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Abstract

We consider a stochastic partial differential equation (SPDE) model for chemore-
pulsion, with non-linear sensitivity on the one-dimensional torus. By establishing an
a priori estimate independent of the initial data, we show that there exists a pathwise
unique, global solution to the SPDE. Furthermore, we show that the associated semi-
group is Markov and possesses a unique invariant measure, supported on a Holder—
Besov space of positive regularity, which the solution law converges to exponentially
fast. The a priori bound also allows us to establish tail estimates on the L? norm of
the invariant measure which are heavier than Gaussian.
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1 Introduction

We study the Cauchy problem and establish exponential ergodicity for the SPDE

Ot — Opptt = X0 (u20ppy) +&,  on Ry x T,
—Opzpu = U — 4, on T, (1.1)

ul—o= ¢, on T,

where ¢ is a space-time white noise, T := R/Z is the one dimensional torus with unit volume and
X > 0 is a positive constant. The spatial average, % := (u, 1) r2(r), is equal to the 0" Fourier mode
and we will take ¢ to be a Holder—Besov distribution of possibly negative regularity. Without loss
of generality we assume that the solution to the second equation of (1.1) is mean free.

Without noise, (1.1) is a Keller—Segel model of chemorepulsion with nonlinear sensitivity and is an
example from a wide family of parabolic PDE models of chemotaxis written, with some generality
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on the d-dimensional torus, T¢, for a > 0, as

Ou— Au=V-(f(u,p)Vp), onR, xT9,
adip — Ap=u—1u, on R, x T?, (1.2)
U|t:0 = Up > 07 P‘t:o = pPo; on Td'

Chemotaxis refers to the directed movement of cells or bacteria in response to a chemical field.
In (1.2), u represents the cell or bacteria density, p the strength of the chemical field and f €
C*°(R?;R) is a density dependent sensitivity function such that f(0,y) = 0 for all y € R. The vis-
cous terms are included to account for microscopic fluctuations in the cell and chemical diffusions.
Chemorepulsion refers to a situation where cells are biased to move down the chemical gradient,
modelled by choosing f(z,y) > 0 for > 0, while chemoattraction refers to the situation where
cells are biased to move up the gradient, modelled by choosing f(x,y) < 0 for x > 0. In situations
of typical interest, the chemical field will be generated by the cell population itself, which leads
to the nonlinearity in (1.2). When f(u,p) = xu, for x € R, (1.2) is referred to as the Patlak—
Keller-Segel model and was first introduced by Keller and Segel in [15], building on earlier work
by Patlak, [28]. When a = 0, (1.2) is known as a parabolic-elliptic model and when a > 0, as a
parabolic-parabolic model. A common feature of chemotaxis models is strongly differing behaviour
in the chemorepulsive and chemoattractive settings. For example, in the parabolic-elliptic Patlak—
Keller-Segel model (f(u,p) = xu, a = 0), global well-posedness holds in all dimensions in the
chemorepulsive regime (x > 0) and in both regimes (any x € R) when d = 1. On the other hand,
if d > 2, in the chemoattractive regime (y < 0) there exists a finite threshold —co < x4 < 0 such
that, under some additional conditions when d > 2, the model exhibits finite time blow-up for all
X < Xd. We refer to [11, 29] for a more detailed exposition of these phenomena and discussion of
other models. For the one dimensional setting in particular see [12, 25] and for the chemorepulsive
setting see [33].

In this paper we study (1.1), a one-dimensional additive noise, stochastic version of (1.2) in the
chemorepulsive and parabolic—elliptic (a = 0) regime, with nonlinear sensitivity function, f(u,p) =
xu?. Deterministic models including nonlinear sensitivity have been studied since the early work
of Keller and Segel, see for example [7, 16, 18, 26]. These works focused on modelling nonlinear
sensitivity with respect to the chemical signal, i.e. f(u,p) = xuf(p). More recently there has been
interest in modelling nonlinear sensitivity with respect to the cell density, i.e. f(u,p) = f(u). This
interest has been motivated, in part, by desires to include volume filling, saturation and density
dependent (quorum sensing) regularisation effects into chemotaxis models, [9, 10, 13, 17, 31, 32].
The nonlinearity that we treat in (1.1) was already considered in the deterministic context in
[17, 31]; in [17] it was shown that in the chemorepulsive setting the parabolic-elliptic model exhibits
global existence and convergence to equilibrium when f(u) ~ u™ for all m > 0. In this case, the
nonlinear sensitivity models an increased response to the chemorepulsant when cell density is high.

While it is common to study chemotaxis using PDE models, SPDE approaches can be used to model
exogenous processes, study meta-stability or replicate physically relevant fluctuations around the
continuum limit. In this work we focus on an additive noise model for two reasons. Firstly, it is
a relatively simple model for which we can accommodate space-time white noise and establish a
full ergodic analysis. Secondly, it allows us to make meaningful comparisons with additive noise
stochastic reaction-diffusion equations which have been extensively studied; we refer to [4, 20, 23,
27, 34] for an incomplete list of works concerning these models. In particular, we highlight a
comparison between our stochastic model, (1.1), and those considered in [20]. As in the above
works, the main technical step we require is to obtain sufficiently strong a priori bounds on the
pathwise solution which are independent of the initial data. In our context we divide the solution
into a regular and an irregular part and the key step is a careful analysis of the more regular,
remainder equation exploiting the repulsive nature of our nonlinearity to compensate for lower
order terms without definitive sign. This is the content of Theorem 4.4. Furthermore, we keep
careful track of the exponents and constants through the proof, which in particular allows us to
obtain a tail bound, which is heavier than Gaussian, on the LP norm of the invariant measure. We
give a detailed discussion on the implications of this bound and comparisons to the literature on
stochastic reaction-diffusion equations in Remarks 4.5, 4.6 and 4.7.

There are many natural questions that arise from our work. For this model it would be interesting
to understand if the heavier than Gaussian tails that we establish are in fact optimal. Furthermore,



applying our current methods, it appears that the low integrability of the solution, as compared
with stochastic reaction-diffusion equations, imposes a significant barrier to considering m > 2
in (1.1). Understanding whether this is a genuine issue or simply one of methodology would
be interesting. Going further, one could naturally ask if it is possible to extend the well-known
global well-posedness of attractive chemotaxis models in one dimension, [12, 25], to the stochastic
case with white noise forcing. In addition, since chemotaxis is typically observed in two or three
dimensions, extending the above study to higher dimensional versions would certainly be of interest.
Using simple power counting one would expect (1.1) to be sub-critical in the sense of regularity
structures, [8], on Ry x T? for d < 4. While local analysis is tractable in the presence of white-
noise forcing, establishing global well-posedness for the repulsive model in dimension two seems
challenging by our current methods, see [19, Ch. 7]. Finally, beyond the additive noise case, both
multiplicative and conservative noise models are highly relevant in the context of chemotaxis.
Extending our results to those cases, especially in a two or three dimensional setting, is a natural
goal.

In the remainder of the introduction we summarise some notation in Section 1.1, and present our
main results in Section 1.2. In Section 2 we recap the definitions and properties of the linear
stochastic heat equation, which plays a key role in our analysis. In Section 3 we obtain local
well-posedness of (1.1) and some ancillary properties of the solution. Section 4 contains the main
contribution of this paper, establishing an a priori bound that is independent of the initial data
and constitutes a coming down from infinity property. This a priori bound enables us to establish
global well-posedness, existence of invariant measures and the tail bound, (1.5), below. In Section 5
we establish the existence of invariant measures to (1.1) and closely following the approach of [34],
we establish the strong Feller property, irreducibility, and exponential ergodicity of the associated
semi-group. The appendices, A and B respectively contain summaries and useful properties of the
inhomogeneous Holder—Besov spaces and the stochastic heat equation on T.

1.1 Notation

Let N = {0,1,...,} denote the set of non-negative integers. For k € N, we denote by C*(T) the
space of k times continuously differentiable, 1-periodic, real functions. We denote by C'°°(T) the
space of smooth, periodic functions with values in R and §’(T) for its dual. For k € N, p € [1,00)
(resp. p = oo) we write W¥*P(T) for the spaces of periodic functions with p-integrable (resp.
essentially bounded) weak derivatives up to k' order, and write LP(T) = W%P(T). We write
By ,(T) for the Besov space associated to a € R, p,q € [1,00] and use the shorthand C*(T) =
BS, o (T). Note that for o € N the spaces C* and C are not equal. See Appendix A for a full
definition.

For f € S'(T) we denote its spatial mean by f := (1, f)z2(r). For m € R we write, for example,
S (T), Ck(T),C(T), Li(T), for the corresponding spaces with the additional constraint that f =
m. When the context is clear we drop dependence on the domain in order to lighten notation.

Given a Banach space E, a subset I C [0,00) and x € (0,1), we write C1E := C(I; E) (resp.
CyE :=C"(I; E)) for the space of continuous (resp. x-Holder continuous) maps f:I — E equipped

with the norm ||f]|c, p:= supye| fill 2 (vesp. [|fllesp:= || fllc,m+ suppeer Y=LlE). For T > 0,
we use the shorthand CrE = Co ) E and C1E = Cfj 1 E. Note that the norm | flles e is equivalent

to || follp+supesseio,m % For n > 0 we let Cy,;7 E := C,((0,T7]; E) be the set of continuous

functions f : (0,7] — E such that

[ fllc,re=sup (" AD)[|fe]lp< oo
t€(0,T]

For a Banach space, F, equipped with its Borel o-algebra, £, we use the notation By(E), C,(E) and
Cl} (E) respectively for the sets of bounded Borel measurable, continuous and continuously Fréchet
differentiable maps ® : E — R. We write P(E) for the set of probability measures on E which we
equip with the topology of weak convergence. For a sequence (un,)n>1 C P(E) we write p, — u
to indicate the weak convergence of (,)n>1 to u € P(E). Using II,, , to denote the set of all
couplings between u, v € P(E), we write the total variation distance as,

|l — v||rvi=sup|u(A) — v(A)|= inf // 1,—ydm(z,y).
Ae& E2

mell,

3



We write < to indicate that an inequality holds up to a constant depending on quantities that we
do not keep track of or are fixed throughout. When we do wish to emphasise the dependence on
certain quantities, we either write Sk, or define C' := C(a, p,d) > 0 and write < C.

1.2 Main Results

We fix a filtered probability space (€2, F, (F;)i>0,P) carrying a mean-free, space-time white noise,
¢, defined in Section 2 below. We fix g € (f%, ), a € (0, ap + %) and 1 > 0 such that,

<n< . (1.3)

Theorem 1.1 (Global Well-Posedness). Let T > 0, m € R, x > 0 and ¢ € C2°(T). Then
there exists a unique, probabilistically strong, mild solution, u(¢), to (1.1) such that P-a.s. u({) €
OW;TCr%(T)-

Remark 1.2. While we frame Theorem 1.1 as a probabilistic statement, the proof is mainly deter-
ministic and based on PDE techniques. In the course of the proof we additionally establish local
Lipschitz continuity of the solution in both initial data and the noise, see Proposition 4.8. This
will be important in Section 5.3 when we establish full support of the law on C3(T).

