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A HOMOGENISED MODEL FOR DISPERSIVE TRANSPORT AND SORPTION IN
A HETEROGENEOUS POROUS MEDIUM

LUCY C. AUTON* MOHIT P. DALWADI f, AND IAN M. GRIFFITHS

Abstract. When a fluid carrying a passive solute flows quickly through porous media, three key macroscale
transport mechanisms occur. These mechanisms are diffusion, advection and dispersion, all of which depend on
the microstructure of the porous medium; however, this dependence remains poorly understood. For idealised mi-
crostructures, one can use the mathematical framework of homogenisation to examine this dependence, but hetero-
geneous materials are more challenging. Here, we consider sorption of a solute by a two-dimensional microstructure
comprising an array of adsorbent obstacles of smooth but arbitrary shape, the size and spacing of which can vary
along the length of the porous medium. We use homogenisation via the method of multiple scales to systematically
upscale a microscale problem involving non-periodic cells of varying area to obtain effective continuum equations for
macroscale transport and sorption. The equations are characterised by the local porosity, an effective local adsorption
rate and an effective local anisotropic solute diffusivity. All of these macroscale properties depend nontrivially on
the two degrees of microstructural geometric freedom in our problem; obstacle size and obstacle spacing. Further,
the coefficient of effective diffusivity comprises the molecular diffusivity, the suppressive effect of the presence of
obstacles and the enhancing effect of dispersion. To illustrate the mathematical model, we focus on a simple example
geometry comprising circular obstacles on a hexagonal lattice, for which we numerically determine the macroscale
permeability and effective diffusivity. We find a power law for the dispersive component of solute transport, consis-
tent with classical Taylor dispersion.

Key words. Homogenisation theory, contaminant transport, filtration, sorption, heterogenous and anisotropic
microstructure.

MSC codes. 74Q05, 74F25, 76M50, 76R50, 76S05,

1. Introduction. Solute transport through porous materials is a fundamental process
in many applications within biology, hydrogeology and environmental challenges such as
contaminant transport and filtration (e.g., [15, 18, 20, 24, 26, 30]). The majority of naturally
occurring porous materials are intrinsically heterogeneous and/or anisotropic at the pore-scale
and the macroscopic flow and transport are known to depend critically on the pore structure,
localised fluid—solid interactions and the connectivity of the fluid region [6, 32]. For exam-
ple, Rosti et al. [28] found that microstructural changes resulting from deformation of the
solid phase of the porous material can cause a breakdown of Darcy’s law. Despite the crucial
role that microstructure plays in macroscale flow and solute transport, the significance of mi-
croscale geometry on these macroscale properties is often overlooked with most models that
systematically link microscale structure with macroscale transport relying on a periodic mi-
croscale structure. Heterogeneous microstructures can be grouped as either locally periodic
— that is, weakly disordered media where the heterogeneity results from intrinsic regular-
ity — or moderately to strongly disordered media where there is no intrinsic pattern to the
heterogeneity [16, 25]. Here, we consider the impact of locally periodic microscale hetero-
geneity on macroscale dispersion. We previously formally derived a homogenised model to
study the impact of slowly varying pore structure on macroscopic flow, transport and sorp-
tion within a porous medium [5]. Specifically, in Auton et al. [5] we considered solute
transport through a heterogeneous, two-dimensional porous material comprising an array of
solid obstacles, where we allowed for slow but arbitrary longitudinal variations in the size
and spacing of obstacles. The key difference between that work and the work here is that in
Auton et al. [5] diffusion dominates on the microscale so that no dispersive effects arise over
the macroscale. In this manuscript, we are specifically interested in understanding emergent
dispersive effects, and so advection becomes important on the microscale. Here, we develop a
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2 L.C. AUTON, M. P. DALWADI, AND I. M. GRIFFITHS

homogenised modelfor dispersive transport through the same heterogeneous porous material.

The Péclet number is defined as the ratio of advective transport to diffusive transport and
thus its size determines which transport mechanisms dominate. There are two Péclet num-
bers of particular interest: the local Péclet number Pe;, based on the pore size, and the global
Péclet number Pe,, based on the size of the solute pulse. Dispersion arises at the macroscale
in the limit where advection and diffusion balance at the microscale (Pe; = (1)), so that, at
the macroscale, advection dominates (Pe, > 1). This limit is crucial for many environmental
and industrial applications for example in the formation and functioning of wetland systems,
bacteria or virus transport in ground water, water injection into oil reserves, and industrial
filtration (e.g., [3, 22]). The limit of strong sorption (uptake) has been considered in previ-
ous work. Chernyavsky et. al [9] show that classic homogenisation approaches can fail for
uptake (sorption) dominated regions. Specifically, such cases only exhibit weak convergence
of the homogenisation approximation to the exact solution or, for stronger uptake, the ho-
mogenisation fails entirely. Dalwadi et. al [13, 12] showed how an approach that accounted
for leading-order microscale variation could be used to understand the case of strong sorption
in the no-advection limit. They show that that sub-linear and linear pointwise uptake leads
to effective uptakes that are always bounded above by calculated functional forms, whereas
super-linear pointwise uptake can lead to a variety of behaviours. Here, we consider the dis-
tinguished limit where advection dominates and macroscale sorption scales with macroscale
diffusion.

The first investigations into dispersion were conducted in the 1950s by Taylor [31] and
Aris [4]. Taylor and Aris investigated solute transport through a tube (Poiseuille flow) and
derived an asymptotic equation for the average cross-sectional concentration in the tube, find-
ing that the dispersive component of transport is asymptotically proportional to the square of
the Péclet number. Experimentally, a range of power laws have been found relating Péclet
number and dispersion; Dronfield & Silliman [19] find that for smooth parallel plates this
power law is obtained but for rougher surfaces the exponent decreases, as the boundary ef-
fects become more dominant and different dispersion mechanisms dominate.

Macroscale dispersion in the case of homogeneous porous materials (i.e., porous ma-
terials which comprise a periodic, repeating microstructure) has previously been obtained
using homogenisation via the method of multiple scales (MMS). Salles et al. [29] compare
different methods for theoretically deriving the dispersion tensor: the method of moments,
homogenisation via the MMS, using both multiple spatial and temporal scales, and a purely
numerical approach based on random walks. An alternative homogenisation approach em-
ploys a drift transformation conducted simultaneously with the homogenisation [1, 2]. Drift
transformations have been used within formal asymptotic investigations into Taylor disper-
sion [21]. Davit et al. [14] give a comparison of the different upscaling methodologies:
homogenisation via the method of multiple scale and volume averaging. For strongly disor-
dered porous materials, a leading-order homogenisation approximation alone is insufficient
to accurately predict macroscalebehaviour [9, 17, 25, 33]. Often the homogenisation is con-
ducted over a representative elementary volume (REV) which must be chosen over a scale on
which the macroscopic properties such as porosity are uniquely defined in a statistical sense
— that is, the homogenisation is, in essence, conducted on the Darcy scale [17]. Strictly, to
use homogenisation in a strongly disordered media, the cell problem must be solved for every
different REV geometry. Alternatively, a leading order homogenisation may be conducted on
a single cell/ REV with the microscale heterogeneity being accounted for by using a moment-
expansion method or a shape-sensitivities-based method [25, 33]. Here, we focus on locally
periodic heterogeneous porous materials taking advantage of the slowly varying nature of the
heterogeneity to conduct a formal homogenisation for dispersive transport via the MMS.

We expect to see a rich transport behaviour when the dispersive component dominates,
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HOMOGENISATION FOR DISPERSIVE TRANSPORT IN HETEROGENEOUS POROUS MEDIA 3

which corresponds to high Pe;. Liu ef al. [23] note non-monotonicity of dispersion in a com-
pressed spherical packing of elastic spheres, with respect to varying particle Péclet number.
Further, Liu er al. [23] explain that as the Péclet number varies the macroscale dispersion
is dominated by different dispersion and diffusion mechanisms: molecular diffusion, which
dominates at small Pe;, hold-up dispersion (areas of no/slow flow), shear (Taylor) dispersion
caused by non-uniform velocity profiles within pores or throats, and mechanical dispersion
that results from the repeated separation and merging of flow passages at the junctions of the
pore space. This competition amongst the different mechanisms leads to a rich and varied
behaviour.

