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We consider the motion of an arbitrary number of approxi‑
mately circular bubbles in a Hele‑Shaw cell. Each bubble is
assumed to be large enough that it is flattened by the cell walls
into a pancake‑like shape, but small enough to remain approx‑
imately circular in plan view. Numerical solutions of the full
Hele‑Shaw problem become computationally expensive when
there is a large number of bubbles. It is therefore common in
the literature when modelling a large number of bubbles to as‑
sume that each bubble acts like a dipole. Here, we provide the
theoretical basis for this approach through the use of matched
asymptotic expansions, in the limit where the bubbles are all
far apart.We find that thismethod qualitatively reproduces the
behaviour of the full model at a much‑reduced computational
cost, provided the bubbles remain well separated. We also de‑
rive a pairwise interaction model by summing over the con‑
tributions owing to each possible bubble pair. This improved
model has computational complexity comparable to that of
the dipole model but remains valid in situations in which two
bubbles become close.

1. Introduction
The dynamics of bubbles in a Hele‑Shaw cell is both a classical
fluid dynamics problem [1–4] and a fundamental mathematical
problem owing to its connection to potential theory and complex
analysis [5–9]. Microfluidic devices often involve the transport of
many bubbles along a Hele‑Shaw channel [10–13]. In such de‑
vices, the bubbles are often large enough that they are flattened
into pancake‑like shapes [14,15], with thin liquid films separat‑
ing the bubbles from the walls, but also small enough to remain
approximately circular in plan view [16].

Booth et al. [17] derived a general model for the motion of
such bubbles in a Hele‑Shaw cell incorporating the additional
pressure drop found by Bretherton [18] across each bubble menis‑
cus owing to the thin films. The model for a single bubble was
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experimentally validated by Wu et al. [16], while systems involving pairs of bubbles were analysed both
theoretically and experimentally by Booth et al. [19]. Booth et al. [17] found that, in systems of three or
more identical collinear bubbles, the middle bubbles travel either faster or slower than the outer two
depending on the flow conditions, resulting in ‘Newton’s cradle’‑like behaviour. However, the model of
Booth et al. [17] becomes unwieldywhen considering themotion of a large number of bubbles, a situation
that is common in bubble‑laden microfluidic devices. Reduced‑order models are therefore attractive to
allow for fast and accurate simulation of many‑bubble systems.

It is common in the literature, whenmodelling a large number of bubbles, to assumewithout rigorous
justification that each bubble acts like a dipole [20–22]. Green [23] showed that the two‑bubble solution of
Sarig et al. [24] reduces to a dipole interaction in the limit where the bubbles are far apart, before general‑
izing this result to an arbitrary number of bubbles in a non‑rigorousmanner. Pumir &Aref [25] derived a
dipole model for the motion of bubbles in a stagnant outer fluid by taking the leading‑order contribution
to the Green’s function representation of the fluid velocity; however, they did not account for the drag
owing to the thin films between the bubbles and the cell walls. Often, the dipole model is supplemented
by an ad hoc drag law to account for the friction owing to these thin films above and below the bubble
[20,23]. Such models include a free parameter that needs to be fitted with experimental data. Here, we
use matched asymptotic expansions to analyse the full Hele‑Shaw model, incorporating the Bretherton
drag [18], thus accurately modelling the effect of the thin films and resulting in a dipole model with no
free parameters. We further improve upon the dipole approach by deriving a pairwise interaction model
that can accurately capture situations in which two bubbles become close and the dipole model breaks
down.

The paper is structured as follows. In §2, we write down the governing equations for the motion of an
arbitrary number of bubbles in a Hele‑Shaw cell. In §3, we derive a dipole model, in which the bubbles
are assumed to be well separated and therefore interact like dipoles. Then, in §4, we derive an alter‑
native pairwise interaction model by summing over the contributions from each bubble pair. In §5, we
compare the predictions of the two simplified models with each other and with numerical solutions of
the full problem. Finally, in §6, we summarize our key findings.

2. General model for multiple bubbles
We begin by summarizing the model derived in Booth et al. [17] to describe the flow of an arbitrary num‑
ber of bubbles in a Hele‑Shaw cell of height ĥ. Here, ĥ is assumed to be much smaller than the horizontal
dimensions of the cell, so we can employ lubrication theory. Each bubble is flattened by the cell walls
above and below, causing it to have a pancake‑like shape and an approximately circular profile when
viewed from above (figure 1). Each bubble’s radius is denoted by R̂k≫ ĥ for 1≤ k≤N, where N is the
total number of bubbles. We prescribe a uniform unidirectional flow with velocity Û in the far field. The
viscosity of the liquid and the liquid–air surface tension are denoted by 𝜇̂ and 𝛾̂, respectively. Finally,
we assume that the side walls of the cell are sufficiently far away from the bubbles that we can treat the
Hele‑Shaw cell as having an infinite extent.

We non‑dimensionalize the system by scaling lengths with a typical bubble radius R̂, velocities with
|Û| and the fluid pressurewith 12𝜇̂|Û|R̂∕ĥ2. The dimensionless depth‑averaged fluid velocity u and pres‑
sure p are then related by u=−𝛁p; for a full derivation of the Hele‑Shaw model see [26]. We construct
a dimensionless Cartesian coordinate system (x, y) in the plane of the cell, with the x‑axis parallel to
the imposed uniform flow. We thus obtain the following dimensionless model, in which dimensionless
variables are denoted without hats:

∇2p= 0 in 𝛺 (incompressibility), (2.1a)

n ⋅ 𝛁p=−Uk ⋅ n on 𝜕𝛺k (kinematic boundary condition), (2.1b)

p∼−x as x2 + y2→∞ (far‑field uniform flow), (2.1c)

where 𝛺 is the fluid domain, while 𝜕𝛺k and Uk = (Uk,Vk) are the boundary and the a priori unknown
velocity of the kth bubble, respectively. We note that in equation (2.1b) we have neglected the contribu‑
tion owing to leakage through the thin films, because the effect is always subdominant and only offers
a correction of the order Ca2∕3 [16,27,28]. We illustrate the solution domain schematically in figure 1 for
an example with three bubbles.
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Figure 1. Schematic plan view for the flow of three bubbles. The kth bubble has dimensionless radius Rk.

