, TxT): in fact K
is the orthogonal projection of f® f € L?(X x X) to the space of (T x T)-invariant

functions. In particular, K is (T' x T')-invariant.
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_ / K(z,9) f(y)du(y)-

(f.6) = / f(@)( / lim B, onU” f(2)U" F(0) F(9)da(y)) di)

Now define

We have

hm E,cn /f YU f(x)dp(x /f U™ f(y)du(y))
:ngnoolEn<N|<f,U HE.

Since f is not a weak-mixing function, the right hand side is not zero.
To conclude the proof, we must show that ¢ is almost periodic. To do this, first
note that

z) = / K(T"2, ) (y)du(y)
:/K(T”a:,T"y)U"f(y)du(y)
:/K(x,y)U”f(y)du(y),

where the last step follows from the fact that K is (T" x T')-invariant. Therefore the

orbit (U™¢)nen is contained in the set

(9.1) { / K(2,9)9()dn(y) : g2 < 1.}

We are required to show that the set on the left has compact closure in L%(X).
This is a well-known type of statement from Hilbert space theory: the operator
Vg L?(X) — L*(X) defined by Uk g(y) := [ K(z,y)g(y)du(y) is Hilbert-Schmidt
and hence compact. However, for our purposes here we need essentially no general
theory since the definition of Wx makes it clear that it is a limit of finite rank
operators. Let us turn to the details.

We note that if L € L*(X x X) then

[WLgll2 < [IL]l2]lgll2-

1weglp = [1 [ L ygtdyPis
< [ (J L@ [ lowPag)s

= |ILIZlglI3

by the Cauchy-Schwarz inequality. Now Ky — K in L?(X x X), where

KN(J:’ y) = En<NUnf(x)Unf(y)'

Indeed,
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Choosing N so large that [|[K — Ky||2 < &, it follows that if ||g||2 < 1 then

[Pkryg — Vrgllz <e

whenever | g|l2 < 1. Thus every point of the set (9.1) lies within € of a point of the

set
{/ Kn(z,9)9(y)du(y) : lglle < 1}
However,

/ K (2, 9)g)du(y) = Encneal™ f(2),

where ¢, = (U™f,g), so this function lies in the convex unit ball spanned by the
finite collection of functions (U™ f),<n, a compact subset of L?(X). (In other
words, Uk, is a finite rank operator.)

It follows that (9.1) is covered by finitely many balls of radius €, thereby con-
cluding the proof. O

9.2. A decomposition theorem

A slight modification of the van der Corput lemma. In what follows, we need
the van der Corput lemma, Lemma ??7. Although the lemma was only stated for
functions b, satisfying |b,(x)| < 1 pointwise, it turns out that almost the same
argument gives the same conclusion under the weaker assumption ||b,|l2 < 1 (see
Exercise sheet 4. Admittedly I should have done this earlier in the course; this

modification is not examinable.) Here is the restated lemma.

LEMMA 9.1. Suppose that (X, B, 1) is a probability space and that (by)n>0 is a
sequence of functions in the unit ball of L?(X). Suppose that

lim sup Ep < gy lim sup [Ey < n (b, bnyn)| = 0.
H—o00 n<N

Then E,cnbp, — 0 in L2.

In Proposition 7.1 (ii) we looked at functions f € L?(X) with the property that
[ fdp =0 and limy 00 Epe v |(f, U™ f)| = 0. In that proposition, (X, %, u,T) was
a weak-mixing system, and the conclusion was that all functions f with integral
zero have this property. Following Tao, we shall call these “weak-mixing functions”,

and write WM(X) for the set of all weak-mixing functions.

LEMMA 9.2. Suppose that f € WM(X), and let g € L*(X) be arbitrary. Then
En<n|{g,U"f)] =0 as N = .