Here, we investigate the effect of a slowly varying microstructure on dispersive trans-
port of a solute pulse. In particular, we formally derive a homogenised model for dispersive
transport through a heterogeneous porous material comprising an array of arbitrarily shaped
obstacles with two degrees of microstructural freedom. Firstly, we allow for the obstacle size
to vary isotropically — that is, the obstacle shape remains fixed while the size is allowed to
change — along the length of the porous material and, additionally, we allow for the spac-
ing between obstacles vary along the length of the porous material. We derive the transport
results for a flow field under fairly general assumptions (incompressible flow subject to no-
slip and no-penetration conditions on the obstacle surfaces), and subsequently we explicitly
calculate the flow field and its effect on dispersion for the example of Stokes flow. To focus
on the effects of dispersion we consider transient advection and diffusion with removal via
adsorption on the solid surfaces such that advection dominates on the macroscale (§2). The
variation in the spacing between obstacles means standard homogenisation techniques cannot
be applied to this problem and thus we present a novel, modified, homogenisation to accom-
modate this microscale heterogeneity. Following the homogenisation methodology laid out
in Salles et al., [29] we introduce a second, fast timescale that balances with the dominant
advective term. We exploit the local periodicity of the pore geometry to formally homogenise
the pore-scale problem via the MMS [10, 11, 7]. Subsequently, we perform a drift transfor-
mation to separate the leading-order effect of the solute pulse advecting with the flow from
the spreading around this moving frame of reference (§3). The homogenisation method pro-
vides macroscale equations that are uniformly valid over the entire porous medium. For a
particular cell geometry the effective diffusivity tensor, which comprises components due to
molecular diffusion, a reduction in spreading due to the presence of obstacles, and dispersion,
must be determined numerically. To demonstrate the general approach, we choose a particu-
lar example geometry comprising a hexagonal array of circular obstacles, and determine the
effective diffusivity tensor for individual cells with a wide range of obstacle size and spacing
(§4). For this example geometry, the dispersion is shown to depend on the square of the Péclet
number [4, 14, 31]. Finally, we discuss the merits and limitations of the model (§5).

2. Model Problem. We consider a porous material with the same microstructural free-
dom as the porous media developed in Auton ef al. [5], but now with flows that are suitably
fast that dispersive transport is non-negligible at the macroscale. In particular, we consider
the steady flow of fluid carrying a passive solute through a rigid porous medium in two di-
mensions. The solute advects, diffuses, disperses and is removed via adsorption to the solid
structure. The spatial coordinate is € := T1e; + Zo€2, with £; and Z» the dimensional longi-
tudinal and transverse coordinates, respectively, and e; and e the longitudinal and transverse
unit vectors, respectively. The porous material is of infinite extent, in both the Z; and 5 di-
rections. We consider a solute pulse of initial length L being advected along the length of the
porous material. At time t = 0, we fix the Z1-origin, defined by 1 = 0, to the centre of the
solute pulse.

The entire domain of the porous medium, denoted Q, comprises both the fluid and the
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FI1G. 1. We consider the flow of fluid carrying solute through a heterogeneous porous filter in two dimensions.
The porous medium is formed of an array of obstacles whose size depends only on a scale factor 5\(21) located
within each rectangular cell of constant transverse height h, and longitudinal width a(Z1)h. The porous medium is
thus uniform in the transverse (Z2) direction but heterogeneous in the longitudinal (T1) direction. We assume that
the spacing between obstacles is small relative to the initial length of solute pulse, L, contained within the porous
medium — that is, € == h / L < 1. We isolate one cell with an pink rectangle; a dimensionless version of this cell is
shown in detail in Figure 2.

solid structure of the domain. The latter constitutes an array of solid obstacles, as discussed
in more detail below. We assume that the solute particles are negligibly small relative to the
solid obstacles, and we measure the local density of solute (amount of solute per volume of
fluid in kg/m?) via the concentration field &(&, £). This concentration field is defined within
the fluid phase of the porous medium, denoted Q ¥

Note that we do not track solute once it has adsorbed to the solid surface, and we neglect
any impact of this adsorption on the size of the obstacles. The latter point is justified by
our assumption that the solute particles are negligible in size relative to the obstacles, and
also because we are interested in macroscopic diffusive and advective timescales, which are
typically far shorter than those of solute accumulation and blocking.
_ The porous medium can be partitioned into an array of rectangular cells of fixed height
h and varying width a(Z;), where a is the aspect ratio of a given cell and where Z; is taken
be the centre of each cell. Each cell contains fixed and rigid obstacles of smooth but arbi-
trary shape. The shape of each obstacle is fixed and each obstacle can only grow or shrink
isotropically about their respective centre of mass according to a scale factor 5\(921). The solid
domain is the union of these obstacles, and is denoted QS =Q \ Q - This construction leads
to a porous medium whose properties vary in the longitudinal direction but not in the trans-
verse direction (see Figure 1). We further assume that the length of the initial solute pulse
is much greater than the height of each cell comprising the porous medium, which requires
¢ < 1 where we define & := h/L. This formulation allows the porous medium to have O(1)
variations in microstructure over an O(1) variation in &.

We model solute transport and adsorption via the standard advection—diffusion equation
with a linear, partially adsorbing condition at the fluid—solid interface:

o _

Q

(2.1a) -(Dwfraé), ey,
(2.1b) —5E = fa - (DW - 13&) & e o0,

where D is the coefficient of molecular diffusion, v is the given fluid velocity (e.g., see
§2.3), ng is the outward-facing unit normal to 9€), and 4 > 0 is the constant adsorption
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HOMOGENISATION FOR DISPERSIVE TRANSPORT IN HETEROGENEOUS POROUS MEDIA 5

coefficient. Further, we note that y = 0 corresponds to no adsorption and ¥ — oo corresponds
to instantaneous adsorption, where the latter is equivalent to imposing ¢ = 0 on 09,

To deal with the boundaries during the upscaling, it is helpful to define a function s (z)
such that on the fluid—solid interface 8QS

2.2) fo(@) =

We also define f, (&) > 0 inside the solid phase. Then,

(2.3) s(Z) =

is the outward-facing normal to the fluid domain.

2.1. Dimensionless Equations. We make Equations (2.1) dimensionless via the scal-
ings

~ - - L2
24 &=1Le, 9=Vo, ¢=Cé and f= <D> i

where V and C are the average inlet velocity and the average inlet concentration, respec-
tively; & and ¢ denote the dimensionless spatial and temporal coordinates, respectively; and
© = o(&) and ¢ = ¢&(&,1) denote the dimensionless velocity and concentrations fields, re-
spectively.

Employing the scalings in Equation (2.4), the transport problem (Eqs. 2.1) becomes

(2.52) %:v <@éPelv€C), &€ Qy,
(2.5b) —eyE =, - (W - Pelv;) . @ e a0,

Here, V is the gradient operator with respect to the spatial coordinate &, n(Z) is the
outward-facing normal to €2, the dimensionless adsorption rate v := 7L/(¢D) = O(1)
(to obtain a distinguished limit), measures the rate of adsorption relative to that of diffusive
transport, and thelocal Péclet number

(2.6) Pe; := hV /D = ePe,,

where the local Péclet number measures the rate of advective transport relative to that of
diffusive transport across each cell while the global Péclet number Pe, := LV / D measures
the rate of advective transport relative to that of diffusive transport across an O(1) section
of the filter. Note that dispersive effects appear in the leading-order macroscale transport
equation when the global Péclet number is of O(1/¢), so that Pe; = O(1).

Finally, the dimensionless fluid—solid interface becomes fs(:f:) = 0 and Equation (2.3)
becomes

@2.7) fy(@) =

This manuscript is for review purposes only.
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1

FIG. 2. An arbitrary cell within the porous medium (pink rectangle in Figure 1) represented in (a) transformed
microscale coordinates and (b) physical microscale coordinates. We map the physical microscale coordinates Y1
and Y> to transformed microscale coordinates y1 and y2 according to Equations (2.10) and (2.11) to scale the slow
variation in cell width a out of the cell problem, such that each physical rectangular cell is transformed into a square.
Note that Ow := Ow|| U Ow=, where Ow|| and Ow= denote the vertical and horizontal cell boundaries, respectively,
and that the domains and boundaries in the (physical) rectangular Y -cell will be denoted as in the square y-cell,
but with the addition of a superscript *.

2.2. Method of multiple scales. Following the method of multiple scales (MMS), we
isolate and solve the solute transport problem in an individual cell, which is characterised by
its aspect ratio

(2.8) a(z1) = a(ay),
and obstacle scale factor
(2.9) A1) = A(#1).

We then construct a model for macroscopic flow and transport through the entire porous
medium from the solution to these individual cell problems via local averaging. The result is
a system of equations that are uniformly valid for all & € €.