There are two dimensionless parameters associated with our problem, namely the aspect ratio and
the capillary number, defined by

𝜖 = ĥ
2R̂

, Ca=
𝜇̂Û
𝛾̂
, (2.2)

respectively, both of which are assumed to be small. Specifically, in the distinguished limit where
Ca=O(𝜖3) as 𝜖→ 0, both bubbles remain circular to leading order, and p is therefore fully determined by
the problem equations (2.1) (up to an irrelevant constant) once the bubble velocities Uk are all specified.
To close the system, we follow Booth et al. [17] and perform an effective net force balance on each bubble
to obtain

Uk

|Uk|1∕3
= 𝛿
𝜋Rk

∮
𝜕𝛺k

−pnds, (2.3)

where Rk is the dimensionless radius of the kth bubble. Here, 𝛿 denotes the Bretherton parameter [17],
defined by

𝛿 = 1
𝜂
Ca1∕3

𝜖 = 2
𝜂
R̂
ĥ
(
𝜇̂Û
𝛾̂
)
1∕3

, (2.4)

which is assumed to be O(1). The numerical constant 𝜂 ≈ 0.894 incorporates the Bretherton pressure
drops across the advancing and retreating menisci [16,18].

Analytical solutions of the system equations (2.1)–(2.3) have been found for the cases of N= 1 and
N= 2 by Booth et al. [17,19], respectively. A general analytical solution is no longer possible for N≥ 3;
thus, numerical solutions or reduced‑order models are required to investigate such systems. Follow‑
ing the methodology of Crowdy [29], one can write down a general solution for an arbitrary number
of bubbles in terms of Schottky–Klein prime functions, in which the unknown coefficients satisfy a set
of coupled nonlinear integral equations. Alternatively, Booth et al. [17] presented a numerical approach
based on reformulating equations (2.1) in terms of the streamfunction and solving the resulting system
using finite‑element methods. Solutions found using this methodology were presented for values of N
up to 4, and we use it below to validate the reduced‑order models derived in §§3 and 4.

3. Dipole model
3.1. Model set-up
In this section, we consider themotion ofN bubbles that are far away from each other and use themethod
ofmatched asymptotic expansions to derive a system of 2N ordinary differential equations (ODEs) to ap‑
proximate the behaviour of the full system equations (2.1)–(2.3). The asymptotic structure of our problem
is as follows. In the outer problem, the bubbles act like point dipoles, and the inner problem is that of an
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Figure 2. Schematic of the asymptotic structure: (a) the outer problem, in which the points Z= Zk represent the bubble positions;
(b) the inner problem for the nth bubble, in which |z|= Rn is the bubble surface.

isolated bubble that experiences a uniform background flow plus the effect of the other bubbles in the
far field. In figure 2, we show the asymptotic structure schematically.

We begin by reformulating equations (2.1) using complex variables. Let 𝜈 ≪ 1 be the ratio of a typical
bubble radius to a typical centre–centre distance. Suppose that the nth bubble, with dimensionless ra‑
dius Rn, is at position (xn, yn) = (Xn∕𝜈,Yn∕𝜈). We then rescale lengths with 1∕𝜈, so the rescaled distance
between bubbles is O(1) and the bubble radii are O(𝜈).

Let Z=X + iY= 𝜈(x + iy), where (x, y) are the original unscaled variables used in the model
equations (2.1), and (X,Y) are the new outer variables. Then we define the complex potential
W(Z) = 𝜈

(
−p(X,Y) + i𝜓(X,Y)

)
, where 𝜓 is the streamfunction. Thus, W is a holomorphic function that

satisfies the boundary conditions [30]

Im[W(Z)] = 𝜈qn + Im
[
Un(Z − Zn)

]
on |Z − Zn|= 𝜈Rn, (3.1a)

for each 1≤ n≤N, and the far‑field condition

W(Z) ∼Z + o(1) as Z→∞, (3.1b)

where Un =Un + iVn is the complex representation of the nth bubble velocity, the qn are a priori unknown
constants and the over‑bar denotes complex conjugation.

3.2. Asymptotic expansions

3.2.1. Outer problem

In the outer problem, in the limit 𝜈→ 0, the bubbles shrink to the points Z=Zn for each 1≤ n≤N (see
equation (3.1a) and figure 2a). Here, we expand the complex potential as

W(Z) ∼Z + 𝜈W1(Z) + 𝜈2W2(Z) +⋯ as 𝜈→ 0. (3.2)

Note that the leading‑order solution is simply the far‑field uniform flow and that W(Z) is holomorphic
in ℂ except at the positions of the bubble centres Z=Zn, for 1≤ n≤N.

3.2.2. Inner problem

We look at the inner region near the nth bubble by scaling (Z − Zn) = 𝜈z andW(Z) = 𝜈w(z), where z and
w(z) are O(1). The inner problem is that of an isolated bubble of radius Rn centred at the origin (figure
2b). Again, we expand our variables in powers of 𝜈 as

w(z) ∼w0(z) + 𝜈w1(z) + 𝜈2w2(z) +⋯ as 𝜈→ 0, (3.3a)

Un ∼ U (0)
n + 𝜈U (1)

n + 𝜈2U (2)
n +⋯ as 𝜈→ 0, (3.3b)

qn ∼ q(0)n + 𝜈q(1)n + 𝜈2q(2)n +⋯ as 𝜈→ 0. (3.3c)

Here, w(z) is a holomorphic function in the region |z|>Rn.
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3.3. Leading-order inner solution
The leading‑order inner complex potential then satisfies the boundary conditions

Im[w0(z)] = q(0)n + Im [U
(0)
n z] on |z|=Rn, (3.4a)

w0(z) ∼ z as z→∞, (3.4b)

which are solved by

w0(z) = z +

(
1 − U (0)

n
)
R2n

z , (3.5)

with q(0)n = 0. This solution is equivalent to the pressure field found in [17] for an isolated bubble of radius
Rn, as expected in the large‑separation limit.

3.4. Correction to the outer solution
The leading‑order inner solution equation (3.5) induces a correction to the outer solution at O(𝜈2).
Therefore, by Van Dyke’s matching rule [31], we find thatW1(Z)≡ 0 andW2(Z) satisfies

W2(Z) ∼

(
1 − U (0)

k

)
R2k

Z − Zk
as Z→Zk (3.6)

for each 1≤ k≤N. SinceW2(Z)→ 0 as Z→∞, we find that

W2(Z) =
N∑

k=1

(
1 − U (0)

k

)
R2k

Z − Zk
. (3.7)

3.5. Correction to the inner solution

3.5.1. O(𝜈)

Using equation (3.7), we find that the O(𝜈) correction to the inner solution satisfies the boundary
conditions

Im[w1(z)] = q(1)n + Im [U
(1)
n z] on |z|=Rn, (3.8a)

w1(z) ∼
N∑

k=1
k≠n

(
1 − U (0)

k

)
R2k

Zn − Zk
as z→∞. (3.8b)

This problem is solved by

w1(z) = −
U (1)
n R2n
z +

N∑

k=1
k≠n

(
1 − U (0)

k

)
R2k

Zn − Zk
(3.9)

and

q(1)n = Im
⎡
⎢
⎢
⎢
⎣

N∑

k=1
k≠n

(
1 − U (0)

k

)
R2k

Zn − Zk

⎤
⎥
⎥
⎥
⎦

. (3.10)

When computing the force balance equation (2.3) at the end of this section, we shall find that U (1)
n ≡ 0.