Remark 1.3. The statement of Theorem 1.1 remains valid for n = “5*¢. However, we take

n > “=5* to simplify some statements and proofs below. In general we may think of n as being

arbitrarily close to “5*.

Let L(u(€)) := ut(Q)#P € P(CL(T)) denote the law of the solution, started from ¢ € C2°(T), at
time ¢ > 0.

Theorem 1.4 (Exponential Ergodicity). Let m € R and 6 € (0,1/2). Then there exists a unique
measure vV € 'P(Cilm_é(']l‘)) which is invariant for the semi-group associated to (1.1). Furthermore,
v has full support in C;/Q_é and there exists ¢ > 0 such that for allt > 1 and { € C3°,

1£(ut(C)) = vy < e (1.4)

Finally, for any p € [1,00) there exists A := A(p,0) > 0 such that

Lo exp (IFIE) viaf) < o 1)

m

The proof of Theorem 1.1 is completed at the end of Section 4 and the proof of Theorem 1.4 is
completed at the end of Section 5.

2 Stochastic Heat Equation

In what follows we will decompose the solution u to (1.1) into a regular and irregular part, with the
irregular part being the solution to a linear stochastic heat equation (SHE). We briefly recap some
necessary definitions of space-time white noise, the solution to the SHE and some of its properties.

Definition 2.1 (White Noise). Given an abstract probability space (92, F,P) we say that an R-
valued, stochastic process, indexed by L?(R, x T), {£(¢) : ¢ € L?(Ry x T)}, defines a spatially
mean-free space-time white noise if

L. E[(p)] = 0, E[E(9)E(¢")] = (¢, ') L2(r, xT) for all , ¢’ € L*(Ry x T),
2. £(Pp®1) =0 for all € L2(Ry), P-ass.

For ¢ € L*(Ry x T) we write £(¢p) in the convenient form of a stochastic integral,

€)= /R /T o(t )E(L, da), (2.1)



even though ¢ is almost surely not a measure. We refer to [6, Ch. 4] for further details and a
proper construction of (2.1).

We define the filtration
(F)iz0 =0 ({€(¢) 9 € LRy X T), ¢(1,00)=0}) ,
and let (F3)¢>0 denote its usual augmentation.

Definition 2.2. Let 0 <ty < T and H be the periodic heat kernel on T defined in (A.9). We say
that the &'(T) valued process,

(to, T] 3 t = vg,¢(P) == /t /E(/Htfr *¢)(x) E(dr,dz) Vo € C™(T), (2.2)

is a mild solution to the SHE, with zero initial condition at t = #.

Theorem 2.3. The process [to, T] > t > vy, 1 is, continuous, Markov, (Ft)ie[s,, 1) adapted and for
any o < 1/2, k € [0,1/2) and p > 1 there exists C := C(T, o, k,p) > 0 such that,

||Utg,t - vt0,8||pa72n
C

E sup <C. (2.3)

t # s€[to,T) |t — slpr

Furthermore, for any 0 <ty <t <T, the law of vy, depends only on |t — to|.

Proof. See Appendix B. O

3 Local Well-Posedness

Throughout this section, we fix 7' > 0 and x € R (not necessarily positive). From Theorem 2.3 we
see that P-a.s. the map ¢ — v, is finite only in CpC§, for o < 1/2. We therefore cannot expect
to find solutions to (1.1) of any higher regularity. Obtaining the a priori estimates in Section 4
requires at least one degree of spatial regularity. Therefore, although the equation is not singular
itself, we solve for a remainder process with higher regularity using a Da Prato—Debussche trick, [4].
Concretely we decompose the solution as u; := w; + Z;, where t — Z; is a deterministic function
taking values in the Hoélder-Besov space C§ with zero spatial mean. Subsequently we will take Z;
to be a IP-a.s. realisation of the stochastic heat equation ¢ +— vy +. The unknown, w, solves,

Ow — Opgw = X0z (W + Z)?0ppuwiz), onRy x T,

—OpaPuwtz =W — W+ Z, on T, (3.1)
w)i—o= ¢, on T.

For the rest of this section, we fix ( € C*(T) and Z € CrC§.

We first show that under suitable regularity assumptions on w, the right hand side of the first
equation in (3.1) is a well-defined element of C,.7C*(T).

Lemma 3.1. Let w € C,,7C*. Then the map w — Yw, defined for any t € (0,T], by

t
(Tw), = e3¢ + / X0, (ws + Z6)* 0 pu,+2,) ds, (3-2)
0

is well-defined from C,7C® to itself.

Proof. Applying (A.10), for any ¢ > 0, we have that

a—ag

leCllea$ t™ = lIlcoo- (3.3)

Concerning the integral term, expanding the square and applying Theorem A.5, along with (A.12)
we obtain the bounds

co < [wlEallOspuw, +2,llca S lwsa+llws]|Ze]| Zs]lco
co < 2|wlleal| Zsllea 10z pu, + 2. lleo S 2lwsliEa | Zsllca +2lwsllex | Zs Iz
co SN ZslIgallOzpu, + 2. Wsllea 1 Zsl|Za+11Zs 2o

waampws-&-Zs
2||wsZsaa:pws+Zs
||Z§azpws+Zs

ce S|



Combining these yields that

3
3 _
I+ 2.0up e 3 ()l (3.4
k=0

Therefore, applying (A.10), (A.5) for any s < t € (0, A 1] we have
”e(t_s)Aax((ws + ZS)zazpwerZs) e S (t— 3)_% [ (ws + ZS)2azpws+Zs ce

_1 _ —k
S(t—s)2s o i%a.?.(3{Hw”%n:TC””Z”gTCQ}'

Since n < i we may integrate s~3" near 0 and so for t € (0,7 A 1] we have

4

_a—ag 1_ _
E1|(Tw)y] oo < 72 |Cllgeo +£2 Q”kg(lﬁ?fg{llwll?ék HZH'éTCa}- (3.5)

n:TCa

where both exponents are positive due to (1.3) and the norms on the right hand side are finite
by assumption. For ¢ > 1 one may argue in almost exactly the same way, only splitting the time
integral at ¢t = 1 and replacing the multiplication by ¢7 with (¢ A 1)". O

Definition 3.2 (Mild Solutions to (3.1)). We say that w € C,,7C® is a mild solution to (3.1) on
[0,T] (started from ¢ and driven by Z) if for every t € (0,77,

t
Wy = etAC +/ e(t_S)Axaw ((ws + Zs)Qawpws-i-Zs) ds. (36)
0

Remark 3.3. Lemma 3.1 demonstrates that for any solution, the right hand side of (3.6) is well-
defined.

Theorem 3.4 (Local Well-Posedness of (3.1)). Let R > 1 be such that | Z||%, ca+[Cllceo < R.
Then there exzists C' > 0, independent of R, ¢, and Z, such that (3.1) has a unique mild solution
w € Cy,7,C* where

_ 1 g . . a— 1
T, = (C%) AT, with 0:= (17 5 ) A (2 277) . (3.7)

Furthermore
sup  t"|wel|ea< 1 (3.8)
te(0,T%]
and
lim [|w; — ||ceo= 0. (3.9)
t—0

Proof. Denoting

Br, = {w € C((0,T.];C*(T)) = sup t"|lwllea< 1}7
t€(0,T.]

we will show that
t
w (\I]w)t = etAC +/ e(tis)AXar ((ws + ZS)Qarpr+ZS) dS,
0

is a contraction on By, for T, defined by (3.7) for C' > 0 sufficiently large. By (3.5), for w € Br,
and t € (0, T], there exists C' > 0 such that

1| (Tw)y||ce < Ct1="=)0(E-2n)g,

and so ¥ maps By, into itself for T, defined by (3.7). To show that ¥ is a contraction we let
w, W € By, . For any s € (0,7,], using similar steps to those in the proof of (3.5), we have that

”(ws + Zs)26waS+Zs - (7118 + ZS)Qawpu?s-‘rZs ”CO‘
2

. 2 N 2—k
Sl = aler Y () Qe Vi) 1216

k=0
< ms*Q’ins — Ws||ca-



So then, for any t € (0,T%], we have
t
t[(Yw)e — (Y)¢ller < t"/ e 92X0, (ws + Z5)*Oupus,+ 2,
0
— (W5 + Z5)*0upa,+2.) e~ ds

t
S tn/ (t— 5)7% [ (ws + ZS)anpwerZs — (s + ZS)2afr:pﬁ)s+Zs
0

Cco ds
<SR |w — B e, o
It follows that there exists C' > 0 such that, for T given by (3.7),

~ 1_ ~
[Ww — W], p, co < CR(TL)Z > w — b|c, ., co

1 N
< §||w — ||y, co

Hence U is a contraction on Br,, and therefore there exists a unique fixed point w € By, of ¥
which, by construction, is a mild solution to (3.1) in the sense of Definition 3.2 and satisfies (3.8).

To show that w is the unique solution in all of C,7,C®, let @ be another mild solutions of (3.1).
Then, by a similar argument to the above, there exists a T'(||w||c, .. co, |0l ¢,z ca) = T € (0, T%]
such that w,w € Bj. Since both must be fixed points of ¥ on By we have that w = @ on [0, T].

Iterating the argument, using the same 7" at each step, shows that w = @ on [0, T%].

To show (3.9), observe first that lim; o/ e*2¢ — ¢||ceo= 0 by Remark A.7 and so it only remains to
show that the integral term converges to zero in C*. Consider 7 € (252¢,7). Since Cy,1, C* <
Cy,1.C*, applying what we have proved so far to (g, ., ) in place of (o, ,n), we see that,
for S > 0 sufficiently small, w is also the unique mild solution to (3.1) in Cj,5C*, and that

supe (0,51t lwiellca < 1. Applying (A.10) and (3.4), for all t € (0, 5]

t ag—a+1 35
coods S [ (t—s)" 72 s ds
0

1, a—ag o=
i+ -3
=t2 2 m,

t
/ ||e(t78)Aaz((ws + Zs)zafbpws+zs
0

where we used the fact that ao%‘“ V31 < 1 to evaluate the integral. We now choose 7 sufficiently
close to 2522 so that 1 + 2520 — 37 > 0, from which (3.9) follows. O

Lemma 3.5. Suppose that w € C,.rC® is a mild solution to (3.1). Then for all t, € (0,T),
B € (o,a+1) and k € (0,1),

lwe — wslles—2x

sup (3.10)
t# s E[to,T] [t —s|®
Proof. Applying (A.10) gives
B—a
le2¢lleas == lIC e (3.11)

Regarding the integral term, applying similar steps to those in the proof of (3.5) and the assumption
1+8—«
=<1

2 b

t t
/0 10980, (wy + Z2)?0upu,12.) llen ds < / (t—s)

B—a

= ¢ (3.12)

1+8—a
T 5 3 ds

It follows that

sup [|lwyl|es < oo.
t€(to,Tx]



Now, let 0 < t9p < s <t < T and k € [0,1). Applying the triangle inequality and using the
semi-group property, we have that
[we — ws||es—2n < || DA,

cp-2n
+f 20, 0, + Z00upuz)|
=:I1(s,t) + /t Ir(r,t) dr.
Using (A.10) and (A.11),
Lst) S ||(¢2 = w| S =9 o (3.13)

Since B—1 < a and supyey, 1,1l Zt || co +[lwil[ce < 00, applying (A.10) followed by (A.11) and (3.4),

to,

we obtain
L) S=r) "7 (W + 200zl S (€= 1)
Therefore .
/ L(rt) dr < (t— s)". (3.14)
Combining (3.13) and (3.14) we obtain (3.10). O

Lemma 3.6 (Mild Solutions are Weak Solutions). Let to € [0,T) and w € Cy.7C* be a mild
solution to (3.1) on [0,T]. Then for any ¢ € C(T) and t € [to, T,

(wn,6) — (wry, 8) = — / (Osws + X(ws + Z2)0upuo,s2.,0u8) ds. (3.15)

to

Moreover, (3.15) holds for all ty € (0,T) and ¢ € C*(T).