2.2.1. Spatial transform. A consequence of the obstacle size and spacing varying in
the ; direction is that the period of the fast scale varies over the slow scale, thus, we cannot
use standard homogenisation techniques here. Instead, we follow the approach from Auton
et al. [5], based on previous methodology developed in Chapman and McBurnie [8], and
Richardson and Chapman [27] and define both a transformed microscale coordinate y =

(y1,¥2) given by

1 (" d i
(2.10) Y1 = f/ A—S and gy 1= ﬂ,
€ a(s) €

for which each cell is of unit volume, and a physical microscale coordinate Y = (Y7,Y53)
given by

(2.11) Y =

(\‘)‘H>

for which the total cell volume is a(z1) and where the shape of the obstacles remains un-
changed. The benefit of introducing y is that the microscale cell size does not change over
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HOMOGENISATION FOR DISPERSIVE TRANSPORT IN HETEROGENEOUS POROUS MEDIA 7

the macroscale in this coordinate. Therefore, we may safely perform a homogenisation in
y. Note that although @(#1) and A(Z1) can be treated as constant within a cell, they do vary
over the macroscale — that is, we treat a(Z) as a continuous step function that is constant
within cells and changes between cells'. For further discussion of the choice of the mapping
in Equation (2.10), we refer the reader to §3.1 of Auton et al. [5]. We will switch to Y to
calculate specific integrals that arise during the homogenisation procedure as this domain is
more straightforward to work with numerically.

Following the MMS, we define a macroscale spatial coordinate  := & and we take «
and y to be independent spatial parameters. Thus spatial derivatives become
0 0 Oij 0

(2.12a) 95, 0w | oy

fori,j = 1,2, and where 0;; := (U)ij and

1
(2.12b) o= | a(xy)
0 1

Alternatively, in vector form, the spatial derivatives become
- 1
(2.12¢) V: =V_,+ EVZ

where V  is the gradient operator with respect to the coordinate & and where

" 19 o\T
2129 v = (o o)

is the gradient operator associated with the y-coordinate transform.

2.2.2. Temporal scales. For a porous material with a fixed microstructure, classically
one would conduct the homogenisation in a frame that advects with the flow (¢f. [1, 2]).
However due to the slowly varying microscale geometry in this problem, it is preferable to
introduce two timescales: a fast advective timescale, 7 = ¢ /&, which tells us which frame to
move into, and a slower diffusive/dispersive timescale, ¢ = £, which allows us to quantify and
characterise the dispersive effects in which we are interested. This approach is motivated by
Salles et al. [29]. Thus the time derivatives become

9 9 10

We therefore rewrite all functions of % and # as functions of x and y, and ¢ and T,
respectively: o(&) := v(x,y), and &(&,1) := c(x,y,t,7). If we are referring to functions
of Y in lieu of y, we adorn each function with a superscript x. We define the domains for the
microscale cells as in Figure 2, and the solid-fluid boundary as Ow; in the square y-cell and
as Ow} in the (physical) rectangular Y -cell.

2.3. Flow assumptions. Our focus in this work is deriving the dispersive contaminant
transport through heterogeneous porous media. Since our derivation allows for a general flow
field under fairly minimal assumptions, we lean into this generality and derive the transport
results for a flow field under the following minimal assumptions:

Equivalently, we may interpret the integral (Eq. 2.10) as integrating over delta functions between cells.
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8 L.C. AUTON, M. P. DALWADI, AND I. M. GRIFFITHS

1. The flow is steady and © is bounded within each cell.
2. The fluid is incompressible — that is:

(2.14a) V.-v=0, T e Qf

3. On the boundary of the solid obstacles, we have a no-slip and no-penetration condi-
tion:
(2.14b) =0, & € 0Q;.

4. The periodic microscale results in the flow being locally periodic over the microscale
(cf. [1,2,5]).
In essence the flow field can come from any type of incompressible flow [1, 2]. For Stokes
flow, the homogenisation of the flow problem with this general microscale geometry is con-
sidered in Auton et al. [5]. We will also explicitly calculate the flow field and its effect on
dispersion later for the example of Stokes flow, in §4.
Note that Equation (2.14b) can be used to reduce Equation (2.5b) to

(2.15) —eye =, - (W) & e a0,

however, we opt not to use this form of the boundary condition as it complicates the algebraic
manipulation in §3.2.2.

2.4. Averaging. For a given quantity Z(x,y,t,7) = Z*(z,Y,t, ), there are two dif-
ferent averages of interest: the intrinsic (fluid) average

2.16) (Z)(@,t,7) = —

= — Z(x,y,t,7)dS
Wf($1)|/wf(x1) Y

1

_ Z*(x,Y,t,7)dSy = (Z* t
|w;($1)|/w;;(a:1) (.’13, ) 7T) SY < >(2B, aT)v

where the total fluid area in the transformed cell |w¢| (or physical cell [w}|) is a function of
d(x1) and \(x1); and the volumetric average

1 1
(2.17) _— Z(x,y,t,7)dS, = *7/ Z*(x,Y,t,,7)dSy,
|w(x1)\ w(z1) Y |w (x1)| w*(x1)

where |w| = 1 and |w*| = a. Here, dS, := dyidy- is an area element of the transformed
microscale fluid region, dSy := dY;dY> is an area element of the physical microscale fluid
region and the porosity ¢ is

(2.18) Qg(fﬁ) = M = |wy(x1)] (: W) ’

since |w(x1)| = 1 by construction. Thus, the intrinsic average (c) is the amount of solute per
unit fluid area within the porous medium, while ¢A5<c> the volumetric average of the concen-
tration, is the amount of solute per unit total area. We will use the intrinsic average (Eq. 2.16)
in the work that follows.

3. Homogenisation.
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3.1. Incompressible flow. Here, we use incompressibility of flow and its boundary con-
dition to determine some micro- and macroscale flow expressions. In particular, we expand
the fluid velocity field as follows:

3.D v(x,y) = v (x,y) + oV (x,y) + 0P (z,y) +--- as e— 0.

Using the assumptions detailed in §2.3, we apply the multiple spatial scales ansatz (Eq. 2.12)
and the expansion (Eq. 3.1) to Equations (2.14) and compare orders of ¢ yielding a cascade
of equations in orders of ¢:

(3.2a) vev® =0,  yeuws,

(3.2b) Ve v =-ve. oty ewr for r € Ny,

(3.2¢) v =0, Yy € Ows for r € N>,

where Equation (3.2a) tells us that the leading-order microscale velocity is incompressible

on the microscale and Equation (3.2c) yields a no-slip and no-penetration condition on the
solid obstacles at all orders. The Dirichlet (no slip) boundary condition means that the full
transformation machinery is not required for this part of the analysis. Further, using flow
assumption 4 (periodicity of v over the microscale; see §2.3) and expansion (Eq. 3.1), we
determine

(3.2d) vi(r), periodicon y € Ow—(x1) and dw (1), for 7 € N>o and 7€ {1,2}.

We consider the intrinsic average (Eq. 2.16) of Equation (3.2b);
1 ")
(33) — v, o ds, =
|wf(x1)| wy(x1)
1 ,
v corthds, y €wys, for r € N,
|Wf( )| wyr(xy) n
To manipulate the first term on the right-hand side of Equation (3.3) we use the transport

theorem
(3.4a) / Vz-zdSy:Vz~/ zdS, + N - zdsy,
wy wy Owg

where the macroscale perturbation to the normal N = N,e; is defined as

_ V’E fS
Vyfsl
The transport theorem (Eq. 3.4a) is derived in Appendix A of Auton et al. [5].
Thus, we apply the transport theorem (Eq. 3.4a) to the left-hand side of Equation (3.3)

and use the no-slip and no-penetration conditions at the i" order (Eq. 3.2c) so that Equa-
tion (3.3) becomes

1
(35 — V,- / v ds, =
|wf(x1)| wy(x1)

1
e @) e

(3.4b)

v v(rtds,, y €wys, for r € N,
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10 L.C. AUTON, M. P. DALWADI, AND I. M. GRIFFITHS

Applying the divergence theorem to the right-hand side of Equation (3.5) combined with the
solid boundary condition (Eq. 3.2c), periodicity (Eq. 3.2d) and the definition of the intrinsic
average (Eq. 3.3) yields

1
(36) —— V.- / v ds, =
|wf(x1)| wy (1)

7Vm~<g§v(’")>:0, y €wys, for r € Nxg.
g (a1)] ’ §
Equation (3.6) corresponds to incompressibility over the macroscale all asymptotic orders.
Note that Equations (3.2) and (3.6) are not sufficient to define the flow field, however they do
give us relations on both the micro- and macroscales, which we will use for the homogenisa-
tion of the solute transport problem.

3.2. Solute transport with dispersion. We now homogenise the solute transport prob-
lem (2.5). While the setup is similar to that of §3.3 of Auton et al. [5], the key difference is the
importance of dispersive effects. Among other technical differences, this also requires the in-
troduction of a second temporal scale to allow for the systematic derivation of the macroscale
solute-transport equation with dispersive effects. In particular, we first determine a fast evo-
lution equation for the solute due to advection; then we consider higher-order equations in
the concentration problem to determine a transport equation that balances all transport mech-
anisms. Finally we combine these results to obtain an advection—diffusion equation which
accounts for the emergent dispersion.