Therefore, we must continue to O(𝜈2) to find the first non‑zero correction to the bubble velocity.
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3.5.2. O(𝜈2)

Continuing to the next asymptotic order in the inner problem, we find that w2(z) satisfies the boundary
conditions

Im[w2(z)] = q(2)n + Im [U
(2)
n z] on |z|=Rn, (3.11a)

w2(z) ∼ −
⎛
⎜
⎜
⎝

N∑

k=1
k≠n

(
1 − U (0)

k

)
R2k

(Zn − Zk)2

⎞
⎟
⎟
⎠

z as z→∞, (3.11b)

which are solved by

w2(z) = −
⎛
⎜
⎜
⎝

N∑

k=1
k≠n

(
1 − U (0)

k

)
R2k

(Zn − Zk)2

⎞
⎟
⎟
⎠

z −
⎛
⎜
⎜
⎝

U (2)
n +

N∑

k=1
k≠n

(
1 − U (0)

k

)
R2k

(Zn − Zk)
2

⎞
⎟
⎟
⎠

R2n
z (3.12)

and q(2)n = 0.

3.6. Bubble velocity
Now that we have solved for w(z), we perform the effective force balance equation (2.3) on each bubble
by evaluating

1
i𝜋 ∮

|z|=Rn

w(z)dz=−R2nUn +
RnUn

𝛿||||Un
||||
1∕3

. (3.13)

Substituting our expansions equations (3.3) forw(z) andUn, we find at leading order that the force balance
equation (3.13) gives

2
(
1 − U (0)

n
)
R2n =−R2nU

(0)
n +

RnU
(0)
n

𝛿||||U
(0)
n
||||
1∕3

, (3.14)

which is simply the equation of motion for an isolated bubble of radius Rn [17]. To leading order, each
bubble therefore moves as if it were in isolation in a uniform background flow. Thus, U (0)

n =U(0)
n ∈ℝ,

and equation (3.14) simplify to

(
U(0)
n
)2∕3

2 −U(0)
n

= 𝛿Rn. (3.15)

At O(𝜈), we find the force balance equation (3.13) gives

−2U (1)
n =−U (1)

n + 1

𝛿Rn
(
U(0)
n
)1∕3 (U

(1)
n − 1

3 Re
[
U (1)
n
]
) , (3.16)

which is solved by U (1)
n = 0. As alluded to in §3.5.1, we need to advance to O(𝜈2) to find the correction to

the bubble velocity owing to the presence of the other bubbles.
The force balance at O(𝜈2) is given by

−2
⎛
⎜
⎜
⎝

U (2)
n +

N∑

k=1
k≠n

(
1 −U(0)

k

)
R2k

(Zn − Zk)
2

⎞
⎟
⎟
⎠

=−U (2)
n + 1

𝛿Rn
(
U(0)
n
)1∕3 (U

(2)
n − 1

3 Re
[
U (2)
n
]
) . (3.17)
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By writing U (2)
n =U(2)

n + iV(2)n and taking the real and imaginary parts of equation (3.17), we obtain

U(2)
n =−

6U(0)
n

4 +U(0)
n

Re
⎡
⎢
⎢
⎢
⎣

N∑

k=1
k≠n

(
1 −U(0)

k

)
R2k

(Zn − Zk)
2

⎤
⎥
⎥
⎥
⎦

, (3.18a)

V(2)n =−U(0)
n Im

⎡
⎢
⎢
⎢
⎣

N∑

k=1
k≠n

(
1 −U(0)

k

)
R2k

(Zn − Zk)
2

⎤
⎥
⎥
⎥
⎦

. (3.18b)

3.7. Dipole model
Using the results equations (3.14) and (3.18), we create a dynamical system for the bubble positions
zn = xn + iyn for each 1≤ n≤N, namely

dxn
dt

=U(0)
n −

6U(0)
n

4 +U(0)
n

N∑

k=1
k≠n

R2k
(
1 −U(0)

k

)
((xn − xk)2 − (yn − yk)2)

((xn − xk)2 + (yn − yk)2)2
, (3.19a)

dyn
dt

=−2U(0)
n

N∑

k=1
k≠n

R2k
(
1 −U(0)

k

)
(xn − xk)(yn − yk)

((xn − xk)2 + (yn − yk)2)2
. (3.19b)

The first term on the right‑hand side of equation (3.19a) represents the leading‑order effect of each bub‑
ble simply being transported by the background flow, and the series terms in equations (3.19) represent
the dipole interactions between the bubbles. Given the value of the parameter 𝛿 and the bubble radius
Rk, each U(0)

k is determined once and for all by equation (3.15). The system (equations (3.19)) is referred
to as the ‘dipole model’ and provides a set of 2N real ODEs that are significantly easier to solve than the
full model equations (2.1)–(2.3). These equations are amenable to any standard ODE solver; we use the
built‑in NDSolve solver in Mathematica [32].

In comparison with dipole models in the literature [20,22,23], our system (equations (3.19)) system‑
atically includes the drag owing to the thin films, resulting in a closed model with no ad hoc fitting
parameters. The calculated strength of the dipole interaction in equations (3.19) is anisotropic, with dif‑
fering contributions parallel and perpendicular to the flow direction (corresponding to equations (3.19a)
and (3.19b), respectively). In either case, we calculate precisely how the interaction term depends on the
dimensionless parameter 𝛿 and on the radius of each bubble, both through the explicit dependence on
Rk and through U(0)

k , which is determined by equation (3.15).
If the bubbles have different radii Rk, then the corresponding values of U(0)

k are also different, and
the dipole dynamics is dominated by the leading term in equation (3.19a). In this case, each bubble is
primarily carried along by the background flow, with a velocity that is an increasing function of the bub‑
ble radius, and the inter‑bubble interactions have a relatively small effect. However, if the bubbles are
identical (Rk ≡ 1 without loss of generality), then the velocities U(0)

k owing to the background flow are
all equal. In this case, the relative bubble velocities are entirely due to the interaction terms in equations
(3.19). Finally, if Rk ≡ 1 and 𝛿 = 1, then equation (3.15) gives U(0)

k = 1, and we find from equations (3.19)
that Un ≡ 1. In this case, the bubbles all travel at precisely the same velocity as the background flow, re‑
producing the result for the full model found by [17]. Hence, the dipole model is exact for 𝛿 = 1, if the
bubbles are all identical.

In the next section, we derive an alternative reduced model based on summing over the interactions
between each pair of bubbles.

