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Abstract

We consider a general-sum N-player linear-quadratic game with stochastic dynamics over a
finite horizon and prove the global convergence of the natural policy gradient method to the
Nash equilibrium. In order to prove convergence of the method we require a certain amount
of noise in the system. We give a condition, essentially a lower bound on the covariance of
the noise in terms of the model parameters, in order to guarantee convergence. We illustrate
our results with numerical experiments to show that even in situations where the policy
gradient method may not converge in the deterministic setting, the addition of noise leads
to convergence.

Keywords: Multi-agent reinforcement learning, linear-quadratic games, policy gradient
methods, general-sum games, N-player games

1. Introduction

Policy optimization algorithms have achieved substantial empirical successes in addressing
a variety of non-cooperative multi-agent problems, including self-driving vehicles (Shalev-
Shwartz et al., 2016), real-time bidding games (Jin et al., 2018), and optimal execution
in financial markets (Hambly et al., 2020). However, there have been few results from a
theoretical perspective showing why such a class of reinforcement learning algorithms performs
well with the presence of competition among agents. In the literature, the convergence of
such algorithms is guaranteed only for specific classes of games including normal-form games,
differentiable games, and linear-quadratic games. For normal-form games (in which there are
no state dynamics), the policy gradient method does not converge in a general set-up (Singh
et al., 2000) and theoretical guarantees for convergence have been established only for some
special cases such as policy prediction in two-player two-action bimatrix games (Zhang and
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Lesser, 2010; Song et al., 2019) and two-player two-action games (Bowling and Veloso, 2002).
For differentiable games (where the cost function is assumed to be differentiable and, in most
cases, the gradient is Lipschitz continuous with respect to the agent’s policy parameters),
there is a line of recent work (Balduzzi et al., 2018; Letcher et al., 2019; Foerster et al.,
2017; Fiez et al., 2020) where the convergence guarantees for these algorithms are mainly
developed for zero-sum games and cooperative games, but, in most cases, are limited to a
subset of local Nash equilibrium points. However, the smoothness properties required in the
differentiable game are very restrictive in general and they even fail to hold for LQ games
(Zhang et al., 2019; Mazumdar et al., 2020; Bu et al., 2019).

As a starting point to tackle this challenging problem, we investigate linear-quadratic
(LQ) games which can be seen as a generalization of the linear-quadratic regulator (LQR)
from a single agent to multiple agents. In an LQ game, all agents jointly control a linear
state process, which may be in high dimensions, where the control (or action) from each
individual agent has a linear impact on the state process. Each agent optimizes a quadratic
cost function which depends on the state process, the control from this agent and/or the
controls from the opponents.

LQ games are a relatively simple setting in which to analyze the behavior of multi-agent
reinforcement learning (MARL) algorithms in continuous action and state spaces since they
admit global Nash equilibria in the space of linear feedback policies. Moreover, these equilibria
can be found by solving a coupled set of Ricatti equations when system parameters are
given. As such LQ games are a natural benchmark problem on which to test policy gradient
algorithms in multi-agent settings when system parameters are unknown. Furthermore,
policy gradient methods open up the possibility to develop new scalable approaches to finding
or learning solutions to control problems even with constraints. Finally, the empirical results
presented in Mazumdar et al. (2019) imply that, even in this relatively straightforward LQ
case (with linear dynamics, linear feedback policies, and quadratic costs), policy gradient
MARL would be unable to find the local Nash equilibrium in a non-negligible subset of
problems. This further demonstrates the necessity of understanding under what circumstances
policy gradient methods work for LQ games.

For LQ games with policy gradient algorithms, most of the existing literature has focused
on zero-sum games with two players (Bu et al., 2019; Zhang et al., 2019, 2021). In the
setting of deterministic dynamics and infinite time horizon, Zhang et al. (2019) proposed an
alternating policy update scheme with a projection step and showed sublinear convergence for
the algorithm. For a similar setting, Bu et al. (2019) proposed a leader-follower type of policy
gradient algorithm which is projection-free and enjoys a global sublinear convergence rate
and asymptotically linear convergence rate. For the case of stochastic dynamics and finite
time horizon, Zhang et al. (2021) provided the first sample complexity result for the global
convergence of the policy gradient method with an alternating policy update scheme. In
addition, Gemp and Mahadevan (2018) proved the convergence of gradient descent methods
for LQ Generative Adversarial Networks (GANs) using monotone operator theory (variational
inequalities), where a GAN can be viewed as a zero-sum game and the learning of the neural
network parameters has a parallel in the learning of a policy for LQ games.