3.2.1. Treatment of the normal to the solid. Under the multiple scales framework, the
unit normal to the solid interface is written as a function of both the macro- and microscales:
fig(&) = n,(x, y), and similarly for the function f,(&) = f,(x,y), which vanishes on the
solid interface. As in Auton ef al. [5], to determine the correct form of ns(x,y) we must
apply the multiple-scales transformations (Eqgs. 2.12) consistently to Equation (2.3) which
yields

(O’ijné{ + 6]\71’) €e;

(3.72) . = ’
[Uklﬂkmﬂ?n%]l/z + 0(e)

where the geometric normal to the transformed solid obstacles n¥ = n’e; is given by

ofs

Vo fs Ay
(3.7b) nY = Y = L .
A [8fs 8}%} 12

3yj 8yj

Note that in Equation (3.7b), and in subsequent calculations, we invoke the summation
convention. It is also helpful to define the leading-order physical microscale unit normal

nY =nYe; as follows
g s o
55, &
Y
(3.7¢) nY = J VoL
{Uklo'k 8J» 01
" A1 Oym
Y

such that ng; ~ n"* as ¢ — 0. Importantly, the transformed unit normal we work with in the
homogenisation (3.7c¢) is not equal to the geometric normal (3.7b) in general.
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Thus using Equation (3.7), Equations (2.5) become
Oc Oc 0 0 dc oy, Oc e
3.8 — —=|ez— i — —Pei— |, € ,
R (58% +“ﬂayj> [&ci par i ] y € wrlan)
v,y 11/2 2y _
(3.8b) —evclokormn]ny,] "+ O(e7) =
Oc oy, Oc v;C
. ..mY A -t
(eN; —I—UUnj) [83:1- + - o Pe, ] . Y € Ows(xy),
with
(3.8¢c) v;, ¢, periodicon y € dw—(z1) and dw (z1),
writing v = v;e;. Note that, for clarity of presentation in what follows, we have multiplied

by € when deriving Equation (3.8a) from Equation (2.5a).

3.2.2. The dispersive homogenisation. As for the flow problem, we consider an as-
ymptotic expansion of the concentration field of the form
(3.92)
oz, y,t,7) = O(x,y,t,7) + ecV (@, y, t,7) + 2P (@, y,t,7)+--- as e—0.

Equations (3.8) at leading order, O(1/¢), give

0 80(0) (0)

3.10 0=0ij7— | oi—— — Peyvy ¢ ), € :
(3.102) Ugayj (U/c I e v; ¢ Y € wy(z1)
oc0)

(3.10b) 0= aijn? (Jik m — Pgy Ufo)c(o)) , Y € Ows(z1),

and
(3.10¢) vgo), 9 periodicon y € dw_(z;1) and owy| (1)

As shown in §SM1 of the Supplementary Materials, the general solution to the system of
Equations (Egs. 3.10) is that ¢(9) is independent of y. This implies 9c(®) /dy; = 0, for
i = 1,2, and hence that (¢(0)) = ¢(9),

Proceeding to the next order, O(1), in Equation (3.8) yields

30(0) 0 (0) 0A;

- ( (0)) OAQ
(3.11a) o oz, (Pel v, c + 0y Dy, Y € wy,
(3.11b) 0= Uijn?Ai7 Yy € Ows,
with
(3.11¢) vl(l),c(l), periodicon y € Jw—(r1) and Owj|(71),
where

9c(0) 9
(3.11d) Aii= St o — = Pey (17D + 0V,

Ox; Oy,
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12 L.C. AUTON, M. P. DALWADI, AND I. M. GRIFFITHS

and where we have used dc(®) /0y; = 0 and the no-slip and no-penetration boundary con-
ditions on the solid surface (Eq. 3.2c). Integrating Equation (3.11a) over the transformed
microscale fluid domain wy gives

9O 9 (o 9 (o35As)
_ 9 (.0 (0) Z\TYY R
(3123) |wf| 7 Pel A‘f 8$i (UZ C ) dSy + /u;f ayj dSy

where we have noted that o;; is independent of yy, for all ¢, j, k = 1, 2. On application of the
divergence theorem to the last term of Equation (3.12a) we find

(3.12b) / sty:/ Uij.Ajn?dser/ nPoy;A; ds, =0
wy y] Ows Ow

where ds, signifies an element of a scalar line integral, and nt = n‘i:'ei is the outward-

facing unit normal to the external square boundary dw. Both terms on the right-hand side
of Equation (3.12b) vanish; the first term due to the boundary condition (Eq. 3.11b) and the
second term as 0;;.4; is periodic on Jw.

Thus, applying the transport theorem (Eq. 3.4a) to Equation (3.12a) leads to

(0) P
Gaz 2 __Pa [ 0 (/ MG dsy> + [ Nwl9c© dsy] , Y Euwy
wy Owg

or wy] | Oz

The last term on the right-hand side of Equation (3.13) vanishes due to the no-slip and no-
penetration condition (Eq. 3.2¢) on dws, hence Equation (3.13) becomes

(0) P .
00 _ Pag (60)c®) = —Pei(v®) - Ve, y e,

(3.14) = ;

where we have use the definition of porosity (Eq. 2.18) and macroscale incompressibility
(Eq. 3.6; with » = 0). Equation (3.14) governs the leading-order fast-time evolution of con-
centration due to advection — that is, the leading-order effect is that the solute pulse advects
according to the fast time scale. This result is consistent with previous dispersion works
(e.g., [21]). However, recall that goal of this analysis remains to determine a macroscale
equation for the concentration that balances all transport mechanisms: advection, diffusion,
dispersion and removal. Since Equation (3.14) does not yield any information on how the
solute spreads as it is advected, we must continue until we determine an equation for how the
concentration varies relative to the slower timescale. To do this, we must proceed to a higher
asymptotic order; the first step of this is to determine a closed system of equations for ¢(1).

With this goal in mind we use the relationship determined in Equation (3.14) to eliminate
the fast-time derivative in Equation (3.11a), leading to

g (00 O
(3.15) aijay( o ):
J

0,0 9 /o o 7 )
Pel |:_<Uz( )> axz + 87,121 (’Uf )C(O)) _;'_sz@ (’U,f )C(l) +vz( )C(O)) , y c wf

Using Equations (3.2a) and (3.2b; with » = 0) and that 0 g independent of the mi-
croscale, Equation (3.15) becomes
(3.16a)

ac(l) 0 80(0) ac(l) 66(0)
A Ppe, @ 0 (o 0N _p ©, . ©
Oij |: e v; ayj 3yj ( o + Ok D >:| €l <<1}1 > v; ) o , Y Ewy,
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HOMOGENISATION FOR DISPERSIVE TRANSPORT IN HETEROGENEOUS POROUS MEDIA 13

subject to

oc0) ocH)
(3.16b) Uijn? (8@ + O'ikayk> =0, vy € Jws.

The form of Equations (3.16) suggest that we can scale 9c(®) /dx; out of the problem via
the substitution

(317) c(l)(wvy>ta7) = _Fn(w7 y) 88

Tn

[C(O)(az,t,r)} + é(l)(w,t, T),

where C'D) is a scalar function and T' = T, e, is a vector function, such that (I') = 0.
Substituting Equation (3.17) into Equation (3.16), we obtain a system of equations for I'y:

(3.18a)
or 0 or
ey 2 (5.2 | = —p (0)y _ 4)(0) c
TP Ty T ay, (Jkﬁyk)] “ <<wn )~ )’ yEsn
Yk
(3.18¢c) I, periodicon ¥y € dw— and Ow,.

Our overarching goal remains to derive the macroscale dispersion equation. To achieve
this, we must consider one final asymptotic order. Equation (3.8) at O(e) gives

(3.19a) 9e) + LC(I) = oy OB; | OA; cw
: ot or  Vay " or, YU
(3.19b) —eye® [aklokmn%’nmlm = Jijn?& + N;A;,  y € Ows,
where
9 Hc2)
(3.19¢) B; = ¢ + oikC— — Pgy ('ng)c(o) + vgl)c(l) + UEO)C(2)> .
Oz Oy

Integrating Equation (3.19a) over the transformed microscale fluid domain wy and using
the transport theorem (Eq. 3.4a) we obtain
(3.20)

9c0) 0 0B; 0
9 9 M 43 :/ 9B g 7/ .ds NiA; ds,.
|Wf| ot +3T </wa y) wfajayj y+31‘7; wa y+ ~ A Sy

We deal with the first term on the right-hand side of Equation (3.20) by noting o;; is inde-
pendent of y and applying the divergence theorem to o;;B;. Then, applying periodicity on
the cell boundary and Equation (3.19b), we determine that

oB;
(3.21) / Jij? dSy = —'yc(o) / [Jklakmn?nfn]lﬂ dsy — N; A; dsy.
wy Yj Owsg Owg