4. Pairwise interaction model
4.1. Model set-up
Booth et al. [19] found the analytical solution of the problem equation (3.1) for N= 2 bubbles in a Hele‑
Shaw cell, which we summarize in appendix B. Here, we use this result to develop a pairwise interaction
model for the propagation of an arbitrary number of bubbles.
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Suppose we have a system of N bubbles at positions zn = xn + iyn (1≤ n≤N) in the complex z‑plane,

with dimensionless radii Rn. We then approximate the full solution of equations (2.1)–(2.3) by consider‑
ing the interaction between each pair of bubbles. To that end, we choose two bubbles labelled n and k,
with n≠ k, and then the complex potential w(z) for the flow owing to just these two bubbles satisfies the
boundary conditions

Im[w(z)] =Qn + Im
[
Unz

]
on |z − zn|=Rn, (4.1a)

Im[w(z)] =Qk + Im
[
Ukz

]
on |z − zk|=Rk, (4.1b)

w(z) ∼ z + o(1) as z→∞, (4.1c)

where theQk are a priori unknown constants. We introduce the scalings z=Rnz̃ andw(z) =Rnw̃(z̃), which
transform equations (4.1) into

Im[w̃(z̃)] = qn + Im
[
Unz̃

]
on |z̃ − z̃n|= 1, (4.2a)

Im[w̃(z̃)] = qk + Im
[
Ukz̃

]
on |z̃ − z̃k|=Rkn, (4.2b)

w̃(z̃) ∼ z̃ + o(1) as z̃→∞, (4.2c)

where Rkn =Rk∕Rn and qj =Qj∕Rn. The force balance (equation 2.3) can then be written as

∮
|z̃−z̃n|=1

w̃(z̃)dz̃=−Un +
Un

𝛿Rn
||||Un

||||
1∕3

. (4.3)

The solution to the two‑bubble problem equations (4.2) is presented in appendix B. The centre–centre
distance 𝜎kn and corresponding angle 𝜙kn are defined such that

z̃k − z̃n = 𝜎knei𝜙kn . (4.4)

Then the integral on the left‑hand side of equation (4.3) can be evaluated in the form [19]

∮
|z̃−z̃n|=1

w̃(z̃)dz̃=−2 (Un − 1) + e2i𝜙kn (Uk − 1) f(1)kn − (Un − 1) f(2)kn , (4.5)

where

f(1)kn (𝜎kn,Rkn) =
2(1 − a2kn)

2

a2kn

𝛹′
X2
kn
(1)

4 log2 Xkn
, (4.6a)

f(2)kn (𝜎kn,Rkn) =
2(1 − a2kn)

2

a2kn

𝛹′
X2
kn
( log akn
logXkn

)

4 log2 Xkn
− 2. (4.6b)

Here,𝛹 is the q‑digamma function [33], the prime ′ represents differentiation andwedefine the quantities

akn =
𝜎2kn − R2kn + 1 −

√
(𝜎2kn − R2kn + 1)2 − 4𝜎2kn
2𝜎kn

, (4.7a)

Xkn = a2kn +
(Rkn − 1)akn(akn + 1)(𝜎kn − Rkn − 1)

𝜎kn(𝜎kn − Rkn − akn)
. (4.7b)

We note that the leading term −2(Un − 1) in equation (4.5) is the contribution owing to the external flow
and not the influence of the other bubble. It is important not to over‑count this contribution when we
sum over the pairwise interactions in the next subsection.

4.2. Equations of motion
Wenowsum the pairwise terms in equation (4.5). For a systemofN bubbles, the left‑hand side of equation
(4.5) is approximated by

∮
|z̃−z̃n|=1

w̃(z̃)dz̃=
N∑

k=1
k≠n

f(1)kn (Uk − 1) e2i𝜙kn −
⎛
⎜
⎜
⎝

2 +
N∑

k=1
k≠n

f(2)kn

⎞
⎟
⎟
⎠

(Un − 1) . (4.8)
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Combining equations (4.3) and (4.8), we obtain the following equations of motion for the pairwise
interaction model:

N∑

k=1
k≠n

f(1)kn (Uk − 1) e2i𝜙kn −
⎛
⎜
⎜
⎝

2 +
N∑

k=1
k≠n

f(2)kn

⎞
⎟
⎟
⎠

(Un − 1) = −Un +
Un

𝛿Rn
||||Un

||||
1∕3

, (4.9)

for each 1≤ n≤N. Equation (4.9) gives us N nonlinear algebraic equations for the bubble velocities, a
system that is significantly easier to solve than the full problem equations (2.1)–(2.3). However, as we
have to solve equation (4.9) at each time step and then evolve the system using żk = Uk, it is slightly more
complicated than the dipole method (equations (3.19)). Here, we update the bubble positions using the
forward Euler method for simplicity, with a time step of 0.01 (convergence was tested against smaller
time steps with a relative error of less than 10−5 in the bubble positions).

We next verify that the pairwise interaction model equation (4.9) reduces to the dipole model in the
large‑separation limit.

4.3. Reduction to the dipole model
In the limit where the distances between bubbles are large (i.e. 𝜎kn∕Rkn→∞), we find that

f(1)kn ∼
2R2kn
𝜎2kn

+O
⎛
⎜
⎝

R5kn
𝜎5kn

⎞
⎟
⎠
, (4.10a)

f(2)kn ∼
2R2kn
𝜎4kn

+O
⎛
⎜
⎝

R5kn
𝜎5kn

⎞
⎟
⎠
. (4.10b)

We let 𝜎kn = skn∕𝜈, where skn =O(1) and, as in §3, 𝜈 ≪ 1 measures a typical bubble–bubble distance
relative to a typical bubble radius, and expand

Un ∼ U (0)
n + 𝜈2U (2)

n +⋯ as 𝜈→ 0. (4.11)

At O(1) in equation (4.9), we find

2
(
1 − U (0)

n
)
=−U (0)

n +
U (0)
n

𝛿Rn
||||U

(0)
n
||||
1∕3

, (4.12)

which is equivalent to equation (3.14), so we can write U (0)
n =U(0)

n ∈ℝ. Then at O(𝜈2)we find

N∑

k=1
k≠n

2R2kn
s2kn

(
U(0)
k − 1

)
e2i𝜙kn − 2U (2)

n =−U (2)
n + 1

𝛿Rn
(
U(0)
n
)1∕3 (U

(2)
n − 1

3 Re
[
U (2)
n
]
) , (4.13)

which is equivalent to equation (3.17).
Thus, as expected, the pairwise interaction model equation (4.9) reduces to the dipole model equa‑

tions (3.19) in the dilute limit, where all the bubbles are far apart. However, the pairwise model also
correctly describes the interaction when any pair of bubbles becomes so close that the dipole model loses
validity. In the next section, we compare the results of both reduced models with numerical solutions of
the full problem equations (2.1)–(2.3) for some simple model systems of identical bubbles.