PRrROOF. By the Cauchy-Schwarz inequality, it is enough to prove that

(92) En<N|<gv Unf>|2 —0
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(which is a new fact for us even when g = f). Since

Enen (g, UM F)I? = (9, EnanU" f{g, U™ f)),

it is enough to show that
EnenU"f{g,U"f) =0

in L2. For this we can use van der Corput’s lemma with b, = U™ f{g,U"f). The

lemma tells us that it is enough to prove that

(9.3) lim sup Ep< g limsup [Ep <y (bn, bntn)| = 0.

H—o0 N —oc0

However,

(bns barn) = (U™ F, U™ f) (g, U™ ) (g, U™ f)
= (LU )9, U™ F)(g. U™ f),
and so
(b, brn) | < [(F, U F)]
uniformly in n. Therefore establishing (9.3) reduces to establishing that

limsup En<p|(f,U" )] = 0,
h<H
which is precisely the statement that f € WM(X). O

COROLLARY 9.1. We have WM(X) = AP(X)*, and so L*(X) = WM(X) +
AP(X). Furthermore, if m: L>(X) — AP(X) denotes projection onto the space of
almost periodic functions then m preserves non-negativity: if f(z) > 0 a.e. then
w(f)(z) = 0 a.e. More generally if a < f(z) < b for a.e. x then a < w(f)(z) <Db
for a.e. x, and [ fdu= [=(f)du.

PROOF. Suppose f € AP(X)*. Then, by Proposition ??, f is weak-mixing,
f € WM(X). Conversely we must show that if f € WM(X) then f € AP(X)=*.
Suppose that g € AP(X). Let € > 0, and let K = K (e) be such that for all n there
is some k(n) < K with |[U"g — U*™g||, < e. Then we have

[(f,9)] = [Bnan (U™ f,U"g)]
<&+ [Enen (U f,UMMg)]
<e+ sup [Enan (U™ f,Ug)|.
k<K
By Lemma 9.2 the expression on the right tends to 0 as N — oo, so |(f, g)| < e.
Since € > 0 was arbitrary, we in fact have (f, g) = 0.

Now we show that projection onto AP(X) preserves non-negativity. This follows

from the (Hilbert space) fact that 7(f) is the unique closest almost-periodic function
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to f, in the L?norm. If f > 0 a.e. then ||f — 7(f)l|2 < ||f — m(f)+|l2. Since
m(f)+ € AP(X), it follows that 7(f) = 7(f)+ a.e., or in other words 7(f) is non-
negative (a.e.). That 7 preserves the property a < f < b follows quickly from
this.

Finally, f—=(f) is orthogonal to all almost-periodic functions, and that includes
the constant function 1. This implies that [ fdu = [ w(f)dp. O

A consequence of this corollary is that WM(X) is closed in the L? topology and
also closed under addition. However, the first of these facts is easy to show directly,

and the second is a striaghtforward consequence of Lemma 9.2.

9.3. The SZ property at level 3

In this final section of the course we almost prove that all measure-preserving
systems (X, &, u, T) have the SZ property at level 3. We must in fact make two
assumptions: that T is invertible (and 7! is measure-preserving), and that 7T is
ergodic. The first assumption is not very serious at all, and in fact the systems
generated by the correspondence principle in Chapter 7?7 will automatically be in-
vertible. The assumption of ergodicity is a little more serious, but it too may be
circumvented using the machinery of ergodic decomposition. Whilst this is unfor-
tunately outside the scope of this course, we make some remarks on it in the last

section.

THEOREM 9.2. Suppose that (X, B, u,T) is ergodic and invertible. Then it has
the SZ property at level 3.

PROOF. We use the decomposition L?(X) = WM(X)®AP(X) just established.
Let m : L?(X) — AP(X) be the orthogonal projection. Suppose that f € L>(X)
has f > 0 a.e. We need to show that

SZ3(f7f7f) >0u

where here for any three functions gg, g1, g2 € L= (X) we set

Sz3(90, 91, 92) = liminfEn<N/goU"glU2”92.
N —o00

It follows from Proposition 8.1 (together with the basic facts in Corollary 9.1)
that

SZ3(7T(f),7I'(f)77T(f)) > 0.