However, little theory has been developed for the more general class of LQ games with N
players and general-sum cost functions. It has been documented that the policy gradient
method may fail to converge in such a setting with deterministic dynamics due to the lack
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of theoretical guidance on how to properly choose the step size and the exploration scheme
(Mazumdar et al., 2019). For a special class of N-player LQ games with homogeneous agents
where agents interact with each other through a mean-field type of “deep state” which is
the aggregated state position of all agents, Roudneshin et al. (2020) showed that the policy
gradient method converges to the global Nash equilibrium. Up to now, as far as we are aware,
providing theoretical guarantees for the convergence of the policy gradient method remains an
open problem for general-sum L(Q games with more than two players (Mazumdar et al., 2020).
We note that for other forms of general-sum and zero-sum games, Vlatakis-Gkaragkounis
et al. (2020) and Mertikopoulos et al. (2018) also provided negative results for no-regret
learning algorithms.

Our Contributions. In this work, we explore the natural policy gradient method, which
can be viewed as a normalized version of the vanilla policy gradient descent method, for a
class of N-player general-sum linear-quadratic games. Our main result is Theorem 3.5 in
which we provide a global linear convergence guarantee for this approach in the setting of
a finite time horizon and stochastic dynamics provided there is a certain level of noise in
the system. The noise can either come from the underlying dynamics or carefully designed
explorations from the agents. Intuitively speaking, the noise can help the agents escape from
traps such as those observed in Mazumdar et al. (2019) when the dynamics are deterministic.
In addition, the noise effectively smooths the cost function, changing the optimization
landscape, and thus helping agents find the correct descent direction for convergence to the
desired Nash equilibrium point. To the best of our knowledge, this is the first result of its
kind in the MARL literature showing a provable convergence result for N-player general-sum
LQ games. From a technical perspective, the main difficulty is to quantify the perturbation
of the individual’s gradient term (see Step 3 in the proof of Lemma 3.20) and to control
the descent of the individual’s cost function (see Step 4 in the proof of Lemma 3.20) in the
presence of competition from the other N — 1 agents. We also note that our main result for
the natural policy gradient method can be extended to the case of the vanilla policy gradient
method, see Theorem 3.7 and Lemma A.1.

We illustrate the performance of our algorithm with three examples. We first perform the
natural policy gradient algorithm under the experimental set-up in Mazumdar et al. (2019)
over a finite time horizon. The algorithm converges to the Nash equilibrium for appropriate
initial policies and step sizes. The second example is a toy LQ game example with synthetic
data. The empirical results suggest that, in practice, the natural policy gradient algorithm
can find the Nash equilibrium even if the level of system noise is lower than that required
for our theoretical analysis. The third example is a three-player general-sum game, where
we show the convergence of natural policy gradient methods with known and unknown
parameters.

Comparison to the Literature on General-sum LQ games. With deterministic
dynamics and infinite horizon, Mazumdar et al. (2019) provided some empirical examples
where the policy gradient method fails to converge to the set of Nash equilibria (which
may not be unique). These empirical examples motivate an examination of the possibility
of applying policy gradient methods in the multi-agent environment. Here we explain the
difference between our framework and the set-up in Mazumdar et al. (2019). In addition, we
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offer some explanations for why the policy gradient method works in our framework whereas
it fails to converge in Mazumdar et al. (2019).

o Well-definedness of LQ games: The existence and uniqueness of a Nash equilibrium
is a prerequisite for the convergence of learning algorithms. In the setting of stochastic
dynamics and finite horizon, the general-sum LQ game has a unique Nash equilibrium
solution under mild conditions (Bagar and Olsder, 1998). For the setting with an infinite
horizon, the existence of Nash equilibria can be proved under some stabilizability and
detectability properties. However obtaining explicit and verifiable model conditions for
stabilizability and detectability seems to be a quite challenging task let alone finding
conditions for the uniqueness of the equilibrium (Bagar and Olsder, 1998). It is not
clear if there exists a unique Nash equilibrium for the setting considered in Mazumdar
et al. (2019).