Proof. From the mild form of the equation started from data wy, at t = to, it follows that for
¢ € C>(T)

t ¢
/ (wg, Opr®) ds :/ <eSAwt0,8m¢> ds

to t

t s
—|—/ / <e(s_r)Axam((wT + ZT)anpwr+Zr),8$$¢> dr ds.
to Jto

Integrating by parts in the first term on the right hand side gives

t t
/ <65Awto,6m¢> ds = / (Dpwe®Pwyy, @) ds = (ePwy,, d) — (wy,, D). (3.16)

to tO

Using the same argument for the second term on the right hand side we have that

<e(S_T)Aa:v<(wr + ZT)2asz,.+Z7v)v am¢> =0, <e(s_r)Aaw<(wr + ZT)2asz,-+Z7v)v ¢> .

Changing the order of integration gives
t s
/ / <e(87T)Aam((wr + ZT)2amer+Zr)aam¢> dr ds
to to

t
:/ (€20, (we + Z4)*Onpu, +2,), @) dr

to

- / <aac((wr + ZT')Zaxpwr-i-Zr)v ¢> dr.

to



Putting this together with (3.16) gives that

t

t
/ (e, Oed) ds = (g, 6) — (e, 6) + / (200, (wy + Z0)2Dnpus,+2,),6) dr

to to

t
- / <Xaw((wr + Zr)Qampwr+Z7»)> ¢> dr.

to
Rearranging and integrating the left hand side by parts once proves (3.15) for any ¢ € C*°(T). For
to € (0,T), by Theorem 3.4, we have that sup,cp;, 7)llwellor < 0o, so that the map C'(T) > ¢ —
ftto (Opws + (ws + Z5)?Oppw.+7.,0:0) ds is continuous. Approximating ¢ € C*(T) by a smooth

sequence gives the result. O
Tt follows from the proof of Lemma 3.6 that any solution to (3.1) has constant spatial mean.

Corollary 3.7. Let t € [0,T] and w € C,,,7C* be a mild solution to (3.1). Then w, = .

Proof. Applying Lemma 3.6 with ¢ =1 and ¢y = 0 gives @y = (w, 1) = (¢, 1) = (. O

4 A Priori Estimate and Global Well-Posedness

In this section we make use of the specific sign choice x > 0 in (1.1) to obtain an a priori estimate
on the solution in Theorem 4.4. Throughout this section we fix T' > 0, and a zero spatial mean
function Z € CrC§.

Proposition 4.1 (Testing the Equation). Let 0 < to <t < T, p > 2 an integer, ¢ € C**(T), and
w(¢) € Cy,rC™ be a mild solution to (3.1) on [0,T]. Then

1 b
oo el o) = = [ 220, 0, ds
) (4.1)
_/ <X(w3 + Zs)2azpws+Zs7w§_2a;pws> ds.
to
Proof. Let 8 € (1,a+ 1) and k € (1/2,5/2). By Lemma 3.5,
sup ws = wrll= wrﬂLw < sup [[ws = wr”g‘*‘gi < 0. (4.2)
s #r€[to,T] |s — 7| s #r€[to,T) |s — 7|

Now, let ¢ € C*°(R) and observe that for any tg < r < s < T we have the identity

(ws, p(ws)) — (wr, p(wy)) = (ws, p(wy)) — (wr, p(wy)) + (ws, (ws) — p(w;)).

So for any t € (to,T], and n > 2, defining a family of partitions, by setting ¢; = to + i(t — to)/n,
for i =0,...,n and applying Lemma 3.6 with the test function @(wy,), we have

nol ety
(wi, p(we)) — (wiy, p(wey)) = — Z/ (Orws + x(ws + ZS)Qaa:pwerZs’aa:‘P(wti» ds
i=0 7t

n—1

+ Z <wti+1 ) So(wti+1) - @(wt1)>

=0

=: —L,(t) + R, (t).

By continuity of s — 0y¢(w,) we see that

n—oo

t
lim I,(t) = / (Orws + x(ws + Zs)zampwﬁzs,@mga(ws» ds. (4.3)
0



For R™(t), Taylor’s formula gives

n—1 Wy, |y
R" <t) = Z <wti+1’ (wtt+i - wti)(p/(wti» + <wti+17/ <p"(y) (wti+1 - y) dy>‘|
i=0 Wt;

= Rn;l(t) + Rn;g(t).
We show that R5(t) converges to zero. Using (4.2), we have the bound

s€[to,t] i=0,...,n—
y€lwe, ,we; ]

n—1 n—1
(4.2)
Rzl S sup fJwsllze sup 1" W)Y e, —welie S Y [ =8,
1=0 1=0

where we used that ¢ is continuous. Regarding R,,.1(t), we may apply Lemma 3.6 once again to
each bracket, this time with the test function wy,,, ¢’(wy,), to give that

n—1 tit1
Rn;l(t) = Z / (Ozws + x(ws + ZS)28$pws+Zs78£(wti+1 ‘Pl(wti)» ds.
i=0 7t
So again, by regularity of the map s — Jd,ws and ¢, we have that

t
lim R (t) = — / (D105 + X (s + Z2)20npro. 1. O (W' (w3))) ds. (4.4)

n—oo to

So combining (4.3) and (4.4) gives,

t
(wy, ‘P(wt» - (wto,go(wt()» = _/ <8ﬂcwr + X(wr + ZT)QawpwH-Zw

to
(2¢' (wr) + wp" (wy)) Dywy) dr.
For () := 2P~! we have 2¢'(z) + z¢" (x) = p(p — l)xp72 and

-1 -1
<wt’wtp > - <wt07wfo > = ”wt”IzP_Hwto”]]éP?

which gives (4.1). O

Observe that one of the terms appearing in the second term on the right hand side of (4.1) is

1 1 1
Dy pay, WPORW) = ———— (D puy, OpwP ) = — —— | wP 2| p1 +—— (@, wPTL).
(Ozp ) p+1< p ) erl|| [ p+2< )
We will use this term in combination with the first term, —|jw?™?|8,w|?||,1, coming from the

Laplacian, to obtain an a priori estimate in Theorem 4.4 on |lw,||}, that is independent of the
initial data. To do so we make use of an ODE comparison lemma which can be found with proof
as [34, Lem. 3.8].

Lemma 4.2 (ODE Comparison). Let A > 1, ¢1, ¢a > 0 and f:[0,T] — [0,00) be differentiable
and satisfying

F'#&) +ef®)* < e
for every t € [0,T). Then for all t € (0,T]

o< m (%507 (2)')

Remark 4.3. For a given initial data ¢ € C*(T), a mild solution w on [0, 7] to (3.1), and a constant
¢ € R with ¢ # 0, we have that w; = cw; satisfies

t

Wy = etAC —|—/ e8¢ 22 8, (s + Zs)28$pu~)s+25) ds,
0

where f = c( and Zy=cZ,. In particular, if ¥ > 0, then setting ¢ := y'/? we see that any solution

to (3.1) is equal, up to a scalar multiple, to a solution to (3.1) with (¢, Z, x) replaced by (¢, Z,1).

Conversely, if { # 0, then setting ¢ := 1/¢ we see that any solution to (3.1) is equal, up to a scalar

multiple, to a solution to (3.1) with ({, Z, x) replaced by (¢, Z, ¢?x) and where now ¢ € C°(T).

10



In light of Remark 4.3, we phrase the following a priori estimate only for the case ¢ € {0,1}.

Theorem 4.4 (A Priori Bound on the Remainder). Letp > 2 be an even integer, x > 0, m € {0, 1},
¢ € C3(T) and w(¢) € CprC* be a mild solution to (3.1) on [0,T]. Then there exists a constant
C > 0, independent of ¢, Z, p and X, such that

Jwn(Q) 2o < max { (xt/4) 7, CoV XV 11Z)E,cer Clp v X)F2m }, (4.5)

p(1+a)+24a

where v = 2P T2)

Proof. Since t + O,w; and t — (wy + Z;)?0p puw,+z, are both continuous mappings from (0, 7] into
L*>°(T) by Lemma 3.5, we may differentiate (4.1) with respect to ¢ in order to obtain
#EHMWZF: ~[lwf 2100 we || 2 =X (we + Z0)?Oupuy 20 wr D),
p(p—1)dt o
where we used that p is even in the first term on the right hand side. Regarding the second term,
since f — Oypy is linear, we have

<(wt + Zt)Qawpwﬁ-Zu wf_Zawwt> = <8wpwtawfazwt> + <6ﬂopZuwf8£wt>
+ 2<Zta:l)p7Dt+Zt ) wf_lazwt> + <Z1528wpwt+Zt7 wf_2amwt>'

Integrating the first term by parts, using that —0;zpw, = wi — ¢ by Corollary 3.7 and recalling
that we have set ( = m,

1 1
8x w paw Ei— 8x w am P+l - - Pt
< Pwy s Wy wt) p+1< Pwy s Wy > p+1<wt m, wy >

1

1

1
p+2 -
o=

Therefore, applying the chain rule in the remaining terms gives

1

d 1 , 1
m& HW%H |+ ——(m, w;

p+1 p+1

2
- p+ly 2 D
P+l <aprt > 8th > P <Zt8prt > awwt> (4 6)

1 _ 2
- F<Zt28$pzt7alwf 1> - §<Zt76$p’wtalwf>

-2
lwellzr = *;wa |Owwe || 2~

1

1 _
_ m(Zf,axpwtaxwf h.

We demonstrate that all terms without a definite sign can be bounded by a constant multiple of
the two negative terms,

1 1 1
ZlwP 2|0, 2 P2 = Z A, + — B,
Xllwt |0z we ||| L1+ [Jw ™ 2 . t+p+1 f

1
p+1
From Theorems A.2 and A.8, for any o € R and p, g € [1, 0], we have that

10zpwllBg , S lwll a-1,  and  [|0zpwllLe S llwl|r (4.7)
p,q B P
1,9
For any 0 < ¢ < p+ 2, by Jensen’s inequality we have
P
lwifr < B (4.8)

Furthermore, by applying Cauchy—Schwarz followed by (4.8), for % < q<p+1 we have

1 1 24-p_ 1
0zwf || 2= qllwi ™ Opwr|| 1 < gllwiTP|2, AZ < gBITTT AZ. (4.9)

11



To keep track of dependence on p, we also make use of the following inequality which readily follows
from Young’s inequality for products: for 1,72 € (1, 00) such that 711 + 712 =1,a,b>0andc>1

cn—1

1
A b (4.10)

ab <
71—

(in fact ab < ef;ijl)(ﬂl + %b”’z). From now on we let C > 0,¢ > 1 be constants, that are
independent of ¢, Z, p, and x. Later, we will fix ¢ > 1 sufficiently large at the end of the proof. If
we write < in an inequality below, the implied proportionality constant is equal to C' > 0 which

we take sufficiently large so that the inequality holds.