Substituting Equation (3.21) into Equation (3.20), we obtain
(3.22)

e 0 0
(1) d _ d _ (0)/ (] 1/2d ]
lwe] 5 + 7 /wf c Sy oz A; dSy — e [OrioEmn] nY,] Sy

Wy Ows
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14 L.C. AUTON, M. P. DALWADI, AND I. M. GRIFFITHS

Using Equation (3.17) and the fact that (') = 0 by definition, Equation (3.22) can be ex-
pressed as

C(O) v
9 9 (1) _
(3.23) sl =g+ T<wa dSy>

An A 1 PN
A\ {qu-V,c(O) — ¢Pe; | (YO <¢/ ) >] } — F($,a)c,
where
Pt ooy Y 1/2
(3.23b) F(¢,a) = orl Jon, [ojon¥nY] ™" dsy,
and where
(3.23¢) D(¢,a) = I — Dop + Daisp,
such that
R 1 ar';
(3.23d) (Dan), =157 | ow 2as,
A P
(3.23¢) (Ddisp) = S / 'UI(O)Fdey .
2] |LUf| wy(x1)
We introduce the macroscale intrinsic averaged concentration and fluid velocity fields
accurate up to and including the first-order asymptotic correction: C and V, respectively. In

particular, C is defined by

(3.24a) ¢ = (O 4 gDy,
(3.24b) =00 —eve©® (1) 4+ eCW,
(3.24¢) =CO 4 CW,

since T is constructed such that (I') = 0 and ¢(©) is independent of the microscale so that
CO = () = 0, Similarly, V is defined

(3.244) V= VO Loy
where
(3.24e) V) = (p)

for € {0,1}. Note that C ~ C® and V ~ V(0.

As previously discussed, the dispersive effects characterised via Equation (3.23) occur
over a slower timescale than the advective effects characterised via Equation (3.14). We can
combine these into a single equation by collapsing our two timescales back into the physical
single timescale using the relation between £, ¢ and 7 given in Equation (2.13)— that is,
we sum Equation (3.14) and ¢ times Equation (3.23) and then recombine the timescales to
eliminate ¢ and 7 in lieu of £. This procedure yields

(3.25) — =

1 A A . ~
= 2 (¢D A/ ¢PegVC) F($,a)C, &€,
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where we have additionally used the definition of Pe, (Eq. 2.6), and have replaced V ,, with \Y
since Equation (3.25) depends only on « = & and ¢. Note that this rearrangement is easily
verified by considering the expansion of Equation (3.25) subject to Equation (3.24), retaining
leading-order and first-order corrections only.

3.2.3. Transforming to the physical microscale coordinate. To interpret the rate
F((Z;, @) physically, it is helpful to map its definition Equation (3.23b) to the physical mi-
croscale coordinate Y, defined in Equation (2.11). This integral coordinate transform is
shown in detail in §3.3.1 of Auton et al. [5] and leads to

(3.26) ﬁ(qu)_ﬂﬁwl VOwy| _ ~]0wy]
’ T gl T il T ad

)

where we have used Equations (2.17), (2.18) and (3.7); Fis just the product of the dimen-
sionless adsorption rate and ratio of surface area of solid to fluid fraction in a transformed
cell.

Similarly, we map the physical microscale coordinate Y, defined in Equation (2.11).
This mapping transforms the cell problem (Egs. 3.18) to

LoT: 9 [or: . .
(3.27a) —Pe; v\ 2 4 ( ”) — Pe, (V7§0> — O ) Y €W},

oY, oY, \ oY;
(3.27b) ny” ?)I;f =nY" Y €ow
(3.27¢) rr p::riodic on Y € OwX and &uﬁ,
with
(3.27d) (r,*) =0,
such that Equations (3.23d) and (3.23e) become

. ! ar* 1 [ or%
(3.28) (Dobst)ij. il /L, o7 dSy = ” /w } aSy

and

. p P
(3.28b) (Ddisp)_:: ol / vOT;dSy | = -2 / vOT,dSy | .
) |wf| wk(z1) a¢ wk(z1)

To evaluate D, we solve the transformed cell problem, (Egs. 4.7), numerically in COM-

SOL Multiphysics®, where vl(o) is in general determined via the solution to another cell prob-
lem, the details of which depend on the prescribed flow. In §4, we prescribe Stokes flow and
specify the appropriate cell problems. While Stokes flow is typically associated with slow
flow, and dispersion with fast flow, we note that both are consistent when D < Vh < 7,
where 7 is the kinematic viscosity of the fluid; this gives the local Reynolds number Re; :=
VL/v < 1and Pe; = Vh/D > 1.

Using the definition of % (Eq. 3.24d) and the incompressibility of v(®) and v(!) (Eq. 3.6),
we find that V is also incompressible — that is,

(3.29) V.-vV=0
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16 L.C. AUTON, M. P. DALWADI, AND I. M. GRIFFITHS

Hence, Equation (3.25) becomes

0 1o (10 < L 0w s .
(3.30a) (Z:7V-<¢D~VC>—P69V-VC—7| “sle, zeq,
ot ¢ a¢
with
(3.30b) D =TI — Dby + Daigp

such that Dy and ﬁdisp are defined in Equation (3.28). Recalling that Pe, = O(1/e), it
might appear as though the second term on the right-hand side of Equation (3.30a). This
is a consequence of the advective effects being important over a faster timescale than the
dispersive effects, as also occurs in classic dispersion analyses. To understand the leading-
order importance of the dispersive effects we now perform a drift transformation into the
advective frame.

3.3. Rescaled Dispersion Equation. In this section we rescale the dispersion equation
(Eq. 3.30) to derive a leading-order equation for the removal, diffusion and dispersion of a
solute. As previously mentioned, the leading-order effect of the flow on the solute is the
solute pulse advects with the flow. Here, we separate these effects — we take the leading-
order velocity of the advection of the solute pulse and then investigate the leading order
spreading around the pulse. Since the fast flow is governed by the global Péclet number such
that Pe, = O(1/¢), we first rescale the spatial domain via

(3.31a) P
13

so that Equation (3.30a) becomes

0 2 B
C _ ivx (¢D -V xC)+Pe (V-Vx)C= _7@0’

(3.31b) 53 o

where we denote functions of X (independent of &) without a hat.
To investigate the diffusive and dispersive solute transport, we then rescale around a pulse
of solute, which advects with the flow:

(3.322) X = Xo(T) + c€,
(3.32b) P-T

(3320) % = PerV(Xo) = Per (VO(X0) + V(X))
with

(3.32d) X,(0) = 0,

so that

(332¢) V¢=¢eVx and
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N dX
i=T=17,>0 be —— = Pe;V(X)
dT
. - . al o P a0 a0 (a0 A ARNAAdAd Ao arar|a
- . - - - - e [ o O e e e e e -
P - P ol e a0 a0 (A0 A ARNANAAV Ao arar|ar|
- - - - - - Y [ ) . e e e e e -
. o . el P e 0 a0 (AR ANANAY Ao arar|ar
flow - - - - - Y Y . e e e e e e e -
P - o el o P O O e L L UL U R E e
- - - - - - a a o O e e e e -
. P . el o a a0 L@ (a0 A AAAAI Ao arar|ar
- - - - - Y LY a . O e e e e e -
L - L el » e v FEEE RS (ROIROAA A A arariall ¥
- . - - - - e a o @ e e e e e --- 1
Xo(T)
— {
~e=0(1)

FIG. 3. We consider the evolution of a pulse of solute at some later time t = T = T} subject to fast fluid flow
(Peg = O(1/€)). Advection dominates the propagation of the solute and thus to see the diffusive and dispersive
effects, we define a drift transformation (Egs. 3.32) that advects with the flow, the speed of which is shown on the
schematic. The centre of the pulse is given by the dimensionless co-ordinate Xo(T) such that Xo(0) = 0 and
the &-axis moves with the pulse enabling investigating relative to the dominant advective transport. [Note that € is
scaled so that the pulse is O(1) relative to &.

This transformation places the origin of the £-axes at the centre of the solute pulse, which
travels with velocity Pe;V(X) (see Figure 3). ]This allows us to understand the evolution
of the spread of the solute from its initial pulse of unit dimensionless length (relative to &).
Under this scaling, O(1) variations in the solute concentration will be characterised by O(1)
variations in &; thus we enforce

(3.33) C(X,1)=C(&T).

As the solute pulse propagates along the length of the filter (X)), the microstructure of the
filter, characterised by ¢ and a, varies. This variation tells us that V = V(X), D = D(X),
¢ = ¢(X) and a = a(X) which are locally

(3.34a) V(X = Xo+¢e€) =V(Xo) +e(€ Vx) Vx_x, +
(3.34b) D(X = Xo+¢¢,T)=D(Xo,T)+e(¢§-Vx) Dlx_x, + -
(3.34¢) O(X =Xo+e€T)=¢(Xo,T)+e(§Vx) dlx_x, +
Using Equations (3.32) and (3.34a), Equation (3.31b) becomes

ac 82C ac av; |0w?|

where the drift transformation accounts for the leading-order advective transport of C. Note
that the second term on the right-hand side of Equation (3.35) gives an O(1) correction for
advection.