Using the fact that Szg is trilinear, we have

Sz3(f, £, f) = Sza(w(f), w(f), 7(f)) + Szs(f —7(f), =(f),7(f))
+ SZ3(fa f - ﬂ-(f)’ ﬂ-(f)) + SZ3(f7 .f7 f - 7T(f))
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We claim that the second, third and fourth terms are all zero, which is enough to

prove the theorem. The second term is

(f = 7(f), EnanUn (/YU (f)).

Since AP(X) is closed under U and is a subspace, this is the inner product of
f —m(f) with an almost-periodic function, and hence is identically zero.

We prove that the fourth term Szz(f, f, f — w(f)) is zero; the argument for the
third term is very similar and is left as an exercise for the reader (See Sheet 4 — this
is where the invertibility of T is used). For ease of notation write g := f — = (f).
We proceed exactly as in the proof of Proposition 7.2. The application of van der
Corput shows that it is enough to prove that

limsup Ep, < g lim sup ||En < yU™ Agpgl|2 = 0.
H—o0 N—o00

However, since T is ergodic we have, by the L? ergodic theorem,

i |EncnU" Bangle = | [ Bangl =1(g.U%9)l.
N—o0
and so all we must do is show that
limsup E,< g |{g, U2hg>| = 0.

H—oc0

This, however, follows from the fact that ¢ € WM(X). O

9.4. Further reading

I mentioned at the end of the last lecture that the assumption that 7" is ergodic
is not very serious in this result, because one can reduce the general case to the
ergodic case by the technique of ergodic decomposition, in which an arbitrary T-
invariant measure p is written as a “convex combination” of ergodic T-invariant
measures. Further discussion is outside the scope of the course, but students may

wish to read up on this in (for example) Einsiedler and Ward.



APPENDIX A

Measure theory

In this chapter we collect some facts about measure theory used in the main
part of the course. Let’s begin by recalling the definition of o-algebra.

The collection £ is required to be a o-algebra, which means that it contains
the empty set # and X, and it is closed under complements, countable intersections

and countable unions. To spell it out:

e We have (), X € %,

o If Ac B then X \ A € %,

o If Ay, Ay, € B then (), An € B,
o It Ay, Ay, € B then I, A, € B

Next, we recall the definition of a probability measure pu. This satisfies the

following properties whenever A, A’; Ay, Ay, As, .. .:

e We have p(0) =0 and pu(X) = 1;
e (Additivity) If A, A" are disjoint then (AU A") = p(A) + p(A');
e (Limits) If Ay C Ay C A3 C ... then p(U, 2, An) = lim, o0 4y

Note that the these conditions imply the descending version of the limit property,

namely

o If Ay D Ay D A3 D ... then pu(N—; An) = limy, o0 p(Ay).

A.1. Construction of measures

We used the fact that Lebesgue measure exists without proof in several places,
and we also used the fact that there is a natural Cantor measure on the Bernouilli
space {0, 1}N. Both of these facts are consequences of the Carathéodory extension
theorem. The Carathéodory extension theorem concerns probability measures de-
fined on rings of sets. A ring & of sets is a weaker concept than a o-algebra, in

that we only require closure under finite unions. Thus

o We have (), X € %;

o If Ac Z then X \ A € Z%;

o If Ay, Ag,..., Ay € Z then N_, A, € %;
o If Ay, Ay, ..., Ay € Z then JF_, A, € 2.

n=1
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To define what is meant by a probability measure on a ring %, we need to tweak
the definition for o-algebras very slightly. The definition is the same, except the

limit condition becomes
e (Limits) If Ay € Ay C A3 C ... are in Z and |J,_, A, € Z then
N(Uiozl Ap) = limy, 00 p(An).

Here is the Carathéodory extension theorem.

THEOREM A.1 (Carathéodory). Suppose that Z is a ring which generates B as
a o-algebra. Then any probability measure u : # — [0,1] has a unique extension to

a probability measure on %B.