We work through the terms of (4.6) in order. For the third term of (4.6), applying Holder, (4.8),
(4.10) and using that m € {0,1}, we have,

m m _ztl Pl 1
m, wi < —— [|wl ——B/*? + B. 4.11
For the fourth term of (4.6), we integrate by parts to give
(A2) (4.8)] pt1
1 1
e L
(4.10) c” (4.12)

1
p+2
5 IIlectca+53t-

Concerning the two remaining terms of (4.6) involving 0.pz,, we have for k = 1,2

m|<ztkamﬂzuaxwf+17k>| < W”Zk 0upz, || o 10w 5| s
e >||Zt||§+1B o 43
"zl B At 1
@0

1217?18, + La,.
C C

~

(In the case p = k = 2, note that we do not need to apply (4.10) in the final line.) Combining
(4.12), (4.13) and noting that 3 (p+2) is the highest power of || Z||¢,ce encountered so far, we have
that

2
2 1 Pt o) 1 1
| ZFOupz,, Ol T TR S — || Z)| 25+ =B, + ~ A, 4.14
> (3) gl omea et 1 S I B (1.14)
For the seventh term of (4.6), we first integrate by parts and apply the triangle inequality to obtain
1 D L D L p+1
2;‘<Zt7ampwt61wt>|§ ;|<8ththarpwt>‘+;|<Ztv >|+*|<Ztawt m)l. (4.15)

Since a € (0, 1), using Theorems A.5 and A.4, we have

8
e N [ A 7H3xﬂwf\lgl ottt o 10zl

(4.7), (A.3), (A.4)

< [t g llwell oo
(A.6) » o

N (10w 7 Iwp 1+ llwf [l 21 ) lfwe| 2

(4<8) Plll-—a p+2 gi;

S 0wl B + By

(4.9) p(lta)+2 p+1

5 1 aB 2(p+2) A 2 + Btp+2 . (416)

12



Considering the first term of (4.15), applying (4.16) and then (4.10) twice with 7; = == and then

with v; = W, and using that p=* <1,
1 . (A.2) 1 »
—(02 Zt, W} Oz puw, )| S *”azZtHC“—lHwta:rpthBl—“
p p 11
(4.16) p(A+a)+2 14 p+1
< 1zde- (B A B)
@0 T (ysrl;?l)f) +2
1+a @
< dZllgic. B + S5 e HZH& o
1 1
+-Ai+ —B;
c pe
(4.10) p(1+0<)+2+0<
p+1
~ o ||Z||tha+ Bt+ At- (4.17)
Concerning the second term of (4.15), we have
1 (A.2),(4.8) 1 +1 (4.10) op+l 1
I;‘<Zt>wf+1>| s *lIZIIC,CQBP+2 N 7||Z||’éfc2a+;th- (4.18)

For the third term of (4.15), by similar estimates and using that m € {0, 1} we have,

(A2),(4.8) 1 4.10)

1 » 5 (< o2 P 1
5|<Zt7wtm>| N *||Z||thamB"+2 = PHZHQC(X"'Fm‘*‘@Bt (4.19)

Regarding the eighth and final term of (4.6),

Z2 a 8 p—1 (A.2),<(A.7) 1 Z 9 8 8 p—1
g (28 Oupu Oaw ) S ];II [1&,coll0zpuw, | Loo 10zw] ™ || 11
(4.7), (4.9) 9 2(;5#2) %
S NZNG,ea BETT A
(4.10) _p_ 1
< CIIZII‘é e BT+ Z A
(4.10) 1 1
< 2pt2) +- Bt Ay (4.20)

So, since p+1 < W =: § and ¢ > 1, combining (4.17)—(4.20),

2 e 12 D 1 1
1-k ¢ 2 C
> ( )p+ 2 Dup Du NS SN2 Gt S+ LB+ A (4.21)
k=1

Since ﬁ < %, combining (4.6) with (4.11), (4.14), (4.21) and choosing ¢ > (p V x)C with

C > 0 the sufficiently large implied constant, we obtain that

= llwt ][ < max It

1 d (ClvX)’, 22
xp(p—1)dt { P 12

(C(pVx)PT'm
p? }
_ #prﬁ

4(p—1)

By Jensen’s inequality,(||wt||’£p)p7 |w?™2|| 1, so that for C' > 0 sufficiently large

Iz

pt2

d Xp pt2 pt2
Dl + X2 ()5 < xmas POV 0121 e (C0V 0P m).

Applying Lemma 4.2 with f(t) = [Jw|f,, A = p+2 and possibly increasing C' > 0,

(1< max { (t/4)~ 5, (Co v 2 72 2] e (CpV ) F m/p72

for every t € (0,T] and ¢ € C*. The stated bound, (4.5), then follows after taking the p*" root on

443
both sides and noticing that v = m < 4aa. U
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Remark 4.5. Observe that the bound (4.5) is trivial in the limit p — oo, since v > 1 and so
(pV x)? — oo. This is in contrast to [20], where an a priori bound of the same form in L>°(T) is
shown directly for stochastic reaction-diffusions.

Remark 4.6. In [20], the equivalent of (4.5), in the context of stochastic reaction-diffusion equations,
is established with ||Z ||gTaCa replaced by ||Z ||é/T(éJ,§a) This leads to lighter than Gaussian tail
bounds in the case of the reaction-diffusion equation, again contrasted with the heavier than
Gaussian tails that we are able to establish for (1.1), see Theorem 1.4.

Remark 4.7. While a mild generalisation of this analysis to f(u), smooth and asymptotically
quadratic (c;u? < f(u) < cou?), would likely be possible, more natural generalisations such as
f(u) = |u| or f(u) =u™"1 for m > 5 and odd, seem to present significant challenges. In the case
of f(u) = |ul, since the testing argument we follow only applies to the remainder w = u — Z, the
nonlinearity becomes

Oz (|wi + Zt|0z puwy+2,) = Oz (|wi + Zt])Orpuw,+ 2z, — |0i + Zi|(wr — @ + Zy).

When testing with w? ™" this no longer produces the necessary damping term —|lw?*?||,: and so
it is not directly clear how one could proceed in this case. Regarding higher polynomial powers, it
appears that controlling the transport term causes a problem for m > 3. In particular estimating
the equivalent of (4.15) in the same way, leads us to control [(9,Z, wPT™29,p,)|. Repeating
similar estimates as in (4.16) and (4.17) lead to the condition m < 3=%. For a € (0,1/2) this
restricts us to m < 5. Letting @ — 1 would allow m — oo. Informally speaking, integrability
of the solution resulting from the transport term appears to be linked to regularity of the noise
- higher regularity leads to higher integrability. This was also observed in the case of stochastic
reaction-diffusion equations in [20]. Note also that with v > 1 one could apply the testing argument
directly to u, rather than working with the remainder. In [17] it was in fact shown that for the
same model but with £ = 0, global existence and convergence to equilibrium holds for all m > 0.
In the case of more regular noise v € C7C*(T), we would therefore expect at least an analogue of
Theorem 4.4 to hold directly for u also for all m > 0.

Proposition 4.8. Let m € {0,1}, ¢ € C3°(T) and Z € CrC§. Then there exists a unique mild
solution w(¢) € Cy,7C* to (3.1). Furthermore, the map,

1 CO(T) x CrC(T) — CCE(T)

(¢, Z) = uQ) ==w(C) + Z, (4.22)

18 jointly, locally Lipschitz.

Proof. We recall from Theorem 3.4 that there exists a Ty € (0,1), depending only on [|(]|ce0 and
| Z||crce, such that a mild solution w € Cy.7, C* exists to (3.1). Without loss of generality let us
assume T > T, and that we fix an even p € (—aio, 00) so that LP(T) < C*(T). In this case, it
is clear that we can extend the solution for a positive time of existence so long as ||w¢||» remains
finite. However, by Theorem 4.4, ||w:|/zr is bounded above by a function of ¢ independent of the
initial data and so we may continue the solution to all of [0, T'|. From Corollary 3.7, for u; := w;+Z,
we have @, = ¢ + Z;, for all t € (0,T]. Similarly, for all ¢ > 0, ||u¢lce < ||willca+]|Zt|lco. Hence
the solution map (4.22) is well-defined and ||u[|c, ,ce depends only on [|Z||c.ca-

To continue the proof, we state the following
Lemma 4.9. Consider R > 0 and define the set
Doy :={(¢, Z) € C° x C7C* : [Cllcoo+||Z]lcpea < R}

Then for T, = T.(R) > 0 sufficiently small, .#: Dy — C,((0,2T.],Cq) is K-Lipschitz where
K =K(R) > 0.

14



Proof. Let (¢, 2), ((N, Z) € Dg; and consider the corresponding solutions
t
ug = ¢ —|—/ e(t_s)AXax(ugazpus) ds + Z;,
0
t
Uy = '™ +/ e(t_S)AXaI(ﬂiawpﬁs) ds + Z,.
0

From Theorem 3.4, there exists T\ (9) > 0 such that [jul|c, ., coV ||@|lc, r, co < 2. For t € (0,27.],
using Theorem A.6 and similar bounds as in the proof of Theorem 3.4 we see that

a—aq

lus — gllea ST™72

. 1 ~ -
HC - CHC‘*D +t2 377”” - u”Cn;tC“J’_”Zt - ZtHC“?

where the proportionality constant does not depend on (, 5 A Z. So multiplying through by t”
and taking the supremum over ¢ € (0, 27,] we have that

_ z 1o _ .
lu =il orco S N1C = Cllero +TE ™ lu — dill e, seat+1Z — Zllopen-

By lowering T, further, we obtain

u = illcyanco S 1€ = Clleco+|1Z = Zl|cpeea. O

We now prove that . is jointly locally Lipschitz. Consider 8 > 1, Dy, and T.(PR) > 0 as in
Lemma 4.9. Then . is K(R)-Lipschitz from Dy to Cy((0,27],C*). In particular, the map
(¢, Z) = ulir, 21, € CO([T%, 21%],C%) is K(M)-Lipschitz. If T' < 2T}, then we are done. Hence, sup-

pose T' > 2T.,. We will prove that, for T%(R) € (0, T%] sufficiently small, u|(r, .7, 7€ C([T, T],C*)
is a Lipschitz function of ({, Z), from which the conclusion will follow.

To this end, consider ({, Z) € Dg; and let u be the corresponding solution. By the a priori estimate,
for p > 2 sufficiently large [[u][ceo Sagp [luellr < t=1/2y RV« for all t > 0. Therefore, there exists

R(R) > 0 such that ||ugceo< R for all ¢ € [T%, T7.