Finally, although there is no explicit dependence on ¢ or a except in the removal term,
the position X travels through the porous media and thus the effects of the varying micro-
structure are reflected in the effective diffusivity and flow gradients.

4. Tllustrative Example. In this section, we prescribe a Stokes flow and examine a
specific pore structure where the solid domain constitutes an array of solid circular obstacles
in a hexagonal array. This could model, for example, the microscale geometry of a granular
material.
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4.1. Stokes flow. Dimensionless Stokes flow is given by
(4.1) —Vp+eV2iH =0

where p is the dimensionless pressure, which has been scaled to balance macroscopic pressure
gradient with viscous dissipation at the pore scale. The full homogenisation of Stokes flow for
a material subject to the same two degrees of microstructural freedom is given in Auton et al.
[5]. Here, for completeness, we briefly recap the relevant results of the flow homogenisation
in Auton et al. [5]. In particular, we present the flow cell-problem which we subsequently
solve numerically using COMSOL Multiphysics®. The flow homogenisation leads to a set of
equations for the microscale velocity and pressure:

(4.2a) @ = —K(z,y) - Vzp(o), Y € wy,
(4.2b) pY = —I(z,y) - V.p +p(x), yeuwy,

where p(*) is the i"-order microscale pressure, () is a scalar function which remains un-
determined but is not important to our analysis, and where /C(, y) is a tensor function and
II(x,y) is a vector function, both of which are numerically determined via solution of the
flow cell-problem

(4.3a) I-VIQI+ (V) K =0, yeuwa),

(4.3b) Vv, K=0, y € wr(xr),

(4.3¢) K =0, ye¢€dws(r),

with

(4.3d) Kij == (K),; and II; := (IT); periodicon y € dw— and dwj,

where

(4.3¢) (VioII), = %1;: and (V9 K), = 6@12;2‘,
In the physical microscale coordinate Y, Equations (4.3) becomes

(4.42) I-Vy@II"+VyK* =0, Y €wj(z1),

(4.4b) Vy -K*=0, Y c wi(z1),

(4.4¢) K =0, Y €0w;(z1),

with

(4.4d) K3 = (K*);; and II := (IT*); periodicon Y € 0w’ and Owj.
On taking the intrinsic average of Equation (4.2a), we determine the homogenised flow

equation, essentially equivalent to Darcy’s equation:

(4.5) VO = (K*(z,Y))- VP,

where P (Z1) is the macroscale leading-order pressure, and the macroscale permeability ten-
sor

(4.6) K(z) = (K*(z,Y)) = (K(z,y))
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]e<<1

flow ®

FIG. 4.  We consider the flow of fluid carrying solute through a heterogeneous porous material in two di-
mensions for a specific illustrative example. Here, the porous medium is formed of an array of circular obstacles of
dimensionless radius R(il) located in both the centre and at the corners of a rectangular cell of transverse height
€ K 1 and longitudinal width a(%1).

is the intrinsic average of JC* over the physical microscale, or equivalently is the intrinsic
average of IC over the transformed microscale.

Using the velocity decomposition given in Equation (4.2a), the transport cell-problem
(Egs. 3.27) becomes

(4.7a) — PeK: op or, 9 <3F”> =

Yox; 8Y;  9Y; \ Y,
op
— Pey / K. dSy + K. | =—, YEw},
Wil Juy ) oz,
7
« O .
Y n _ Y *
(4.7b) n, oy, n, , Y €0w,
(4.7¢) I’} periodicon Y € 0w® and 8w|*|,
with
(4.7d) (T,*) =0,
and Equation (3.28b) becomes
. Pe op
4.7 Dy =—— KirI';dSy | —.
( C) ( dlsp)ij d¢ /w}(xl) klj Y 8$k

4.2. Filter geometry. Here, we consider a specific pore structure which has a solid do-
main comprising solid circular obstacles in a hexagonal array. Specifically, each rectangular
cell contains a fixed, rigid circular obstacle of dimensionless radius R(:i:l) at its centre and
quarter circles of radius R(i’l) at each corner (see Figure 4). Since f%(fcl) controls the obsta-
cle size over the length of the medium, we take the scale factor A(#;) = R(Z;). The height
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of each cell is fixed, thus, the maximum possible value of Ris1 /2. To prevent the obsta-
cles from overlapping, we must enforce conditions on & for a given R— that is, we define a
minimum value of a that depends on the value of R:

R i =2R, if 0<R< Re
(4.82) amin(R) =4 ¢ _ 0 LS it
a=V16R2 -1, if Rgin <R<1/2.
where
A 1
(4.8b) Reiy = —+=,

and with corresponding minimum porosity ngin(]%). We enforce that a > &min(f%) and,
consequently, ¢ > qgmin(}?). When 0 < R < Ry and @ = dmin(R) we lose transverse
connectivity of the domain (Figure 5; dotted line). When Rt < R<1 /2 and G = amin(R)
we lose both the transverse and longitudinal directions (Figure 5; dashed line). Further, when
R=1/2and & = amin(R) = v/3 then there is connectivity in the transverse direction but no
connectivity in the longitudinal direction (Figure 5; yellow line). The boundary on the right
of the domain corresponds to the limit QS — 1, which occurs when R — 0 and when @ — oco.
These constraints define the attainable region of the a, R and r;S parameter space (Figure 5;
shaded grey).

This construction leads to a porous medium whose properties vary in the longitudinal
direction but not in the transverse direction (Figure 4). The microstructure depends on a, (ﬁ
and R, any two of which are independent and the third prescribed by the geometric relation

4.9) o(i1) = ‘wf(f}lﬂ = o} (E0)| =1- (; ;) ;

w(@)] e (@1)]

where we have used |w*| = @ and |w}| = @ — 2rR2.
For this geometry, we may explicitly evaluate the effective adsorption rate ﬁ‘((ﬁ, a) in
Equation (3.23b) using the formulation from Equation (3.26), giving

@.10) Fda) = 0wi] _ Owi] _ 4ymR 2 (1 _ (b).
|| ag ag Ro

In Figure 6, we investigate the effect of microscale geometry on the macroscale solute
removal via a numerical analysis of Equation (4.10). The partially absorbing boundary condi-
tion on the microscale (cf. Equation (2.1b)) leads to an effective sink term F’ in the macroscale
transport problem given by Equation (4.10); F'is the product of the dimensionless adsorp-
tion rate v and the ratio of the perimeter of an obstacle (47 R) to the fluid area within a
cell (CALQAS) for a hexagonal array of circular obstacles. Hence, the strength of the sink term
is proportional to  and depends strongly on the microscale geometry of the problem. We
consider F' /7y to isolate the effects of microstructure. The attainable region of the d) F /7y
plane (Figure 6, left; shaded grey) is bounded by the constraints @ > G, and 0 < R<1 /2;
the boundaries have the same line styles and colours as the corresponding boundaries in
Figure 5. Fixing R € {0.1,0.2, Reir, 0.4,0.49} (Figure 6a) where Rerie is defined in Equa-
tion (4.8b), we see that the maximum removal for a given R is achieved when & = Qmin-
Further, the global maximal removal is achieved for R = Rcm and ayin = 2Ry Fixing
be {0.15,0.2,0.3,0.45,0.6,0.75,0.85,0.95} (Figure 6b) we see that the maximum removal
for a given QAS is also achieved when G = ap,;,. Note that F /7 decreases as dA) increases at fixed
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¢
FiGg. 5. The porosity (ZAS of a hexagonal cell increases with aspect ratio a and de-
creases with obstacle radius R according to Equation (4.9). We show a versus ¢ for

Re {0.025,0.075,0.125,0.175,0.225, 1/(2+/3),0.35, 0.4, 0.45,0.5} (wloured lines, dark to light).
The attainable region of the ¢-a plane (shaded grey) is defined by & > Gmin(R ) (Eq 4.8a), for0 < R < 1/2
with the q}a R relationship defined in Equation (4.9). In particular; when 0 < R < Rm,, Amin = 2R so that
the lower bound (dotted line) is defined by ¢ = 1 — wa/2, with & € (0,2Rei;); along this boundary we lose
transverse connectivity but maintain longitudinal connectivity. When Rm-, < R<1 /2, Gmin = V 16R2 — 1 so0
that the left-hand bound (dashed line) is defined by ¢ = 1 — w(a2 + 1)/(8a), with & € [1/+/3,+/3); along this
boundary we lose connectivity in both the longitudinal and transverse directions. The upper bound (yellow line)
is attained when R = 1/2 and is parameterised by ¢ = 1 — 7/(24), for & € [v/3,00); along this boundary we
lose longitudinal connectivity but retain transverse connectivity. Note that the smallest attainable ¢ for any R a
combmatton is ¢mm =1 — 7/(2v/3) which is achieved for with two distinct combinations of & and Ra=1 /V3 V3,

=1/(2v3)andéa = /3, R=1/2.