5. Comparison between dipole, pairwise and full numerical solutions
5.1. Three collinear bubbles
In figure 3,we plot three snapshots of themotion of three identical collinear bubbles and show the dimen‑
sionless time to reach each configuration, computed by numerical solution of the full system (equations
(2.1)–(2.3)) [17], the dipole model equations (3.19) and the pairwise interaction model equation (4.9).
Here, R1 =R2 =R3 = 1 (without loss of generality), 𝛿 = 5 and the initial bubble separations are set to
be 0.04 and 1. We observe that the reduced models predict the same qualitative behaviour as found
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Figure 3. The progression of a series of three identical bubbles with 𝛿 = 5 at time points: (i) beginning, (ii) when the bubbles are
equidistant and (iii) when the front two bubbles touch, for the numerical solution [17], the dipole model equations (3.19) and the pair-
wise model equation (4.9). Here, tmid is the value of t at which the bubbles are equally spaced.

Figure 4. The distance between consecutive bubble edges |xk − x2| − 2 for k∈ {1, 3} (red and blue, respectively) versus time,
t − tmid, with 𝛿 = 5, for the numerical solution (solid), dipole solution equations (3.19) (dotted) and pairwise model equation (4.9)
(dashed). Here, tmid is the value of t at which the bubbles are equally spaced for each model.

by the full numerical solution, where the central bubble moves faster than the outer bubbles and so
eventually joins with the front‑most bubble. However, the dipole model under‑predicts the time taken
for the exchange, while the pairwise model over‑predicts it, by factors of approximately 12.2 and 9.5%,
respectively.

In figure 4, we plot the distance between the edges of consecutive bubbles |xk − x2| − 2 versus t − tmid,
where tmid is the time taken for the bubbles to be equally spaced (note that the value of tmid is different
for each model). The evident symmetry in the figure confirms that each model retains the reversibility
property of Stokes flow. We observe that, although the bubbles are defined to be equidistant at t= tmid,
the separations predicted at this point are different for each model, with the pairwise model (dashed)
giving a noticeably better approximation to the full model (solid).

In figure 5, we plot the instantaneous velocity, U2, of the middle bubble in a train of three collinear
identical bubbles versus its position, x2, with 𝛿 = 5 and 𝛿 = 0.25. We fix the positions of the outer bubbles
at x1 =−10 and x3 = 2.04.When x2 =−4, themiddle bubble iswell separated from the other bubbles (with
x2 − x1 = 6 and x3 − x2 = 6.04), and the numerical, dipole and pairwise solutions all align, as expected.
However, as x2 increases and the front two bubbles approach each other, the pairwise model (equation
(4.9)) matches the numerical solution much more closely than the dipole model (equations (3.19)). The
relative error when the bubbles are close (x2 = 0 and x3 − x2 = 0.04) is approximately 0.28% for 𝛿 = 5 and
0.14% for 𝛿 = 0.25, for the pairwise solution, versus approximately 0.73% for 𝛿 = 5 and 7.5% for 𝛿 = 0.25,
for the dipole model. Note that these are the errors for the instantaneous velocity and will accumulate
as the bubbles travel along the Hele‑Shaw cell. The pairwise model thus has a significantly greater ac‑
curacy in situations where 𝛿 is small and two bubbles become close together, such as in the cascading
effect observed in a collinear train of identical bubbles [17,20]. In contrast, when the bubbles are greater
than two radii apart (x2 <−3), the three solutions all align, showing that, as long as the bubbles are well
separated, the simple dipole method provides an excellent approximation of the full model dynamics.

Following the numerical method presented in [17] and in appendix A, solutions to the full system take
on the order of hours to days of central processing unit (CPU) time to solve, depending on the target time
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Figure 5. Instantaneous velocity, U2, of the middle bubble versus its position, x2, in a system of three collinear identical bubbles with
x1 =−10, x3 = 2.04, and (a) 𝛿 = 5 and (b) 𝛿 = 0.25. The numerical solution [17] is shown by the black dashed curve, the pairwise
interaction model solution equation (4.9) is shown in red and the dipole model solution equations (3.19) is shown in blue.

Figure 6. Bubble pair velocity components (Up, Vp) plotted versus the angle 𝜙, for identical touching bubbles with 𝛿 = 0.5 (a), 2
(b), 5 (c). The analytical solution (appendix B) is shown in red, and the solution of the dipole model equations (3.19) is shown in black.

and the number of bubbles. In contrast, the ODE methods of the dipole and pairwise models only take a
few seconds to run and are readily scaled to large numbers of bubbles and long target times, while still
reproducing the dynamics of the full system.

5.2. Pairwise interactions

5.2.1. Touching bubbles

As demonstrated in §5.1, we expect the dipole model to lose accuracy whenever two bubbles are too
close. We now consider the ‘worst case’ scenario of two identical touching bubbles (with R1 =R2 = 1). In
this situation, the pairwise model equation (4.9) is exact: as shown in appendix B, the bubbles move at
the same velocity Up =Up + iVp, and hence the distance between the centres 𝜎 = 2 and angle 𝜙 between
the line joining their centres and the x‑axis both remain fixed (figure 14). In figure 6, we plot Up and Vp
versus 𝜙 for different values of 𝛿. We observe a significant discrepancy between the exact solution and the
dipole solution. The maximum discrepancy in the streamwise velocity, Up, occurs for a perpendicular
pair of bubbles (𝜙=±𝜋∕2), while the error in the transverse velocity, Vp, is maximized when 𝜙=±𝜋∕4.

A pair of touching identical bubbles alignedwith (𝜙= 0) or perpendicular to (𝜙= 𝜋∕2) the flow travels
parallel to the background flow with velocity U|| or U⟂, respectively, where each satisfies (appendix B)

U2∕3
||

U|| +
𝜋2

6
(1 −U||)

= 𝛿,
U2∕3
⟂

U⟂ +
𝜋2

3
(1 −U⟂)

= 𝛿. (5.1)

In contrast, with N= 2, R1 =R2 = 1, the dipole system (equations (3.19)) simplifies to

U|| =
Ub(5 + 5Ub)
2(4 +Ub)

, U⟂ =
Ub(11 −Ub)
2(4 +Ub)

, (5.2)
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Figure 7. Bubble pair velocity as a function of Bretherton parameter, 𝛿, for two identical touching bubbles (with N= 2, R1 = R2 = 1
and (a) 𝜙= 0, (b) 𝜙= 𝜋∕2). The analytical solution equation (5.1) is shown in red, and the solution of the dipole model equation
(5.2) is shown in black.

where Ub is the velocity of an isolated bubble, satisfying equation (3.15) with Rn = 1.
In figure 7, we compare the predicted pair velocities equations (5.1) and (5.2) plotted as functions

of 𝛿. Although the absolute error is small for 𝛿 < 1, the relative error can be large, as indicated in
figure 6. Indeed, as 𝛿→ 0, the relative error approaches a constant value 1 − 15

√
3∕𝜋3 ≈ 16.2% when

𝜙= 0, and 1 − 33
√
3∕(2

√
2𝜋3) ≈ 35% when 𝜙= 𝜋∕2. In contrast, for 𝛿 > 1, the relative error is smaller,

but there can be a significant absolute error. In the limit as 𝛿→∞, the dipole model equation (5.2) pre‑
dicts thatU||→ 5∕2 andU⟂→ 3∕2, while the full model equation (5.1) givesU||→ 𝜋2∕(𝜋2 − 6) ≈ 2.55 and
U⟂→ 𝜋2∕(𝜋2 − 3) ≈ 1.44. This error accumulates as the bubble pair is swept along the Hele‑Shaw cell
and thus induces significant errors in the positions of the bubbles over time.