Let T,(R) > 0 be the constant from Lemma 4.9. Without loss of generality, we can assume
that T, < T, and that T = T, + NT, for some integer N > 2. By the above remark, for
all 1 < n < N, ulip, 40t 1ot (1)1 € C(Tx + nT,, T + (n + 1)T.],C%) is a K(R)-Lipschitz
function of (ur, 4 (n_1)7., %) € C* x CrC*. Combining these estimates together, it follows that
ulip, +7. 7€ C([T%, T],C*) is a Lipschitz function of (¢, Z). O

We conclude this section with the proof of Theorem 1.1.

Proof of Theorem 1.1. From Theorem 2.3, for any 7' > 0 and o < %, vo,. € CpC§ (in fact

vg,. € mme[ow)c;cg—%). Hence Proposition 4.8 implies that P-a.s. there exists a unique mild
solution u(¢) = w(¢) + vo,. =L ((,vy,.) to (1.1) on [0,T]. O

5 Invariant Measure

Having established global well-posedness of the SPDE (1.1) we turn to study its long time be-
haviour. In this section we prove Theorem 1.4 which implies existence and uniqueness of the
invariant measure and demonstrates exponential convergence of the adjoint semi-group to the
invariant measure in the topology of total variation.

By Remark 4.3, appropriately adjusting the spatial mean m of the initial condition (, it suffices to
prove Theorem 1.4 in the case x = 1. We thus assume y = 1 throughout this section.

Definition 5.1. Let vy,,. denote the mild solution to the stochastic heat equation as in Definition 2.2
and denote vy := vg 4. For ¢ € C*, the process u(() := w(() +v. = (¢, v.), with . as defined in
Proposition 4.8, is called the mild solution on [0,7] to (1.1) with initial condition (.

We define the semi-group associated to (1.1) by setting, for all ¢ > 0,

Po(C) :=E[®(u ()], for all & € By(C(T)).
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We first show that (u;):~o is a Markov process with Feller semi-group (P;):~¢ and that for each
¢ € C30(T), there exists a measure v € P(C40), invariant for (P;)s>o.

Lemma 5.2. Let u be a mild solution to (1.1). Then for every t € [0,T] and h € (0,T — t) we
have the identity

Utth = Wt t4h + Ve t4h, (5.1)
where Wy 445, solves
h
Weapn = " ug +/ "R (@ a4r + Vrt4r) 0n Pty s tvn ) AT (52)
0
Proof. A simple consequence of the heat semi-group property. O

Theorem 5.3. For m € R, and ¢ € C3°(T), let u(¢) € Cy,7C* be the unique solution to (1.1) as
in Definition 5.1. Then for every p € [1,00), we have that

sup sup sup (¢5 A1) E[Ju(Q)},] < oo. (53)
CeCao(T) T>01te(0,T]

Proof. Tt suffices to consider T > 1. Consider first p > 2 even. For t € (0, 1], applying (4.5) and
Theorem 2.3,
E{Jluell7e] S Elllwellzo] + Eflloell7o] S 72 + 1. (5.4)

For ¢t € (1,T] we employ the Markov decomposition (5.1) to give

E(ludlze] S Bllloe1,elzo] + E o1,

Il

Then, observing that w;_1 ; solves (3.1) with initial condition u;—1({) and driving path Z;, = v,_14,
by Theorem 4.4 we have

P
E [l @e-1,0035) < Cpmmax { o1, &, , cor 1 }-
So, since the law of v;_; ; does not depend on ¢ > 1, we have

sup sup sup E[[|u:(Q)|5,] < oc. (5.5)
¢cecad(T) T>0te(1,T]

Combining (5.4) with (5.5) proves (5.3) for even p > 2. The case of general p > 1 follows by
Jensen’s inequality. O

5.1 Existence of Invariant Measures
We use the decomposition (5.1) to show that ¢ — u, defines a Markov process.

Theorem 5.4. Let ¢ € C*(T) and u(C) as in Definition 5.1. Then for any ® € By(C*(T))
E[®(ue+n(C)) [ Fe] = Pu(@(ue(C))-

In particular, t — uy is a Markov process with associated Markov semi-group (P;)¢so.

Proof. Using the Markov decomposition (5.1) we see that

(11 (C)) = P(Wr 40 (ut(C)) + ve,t4n) = Pur4n(ue(C))),

where Wy 14+ (u(€)) solves (5.2). We define

Y(ui(CQ), vee4n) = P(We,e4n(ue(C)) + vee4n)

and then since u;(¢) is F; measurable and v, 45 L Fi, applying [6, Prop. 1.12], we have that

E [@(ur+n(C)) | Fe] = E[@(ur, 40 (ue(()))] = Pr(P(ue(C)))

and so the claim is shown. O
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The following lemma shows that (P;);>¢ is a Feller semi-group in the sense of [5, Sec. 3.1].

Lemma 5.5. For any ® € Cp(C*(T)) and t > 0 we have that P.® € Cp(C*(T)) and for any
¢ €€, limyo|P2(¢) — ()= 0.

Proof. By Proposition 4.8, C*(T) 5 ¢ — u(¢) € C*(T) is P-a.s. continuous for every ¢ > 0.
The fact that P,® € C,(C*(T)) thus follows from the dominated convergence theorem. The fact
that limy o PP () — ®(¢)|= 0 for all ( € C*, ® € C,(C*(T)), similarly follows the dominated
convergence theorem and (3.9). O

We are now in a position to show the existence of an invariant measure, v, € P(C3°) for every
¢ € C(T).

Theorem 5.6. Let m € R. Then for every € Cq°(T), there exists a measure v; € P(C(T))
and an increasing sequence of times ty /oo such that,

1 [
—/ Préedr — v,  ask — oo.
tk- 0

Furthermore v¢ is invariant for (Py)i>o.

Proof. By the compact embedding LP — C*° for sufficiently large p > 1, it follows from Theo-
rem 5.3 that the family of measures {P;d¢}¢>1 cecoo(r) is tight. In particular, for every sequence

of times (tx)k>0, (R:k6C)k>0

Prokhorov’s theorem gives the existence of a sequence (tj)r~o for which the necessary weak con-
vergence holds. From [5, Thm. 3.1.1] we see that the limit measure is necessarily invariant for
(Py)e>o- O

= (i J" Pl ¢ dr) heo is a tight family of measures. Applying

5.2 Strong Feller Property

We prove that (P;)¢~o possesses the strong Feller property closely following the method employed
in [34]. The main step is to establish a Bismut-Elworthy-Li (BEL) type formula, similar to that
given in [34, Thm. 5.5].

For technical reasons in this section we replace (1.3) with the assumption that ay € (—é,O),
a € (0,00 + 3) and 1 > 0 such that,

<n<-. (5.6)

We note that all previous results also hold for this more restrictive parameter range and this
restriction does not affect the main result as stated, see the proof of Theorem 1.4 at the conclusion
of Section 5.4. Let (ey)mez, em(x) = €™ be the usual Fourier basis elements of L*(T) and
(Ag)k>—1 be the Littlewood—Paley projection operators, see Appendix A for more details. For

e € (0,1), we define II.(L?(T)) as the space of real functions spanned by {(em)‘mk;} and

I, := > Ap: L3(T) — T (L*(T%)).
—1<k<—log,(9)

Observe that there exists £.:Z — [0,1] with ¢.(m) = 0 for |[m|> % such that F(II.f)(m) =
L.(m)F f(m) where F is the Fourier transform. Furthermore (see e.g. [34, p. 1213)),

i) ||ﬂ5||op(cﬁ;cﬂ)22 sup |[T.ullcs< 1 for all € € (0,1) and § € R,
HuHcB§1

ii) for every 8 € R and § > 0, there exists C' > 0 such that for all € € (0,1)

T f = flleo-s< CE°||fllcs-
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We fix for the rest of the subsection § > 0
L a—at 1) 1-6

>0, — —3n>0. (5.7)

1
0< =
o+ s 5

g0 2
Such a 0 exists due to (5.6).
Counsider now Z € CrC**® and let Dot 1= ﬁeZt. Consider likewise ¢ € C* and let (. := fIEC. We

define a smooth approximation to (1.1), with y = 1 and deterministic noise, by

t
o = €A+ / IR, . (u2 Dupu.,) ds + Zey, (5.8)
0

where, as usual,
— Oz Pu.y = Uest — Ue, on T.

Remark 5.7. We will later set, right before Theorem 5.13, Z, = I1.v, where v is the SHE.

Theorem 5.8. Let T > 0, ( € C(T), and Z € CrC**0. For every & > 0, there emists
eo(&, T, [Cllcoo+|Z || cpea+s) > 0 such that, for every e € (0,e0) there exists a unique solution
u. € Ol (L*(T)) to (5.8). Furthermore

||Ut — Ugst Cn;TcO‘S E. (59)

Proof. Tt follows from Properties i) and ii) of the projection and the same steps as in the proof of
Theorem 3.4 that for every € > 0 there exists T, (||¢c|cao+||Zc||cree) > 0, such that u. € Cy.7.C*
solves (5.8) and satisfies [|uc||c, ., c« < 1. The fact that u. € Cp,II.(L?*(T)) follows from the same
argument as the end of Theorem 3.4 since (. € C*°.

To continue, we state the following

Lemma 5.9. Consider R > 0 and define Dy as in Lemma 4.9. There exists T..(R) > 0 such that,
if (CEa Za)v (CvZ) € Dy, then
s — vestllc, ., co < |G — EHCaO—cS"—Eé + ||Z —Z.||lcreas

where @ = .7 ((, Z) with . as in Proposition 4.8.

Proof. There exists T, (R) > 0 such that ||@|c, ,r, co+|uclc, or, ca < 2. For t € (0,27%],

;2T %

t
Hat - uE;t”C"‘ < HetA(C - Cs)llca+/ He(t_S)Aax(ﬁiazpﬂs - Hs(uz;sazpuas))uca ds
0

1 Zy = Zelcw-

Then ~ s
€ 2(C = ClleaSt™ 2 11— Celleao—s,

and applying the triangle inequality and using Property ii) of the projection,

||a§awpﬁs - ﬁe(“’?;saacpua;s) |C‘1*5 < Ha?awpﬁs - ug;sawpua;s ce

+ ||ug;sawpus;s - f[&‘(ug;salpus:s)||CO‘_‘S
< 57|y — Ugss]|catels T
< 573"”& — Us”Cn;sC“ el
Therefore, using that n < ¢, we may integrate |et=)29, (42, pq. — 1. (u2.40zpu...))llce from 0 to
t and take suprema to obtain
- n—2=e0=d - 1293y -
sup 1"t — ug;slee S T * ¢ = Cellgao-s+T sup 1"y — vyt ce
te(0,T%] te(0,1%]

1—46
1-8_9
+ T, "

& +TNZ = Zellerea-
After potentially lowering Ty () > 0 further, we obtain

sup t7[|ie — ucyllea< 1€ = Celleoo-s+€° + 12 = Zelloren- O
te(0,T]
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To conclude the proof of Theorem 5.8, observe that ||¢ —TT.C||¢ao—s S €°][¢]|coo and || Z; — Zeit|lca <
€| Z¢||ce+s by Property ii). By the a priori estimate, for every | > 0 there exists T,(R) > 0
as in Lemma 5.9 and R(R) > 0 such that ||us|ceo < R for all ¢t € [T, T]. Iteratively applying
Lemma 5.9 as in the proof of Proposition 4.8, there exists £¢(93) > 0 sufficiently small such that
|te:tllca< 29 on [Tk, T for all € < go, from which (5.9) follows after another iterative application
of Lemma 5.9. O

By Theorem 5.8, for every 2R > 0 and T' > 0, there exists £9(R,T") > 0 sufficiently small such that
for all € € (0,&¢) the solution map to (5.8)

S Ap — CpII(LA(T))

(C? Z) '_> uE? (5.10)

is well-defined and [|ue — ul|¢, rco< 1, where u = (¢, Z) and Ax = {((,Z} € C* x CrC*F° .
Illceo +[Zl[cpeasrs < R}

We now fix for the remainder of the section ¢ € C&0, T > 0, and Z € C7C*+% with Zy = 0. We let
€0 > 0 sufficiently small such that .#¢((, Z) is well-defined and |lu. —ul|c, .ce < 1 forall e € (0,¢0).
In the sequel we will always let € € (0,¢&q).