e Self-exploration property of time-dependent policies: For single-agent LQR
problems, Basei et al. (2021) highlighted that the time-dependent optimal feedback
policy enjoys a self-exploration property in the finite time horizon setting. Namely,
the time-dependent optimal feedback matrices ensure that the optimal state and
control processes span the entire parameter space, which enables the design of efficient
exploration-free learning algorithms. By contrast the optimal feedback policy is time-
invariant in the infinite time horizon setting and learning algorithms tend to have
difficulty converging without efficient exploration schemes (Mania et al., 2019). We
believe a similar analogy holds for the game setting as well.

e System noise: In our setting we need Assumption 3.3 which implies that a certain
level of system noise is essential for the convergence of the policy gradient method.
We show via numerical experiments in Section 5 that the circulating and divergence
phenomenon described in Mazumdar et al. (2019) can be avoided with the addition of
system noise. The noise can either come from the original system when the dynamics are
stochastic (as suggested in Assumption 3.3) or agents can apply Gaussian exploration
(as suggested in Mania et al. (2019) for single-agent LQR problems with infinite time
horizon).

In addition, Roudneshin et al. (2020) showed the global convergence of the policy gradient
method for a mean-field type of LQ game in the setting of infinite horizon and stochastic
dynamics. In particular, agents are assumed to be homogeneous and are only able to interact
through an aggregated state and action pair. With this special formulation, the uniqueness
of the Nash equilibrium could be established (see Theorem 1 in Roudneshin et al., 2020)
and the proof of convergence could be reduced to the single agent case (see Theorem 2
in Roudneshin et al., 2020). In this paper, we focus on a more general L.Q game with no
homogeneity assumption nor any restriction on the interactions.

Organization and Notation For any matrix Z = (Zy,--- ,Z;) € R™*? with Z; e R™
(j=1,2,---,d), we let Z' € R¥™ denote the transpose of Z, ||Z|| denotes the spectral
norm of the matrix Z; Tr(Z) denotes the trace of a square matrix Z; and opin(Z) denotes the
minimal singular value of a square matrix Z. For a sequence of matrices D = (Dy,--- , Dr),
we define a new norm ||D|| as ||D|| = Z;‘F:o | Dt||, where Dy € R™*4; v = maxy—q.... 1 || D]
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denotes the maximum over all ||D;|. Furthermore we denote by N (u,Y) the Gaussian
distribution with mean p € R? and covariance matrix ¥ € R%<4,

The rest of the paper is organized as follows. We introduce the mathematical framework
and problem set-up in Section 2. The convergence analysis of the natural policy gradient
method for the case of known model parameters is provided in Section 3. When parameters
are unknown, the sample-based natural policy gradient method is discussed in Section 4.
Finally, the algorithm is applied to three numerical examples in Section 5.

2. N-player General-Sum Linear-quadratic Games
2.1 Problem Set-up

We consider the following N-player general-sum linear-quadratic (LQ) game over a finite
time horizon T'. The state process evolves as

N
w1 = A+ Y Bluj+wy, t=0,1,-- T — 1, (2.1)
=1

where z; € R is the state of the system with the initial state o drawn from a Gaussian
distribution, u} € R¥ is the control of player i at time ¢ and {wt}tT:_ol are zero-mean 11D
Gaussian random variables which are independent of zo. The system parameters A; € R%*9,

B € Rk for t = 0,1,---,T — 1 are referred to as system (transition) matrices. The
objective of player i (i = 1,---, N) is to minimise their finite time horizon value function:
T

inf E Zci(a;t,u%) , (2.2)
wihs [0

where the cost function
Cé(xt,@bi) = x;erfxt + (ué)TR;U%, t= 07 11 e >T - 17 (23)

with cb.(z7) = 27.Q%x7, where QF € R™? and Ri € R¥*ki (j =1,... | N) are matrices that
parameterize the quadratic costs. Note that the randomness in the LQ game comes from
both the initial state and the noise process in the state equation, therefore throughout the
paper, unless specified otherwise, the expectation (for example in (2.2)) is taken with respect
to both the initial state zo and the noise {wt}tT:_ol. We also denote by ul = (uh, e ub ),
x = (vo, - ,27), Q = (Qp, - ,Qp), and R" := (Ry,--- ,R}_;), fori=1,---  |N.