We note that the error when the bubbles are aligned with the background flow (𝜙= 0) is significantly
less than when they are perpendicular. This is one explanation as to why the pairwise model only offers
a slight improvement over the dipole method for a train of aligned bubbles in §5.1. Finally, we reiterate
that the analysis conducted in this section is under worst case conditions for the dipole method. Never‑
theless, we find that it still provides a surprisingly good approximation to the full dynamics even when
the bubbles are touching and the assumption of large bubble separation certainly does not hold.

5.2.2. Effect of separation

Nowwe examine inmore detail how the accuracy of the dipolemodel depends on the bubble separation.
To illustrate the behaviour, we focus on a particular example of a pair of bubbles, with one twice as large
as the other (R= 2), and with the line joining their centres making an angle 𝜙= 𝜋∕3 with the flow. In
figure 8, we compare the bubble velocities given by the dipole model equations (3.19) and by the analytic
solution (given in appendix B), plotted as functions of the centre‑to‑centre distance 𝜎. We observe that, as
expected, the dipole model matches the analytic solution very closely for large 𝜎. However, in the limit
𝜎→ 1 + R, the dipole approximation fails to accurately capture the strengthening of the interaction effect
at close proximity, particularly for small values of 𝛿.

5.3. Bubbles aligned perpendicular to the flow
As demonstrated in §5.2, the dipole method performs least accurately in the situation when the bub‑
bles are aligned perpendicular to the flow direction. In this section, we compare the dipole and pairwise
models against the full solution for a system of three identical bubbles initially aligned perpendicular to
the background flow direction. The bubbles are initially equally spaced with a dimensionless bubble–
bubble separation of 0.1. In this situation, the middle bubble moves horizontally, by symmetry, while
the hydrodynamic interactions cause the outer two bubbles to drift apart.

In figure 9a, we plot the trajectory of the centre of the bottom‑most bubble with 𝛿 = 5 for time t∈ [0, 5].
Again, we find that both simplified models reproduce the qualitative behaviour of the full model, with
the transverse motion being slightly overestimated by the dipole model and underestimated by the pair‑
wise model. In figure 9b, we plot the error in the bubble positions against time, and we observe that the
pairwise model offers a small but noticeable improvement in accuracy: at t= 5, the errors produced by
the dipole and pairwise methods are approximately 0.23 and 0.15, respectively.

The two proposed simplified models allow us to generate long‑time solutions of this three‑bubble
system at minimal computational cost. In figure 10a, we show computed trajectories for the centre of the
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Figure 8. (a and c) Instantaneous bubble velocity in x-direction versus separation, 𝜎, for the smaller bubble U1 (blue) and the larger
bubble U2 (red), with R= 2,𝜙= 𝜋∕3 and (a) 𝛿 = 5, (c) 𝛿 = 0.25. (b and d) Instantaneous bubble velocity in y-direction versus sep-
aration, 𝜎, for the smaller bubble V1 (blue) and the larger bubble V2 (red), with R= 2, 𝜙= 𝜋∕3 and (b) 𝛿 = 5, (d) 𝛿 = 0.25. The
analytic solutions are shown by the solid curves, and the dipole solutions are shown by the dashed curves.

Figure 9. (a) The trajectory (x1, y1) of the lowest in a system of three identical bubbles that are initially aligned perpendicular to the
background flowwith𝛿 = 5 and an initial bubble–bubble separation of 0.1. (b) The error of the dipole (blue) and pairwise (red)models
compared with the numerical solution of the full model (black).

lowest bubble extended up to t= 40, using both the dipole and the pairwise model. In both cases, the
computational cost is on the order of seconds of CPU time, while the full model would require hundreds
of CPU hours for the same long‑time solutions. In figure 10b, we observe that both methods produce
the same qualitative behaviour: the outer bubbles travel faster than the middle one in the x‑direction
and move away from the middle bubble in the y‑direction, fanning the bubbles out into a U‑shape (for
𝛿 < 1 the outermost bubbles travel slower and the U‑shape forms in the opposite direction). Once the
bubbles have become sufficiently well separated, the computed velocities using the two models are vir‑
tually identical, as expected. However, the early‑time discrepancies seen in figure 9 are propagated by
the system, leading to persistent errors in the bubble positions at large times.

With the simplified models, it is also simple to include additional bubbles. In figure 11, we plot the
configuration at t= 100 of nine bubbles initially aligned perpendicular to the flow. We observe similar
behaviour to that in the three‑bubble case, with the outermost bubbles travelling faster in the x‑direction
and spreading the bubbles out into a U‑shape. The dipole and pairwise models produce the same qual‑
itative behaviour and allow for quick and easy predictions for the dynamics of the bubbles over long
times, something that is very much more expensive to obtain by solving the full model.
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Figure 10. (a) The continuations of the trajectories of three initially perpendicularly aligned bubbles from figure 9, computed using
the dipole (blue) and pairwise (red) models for 0≤ t≤ 40. (b) Snapshots of the bubble positions at t= 0, 10 , 20 , 30 , 40 using the
dipole (blue) and pairwise (red) models.

Figure 11. The configuration of nine bubbles at t= 100, which were initially all aligned perpendicular to the background flow direc-
tion.

6. Conclusions
In this paper, we derive two reduced‑order models for the motion of an arbitrary number N of approxi‑
mately circular bubbles in a Hele‑Shaw cell. The first is the so‑called dipole model, in which the effect of
each bubble on the flow is approximated by a dipole acting at its centre. For the second ‘pairwise model’,
we find approximate equations ofmotion by summing the interaction terms generated between each pair
of bubbles. Each reduced model comprises a system of 2N nonlinear ODEs, the solution of which can be
found at a much‑reduced computational cost compared with the full numerical solution.

Dipole methods are commonly used in the literature to simulate the dynamics of multiple approx‑
imately circular bubbles in a Hele‑Shaw cell [20,22]. We systematically derive a dipole model using
matched asymptotic expansions in the limit where the bubbles are all far apart. As well as providing
a theoretical underpinning, this approach allows us to incorporate the Bretherton drag law, rather than
the ad hoc linear drag laws often used in the literature [21–24].