We define N, := {m € Z : |m|< L, m # 0} and further assume that Z.., := II.Z; is of the form

e’

t
Zey = Z / Eg(m)e"l“z‘mp(t*s)dém;sem, (5.11)
meEN. 0

where { By, }mez.mo are functions B,, € C([0,T], C) which satisfy the reality condition

B_,, = B,,. (5.12)

We denote A . -
B, = (Bm)mENe € CT(CNEa

where CpCNe € CpCNe is the subspace of (By,)men. which satisfies the reality condition (5.12).

Remark 5.10. We will henceforth identify CzCN+ with a subspace of CrC§° € CrCS™ by mapping
(Bp)men. to Z. via (5.11). Observe that the integral in (5.11) is well-defined as a Riemann-—
Stieltjes integral for any B € CrCNe. For fixed ¢ € C*, we will treat in this way u:(¢, Z) =
%(¢, Z) as a function of B. whenever it is well-defined.

We now prove the differentiability of .#’¢ with respect to both arguments separately, using D for
derivatives with respect to B, and D for derivatives with respect to (. For R > 1, we recall the
definition of T, (R) given by (3.7).

Lemma 5.11 (Derivative in Noise). There exists an open neighbourhood Op C CrCNe containing
B. such that ue(C, ) is Fréchet differentiable as a mapping from Op. to CrII.L*(T). Furthermore,
for any f € CrCNe, such that f|,—o= 0, the directional derivative Dyu. satisfies the equation

t
Dty = / e(tfs)Aﬁsz (2u5;stu€;Sampus;S + uz;sﬁzppfum) ds
0

¢ 2 2 (5.13)
+ Z / Ce(m)e™ 4™ ImITE=s) qf e
meEN, 0
Finally, for e € (0,e9), there exists a C(T, ||C|lceo, || Zcllcrea) > 0 such that,
[Dsucllcrea< Cllfllerene - (5.14)

Proof. Integration by parts implies that, for any m € Z and f € CpC with fo =0

t t
/ 6_4”2\m|2(t_s) dfs _ ft —47r2|m|2/ e_4ﬁ2‘m|2(t—s)fs ds.
0 0
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It follows that Z. is a bounded, linear function of B. with values in CrII.L3(T), and so is contin-
uously Fréchet differentiable. Furthermore, for any f € C7+CNe with fy =0

t
DiZey = Z (fm;t _47T2|m|2/ 6—4772\m|2(t—s)fm;s ds) le(m)em,
0

meN.

Regarding the approximate solution, wu..;, the mappings h + h% and h — 9, pp, are Fréchet differ-
entiable on II.(L?(T)), so the map

@7 (2, (fm)men.) = —2+ e.AC€ +/ e(.is)AaﬂﬁﬁE (Zfaxpzs) ds

0
+ Z / gs(m)674772‘m|2(t75) dfm,;s Em,
0

meN,

is Fréchet differentiable as a mapping ®7: (CpII. L?(T), CrCNe) — CrI.L?(T) and is such that

Or(ue, B:) = 0. Moreover, writing & for the Fréchet derivative,
(2®1,)(ue, B.)(-,0): Cp, T.L*(T) — Crp, TI.L*(T)

is a Banach space isomorphism for T, (||uc||crce) > 0 sufficiently small. Applying the implicit
function theorem for Banach spaces, [1, Thm. 2.3], we obtain that u.((,)|jo,1,] is Fréchet differ-

entiable in a neighbourhood of B.. Patching together a sufficient (but finite) number of intervals
of length T to cover [0, T], we obtain the first claim.

To derive (5.13), recall that the Fréchet and Gateaux derivatives of a Fréchet differentiable map
agree. Hence, for any f € CrCNe, Dju. = %5’5({,35 + Afe)ly—o from which (5.13) follows now
from the approximate equation, (5.8). We finally show (5.14). By the triangle inequality, the
properties of I, (A.13) and applying (A.10), for any ¢ € [0, T,

t
_1_
e [ ID e ds 4 s v
! 0 s€10,1]

IDrucllea S [luel

Therefore, by Gronwall’s inequality, there exists C' > 0 such that

1_
IDsucilles < I1fllereneexp (C12 =7 fue |

Cnpuc):
Due to the global existence of u. € Cp.7C® (shown in Theorem 5.8 for € € (0,&¢) where € depends

on ||¢|lceo, || Zel|cree), for a new constant C(T), ||C||ceo, || Z]||crce) > 0,

IDrucllerea< Cll fllopene -

O

Regarding the derivative of u.(¢) with respect to the initial condition, for g € C*, we set g. := Il.g
and then for any 0 < s <¢ <7 we let Jg ,g solve the equation

t
J;tg = e(t_S)Agg +/ e(t_T)Aazﬂg[2“€;Taxpu5;r‘]§,rg + ug;razp-f.f,rg] dr. (5.15)

S

We show below that for any ¢ € C*°(T) and ¢ € [0,T], J5,9 = Dyu(¢), the directional derivative of
u:(¢) in ¢. Note that J¢ satisfies the flow property, that is for 0 < s <t < T one has Jg5, = J§ ;J§ ;-
In particular Jg ; = id.

Lemma 5.12. There exists an open neighbourhood O.. C II.(L*(T)) containing (. such that
uc(-,B.) is Fréchet differentiable as a mapping from O¢. to CpII(L3(T)). For any g € C*, the
derivative is given by Dguc+(C) = J§,9. Furthermore, setting R = ||Z||cpca+[Cllcoo, there exists
C(R) > 0 and T.(R) > 0 such that for all t € (0,T]

sup s"|[J5 .gllce < Cllgllceo- (5.16)
s€[0,t]
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Proof. The same argument as in the proof of Lemma 5.11 shows that the map II. L2 (T) > (.
uc(¢) € CpII (L2 (T)) is Fréchet differentiable in a neighbourhood of ¢.. It is then readily checked
that on Oc_, for any g € C*° the Fréchet derivative is equal to the map ¢ — J§ ;9.

To prove (5.16), observe that

S
_a—ag 1
[J6,s9llca < s™ 2 Hg\lca0+|\us||zcmsca/0 (s =7)72r 21| J5 gllce dr.
Therefore, for any t € (0,71,

oa—

aQ 1_
lgllems-+#4 el o 519 5715 sl
sg|0,

sup s"|[Jg sgllce S 7
s€[0,t] ’

Since [|us — ul|c, . rca< 1, by Theorem 3.4 there exists a T, (R) € (0,1) such that ||luc|lc, ., ca< 2.
Hence, for all t € (0,7%],

_a—og 1_
sup "[T5 gllea St 7 |lglleao+t2 " sup s7)J5 ogllee,
s€[0,4] s€[0,1]

so then choosing a sufficiently small time ¢ (R) € (0, ¢],

o~
sup 875 sgllea St T [lglleso-
s€[0,t1]

Repeating this procedure, we find a constant C' := C(R) > 0 such that

sup "[|J5 sgllca < Cligllcao, Vit € (0,T].
s€[0,t]

O

We finally reintroduce probability and consider in the remainder of the section a finite dimensional
approximation Be; of the white noise defined by

B, = Z eth;m, Bm;t = 5(]1[(“] X €m), form € N..
meN,

Note that (Bm)me N. is a family of complex valued Brownian motions which satisfy the reality
condition (5.12). Our approximation of the SHE corresponding to (5.11) is then

t
Veis,t = Hevs,t = Z / ge(m)e_élﬂj‘mlz(t_?“) dBm;r €m, (517)
meN, VS

By Remark 5.10, since B. € CrCNe, (s,t) + v..., is well defined pathwise. Furthermore, by
Property ii), there exists a P-null set N' C Q such that, fixing any realisation £(w) for w € Q\ N
gives realisations of v. (w), v(w) and for which v.g . (w) = v, . (w) in CECY~2" for every & € [0,1/2).
In the rest of the subsection, we will let v. denote the random path ¢ — v ¢.

For each ¢ > 0, the Cameron—Martin space of B. is
CM® =Wy ([0,7];CNe) = {f € L*([0,T); CN%) : 0,f € L* ([0,T); C=),

f—m = fma f|t:0: O}

By the Sobolev embedding, W12(R) < C'/?(R), we see CM® C CrCNe. Therefore, Lemma 5.11
applies with f € CM*. We also choose a smooth, compactly supported, cut-off function © : R, —
[0,1] such that ©(z) =1 for z < 1 and ©(z) =0 for z > 1.

We introduce the notion of right sided derivatives, DT, of || Z||¢,.ce, which, for f € CrC?, is defined
by

lim | Z + Mllcree—1Z]|cree .

Dz al=
FZlcrce = lim ¢
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Theorem 5.13 (Bismut-Elworthy-Li Formula). Lett > 0, ¢ € C&(T), ® € C}(C*(T)) and f¢ be
a CM® walued process taking for which 0y f¢ is adapted and such that ||0; f°|| 2 (j0,1:cve) < C, P-a.s.
for a deterministic constant C := C(t). Then we have the identity

By (@G BNOlceo)] = E[Bluca (G B)O (el cren) [ 0ufs - B 51

~ E[@ (e (€, B)O (el i) D llvellcves |,

where we recall that f¢ is identified with a function in C,C§° as in Remark 5.10.
Proof. For any f¢ € CM® and A > 0, define the shift operator Tf’\g B. := B. + Af¢. Define further
W (Q) = (G TRB),

t
ﬂévs;o,t — Z / ee(m)e—4w2|m\2(t—7‘) (dB;n + )\atf;;r dT) Em.
meN. 0

We now look for a family of measures Py such that the law of T2 B¢ under P, is equal to the

law of B¢ under P for each \. The assumptions on f€ imply that Novikov’s condition [30, Ch. 8,
Prop. 1.15] is satisfied by A\9; f¢. Hence, by Girsanov’s theorem [30, Ch. 4, Thm. 1.4], the desired
measure Py is given by

dp ¢ o A2t
d—]}:‘ = A}, A} :=exp <—)\/ o fs -dB: — ?/ |8tfs€|2ds) .
0 0

As a consequence, and using Ep, [-] = E [- A}], we have

=0.

d . f€
SE [0 ()OI T v o) 4]
A=0+

dA

We now show that we may exchange differentiation and integration in the above expression, after
which we will derive the BEL formula, (5.18). Let us define the difference operator AyF :=
F(X\) — F(0) so that, for example,

Ar®(uli Q) = Dl (©) — D(ucu(C)).