Assumption 2.1 (Cost Parameter). Assume for i = 1,--- N, Qi € R¥™4 for ¢t =
0,1,---,7T, and R} € RFixki - fort =0,1,---,T — 1 are symmetric positive definite matrices.
Assumption 2.2 (Initial State and Noise Process). Assume

1. Initial state: xq is Gaussian such that Elzoz] is positive definite.

2. Noise: {w;} ' are IID Gaussian and independent from xq such that Elw] = 0, and
W = E[wsw, | is positive definite, Vt = 0,1,--- , T — 1.
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Assumption 2.3 (Existence and Uniqueness of Solution). Assume there exists a unique

solution set {K}* tT:_Ol, fori=1,--- N to the following set of linear matriz equations:
. . , : N—1 . N o
K= (Ri+ (B) P B (B) P [A— Y BIKT (2.4)
j=1,j#

where { PI*}I_, are obtained recursively backwards from

T
N N

R RN I w10 IR O w1 EEES
j=1 j=1

with terminal condition P}* = QZT

A similar assumption is adopted in Zhang et al. (2019) for a two-player zero-sum LQ
game and in Roudneshin et al. (2020) for a homogeneous N-player game with mean-field
interaction.

Remark 2.4. A sufficient condition for the unique solvability of (2.4) is the invertibility of
the block matrix ®;, t = 0,1,--- ,7 — 1, with the #i-th block given by Ri+ (B{)' Pjt, B} and
the 4j-th block given by (Bg)TPfj‘rlBg, where 4,7 =1,--- , N and j # i. See Remark 6.5 in
Bagar and Olsder (1998).

Lemma 2.5 (Nash Equilibrium and Equilibrium Cost. Bagar and Olsder, 1998, Corollary

6.4). Assume Assumptions 2.1, 2.2, and 2.5 hold. Then fori=1,2,--- ,N,

1. The Nash equilibrium strategy for player i is given by

uff = —K[*ry, t=0,1,---T—1, (2.6)
where Ki* is defined in (2.4).
2. The Nash equilibrium cost for player i is
. . T . .

Elzg Pi*zo + Ni'l = inf E | cj(anuf)], (2.7)

fwihiz'  [i=o

where {PI*YL_ are defined in (2.5) and
N{* = Nty + Elw! Plijw] = NJiy + Te(WPS), t=0,1,---,T -1 (2.8)
with terminal condition N¥ = 0.

To find the Nash equilibrium strategy in the linear feedback form (2.6), we only need to
focus on the following class of linear admissible policies in feedback form

uy = —Kiz, t=0,1,---,T—1, i=1---,N
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which can be fully characterized by K® := (K}, Ki,--- , K ) with K} € R¥*4 We write
K = (K',--- ,K") for a collection of policies and

K* —_ (Kl*, . ,KN*)
for the collection of optimal policies. We will use the notation
(Ki,K_i*) _ (Kl*, L ,K(i_l)*,Ki,K(i+l)*, L ,KN*),

for i =1,---, N for player i’s policy, when all other players use their optimal policies.

3. The Natural Policy Gradient Method with Known Parameters

In this section, we provide a global linear convergence guarantee for the natural policy
gradient method applied to the LQ game (2.1) - (2.2). Throughout this section we assume all
the parameters in the LQ game, {4, tT;()l, {B! 5‘2—017 {QiYE,, and {R: tT;()l (i=1,---,N),
are known. The analysis with known parameters paves the way for learning L.Q games with
unknown parameters which is discussed in Section 4.