Nevertheless, it must be acknowledged that the assumptions underlying the derivation of the dipole
model fail when any two bubbles become sufficiently close, and the pairwise model aims to extend the
range of validity to cover such cases. While the dipole model is exact for the motion of an isolated bubble
(N= 1), the pairwise interaction model is exact for the motion of a pair of bubbles (N= 2). We demon‑
strate that the pairwise and dipole models are equivalent when the dipole model is valid, i.e. when the
bubbles are all well separated. However, the pairwise model also correctly captures the local interactions
between any pair of bubbles that become sufficiently close for the dipole model to break down.

We compare both of the reducedmodels against each other and against numerical solutions of the full
problem for several test cases. We show that they both qualitatively reproduce the Newton’s cradle‑like
behaviour reported by [17], where the middle bubble in a train of three identical collinear bubbles moves
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faster or slower than the outer two, depending on whether the Bretherton parameter 𝛿 is greater or less
than 1. We examine the limiting case of two touching bubbles, for which the pairwise model provides
exact solutions, and find that the dipole model can perform surprisingly well even in this worst case
situation, especially at larger values of 𝛿. Finally, for a system of three or more bubbles initially aligned
perpendicular to the flow direction, we demonstrate an interesting hydrodynamic phenomenon: that the
outermost bubbles drift apart and travel ahead of the innermost bubbles (for 𝛿 > 1) to form a U‑shape.
Both of the reduced‑order models capture the correct qualitative behaviour and allow us to evolve large
systems of bubbles over long time scales that would be extremely computationally costly to access with
the full model.

In all of the test cases considered, the dipolemodel performswell, while the pairwisemodel provides a
small but noticeable improvement in accuracy in situations where two bubbles are close or touching (see
figures 5 and 9 and appendix C). In the framework of matched asymptotic expansions, the dipole model
is valid for large bubble separation, and, in principle, one should switch to a modified inner problem
when any two bubbles become too close. The pairwise model removes the need to check the inter‑bubble
distance at each time step, since it is equivalent to the dipole model at large separations but correctly de‑
scribes the pairwise interaction between any two bubbles in close proximity. Of course, the pairwise
model itself loses asymptotic validity if any three or more bubbles become too close. Although such a
configuration should be very rare in an initially dilute system, a possible next level of sophistication
would aim to accurately capture all three‑bubble interactions.

In summary, the two reduced‑order models presented in this paper provide a framework that can be
used to study an arbitrary configuration of bubbles in a Hele‑Shaw cell over a long time scale, at a high
accuracy and a low computational cost.
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Appendix A. Numerical solutions
A.1. Numerical method
To facilitate the numerical solution, we reformulate the problem equations (2.1)–(2.3) in terms of the
streamfunction, 𝜓, on a truncated solution domain (x, y) ∈ [Xmin,Xmax] × [−W,W]. Then 𝜓 satisfies the
Dirichlet boundary‑value problem

∇2𝜓 = 0 in 𝛺, (A 1a)

𝜓(x, y) = ±W on y=±W, (A 1b)

𝜓(x, y) = qk +Uk(y − yk) − Vk(x − xk) on 𝜕𝛺k, (A 1c)

𝜓(x, y) = y on x=Xmin, Xmax. (A 1d)

The boundary condition equation (A 1c) is applied at each of theN bubble surfaces 𝜕𝛺k, for k∈ {1,… ,N},
and the qk are a priori unknown constants, which are found by enforcing the single‑valuedness of the
pressure, p, by imposing

∮
𝜕𝛺k

𝜕𝜓
𝜕n

ds= 0 (A 2)

on each bubble surface. We denote the centroid of each bubble by (xk, yk), so (Uk,Vk) = (ẋk, ẏk)where the
dot represents the time derivative.
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The force balances on each bubble equation (2.3), through the use of integration by parts and the

Cauchy–Riemann equations, become

− 𝛿𝜋 ∮
𝜕𝛺k

(x − xk)
𝜕𝜓
𝜕x

+ (y − yk)
𝜕𝜓
𝜕y

dx=
R2kUk

(U2
k + V2k)

1∕6
, (A 3a)

− 𝛿𝜋 ∮
𝜕𝛺k

(x − xk)
𝜕𝜓
𝜕x

+ (y − yk)
𝜕𝜓
𝜕y

dy=
R2kVk

(U2
k + V2k)

1∕6
. (A 3b)

We decompose the streamfunction as

𝜓 = 𝜓(0) +
N∑

k=1

(
Uk𝜓

(1)
k + qk𝜓

(2)
k − Vk𝜓

(3)
k

)
, (A 4)

where 𝜓(0) satisfies the boundary‑value problem

∇2𝜓(0) = 0 in 𝛺, (A 5a)

𝜓(0) =±W on y=±W, (A 5b)

𝜓(0) = 0 on each 𝜕𝛺k, (A 5c)

𝜓(0) = y on x=Xmin, Xmax, (A 5d)

and each 𝜓(l)k satisfies a boundary‑value problem that is independent of Uk, Vk and qk, given by

∇2𝜓(l)k = 0 in 𝛺, (A 6a)

𝜓(l)k = 0 on y=±W, (A 6b)

𝜓(l)k = {y, 1, x} on 𝜕𝛺k, (A 6c)

𝜓(l)k = 0 on 𝜕𝛺j, for j≠ k, (A 6d)

𝜓(l)k = 0 on x=Xmin, Xmax, (A 6e)

where l∈ {1, 2, 3} corresponds to the position of the element chosen in equation (A 6c).
The numerical solutions for 𝜓(0) and 𝜓(l)k , for (l, k) ∈ {1, 2, 3} × {1,… ,N}, are computed using the finite‑

element routine NDSolve in Mathematica [32]. In all simulations, we truncate the solution domain using
Xmin = xmin − 20Rmax and Xmax = xmax + 20Rmax, and either W= 20 or W= 40, where xmin,max are the
minimum andmaximum values of xk, respectively, and Rmax is the maximum value of Rk. Once we have
found 𝜓(0) and 𝜓(l)k , for (l, k) ∈ {1, 2, 3} × {1,… ,N}, we use equations (A 3) to find Uk, Vk and qk, for each
k∈ {1,… ,N}. The positions of the bubbles are then evolved using ẋk =Uk and ẏk =Vk.

We now validate the numerical method against the known two‑bubble solution found in appendix B.

A.2. Validation of numerical method
We now compare the exact two‑bubble solution with the numerical solution following the approach set
out in equations (A 3)–(A 6). We translate the two‑bubble problem into our numerical framework by
setting R1 = 1 and (x1, y1) = (0, 0), and R2 =R and (x2, y2) = (𝜎 cos𝜙, 𝜎 sin𝜙). We then examine the effect
of varying the truncated width of the solution domain betweenW= 20 andW= 40.