The most pleasant setting in which to apply this result is probably that of the
Cantor space X = {0,1}". Here we take Z to be the ring generated by cylinder
sets, that is to say sets of the form {¥ € X : x;, = ¢;,,...,2;, = €, }, with the
measure g of such a set being defined to be 2% and extended to % using additivity.
It must be checked that p is a probability measure, and to do that we must show
that if Ay C Ay C--- € Z and (J,— A, € Z then p(U,~; An) = lim, 00 u(Ay).
A key observation here is that, with the product topology on X, every set in % is
both open and closed and X is compact. Therefore any union [ J;2, A, is a covering
of a compact set (itself) by open sets, and hence is in fact equal to a finite subcover
UZ:l A, and so in this case the limit property is a consequence of additivity.

The existence of Cantor measure, as used in the course, now follows from the

Carathéodory extension theorem.

A.2. Littlewood’s first principle. Approximation arguments

Littlewood’s three basic principles are a very useful guide to dealing with mea-
sure theory in practice. It is interesting that they were formulated (by J. E. Lit-
tlewood) at a time when heuristic reasoning and “conceptual” explanations were
perhaps not so much to the fore as they are in contemporary mathematical expo-

sition. Littlewood’s three principles are:

(i) A measurable set is nearly an open set;
(ii) A measurable function is nearly a continuous function;

(iii) A convergent sequence of functions is nearly uniformly convergent.

Rigorous versions of these principles apply to any Borel probability measure
on a compact metric space X.

In this section we’ll discuss the first Littlewood principle. Invocations of rigorous
versions of this are referred to in the main text as “approximation arguments”. The

most basic type of approximation argument is the following.
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LEMMA A.1. Suppose that Z is a ring of subsets of an underlying set X, and
that u : # — [0,1] is a probability measure. Let A be the o-algebra generated by
R, and let p: B — [0,1] be the probability measure whose existence is guaranteed
by the Carathéodory extension theorem. Then elements of B are well-approximated
by elements of Z in the following sense: if B € B and € > 0 then there is some
R € # with u(BAR) < e.

PRroOF. (Sketch) Define % to be the set of all B € £ with the stated property.
Obviously Z C %y. We claim that % is a o-algebra, which is enough to conclude
the stated claim. To see that % is closed under countable unions, it is clearly
enough to consider countable nested unions | J; -, B, with B; C By C ... lying in
PBy. For each n there is some R,, € # such that pu(B,AR,) < £/2. Furthermore,
by the limit property of measures, we have lim,_, . u(B,) = u(B). Choosing n so
large that |u(B) — pu(Bn)| < €/2, we obviously have u(BAR,,) < e. This concludes
the proof. O

We turn now to approximation arguments specific to the setting in which X is a
compact metric space such as [0, 1] or R/Z. These satisfy a strong type of approx-
imation principle known as regularity, which means that if £ C X is measurable
and if € > 0 then there is an open set U D E with u(U \ E) < €. In the main text
we only ever need the weaker property that u(EAU) < e, which of course follows
from this.

In the case of Lebesgue measure on X = R/Z or [0,1] this property is in fact

built in to the standard construction given in Chapter 2, that is to say

) )
w(E) = inf{z u(l;): EC U I;,I; open intervals}.
J=1 Jj=1

Note that by applying this principle to E€ (and changing € to £/2) we see that if
E C X is measurable and if € > 0 then there are sets K,U with K compact, U
open, K C E C U and u(K \ U) < e. One will usually see the existence of such
K and U given as the definition of what it means for a measure p to be regular,
but in the case that X is a compact metric space it is equivalent to the one-sided
condition involving only U.

To prove that all Borel probability measures on a compact metric space X are
regular, the key idea is consider the set of all F for which K,U as above exist
for all € > 0. One checks that open sets E have this property, and then that
having the property is a condition closed under complements, countable unions

and intersections. Hence all Borel sets have the property.

Here is a fairly general result on the interval [0,1] (or on R/Z) which covers

most of the approximation arguments we needed in the main part of the course.
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LEMMA A.2. Suppose that we have collections of open intervals (U, ;)i=12...,
n=12,... such that

(i) sup; u(Up,i) = 0 as n — oo;
(ii) For fized n, the Uy ; are disjointl
(iii) [0,1)\U; Un,i has measure 0.