(a) (b)
80 . . . . 80
60 | 60 |
=
S| =40 40
ey
2t 20}
0 0
0

FIG. 6. The effective adsorption rate F normalised with + against (a) ¢ for Re {0.1,0.2, Rm-,, 0.4,0.49}
(blue to yellow) and (b) Rforﬁxed values oquS € {0.15,0.2,0.3,0.45,0.6,0.75,0.85,0.95} (dark to light). The
attainable region of the q@-ﬁ' /7 plane (shaded grey) is bounded by the constraints that & > Gmin for 0 < R <1/2
with the line styles of the boundary the same as in Figure 5. In all cases, Fisas defined in Equation (4.10).
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R, as should be expected, but also as R increases at fixed g{); the latter occurs because an
increase in obstacle size requires a correspondingly larger increase in cell size to keep qg con-
stant. Recall that the minimum attainable porosity is achieved for two distinct values of R:
R= Rcm and R = 1 /2, and with G = Gip and although in that limit the porosity is equal,
the maximum removal is nearly double in the case that R= Rcm instead of the case where
R=1 /2, highlighting the crucial role of microscale geometry in macroscopic transport and
removal.

4.3. Macroscale flow and transport properties. For the specific geometry described
above, we explore the impact of microstructure on macroscopic flow and dispersive transport
by analysing the permeability and effective diffusivity tensors, K (Figure 7) and D (Fig-
ures 8a,b and 9a,b) and the physical components of D: ﬁobst and ﬁdisp (Figures 8c—f and
9c—f). Finally we investigate the impact of continuously varying Pe; on ﬁdisp (Figure 10).
To determine K and D we solve Equations (4.4) and (4.7a)—(4.7d) over a unit cell for each
cell geometry. Firstly, we must build and subsequently discretise the cell domain, adding a
boundary layer surrounding each solid obstacle. The chosen mesh size varies based on the
miscroscale geometry. We split the study into several steps; first the flow problem must be
solved for each of the two flow components (¢ = 1 and ¢ = 2) individually before these
solutions are used to solve the transport problem. These iterative steps generate a significant
computational time saving. In particular, we solve Equations (4.4), which can be thought
of as a form of Stokes equations, for both flow components. Next, we use these flow solu-
tions to solve Equations (4.7a)—(4.7d) individually for I'; and then I'y. This methodology
allows the partial differential equation (PDE) solvers to be provided with the converged flow
solutions initially, which is responsible for the computational time saving. We choose to
use COMSOL Multiphysics® to determine the solutions. We discretise the domain using
the ‘User-controlled mesh’ — ‘Fluid dynamics’, and with a boundary layer around all solid
obstacles. On this domain, we solve Equations (4.4) using Creeping Flow interface (‘Fluid
Flow’ — ‘Single Phase Flow’ — ‘Laminar flow (spf)’) for both components of flow (cf.
[5]). Within the same code we feed this information into the Coefficient Form PDE inter-
face (‘Mathematics’ — ‘PDE interfaces’ — ‘Coefficient form PDE’) and subsequently solve
Equations (4.7a)—(4.7d) individually for I"; and subsequently T's.

As in Auton et al. [5], we have two degrees of microstructural freedom, which allows
us to explore the anisotropy in the system. However, unlike in Auton et al. [5], D depends
on Pe;V P, where, without loss of generality, we fix |VP | = 1. For arbitrary VP, with
this geometry and any other geometry exhibiting at least two lines of symmetry through the

cell centre that lie parallel to the = axes, K is diagonal but D has non-zero off- diagonal
components due to the dependence of Dd,gp on PelVP In what follows, we restrict our
investigations to the case when VP = (—1,0)T; in this limit both K and D are diagonal
matrices. Note that, to consider the case of fixed flux rather than fixed pressure gradient we
would calculate the pressure gradient for a given flux via use of Darcy’s Law (Eq. 4.5), giving
VP=K"'V.

4.3.1. Comparison with limiting cases. We validate our analysis for this geometry in
several ways. First, in Figure 10 we demonstrate that the components of Dy, each scale
with PelQ, in agreement with the classic Taylor dispersion scaling [4, 31, 14]. Note also that

(ﬁdisp)22 > (f)disp) " This is because we use & = 1 in these figures, corresponding to

the hexagonal pattern of the obstacles being shorter in the #; direction compared to the 2o
direction. The aspect ratio of the hexagonal pattern is equal at & = /3, and shorter in the &
direction compared to the & direction for a > V3.

Secondly, we have confirmed that the effective permeability and effective diffusivity van-
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(a) (b)
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10

k. 7. The non-zero components of the effective permeability tensor against porosity for
R €{0.1,0.2, Reyit, 0.4,0.49} (blue to yellow; cf. Eq. 4.8b), with & varying according to Equation (4.9). (a)

the effective longitudinal permeability (k ) - and (b) effective transverse permeability <k ) 0y The components
of K are independent of Pe; and their difference implies macroscale anisotropy. When & = Gmin(R) (Eq. 4.8a), the

behaviour of <k) . depends on the value of R: if0 < R < Reyiy then (K) 2 — 0 whereas lfR < Rcrit then
k%2
both (K' ) i’ (k ) 2 — 0. The values to which (K' ) __asymptote are shown as solid red vertical lines, and the

k22
interpolation between the last numerically obtained data point and the minimum obtainable porosity for the given
R is shown as a dotted red line. As (;3 — 1(a — oo) then (R’ ) and (K ) diverge as the resistance to flow
11 22

vanishes. We fix VP = (—1,0)T.

ish when the filter loses connectivity (& — dmin(f%)). When ¢ — &mm(f?,) with any fixed
R<1 /2, the obstacles move closer together in the longitudinal direction and the pore space
becomesdisconnected in the transverse direction. Further, for R > Rm-t the pore space is
simultaneously disconnected in the longitudinal direction. Thus, as a — dmin(R), for all

values of R (K ) and (f)) vanish and when R > Ecrit, (K ) and (f)) vanish
22 22 11 11

while for R < ]:Zcm, ( < ) and (D) obtain their global minimum values in this limit but

1
do not vanish as the longltudmal permeability does not vanish (Figures 7, 8a,b and 9a, b).
When R = 1/2, there is no transverse connectivity for all choices of &. When connectivity

is lost, the solid obstacles fully hinder the spreading of the solute so that <ﬁ0bst) ~—1land

(ﬁdisp) ~ — 0 (Figures 8c—f and 9c—f), leading to an overall vanishing effective diffusivity.

Finally, we also see that the permeability diverges as the obstacles vanish (d; — 1)

as qB — 1 (@ — o0), both (K ) and (K ) diverge as the resistance to flow vanishes
11 22

(Figure 7) and additionally <1§0bst> ~ — 0 as molecular diffusion becomes unobstructed
(Figures 8c,d, 9c,d). "

4.3.2. Qualitative effect on solute transport of varying Pe;. For the majority of the G-
R—¢ parameter space, the magnitude of D is greater when Pel = 250 (Figure 9) than when
Pe; = 10 (Figure 8). This is largely explained by the Pe} scaling for large Pe; discussed
above, which increases the relative importance of the dispersive component of the effective
diffusivity (Figure 10).

However, the qualitative behaviour of D is similar for both values of Pe;. The main

qualitative difference in (f)) between the two values of Pe; is in the behaviour of the
11

R = 0.4 curve; when Pe; = 10 as ngS — 1, we have an apparent monotonic increase of
(f)) , while for Pe; = 250, there is a local maxima forq5 ~ 0.9 (@ ~ 10). For R > Rcm,
11
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FIG. 8. We investigate the behaviour of the non-zero components of the effective diffusivity D and the

contribution to D due to the presence of obstacles ﬁobst and that resulting from dispersive effects f)disp (cf.