For LQ games, any (admissible) feedback policy can be fully characterized by a set of
parameters K = (K',--- | K"). Therefore, we can correspondingly define player i’s cost
induced by the joint policy K as

T—1
C(K) =E | > (o] Qe + (Kjwe) T Ri(Kjay) ) + xJQ%xT] ,

t=0

where {xt}fzo is the random path from the dynamics (2.1) induced by K starting with z.
We start by introducing some notation which will be used throughout the analysis. We
define the state covariance matrix ¥ and let Y be the sum of ¥X:

T
E{{ = E[x{{(x{{)TL Yk = Z EtK’ (3.1)
t=0

where {xf{ }tT:() is a state trajectory generated by following a set of policies K. We will
write z; = 2K when no confusion may occur. Define a}f to be the lower bound over all the
minimum singular values of ¥X:

ok = mtin Omin(2K),

We also define oy as
ox = min{omin(E[zozq ), omin(W)}. (3.2)

Similarly, we define
01 = min oin (), 7, = 1m0 min (@),

and
op = min{og;}, g =min{oq}- (3.3)
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We further define v4, vp, and g as

_ _ i
va =, s A s =max{_max B} 9n=max{_max [Rl}. (.9
Under Assumption 2.1, we have g ; > op > 0 and 0 ; > gg >0, for i = 1,..., N. For the
well-definedness of the state covariance matrix, we have the following result.

Lemma 3.1. Assume Assumption 2.2 holds. Then Elzx/] is positive definite for t =
0,1,---,T under any set of policies K = (K',--- | K"~) and we have O’X >ox > 0.

Proof Let {xt}tT:() be the state trajectory induced by an arbitrary policy set K. By
Assumption 2.2 the matrix E[zox] ] is positive definite. For ¢t > 1, we have from (2.1) and

taking expectations

N T
E[xtl”t | = (At 1 ZBt th 1) E[ﬂﬁtflgﬁ:—ﬂ (Atl - ZB§—1K§—1> + E[wtflth—l]-

i=1 =1

Now as (At,l—zi]il Bg_le_l)E[xt,la::_l](At,l—zi]il Bl | K! )T is positive semi-definite
and by assumption E[w;_jw, ] is positive definite, we have E[z;z, | is positive definite and

as a result the statement holds. [ |

We write H = {h| h are polynomials in the model parameters} and ’H( ) when there are

1 1
other dependencies. The model parameters are expressed in terms of 5 +Z o ail +1’ d, %1
1 1 1 1 1 1 “and
T+17 W]+1 [So[[+1° 7A+1’ Y+ Y1 ax +10 ZX0 g +1’ %R g +1’ IIIK*H\+1

Natural Policy Gradient Method. We consider the following natural policy gradient
updating rule for each player ¢ (i =1,--- , N), in a sequence of games for m =1,..., M,

(m—1)

Ktz‘,(m) _ KZ’(m_l) _ angci(K(m‘l))(Ef )7Lovo<t<T -1, (3.5)

where VKZC’i(K(m Dy = %;:1)) is the gradient of C*(K(™~1) with respect to K}, and
7 is the step size.

Natural policy gradient methods (Kakade, 2001) — and related algorithms such as trust
region policy optimization (Schulman et al., 2015) and the natural actor critic (Peters
and Schaal, 2008) — are some of the most popular and effective variants of the vanilla
policy gradient methods in single-agent reinforcement learning. The natural policy gradient
method performs better than the vanilla policy gradient method in practice since it takes
the information geometry (Bagnell and Schneider, 2003; Kakade, 2001) into consideration
by normalizing the gradient term by (XX (m))*1 in (3.5). By doing so, the natural gradient
method represents the steepest descent direction based on the underlying structure of the
parameter space (Kakade, 2001). It is worth mentioning that Fazel et al. (2018) provided
the first theoretical guarantee that the natural gradient method has an improved constant in
the convergence rate compared to the vanilla version.

With access to the model parameters, players can directly calculate their own policy
gradient and perform the natural policy gradient steps iteratively. See Algorithm 1 for the
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details. Unlike the nested-loop updates in some zero-sum LQ game settings (Zhang et al.,
2020, 2019) in which the inner-loop updates are sample inefficient, each player updates
their policies simultaneously at each iteration in Algorithm 1. This simultaneous updating
framework is a more realistic set-up for practical examples such as online auction bidding.