The any Borel set E can be approximated arbitrarily well by finite unions of these
intervals, all with the same n. In fact for any € > 0, for all n sufficiently large
there is a set ¥, C N such that, if we write U := Uiezn Ui, then n(EAU) < e.
PROOF. Since p is regular, there is some open set U C [0, 1] such that E C U
and u(U\ E) < /3. The set U, like every open subset of [0, 1], is a countable union
U;.’il I; of open intervals (proof: define an equivalence relation on U by setting
x ~ gy iff (min(z,y), max(z,y)) C U: the equivalence classes are open intervals, and
each contains a rational point so there are only countably many), and so by the
limit property of p there is some finite J such that p(U \ U;']:1 I;) < €. Hence,
w(EA U;']:1 I;) < 2¢/3. Now choose n so large that the longest length of any U, ;
is at most £/6.J. Then, taking X,, = {i : U, ;NI; # 0 for some j =1,...,J}, we see
that U,cx, Uni O Ujes I and p(Uies, Un,i \ Ujes 1) < €/3. Putting everything
together, the result follows. |

A straightforward consequence of this lemma is the Lebesgue density theorem.

We used this in one of our proofs that the irrational circle rotation is ergodic.

LEMMA A.3 (Lebesgue density theorem). Let p be Lebesgue measure on [0, 1]
and suppose that E C [0,1] is measurable and has u(E) > 0. Then for every e >0
there is an open interval I C [0,1] such that the density of E on I, p(ENI)/u(I),

is at least 1 — €.

ProoOF. Take (Up,i)i=o0.... n—1 to be the standard intervals of length 1/n. Let
¢’ > 0 be a quantity to be selected later. By the last lemma, for all n sufficiently

.....

large there is a (finite) union (J;cy, Upn, whose symmetric difference with £ has
measure at most ¢’. Suppose that the density of E on each U, ; is less than 1 —¢.

Then we have

WE) < (1—2) 3 p(Un) +¢
1€,

S —e)(uE) +e)+¢.

If ¢ > 0 is sufficiently small, this is a contradiction. O
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A.3. On integration

We did not make very heavy use of integration in the course, but we did talk
about L'(X) and L?(X), in particular using the fact that when X = [0, 1] the
continuous functions are dense in both these spaces, and also using the fact that
L?(X) is complete (and hence a Hilbert space).

Let (X, %, 1) be a probability space, and let f: X — R be a function. We say
that f is measurable if f~!(a,b) is measurable for every half-open interval (a,b).
We only try to make sense of the integral of measurable functions. In the first
instance, suppose that f(x) > 0 for a.e. . Then for each n we may define

n2"

fol(x) = Z(z — 127" i 1)2-n<f(a)<iz—n (T).

i=1
Each such function f,, is an example of a simple measurable function, that is to
say a linear combination of characteristic functions 1g with £ measurable, and it
is clear that we “should” define [ « Jndp by

namn

/X Fudp = (i — 127" u({z: (i—1)27" < f(x) <i2™"}).

=1

Note that we have the nesting fi(z) < .= f(z), and so

fa(z) <
/Xfldﬂg/Xde/lé--n

Also the f,, approximate f increasingly well in a certain sense, namely we have
|fr(x) — f(z)] < 27™ if | f(x)] < n. All this means that it makes sense to define

/ fdu=tim [ fudp,

defining this to be oo if the integrals | « fadp grow without bound.

Suppose now that f : X — R is an arbitrary measurable function, not necessarily
a non-negative one. Then we write f = f, — f_ with f,, f_ > 0 everywhere. If
both of the integrals [ fidp and [ f_du are finite then we say that f € L'(X),
and define [ fdp := [ fydp— [ f—dp. Finally we handle complex-valued functions
f+ X — C by splitting into real and imaginary parts.