We demonstrate that the family {%(AA(q)(uE'jth ()OI Ts-ves0, - lorea)Ai )} ae(o,1) is P-uniformly
integrable. For any XA € (0,1] we observe that,

A @l ()OI T ev:llcve)Ai ) = A@(ulf (0))O( TR v | oyee ) A7
+ (1 () ANO(|| Ty ve [l ey ) A
+ (et () O([[ve [l eye ) ArA;

For the first term, by the assumption that ® € C}(C*(T)),
AN@ ()] < @y 42 () = e (O)lleo
A -
<lole | [l 0, b
If ||7?5Ue||ctca> 1, then the first term vanishes, so suppose that ||[TAv.|/c,ce< 1. Hence, due to

the bound on f¢, there exists a deterministic C' > 0 such that ||’Tjgv5||ctca§ C for all X € [0, \].
Therefore, applying (5.14) uniformly for X € (0, A], we have the bound

1A (i ()OI TR v | oyea ) AN S

~

A
rou @y A2,

where the implicit constant is independent of the realisation of v and A € (0,1]. For the second
term, arguing similarly and using our assumptions on © we obtain the similar bound,

| (et (O)ANO(| Ty-vellerea) AR Sro.0 Al @l A7
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Finally, for the third term,

A
: d 53
| @ (et (€))O(l|vellcrea) ArAf [ Se H‘I>||oo/O aA? di.

Therefore there exists a constant C(f, 0,1, [[®[|cz) > 0 such that for all A € (0,1] and p > 1

1)

where we applied Jensen’s inequality to obtain (f0k|%A§\d5\)P < vt fo’\|%Ai\|pd5\. For the

A 2_ 2 rt €12 A . o,
first term we have (A})P = A}"exp (%)\ INCOH ds) where AP is also a strictly positive

p

g [ @ (0T v lcie-) A7)
A

<C | sup E[(AM)P]+ sup EHdA;\
A€(0,1] Ae(0,1]  LIdA

martingale with expectation 1 and exp (p22_ P \2 fot |0y f§\2ds) is uniformly bounded in L>(;R)

across A € (0,1] due to the assumptions on f¢. Regarding the second term, using the explicit form,

t t
d%A?=—A? ( / OrfS - dBeys + A / |atf52ds) (5.19)
0 0

and Cauchy—Schwarz, we see that

T <E {(Af)?p} E l(/t B, fc - dBE + S\/t|8tf§|2ds>2p] .
0 0

The first factor is uniformly bounded for all A € (0,1] by the same arguments as we applied for
(A})P. The second factor can be controlled using the Burkholder-Davis-Gundy inequality and
again our assumption of uniform boundedness on |[9; f¢||z2((0,¢))- Hence

d ~
E ||~ A}
[dA t

p

l AN@(uz ()0 T vellcree) A )
sup E \ < 00,

A€(0,1]

and we have uniform integrability. Therefore, by Vitali’s convergence theorem, we may exchange
differentiation and expectation to give that

d e
E ld)‘ (q)(“;\ftf (C))G(”,rfAEUEHCtCD‘)A?)

=0.
A=0+

In order to conclude the proof it only remains to show that the identities
D?E(I) (ue;t(C)) = Dfeq) (ua;t(<)> )

d t .
__ / 0,1 - dB..,
A=0+ 0

— A
dx

A} = 0 (J|velle,ca) D llvellyee

A=0+

d
SO (IR eellcve)

The first follows directly from Lemma 5.11, since one sided derivatives and full derivatives agree
for any Fréchet differentiable map. The second identity follows after setting A = 0 in (5.19) and
observing that A? = 1. The final identity follows in the same way from our assumptions on © and
the chain rule. O

We can apply the identity (5.18) to obtain an initial bound on the difference of the semi-group
acting on elements of C} (C®°), from two initial points. The following result and its proof is close
to that of [34, Prop. 5.8].

Proposition 5.14. Let ¢, { € C2° with ¢ € B1(¢), set R := 1+ 2||C[|lcao and let To(R) > 0 be
defined according to (3.7). Then there exists a constant C := C(R, o, a9,n) > 0 and exponent
0 :=0(n) > 0 such that for any ® € C}(CE) and t € (0,T],

|P:®(C) — Pr@(Q)|< Ctigll‘I’HLm 1€ = Clleao +2[|@ ]| L=P([[v]|c,co> 1) (5.20)
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Proof. First, defining the semi-group for the approximate equation and applying the triangle in-
equality, for every ® € C}(C*) one obtains

IPE0(Q) = PEe(0)] < [E [(@(u=()) = @(uca ()OIl |

+ [E[(®(ue;t (€)= @(ueit(€))) (1 = O([lveflcre))]|

For the second term,
I(t) < 2[|®)| P ([|vellc,ca> 1), (5.22)

and using the fact that v. — v in CyC® in probability we obtain the second term on the right hand
side of (5.20). Regarding the first term, we use the fundamental theorem of calculus along with
Fubini to write,

=/ B [De_l0(u(¢ + A€ — O)I(ux )] ] .

We now note that for any f© € CM?®, it follows from the mild forms of Dy-uc,; and Jg 0, f7,. s given
in (5.13) and (5.15) respectively, that,

t
Dyeuey(C) = Z / Jg,tgtffn;sem ds.
meEN. 0

Denote zy := ¢ — A( — () € gao and let f € CME such that 8,f5,., = 1(J§5.(C — (), em) for
every m € N, where J§ ,(C — () = D;_zuc;s(2x) and for notational ease, we have suppressed the

dependence on 2 in J§ (¢ — ¢). Then
Dyeuey(2n) = J§.(C — 5) = Dg_EUS;t(zA)- (5.23)
Furthermore, for f¢ defined in this way, 9; ¢ € L>(Q; L2([0,t]; CN¢)). Note also that ||z [|cao < R

for all A € (0,1), so the local bounds of Lemmas 5.11 and 5.12 both hold uniformly in z,. Using
(5.23) and (5.18) we obtain the bound

B[D._cl@@ue()Oe e

< @l (B | [ 5.0~ oW Oleclrea] |

+E[| &/ (Jocllcice)DF. Jvellcce

)

For the first term, one can apply Cauchy—Schwarz, [t6’s isometry and the results of Lemma 5.12

to obtain
¢ 1/2
E| | <&[ [15.c - Olaas]
0

. .
Sotsa,a0,m £27[C = Clleo. (5.24)

For the second term, using the explicit form of the directional derivative and Lemma 5.12 again
applied to our choice of f¢, we have

lcce)

t
/0 (5o — ), dWeys) (e

E[|€'(lvelcic) D llvellc.cn

} <t K

sup s"[|.J5 (¢ — 6)||C“|®/(||UaCtC“)|]
s€[0,t]

< Ct7[¢ = llewo, (5.25)
where in the last line we also used that ©' is bounded.

Combining (5.22), (5.24) and (5.25) yields the stated inequality, (5.20), for the approximate semi-
group P¢. Taking the limit ¢ — 0 and applying the dominated convergence theorem concludes the
proof. O
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We conclude this section by obtaining a local Hélder bound for the dual semi-group. It follows
from this bound that, for all t > 0, P;: By (C30) — Cp(C20), which concludes our proof of the strong
Feller property for (P;)¢>o.

Theorem 5.15. Let ¢, { € C&° with ( € Bi(¢). Then there exists C > 0, § € (0,1) and o > 0
such that, for everyt > 1,

1Py 6 — P oellry < CL+ [IKlleao)? NI = Cliga-

Sketch of Proof. Tt follows from [5, Lem. 7.1.5] that (5.20) is equivalent to the statement,
* * 1 =
1P50¢ = Pogllrv < C5lI¢ = Cllag H2B([[v]le.ca> 1)

From this bound, one may follow exactly the steps of [34, Thm. 5.10]. The key idea is to use the
Gaussian nature of v to obtain the control P(||v|c,ca> 1) < t%2 for some 6, € (0,1). Then we use
the explicit form of 7 (%) defined in (3.7) and monotonicity of the map t — [|Pd¢ — Py dz|lTv to
obtain the final result. O

5.3 Full Support

We demonstrate that ur(¢), and thus any invariant measure v¢ for (P;)~0 as in Theorem 5.6, has
full support in Cé/%é(T) for any 6 € (0,1/2). In this subsection we are not concerned with the

behaviour of the solution near zero, so until the start of Section 5.4 we just consider a € (0,1/2)
and m € R.

Let L3(R4 x T) be the space of square integrable functions on R, x T such that for any ¢ > 0,
ft = 0. Then for any T" > 0 we define the Cameron—-Martin space of v := vy, .,

t
Ay = {h: 0, T]xT =R : hy = / IR [ ds, f € L§(Ry x T>} :
0

Note that by Theorems A.2 and A.6, 27 is continuously and densely embedded in {h € CrC§ :
h(0) = 0}. The following is a direct consequence of the Cameron-Martin theorem.

Lemma 5.16 (Theorem 3.6.1 of [3]). Let T > 0 and L(v) = (v)#P € P(CrC*) be the law of v.
Then supp(L(v)) = %H Hloree

In the following theorem, we treat L(ur(()) as a probability measure on C&(T).

Theorem 5.17. Let T >0, ¢ € C&(T). Then
supp(L(ur(¢))) = Cq(T).

Proof. We first show

G he Ay ' Csupp(Lur(Q))): (5.26)

Recall that the map 7((, -): CoCS(T) — CS is continuous and 7 C CrCH(T). Consider now
h € 5. Then for any € > 0, there exists a § > 0 such that

[0 = hlloreg <6 = llur = F7(¢h)llea<e,

and therefore
P([lur — Z7(, h)llca< &) > P(|lv — hllcreg < 0) >0,

where the last inequality follows from Lemma 5.16 and this shows (5.26). It now suffices to show
that,

7GRy s ey < =cam.
Let y € C2(T). Then for ¢t € [0,T] define

uf = e+ %(y —eT2), (5.27)
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and

t
== [ 20, ()0 ds 4y~ €750),
0

Since ¢ € CZ, we have u¥ € CrCe and it also follows that h¥ € CrC§ with h¥(0) = 0. Furthermore,
by construction,

(¢ hY) =ul =y. (5.28)
Approximating hY by functions in C§°([0,7T] x T) N9 and using the density of C*°(T) in C*(T)
concludes the proof. O

5.4 Exponential Mixing

In Theorem 5.18 and Corollary 5.19 below, we keep (ayp, ) satisfying (5.6), the more restrictive
parameter set from the start of Subsection 5.2.