Equivalent Form of the Natural Policy Gradient. Following the explanation of the
natural gradient method in the single-agent setting (Fazel et al., 2018), we provide an
equivalent form of the natural gradient method with Fisher information in the game setting.
In our N-player game case, we assume player i’s updating rule follows:

K/« K} — nG;éVKgC"(K), (3.6)
where G Ki is the Fisher information matrix:
G =E|Vi:log 71’;(2- (ut|we) Vi log W}g (u |:ct)T} (3.7)
under a linear policy with additive Gaussian noise (Rajeswaran et al., 2017), in that

W;(;' (u} = u|zy) = det(2r0?I) "% exp <%i2 (u— fot)—r (u— fot)) . (3.8)

By a similar analysis to that in Fazel et al. (2018), we can show that the Fisher information
matrix of size k;d x k;d, which is indexed as [Gk](jq),(,q) Where j,5" € {1,2,--- K}
and q,q¢'; € {1,2,---,d}, has a block diagonal form where the only non-zeros blocks are
[GrilG).6.) = YK = E[zK (2K)T] (this is the block corresponding to the i-th coordinate of
the action, as j ranges from 1 to k;). Hence (3.6) is equivalent to the following updating rule

. . , -1
Ki' +— Ki =V C*(K) (Ef) , which is equivalent to (3.5).

Remark 3.2. In Algorithm 1, during iteration m, each player first calculates the solution
to the backward Riccati equation in (3.11) based on the observations from the previous
iteration m — 1, and obtains the policy gradients in (3.12). The natural gradient method
is then applied in (3.13) to update the policy for that iteration. Note that (3.13) does not
involve (XX)~1 since, as we show later in Lemma 3.9, we have 2EtI§ = VKZ-C"(K)(E{{)_I.

A straightforward analysis shows that the computational complexity of Algorithm 1 is
O(MNT max(k?d,d®)) and that it requires (T'd Zf\il k;) storage units for K.

We now introduce the main assumption and the main result for the natural policy gradient
method applied to the class of general-sum LQ games. To start we define p* as

N
A=Y BIK}*

0<t<T-1 ‘
i=1

,1+5}, (3.9)

p* = max { max

for some small constant § > 0, and define ¢ := max;{C*(K*(®), K=*) — C*(K*)}. Now set

T 1
+ .

p:=p "+ Nyp (3.10)
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Algorithm 1 Natural Policy Gradient Method with Known Parameters

1: Input: Number of iterations M, time horizon T 1n1t1al pohcles KO =
(KHO) ... [ KNO)) step size 1, model parameters {A,} ', {Bi}! {QiV,, and
(RIS =1, ,N).

2: form e {1,...,M} do

33 forte{T'-1,...,0} do

4: forie{l,...,N} do
5: Calculate the matrix Pt{g (m=b by
Pt[’g(mfl) _ Qt ( 7, (m— 1))TRZ i,(m—1)
+<At - ZB,?K}W‘”) PE ”(At ZB’ bm=1) )3.11)
i=1
with PK<m Y= Qi_p
6: Calculate the matrix E! by
N
K™Y = Ry —(B)TRETT | A=Y Bl (3.12)
j=1
7 Update the policies using the natural policy gradient updating rule:
K = KD _oppKeY, (3.13)
8: end for
9: end for
10: end for

11: Return the iterates K(M) = (KL(M) ... gN.(M))y,

Assumption 3.3 (System Noise). The system parameters satisfy the following inequality

(0x)° ooy 1y 72 g (1) (maxi CUK )} +v)! <p2T - 1)2. (314
gl 0o oR? 2 —1

Note that oy appears on both sides of (3.14) (indirectly through p on the R.H.S., ¥g+ on
the L.H.S, and terms involving costs C*) and when gy increases, the LHS of (3.14) increases
while the RHS of (3.14) decreases. Therefore, Assumption 3.3 requires g x to be large enough
such that inequality (3.14) holds. This can be interpreted as ensuring that the system needs
a certain level of noise for the learning agents to find the correct direction towards the Nash
equilibrium. Assumption 3.3 also imposes conditions on the initial policy K 0) as 1) depends
on the difference between C*(K*©), K=%) and C*(K*).