In the main text we used the fact that if f : [0,1] — R is continuous then the
Lebesgue integral | « Jdu coincides with the usual Riemann integral of f from 0 to

1. This is more-or-less obvious from the definition.

A.4. Littlewood’s second principle

(Almost) built into the definition of the integral we just gave is the following

statement, used at several points in the main text.
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LEMMA A.4. The simple measurable functions are dense in L'(X). That is, if
f € LY(X) and if € > 0 then there is a simple measurable function f such that

J1f = fldu < e.

Focussing on the specific case X = [0,1] and p equal to Lebesgue measure, it
follows straightforwardly from Lemma A.4 and Lemma A.2 (with any permissible
choice of the U, ;, for example the standard intervals (=%, 1)) that the functions
of the form f = ZK

j=1¢jlr;, where I; C [0,1] is an open interval, are dense in
L'(X). Finally one may use the construction discussed in Chapter 1 to approximate
17 arbitrarily well in L'(X) by continuous functions, and thereby conclude the

following result.

PROPOSITION A.1. Let X = [0, 1] with Lebesgue measure p. Then the continu-
ous functions C(X) are dense in L*(X).

In fact the same holds for (X, %, 1) with X any compact metric space, % the
Borel o-algebra and p : & — [0,1] a Borel probability measure. To construct
a continuous function f approximating the characteristic function 1g of a Borel
set, first use the regularity of u to locate an open set U and a compact set K
with K € E C U and p(U \ K) < e. Then consider the continuous function
flx) = dist(;’l;;fgfig;g(%K), which satisfies 0 < f(z) < 1, f(z) = 1 for z € K and
f(x) =0 for x ¢ U, and thus satisfies |1 — f|1 < e.

A.5. On product measures

In various places in the main text we talked about product measures. For ex-
ample, we talked about the skew torus system, in which the underlying space is
R/Z x R/Z. Then, in Chapter 7, we considered more general products of proba-
bility spaces (X, %, u) and (X . B, ). Here we give a few remarks concerning the
construction of the product space (X x X, % x %', x fi). Giving all the details
of this construction is rather tedious, and we do not.

The first key point to make is that 2 x % does not mean the set {E x E: E €
B.E € A}, but rather the o-algebra generated by this set. Thus, for example,
it contains all countable unions UZO:1(En X En) with E,, E, € 2. Inside this
product o-algebra we distinguish the ring # of sets which are finite unions of this
type. It is easy to see that any such set S may be written as a disjoint finite union
Uﬁ;l(En x E,), in which case we define (1 x ji)(S) := 22:1 w(En)i(Ey). One
may then verify that this map p x i : Z — [0, 1] is a probability measure on %,
and it then follows from the Carathéodory extension theorem that p x ji may be
extended to a probability measure on % x AB.

A fact we used in several places in Chapter 7 was the following assertion.
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LEMMA A.5. Suppose that E € Bx%. Then E may be approximated arbitrarily
closely by disjoint finite unions of products A X B, with A € B and B € A.

This lemma is an immediate consequence of Lemma A.1.

A.6. Littlewood’s third principle

The third of Littlewood’s principles refers to Egorov’s theorem: If (f,) is a
sequence of measurable functions which converge pointwise on X, and if ¢ > 0,
then there is a measurable set X’ C X, u(X \ X’) < ¢, such that the f, converge

uniformly on X’. We did not make any use of Egorov’s theorem in this course.

A.7. Further reading.

I rather like the introduction to Lebesgue measure on R in the book of Stein
and Shakarchi, Real analysis: measure theory, integration and Hilbert spaces. For
a comprehensive introduction to the more general setting that we need here one
might consult Rudin’s “red” book, Real and complexr analysis. He works with
locally compact Hausdorff spaces X rather than simply compact metric spaces as

we discuss here.






APPENDIX B

Basic facts about Fourier analysis on the circle

In this appendix we gather together some statements about Fourier analysis of
functions f : R/Z — C. We give just what was needed in the main text, together
with a tiny bit of extra context here and there. The reader interested in a more
leisurely discussion should consult [].