Theorem 5.18. There exists A € (0,1) such that for every ¢, Ce Cooandt > 1,
|1 Pfdc — Plogllrv < A (5.29)

Sketch of Proof. Tt suffices to essentially repeat the proof of [34, Thm. 6.5]. Given an arbitrary
fixed time interval, the idea is to divide the interval into three sub-intervals and repeatedly evolve

the solutions, u((¢), u({), for the duration of each sub-interval into an open bounded set, couple
the semi-groups started from these points and successively apply the results of Theorems 5.3, 5.15
and 5.17. O

Corollary 5.19. For any m € R, there exists a unique measure v € P(Ce°) which is invariant for
the semi-group (P;);>0. Furthermore, for any § € (0,1/2), Z/(C&/Qié) =1 and v has full support
in Ca/*70. Finally, there exists A € (0,1) such that for every u € P(C3°) and t > 1

1P 1= vlrv < Al = vl oy caoy.- (5.30)

Proof. Using the existence of invariant measures, shown in Theorem 5.6, the proof of uniqueness
follows exactly as that of [34, Cor. 6.6]. O

We now complete the proof of Theorem 1.4.

Proof of Theorem 1.4. Let (ap, o, 1) satisfy the criteria of (1.3), the less restrictive set of param-
eters, and (o, af, ') satisfy the more restrictive set, (5.6), and be such that af > ag. Then
applying Corollary 5.19 with (af, o/, ') we find that there exists a unique invariant measure
v e P(CY) of (Pr)i>0 and that v has full support in C§. From Theorem 1.1, given ¢ € C*(T), for

any t > 0, u(¢) € C&(T) C Cf,ﬁ‘/] (T). Therefore, setting p = L(us(¢)), in Corollary 5.19, we have,
for some A € (0,1),

| P5;0¢ — virvcey = [1P7 L (ut(C)) — vlTv(ceo)
< AL (ue(€)) — v
<Al

TV(C®0)

where in the penultimate line we used that C,(C*(T)) C Cy(C*(T)) and in the last line that the
total variation distance is bounded by 1. Therefore (1.4) holds for ¢ > 0 sufficiently small.

Consider now p > 1. By Fernique’s theorem ([6, Thm. 2.6]), there exists A > 0 such that
Elexp(Al|v[|Z, ca)] < oo. Since C* — L¥ and [luy ()|l S 1+ ||1)ch/1%& by Theorem 4.4, there
exists A > 0 such that
sup. E [exp (Allur (O]135)] < o0 - (5.31)
¢eceo
Hence, taking o arbitrarily close to % (after possibly restarting the equation and choosing a new
ag close to 0), we obtain (1.5). O
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A Holder-Besov Spaces on T

For @ € R and p, ¢ € [1,00] we define the non-homogeneous Besov norm for f € C°°(T) by the
expression

Ifllsg ()= || (QO‘kHAkaLv(T))kqu(z) , (A.1)

where Ay : L(T) — L'(T) are the Littlewood—Paley projection operators on the periodic, inte-
grable functions. See for example [2, Ch. 2] for a construction on R? and [21, App. A] for a
discussion of the same construction in the periodic setting. We recall here that there exist kernels
hi € C>°(T) such that, for f € L*(T) and k > —1, Apf = hg * f - see [2, Sec. 2.2]. Furthermore
Fhy, the Fourier transform of hg, takes values in [0, 1] and is supported in the ball B(0,2) for
k = —1 and in the annulus B(0,9 - 2¥)\ B(0,2*) for k > 0.

We denote by By ,(T) the completion of C°°(T) with respect to (A.1), which ensures these spaces
are separable.

Theorem A.1 (Duality Pairing - [21, Prop. A.1]). For a € R, p, ¢ € [1,00] and p',q¢ € [1, 0]

such that % + 1% = % + % =1, there exists a constant C := C(«,p,q) > 0 such that

(9 = Clf g, gl - (A2)

Theorem A.2 (Besov Embeddings - [21, Prop. A.2, Rem. A.3]). Let « < S € R, q1, ¢2 € [1, 0],
p > r € [1,00] be such that f = a + (% — %) and g1 > qo. Then there exists a constant C' :=
C(a,p,r,q1,q2) > 0 such that

£y, < Cllflss, . and [Fllsg,, < Clflsg., (A3)

p,a1 — P,q1 —

Furthermore, for any 8 > « and p,q € [1, 00| the embedding Bg’q — By, is compact. Finally, there
exists C := C(p) > 0 such that

C I fllsy < Il < I fllso, - (A4)

Theorem A.3 (Effect of Derivatives - [21, Prop. A.5]). Let a« € R, p, ¢ € [1,] and k € Ns.
Then there exists a constant C := C(k) > 0 such that for any o € N

1D fllgg =< Cllllsg, (A.5)

Theorem A.4 (Bounds in Terms of the Derivative - [21, Prop. A.6]). Let a € (0,1] and p, q €
[1,00], where if a« = 1 we impose ¢ = co. Then there exists a constant C := C(a,p,q) > 0 such
that

11l , < C (AN N0 2o+ £l 2r) (A.6)

Theorem A.5 (Product Bounds - [21, Prop. A.7]). Let p,q € [1,], o, 8 € R be such that
a+f >0 with B> 0. Then for « >0 and v € [0, 1], there exists a constant C := C(«, 8,p,q) >0
such that

1£gllisg, < Cllfllsg lglgs. < U s llgl ors. (A7)
v T Bp.q Bp.q
Furthermore, if a > 0 and p1, p2, ps,ps € [1,00] are such that p% + p% = ;%3 + p% = %, then there
exists a C := C(a,p, q, p1, P2, P3,p4) > 0 such that
1£9llsg, < € (170w lallsg, ,+1 Fllsg, loless ) (A%)

A.1 Parabolic and Elliptic Regularity Estimates
We define the action of the heat semi-group on f € L(T) by,

Af = F (eI~ f, 150,
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where F~1 denotes the inverse Fourier transform on L!(T) and

1 Jz—n|? 2 2
Hi(x) := e” T 1 o0)(t) = e 1 Im e (2)10.00) (1), A9
t() Tm% (0,00) (1) mze:Z ()L0,00) (t) (A.9)

defines the heat kernel on (0,00) x T. We refer to [22, Prop. 5 & 6] for a proof of the following
theorem.

Theorem A.6 (Regularising Effect of the Heat Flow - [22, Prop. 5 & 6]). Let o, BER, p>1 €
[1,00] and q € [1,00]. Then, if B < a < 8+ 2, there exists a constant C' := C(«, B,p,r,q) > 0,
such that, uniformly overt > 0,

e fllgg, < Ot~ 3G =2) 3D £ (A.10)
Secondly, if 0 < g — a < 2 then there exists a C := C(a, 8,p,q) > 0 such that for a any t > 0,

B—a
101 =€) fllsg, < O3 50 (A11)

Remark A.7. Since we have defined the Holder-Besov spaces as the closure of C*°(T) under the
appropriate norm, for any a € R, p, ¢ € [1,00], if f € By (T), we have that

: _ A -
lim (1~ ¢2) fllsg = 0.

The equivalent elliptic regularity estimate is an easy consequence of [2, Lem. 2.2] concerning
Fourier multipliers.

Theorem A.8. Let f € C(T) be such that (f,1) = 0. Suppose —0pzp = f and (p,1) = 0. Then
for any o € R, p,q € [1,00], there exists a constant C > 0 such that

lollsg, < Cllflsy-2- (A12)

Proof. From [2, Lem. 2.2], there exists a C' > 0 such that for any k£ > 0 we have ||Agp|rr<
C2728||Ag fllz». Since (Ff)(0) = (Fp)(0) = 0, A_1p(¢) = A_1f(¢). Therefore, there exists a
dimension dependent constant C' > 0, such that for any k& > —1,

2°%|| AppllLr < C2OT 2R AL f| Lo,

from which the claim follows. O

Remark A.9. Applying Theorem A.8 followed by Theorem A.3 gives us the estimate, for f, p, a, p, q
as in Theorem A.8 and r € [1,p],
192pllsg, S 1A o viray- (A.13)
B p

p,q ™
T,q

B Regularity of the Stochastic Heat Equation

We outline the main steps necessary to prove Theorem 2.3 using the characterisation of Holder—
Besov spaces. We note that a similar result can be proved using a version of the Garsia—Rodemich—
Rumsey lemma, [14]. A more detailed presentation of similar results in our context can be found
in [22, 34]. We include a proof directly in our setting for the reader’s convenience. A central tool
is the following Kolmogorov regularity result which can be found in a similar form as [22, Lem. 9
& 10]. We recall the kernels hy € C*°(T) from the beginning of Appendix A.

Lemma B.1 (Kolmogorov Regularity - [22, Lem. 9 & 10]). Let (t,¢) — Zi($) be a map from
Ry x L*(T) — L*(Q, F,P) that is linear and continuous in ¢ and such that Zg = 0. Assume that
for somep>1,a €R, k' > % and T > 0, there exists a constant C > 0, such that for all k > —1,
x €T and s, t € 10,T],

E[|Z(hi(- — ) = Zy(hi(- — 2))P] < C7Jt — s|¥ P2k, (B.1)
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Then, for all a < &' — % and k € [0,k — %), there exists a modification Z of Z such that

E [ Z|P, O_K} < .

1200, 5] < o0
Proof. Tt suffices to modify the proof of [22, Lem. 9 & 10] to our finite volume and one dimensional
setting. O

Proof of Theorem 2.3. Below we show that £(Z;, ;) depends only on [t — tg| so without loss of
generality we set tg = 0. It is also clear, by translation invariance of H in space and the law of the
white noise, that Z,, , is translation invariant, i.e Z,, 4 (¢(- + x)) ~ Zy, +(¢(-)) for any ¢ € C(T)
and z € T.

For k > —1, t € (0,7] and setting z = 0 in (B.1), we have vo(hx) = Zo+(hr). So splitting the
increment using the semi-group property, Parseval’s theorem, the covariance formula for the space-
time white noise and the action of the heat kernel in Fourier space we have for all 0 < s <t < T

1 —(t—$)872|m|2
E [|Zo,+(h) — Zo,s(hi)?] S Z W(l — e~ (t=s)8mImI%y
mesupp(Fhy)
m#0

)3 |t — |7
< - '
~ (8m2|m[?)1=
mesupp(Fhy)
m##0

<t — S|727k(1*27)7

where Fhy, denotes the Fourier transform of hj and we may choose any v € [0,1]. So then using
Nelson’s estimate [24, Sec. 1.4.3], for any p > 2, there exists a constant C' := C(p,T) > 0 such
that for all K > —1 and v € [0,1),

E[|Zo.4(h) — To.o(hi)I”] < CJt — s|FP2F(3=7)r,

Then applying Theorem B.1 and the Besov embedding (A.3), we see that there exists a modification
of t — wvp¢ (which we do not relabel) such that for any p > 1, a € (0,1/2), k € [0,1/2) and T > 0,

E oo, [ camse ] < o0

To see stationarity of the processes to — vy, 1,+n for fixed h > 0, we use the fact that vy, 1,4+ (@)
is Gaussian, and has zero mean, so that its law is entirely determined by its second moment.
Therefore, letting ¢ € C°°(T), and by similar computations as above, we see that

1 R
E [Uto,to+h(¢)2] = Z W (1 — €_8ﬂ2|m|2h) |¢m|2a

and hence L(vy, ¢+5) depends only on h € [tg, T —to]. Finally, by the assumption that £ is spatially
mean free, for any ¢ty € [0,T) and h € (T — to,T], L(vty,t9+n) € C§(T). O
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