Below we provide two examples such that Assumption 3.3 is satisfied. In Section 5 we
will show that, at least in some circumstances, the natural policy gradient method leads to
the Nash equilibrium even when Assumption 3.3 is violated. This further demonstrates the
power of the natural policy gradient method in practice.

10
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Remark 3.4 (Examples and Discussion of Assumption 3.3.). 1. A two-player example
where Assumption 3.3 is satisfied:

e Parameters:

A, — [ 0.1 0.05] Bl [0.04} B2 - [0.01 ] W= [0.2 0.05] 7

~0.05 0.1 0.03 —0.05 0.05 0.1
0.1  —0.01
Qr=Q7=Qt =Qf = [_0'01 o1 ] . RMt) = R%(t) = 0.35,

and T = 2.

e Initialization: Take zg = (:L'(l), l‘%) where x[l), x(z) are independent and sampled from
N(0.25,0.2) and NV (0.4, 0.3) respectively. The initial policies are K1(0) = K%(0) =
(0.2,0.01).

2. A three-player LQ game example where Assumption 3.3 is satisfied:

e Parameters:

0.05 —0.1 0.1 0.05 0.01 —0.02
A= 01 02 —006|,B}=1001|,B>=|-005|,B=]0.01],
—0.02 0.03 0.1 —0.01 —0.02 0.05
0.1 0.01 0.02 02 0 0
W=1001 02 001|, QL=Q%=Q;/=Q=|0 02 0|,

0.02 0.01 0.1 0 0 02

RE(t) = R(t) = 0.5, R}(t) = 0.6, and T = 1.

e Initialization: Take zo = (zJ, 73, 23) where x}, 22, 23 are independent and sampled
from N(0.3,0.2) and N(0.2,0.3), and N(0.3,0.2) respectively. The initial policies
are K1) = (0,-0.01,0), K>(© = (0,-0.01,0.01), and K3 = (0,-0.001,0).

3. In most large population games, the individual contribution to the joint dynamics
scales like % (Huang et al., 2006; Lasry and Lions, 2007). In this setting, we denote by

ang), the state dynamics with N agents, which follows

N
ngl) = AﬁN)xf‘N) + Z Bt(N)’ZugN)’Z + w§N). (3.15)
i=1

If Bt(N)’i = O(4), in the sense that there exists a constant Cp > 0 (which does not
depend on N) and Ny € N4 such that

. Cp
WMl < ZB 3.16
|8 < 5 (.16
forall 0 <t <T and N > Ny, then we have
'y(N) = max{ max ||B(N)’i |} < Cs (3.17)
B i Li=0,1,~ 11" 1 - N

11
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for N > Ny. In this case, (3.14) in Assumption 3.3 is reduced to the following condition:

(0x)° _ 5O = 1?5 (Cp) (maxi{ C(K")} + ) (7 —1)*_ ) (1
P R A — v (,52_1)—0<N2>-<3.18>

The RHS of condition (3.18) decays quadratically in N since one can check that
CY(K*), v and p do not grow with respect to N in this case. Hence condition (3.18) is
automatically satisfied in the large population regime.

4. In addition, if we focus on the set of stabilizing policies

Q.= {K HAt—BthH §p<1, Vt:(),l, ,T—l}, (319)

_ 2 2
then the term <p;2T:11) on the RHS of (3.14) can be replaced by <1i—p> , which is
independent of the horizon T

5. Furthermore, T? on the RHS of (3.14) can be removed when the dynamics and the
cost parameters are time independent, and the agent is searching for time-independent
linear policies, namely

RI=R.Q:=Q" A, =A"B,=BK; =K', t=0,1,---,T—1,i=1,2,---,N.