Throughout this section we write

e (:IZ) = e27rirac

for r € Z.
Suppose that f € L'(R/Z). Then we may define the Fourier coefficients

1
) = (frer) = / F(@)e > dg
0
for r € Z. The Fourier series of f is then the (purely formal at this stage) sum

S F(r)er(@).

Much of the elementary theory of Fourier series on the circle is concerned with the
question of whether this formal sum makes any sense and, if so, in what sense it can
be thought to “represent” f. In studying this question it is natural to introduce

the partial sums

It also turns out to be expedient to introduce the Cesaro sums
. Irl\ 7 rly ¢
ouf(x) = Y (1= 30f(en(@) =D (1= TD)+f(er(a).

Irl<M v

The Cesaro sums should be thought of as a “smoothed” method of Fourier sum-
mation.

Here are the key facts from basic Fourier analysis relevant to the main text.

THEOREM B.1. We have the following statements.

(i) (Bessel) We have 3=, ¢, | F(r)* < |1 /13-
(ii) (Riemann-Lebesgue) If f € L2(R/Z) then f(r) — 0 as r — oc.
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(iii) If f is continuous then we have &y f(x) — f(x) uniformly in x € R/Z.
In particular, the trigonometric polynomials are dense in C(X) with the
L>(X) norm.

(iv) We do have orrf — f in L? for every f € L*(R/Z), that is to say
oS = 7l = 0. A

(v) (Uniqueness) If f € L?>(R/Z) and if f(r) =0 for all v then f =0 a.e.

(vi) (Plancherel) We in fact have equality in Bessel’s inequality.

(vil) There exist continuous f with op f(0) - f(0).

Part (vii) was not needed in the main text but are included as context and

general culture (in particular, (iii) would be false if 5y were replaced by o).

Proor. (i) Fix f € L2(R/Z). Now L*(R/Z) is a Hilbert space, and inside it we
consider the closed linear subspace V) of all trigonometric polynomials of degree at
most M. We claim that oy : L?(R/Z) — Vi is the orthogonal projection onto this
subspace. To see this, it is enough to check that o, f is the orthogonal projection
of f to Vi, that is tosay f —onf L Vs and op f = f if f € Vy. However one
may check that

<0Mf7er> Zf(’l‘) = <f7e7">

for all |r| < M, and so the assertion follows. A particular consequence of this (and

Pythagoras theorem) is that

loa 113 = I£13 = 11 = one fIIZ < I3

However, by direct calculation we have

/ 1S fr)en(w)Pde

O pri<m

> i) [ en@in

[ral,lr2| <M

= > )P

[r|<M

loarf113

Bessel’s inequality follows.
(ii) This follows immediately from Bessel’s inequality.

Parts (iv), (v) and (vi) of the theorem require the “completeness” of the trigono-
metric system {e,},cz in L2(R/Z), that is to say the fact that trigonometric poly-
nomials (finite weighted sums of the e,) are dense in L?. One way to establish

this is via (iii), which is the deepest part of the theorem. We prove this now. The
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crucial point here is that there is an expression

(Bl) O'Mf / f{E— KM( )dy—f K]V[( )
for a certain “kernel” K, the Fejér kernel. One can guess that this should be the
case by taking the Fourier transform of both sides: on the one hand we have

"]

Far(r) = S0 = ) [ er@entide = (1= o),

whilst on the other hand

F= R r //fx— Yer (@ — ) Kt (v)er (@) dyde = Knr () £27).

Thus we think to choose K so that

— r
By = -,
for all r’. It is easy to find a function K,; with this property, namely
Ir|
(3.2) o) = Y00 ) vena).

(We leave the easy proof as an exercise.) These last few lines, leading to the idea
that we should define K, as in (B.2), have just been for motivation. Now that we
have a definition of K, we may check directly that (B.1) holds:

FoKaulo) =30 = 5 [ e = vty
r 1 -
= ET:( — |]\4|)+/0 [z —yler(z —y)er(z)
=30 - ) e (@) = i fe).