In figure 12, we plot the bubble velocities (Uk,Vk) versus angle 𝜙 with R= 2, 𝜎 = 4 and 𝛿 = 5. We
observe good agreement between the numerical solutions of equations (A 3)–(A 6) and the analytical
solution. The numerical solution withW= 20 (blue curves) closely follows the behaviour of the full solu‑
tion but always under‑predicts the bubble velocities in the x‑direction, Uk. In contrast, whenW= 40, the
numerical solution precisely matches the full solution. In figure 13, we plot the bubble velocities (Uk,Vk)
versus separation 𝜎 with R= 2, 𝜙= 𝜋∕3, W= 40 and 𝛿 = 5. Again, we observe excellent agreement be‑
tween the numerical solution and the full solution, provided the truncated solution domain size is large
enough.
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Figure 12. Instantaneous bubble velocity versus angle𝜙 for a system of two bubbles with R= 2,𝜎 = 4 and𝛿 = 5. (a, c) The smaller
bubble velocity components (U1, V1); (b, d) the larger bubble velocity components (U2, V2). The analytical solution is shown by the red
dashed curve, and the numerical solution is shown in blue forW= 20 and black forW= 40.

Figure 13. Instantaneous bubble velocity (Uk, Vk) (shown in (a) and (b), respectively) versus separation, 𝜎, for the smaller bubble
k= 1 (red) and the larger bubble k= 2 (blue), with R= 2, 𝜙= 𝜋∕3, 𝛿 = 5 andW= 40. The numerical solution is shown by the
black curves, and the analytical solution is shown by the dashed curves.

Appendix B. Summary of the two-bubble solution
Booth et al. [19] derive analytical equations of motion for two circular bubbles in a Hele‑Shaw cell. We
summarize their findings here. Suppose we have two bubbles at positions z1 = x1 + iy1 and z2 = x2 + iy2
in the Argand plane, with dimensionless radii 1 and R, respectively. The bubbles are subject to a uni‑
form background flow of dimensionless magnitude 1 in the positive x‑direction. Define the length 𝜎
and argument 𝜙 of the vector joining the centres of the two bubbles, such that z2 − z1 = 𝜎ei𝜙, as shown
schematically in figure 14. The problem is then instantaneously characterized by the values of 𝜎, 𝜙 and
R.

Since the flow is governed by Laplace’s equation, we can formulate the problem in terms of the com‑
plex potential w(z) = −p + i𝜓, where 𝜓 is the streamfunction, and z= x + iy. Then w(z) is holomorphic in
the region 𝛺 outside the two bubbles and satisfies the boundary conditions

Im[w(z)] =Q1 + Im
[
U1z

]
on |z − z1|= 1, (B 1a)

Im[w(z)] =Q2 + Im
[
U2z

]
on |z − z2|=R, (B 1b)

w(z) ∼ z + o(1) as z→∞, (B 1c)

where, for k∈ {1, 2}, we denote by Uk =Uk + iVk the complex representations of the kth bubble velocity,
and the Qk are a priori unknown constants.
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Figure 14. Schematic of the two-bubble problem.

Booth et al. [19] use conformal mapping to solve for w(z) and then evaluate equation (2.3) to derive
the equations of motion

f1(𝜎,R)
(
U2 − 1

)
e2i𝜙 − f2(𝜎,R)

(
U1 − 1

)
=−U1 +

U1
𝛿 |U1|

1∕3
, (B 2a)

f1(𝜎,R)
(
U1 − 1

)
e2i𝜙 − f3(𝜎,R)

(
U2 − 1

)
=−R2U2 +

RU2
𝛿 |U2|

1∕3
, (B 2b)

where

f1(𝜎,R) =
(1 − a2)2

2a2 log2 X
𝛹′
X2 (1), (B 3a)

f2(𝜎,R) =
(1 − a2)2

2a2 log2 X
𝛹′
X2 (

log a
logX

) , (B 3b)

f3(𝜎,R) =
(1 − a2)2

2a2 log2 X
𝛹′
X2 (

log(X∕a)
logX

) . (B 3c)

Here, 𝛹 is the q‑digamma function [33], and we define the quantities

a=
𝜎2 − R2 + 1 −

√
(𝜎2 − R2 + 1)2 − 4𝜎2
2𝜎 , (B 4a)

X= a2 +
(R − 1)a(a + 1)(𝜎 − R − 1)

𝜎(𝜎 − R − a)
. (B 4b)

The problem simplifies somewhat if the bubbles are identical, in which case we have R= 1 and

f1(𝜎, 1) =
(1 − a2)2

8a2 log2 a
𝛹′
a4 (1), (B 5a)

f2(𝜎, 1) = f3(𝜎, 1) =
(1 − a2)2

8a2 log2 a
𝛹′
a4 (1∕2), (B 5b)

where a∈ (0, 1) and 𝜎 = a + 1∕a. Since f2 = f3 in this case, the two equations (B 2) are identical, and it
follows that the bubble velocities are equal. The bubble pair velocity U1 = U2 = Up (say) satisfies

f1(𝜎, 1)
(
Up − 1

)
e2i𝜙 − f2(𝜎, 1)

(
Up − 1

)
=−Up +

Up

𝛿 ||||Up
||||
1∕3

. (B 6)
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Figure 15. (a) Schematic of four bubbles arranged at the vertices of a rectangle aligned in the flow direction. (b and d) Instantaneous
velocity in the x-direction of the upper real bubble, U1, versus centre–centre separation, d, with l= 2.4 and (b)𝛿 = 5, (d)𝛿 = 0.5. (c
and e) Instantaneous velocity in the y-direction of the upper real bubble, V1, versus centre–centre separation, d, with l= 2.4 and (c)
𝛿 = 5, (e) 𝛿 = 0.5. The numerical solution is shown by the black points, the dipole method equations (3.19) by the blue curves and
the pairwise interaction model equation (4.9) by the red curves.

Finally, in the limiting case where the two identical bubbles touch, we have 𝜎↘ 2, corresponding to
a↗ 1. By carefully taking the limit in equations (B 5), one finds that

f1(2, 1) =
𝜋2

12
, f2(2, 1) = f3(2, 1) =

𝜋2

4 . (B 7)

Appendix C. Four bubbles in a rectangle
In this appendix, we consider a configuration of four bubbles that are instantaneously arranged at the
vertices of a rectangle (figure 15a). In figure 15b–e, we plot the velocity of the upper rear bubble versus
the width of the rectangle, d, for 𝛿 = 5 and 𝛿 = 0.5, and a fixed rectangle height of l= 2.4. Again, we find
that the reduced‑order models reproduce the qualitative behaviour shown by the full model. Neither re‑
ducedmodel fully captures the nonlinear interaction between all four bubbles when d is small. However,
because the pairwisemodel accurately describes the interactions between each isolated pair of bubbles, it
offers an improvement over the dipole model and convergesmore robustly to the full numerical solution
as the distance between the two pairs of bubbles is increased.
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