Eq. 3.28) when Pe; = 10. Note that, all quantities are plotted against ¢A> for the same fixed R values as in
Figure 6a and Figure 7. Further, all the line colours and styles are the same as in Figure 6a and Figure 7. In
particular, note that the red vertical lines show the values to which the functions asymptote. (a) the longitudinal

effective diffusivity and (b) the transverse effective diffusivity mirror the behaviour of <K )

is, when (K) ~vanishes, (D)
11

~ when G = GQuin— that
k22

~also vanishes. (c) the longitudinal component of f)abs, and (d) the transverse
11

component of f)obxt represent the reduction of solute spreading due to the presence of obstacles; as expected when
the presence of obstacles fully inhibits spreading both (bnhﬂ) and (]_A?,,;,S,) tend to unity which occurs when
11 22
(K > - — 0. (e) the longitudinal component of ﬁd,-xp and (f) the transverse component of ]_A?d,-xp provide a measure
1

for the enhancement of spreading due to shear forces; <1A)d,~sp) ~vanishes when (K ) . — 0. Recall that bdisp
T

2 (52

is a function of Pelﬁﬁ’ and thus depends on the value of Pe;. There is a non-monotonicity in (ﬁdisp) with
22

respect to both (5 and R and (bdisp> - > (]jdisp) 0y

(f)) increases monotonically from its minimum value to its maximum value as QAS — 1

22

for both values of Pe;. However, for R < Rcm, when Pe; = 10, (f)) also undergoes the
22

same monotonic behaviour, while when Pe; = 250, (b) obtains its maximum value for
22

some qAS < 1. This non-monotonicity suggests that there is some microscale geometry that
optimises the dispersive transport.

Qualitatively both (ﬁobst) and (ﬁobsl) are very similar for the cases where Pe; =
11 22

10 and Pe; = 250 for all R. This is because the impingement on spreading due to the presence
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FI1G. 9. A replica of Figure 8, but for Pe; = 250. We note the same limiting behaviour as Figure 8 in
when & = GQin, but note that the maximum magnitude of D, is around two orders of magnitude greater than the

maximum magnitude of bdisp with Pe; = 10.
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FI1G. 10. The non-zero components of the effective diffusivity: the longitudinal diffusivity (]_A?d,lsp> I (dashed
line, orange) and the transverse diffusivity (I_A?d,vsp) 9 (solid line, aqua) against Pe;, when & = 1 and vP =
(=1,0)T. (a) Both (ﬁd,-sp) - and (ljd,lsp> 2 increase monotonically with Pe;. (b) (ﬁd,-sp) _is shown on a

27

log—log scale, which shows that (ﬁd,-s,,> - > (ﬁd,-sp) - and (ljd,lsp> S Pel2 [4, 14, 31].
X3

i
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of obstacles becomes negligible as the obstacles become arbitrarily spaced in the longitudinal
direction. The only substantive difference in (f)obst) between the Pe; = 10 and Pe; = 250
11

cases is in the non-monotonic behaviour as R varies for large fixed ¢. For example, when

¢3 = 0.8, in the case that Pe; = 10 we have that (f)obst) increases monotonically with
11

increasing R whereas for Pe; = 250 the smallest value of (bob5t> occurs for R = Rcm.
11

We expect to see non-monotonicities when the dispersive component dominates, which
corresponds to high Pe;; this is because of the competing transport mechanisms [23]. At
small Pe;, diffusion dominates, while as Pe; increases the different dispersive mechanisms
become increasingly important. In particular, as well as the classical dispersion caused by
non-uniform velocity profiles within pores or throats, there are also effects due to hold-up
dispersion. This occurs due to areas of low flow and mechanical dispersion resulting from
the repeated separation and merging of flow passages at the junctions of the pore space [23].
For Pe; = 10, the contribution to D from dispersion is negligible (Figure 8e,f) and thus as

(2) — 1, (f)) ~ ~ 1 (Figure 8a,b). However, for Pe; = 250 the dispersive effects in the limit
QAS — 1 are O(1) (Figure 9a,b) and thus (f)) _is increased beyond unity (Figure 9e,f). In

1%
particular, Figure 9b shows a non-monotonicity in (D), — that is, the maximum transverse
spreading is not achieved in the limit ¢ — 1, but rather for some combination of & and

¢ < 1. Figure 9f, highlights the origin of this non-monotonicity; we see that it is solely due to
(ﬁdisp) . as (ﬁobst) . shows a clear monotonic decrease as (;5 increases. Further, although

no non-monotonic behaviour is seen in (ﬁ) when Pe; = 10 (Figure 8b), (ﬁdisp) shows
22 22

a non-monotonicity with increasing qAb (Figure 8f).

5. Conclusions. We have presented a formal derivation for dispersive transport within
a heterogeneous porous medium comprising cells of varying size each containing multiple
arbitrarily shaped obstacles, for a general, incompressible, fluid flow [1, 2]. We considered
an advection-dominating regime, which introduces dispersion into the problem; this is im-
portant in many industrial filtration scenarios, where dispersion becomes important [3]. The
homogenisation was conducted using both multiple spatial and temporal scales, enabling us
to deal with both the dispersive limit [29] and the microscale heterogeneity [5]. The het-
erogeneity within the porous material originates from slowly varying obstacle size and/or
obstacle spacing along the length of the porous medium; the latter also induces strong an-
isotropy within the problem. This results in a near-periodic microscale problem; importantly,
the variation in spacing means that the period of the microscale depends on the macroscale,
which means that the upscaling of this problem requires a nontrivial modification of classic
homogenisation. This builds on our previous work for slower flows with no dispersive effects
[5]. To account for the dominant advective terms during the homogenisation, we introduced
a second, fast temporal scale following the methodology presented in Salles et al. [29]. The
fast timescale highlights how the transport equation is dominated by advection at leading
order — that is, the solute advects (convects) with the fast fluid flow. We use this result to
eliminate terms at higher orders and, on recombining the two temporal scales, we determine
the leading-order transport equation on the slow timescale. This homogenised equation is
an advection—diffusion—reaction equation, in which advection dominates, with an anisotropic
effective diffusivity tensor, which itself comprises components due to molecular diffusivity,
a reduction in spreading due to the presence of obstacles (ﬁobs[), and a dispersive compo-
nent (ﬁdisp), which depends on the product of the local Péclet number, Pe;, and pressure
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gradient, VP. The permeability, effective diffusivity and the removal terms are functions
of the porosity, obstacle spacing and a scale factor controlling the variation in obstacle size
across the medium; any two of these are free choices, which prescribe the third. To deal
with the dominance of advection, we performed a subsequent drift transform to the frame
of reference moving with the solute pulse. Under this transformation, a careful application
of Taylor’s expansions provides the leading-order equation that governs the spreading of the
solute (cf. Eq. 3.35). The resulting macroscale equations are computationally inexpensive
to solve, allowing for optimisation of parameters through large sweeps, which would not be
possible with direct numerical simulation (DNS).

In §4 we considered a simple geometry comprising circular obstacles in a hexagonal
array and fixed a particular incompressible fluid flow: Stokes flow. We determined the corre-
sponding permeability and effective diffusivity numerically, and show how these depend on
the radius of the obstacles and the aspect ratio of the cells. This work illustrates and quan-
tifies how the permeability, diffusivity and dispersivity of a porous medium depend not only
on the porosity of the medium, but also on its microstructure and the magnitude and direc-
tion of the driving pressure gradient. The dispersive component of the effective diffusivity is
shown to be proportional to Pel2 (Figure 10), in agreement with the classical Taylor dispersion
scaling [4, 31].

While we focus on the two dimensional case here for clarity in dealing with the non-
standard homogenisation approach, we note that it is straightforward to generalise our results
to the three-dimensional problem. We would expect the three-dimensional results to be quali-
tatively similar to the two-dimensional problem considered here in general, with the important
exception of a non-vanishing connectivity when obstacles touch.

As in Auton et al. [5], we have assumed that the solute particles are negligibly small. If
one were explicitly interested in understanding the effect of the smallest distances between
adjacent obstacles (choke points), finite-size effects of particles may need to be considered,
including the subsequent effect on geometry. The freedom in the microscale geometry allows
for the construction of a porous structure with sufficiently wide longitudinal connectivity as
to avoid blockages. Further, we note that applying a stress to the porous medium may vary
the spacing between obstacles. This could be accounted for by coupling our model to an
appropriate stress-strain relationship.

We have validated our results against limiting cases; DNS for flow and transport in a
broader range of relevant geometries would provide further validation and may lead to addi-
tional insight, and should be the subject of future work. Here, we have limited our consid-
eration to the case when the pressure gradient is purely longitudinal (i.e., VP = (=1,0)T),
however further investigation into the cases where VP # (—1,0)7 is warranted and will
undoubtedly yield further insights into the effect of microscale heterogeneity on macroscopic
dispersive transport and removal. We also note that, the details of the behaviour of ﬁdisp in
the limit @ — oo require more careful investigation as Pe; increases.

In summary, the results presented in this manuscript form a comprehensive framework
for describing the macroscropic dispersive transport and removal properties of a heteroge-
neous porous medium, subject to a general, incompresssible flow.
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7. Data. The MATLAB codes for Figures 5-10 and the corresponding data produced by

COMSOL Multiphysics® have been uploaded to Github: https://github.com/Lucy
Auton/A-homogenised-model-for-dispersive-transport—and-
sorption-in—-a-heterogeneous-porous-medium-MATLAB
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