To make use of these observations, we note a different formula for the Fejér kernel

K, namely

M-1
1 1 1—62’””M 2 sinwraM 2
B8 Kul)= gl el = G = g e |

The first equality may be verified directly using (B.2), the second follows by sum-
ming the geometric progression, and the third uses the relation |1 —e| = 2| sin %0|

Using this, we note the following facts:

(1) Ky is symmetric: Ky (t) = Ky (—t);
(2) Ka(t) =0 and [ [Ka(t)|dt = [ Kar(t)dt = 1.

(3) For any fixed 6 > 0, limpr—oc [),55 K (t)dt = 0;
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(1) and the first part of (2) are obvious. The second part of (2) is immediate from
(B.2). To prove (3), we use the inequalities 1 > |sint| > c|t| to conclude that
| K ()| < ﬁ, from which the result follows easily.

We are now ready to show that &5 f(0) — f(0). The proof may be easily
modified to establish that oy f(x) — f(z) uniformly in 2, and hence to prove (iv).
Using (1) and (2), it is easy to see that we have

1
au(1)(0) = 10) = [ (1) = FO)Kna(t)dr
0
Now let § > 0 be arbitrary, and split the range of integration into the two parts
|t| < ¢ and [t| > §. On the first part we have
[, G0 = O K@it < sup )~ 50,
<

[t|<é

by (2). Since f is continuous, this tends to zero as § — 0. On the second part we

have

[ O = FOKa)a <20fle [ Kty

t[>6
For fixed 4, this tends to zero as M — oo by (3). The result follows.

Now we turn to (iv). In the proof of this we will use a key consequence of
(iii): the trigonometric polynomials are dense in L?*(R/Z). Indeed we showed in
(iii) that the trigonometric polynomials are dense in C(R/Z) with the L>°(R/Z)
norm, and hence also with the L?(R/Z) norm. But C(R/Z) is dense in L*(R/Z).
It follows that, for any fixed f € L?(R/Z), the L?-distance of f to the space Vi,
spanned by trigonometric functions e, (x), |r| < M, tends to zero. However we have
already seen that o, f is the orthogonal projection of f on to this space, and so

lf —oarfll2 — 0, as required.

Part (v) is an immediate consequence of (iv): if f(r) = 0 for all r € Z then
oy f(z) =0 for all z and for all M. But oy f — f in L?, and thus f =0 a.e.

Part (vi) is immediate from (iv) and the fact that ||oa f||3 = Doiri<M |F(r) ]2,
established above.

As we stated, part (vil) was not important in the main part of the book, so we
simply offer some brief comments. As a point of departure, we can try to see where
the proof in (iii) that o5 f(0) — f(0) would go wrong if we tried to adapt it to
prove that oy f(0) — f(0). It turns out that there are formulae to parallel (B.1),
(B.2) and (B.3): namely,

omf(z) = fxDu(x),
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where
1— 627ri(2m+1)rm

Dy(x)= > 67-(x)=672”im}w|'
IS ’

Unfortunately, this kernel Dys (a variant of the Dirichlet kernel) does not enjoy all
of the nice properties (1), (2), (3). Specifically, we do not have Dy (t) > 0, and it

is not too hard to show that (2) fails somewhat dramatically:

1
/ Das(8)]dt > log M.
0

This means that the norm of the functional ¢ : C(R/Z) — C defined by ¢ps f :=
om f(0) = f01 F(&)Dps(t)dt is > log M (take f(t) to be a continuous approximation
to sgn(Dy(¢t))). By the uniform boundedness principle of functional analysis []
there is some f € C(R/Z) for which o, f(0) — oc. O

To conclude this section we remark that the completeness of the trigonomet-
ric system {e, },cz may be established in other ways, for example via the Stone-
Weierstrass theorem, or by showing pointwise convergence opf — f when f is
sufficiently smooth, then appealing to the fact that smooth functions are dense in
L?(R/Z). Ttems (iv), (v) and (vi) may then be proven in the same manner as we
did above.
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