Theorem 3.5 (Global Convergence of the Natural Policy Gradient Method). Assume
Assumptions 2.1, 2.2, 2.5 hold. We also assume Assumption 3.8 so that

G o= IXTR oy qy272 g (0p) (maxi{CHE)} +0) (pQT 1

2
> 0. 3.20
x| ox'og’on 71 > (3.20)

Then there exists an 0 < ng € H(

SN Ci(KiiO) K—i*)+1) such that for e > 0,0 < n < ng, the
=1 ! »
cost function of the natural gradient method (3.5) satisfies

i (Ci(Ki,(M)’K—i*) _ Ci(K*)) <e

i=1

Zf;l(ci(Ki*m),K‘i*)fCi(K*)) )

€

1
whenever M > = log(

The convergence rate developed in Theorem 3.5 is usually referred to as a linear conver-

. SN (CHK LMD K= —CY(K™))
gence rate (Nocedal and Wright, 2006) as we show that SN (CH KK ) —Cl(K) <r

for some r € (0,1). This leads to the result, seen in point 2. of the Theorem, that
Zf\il (Ci(Ki’(M),K_i*) — C'(K*)) = O(e™™) and therefore this is also called an exponen-
tial convergence rate in the literature (Nocedal and Wright, 2006).

Compared to directly evaluating C*(K (™)) along the training process m = 1,2, --- , M,
we observe that it is more natural to analyze the cost C*(K“(™) K~™) with player i
taking policy K™ and (as if) the other players were using optimal policies, as conditional
optimality is the essence of a Nash equilibrium. This view point is the key to establishing

12
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the global convergence result and this criterion is also used in all the key lemmas as well as
the proof of the main theorem.

Note that our result can be easily generalized to the setting with agent-dependent learning
rates as long as 7; < 1o holds for each agent’s step size 7;.

The proof of Theorem 3.5 relies on the regularity of the L(Q game problem, some properties
of the gradient descent dynamics, and the perturbation analysis of the covariance matrix of
the controlled dynamics.

Vanilla Policy Gradient Method. By modifying parts of the proof of the convergence
result for the natural policy gradient method, we can extend the convergence result to
the case of the vanilla policy gradient method, where the updating rule for each player ¢
(i=1,---,N), in a sequence of games for m = 1,..., M, is given by

Kf’(m) _ Kf’(m_” _ angoi(K(m—U)’ VO<t<T-—1. (3.21)

We now give the system noise assumption and the global convergence result for the vanilla
policy gradient method.

Assumption 3.6 (System Noise for the Vanilla Policy Gradient). The system parameters
satisfy the following two inequalities

ox 7 max;{ C(K* —2T 2
|T2Ki| > 2o(v-1)2 724 22 gjfa(f By <ﬁ2_11> (7" I1Zoll + 2"+ D)W )’
B (3.22)
and

(3.23)

Theorem 3.7 (Global Convergence of the Vanilla Policy Gradient Method). Assume As-
sumptions 2.1, 2.2, 2.5 hold. We also assume Assumption 3.6 so that

4 V(R 4 /9T 1N\ 2
a = XX UR—20(N—1)2T2d(VB) (maXz5{C (2K )} +¢) <p2 1) .
[P ox®og?oR 2 —1

_ _ 2
(A"l + (2** + D)IW])” > 0. (3.24)

Then there exists an 0 < 7jp € H(

Zf\]:l(ﬁ(K:(O),K*i*)—i-l) such that for e > 0,0 < n < 1, the

cost function of the vanilla policy gradient method (3.21) satisfies

i (C'&HON, K= — CU(K)) <,

=1

( Zfil(ci(Ki’<°> ,K_i*)—Ci(K*)) )

€

whenever M > L log
am

13
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Since the key step to prove the global convergence of the natural policy gradient method
(Theorem 3.5) is the one-step contraction lemma (Lemma 3.20), we also establish the one-step
contraction result for the vanilla version by modifying some parts of Lemma 3.20, see Lemma
A.1 and its proof in Appendix A. To prove Theorem 3.7, it suffices to show that Lemma A.1
holds, and the rest of the proof follows the same arguments as in the proof of Theorem 3.5
for the natural version.

We explain the differences between the system noise assumptions required for the vanilla
and the natural policy gradient methods in Remark A.2 in Appendix A.

3.1 Regularity of the LQ game and Properties of the Gradient Descent
Dynamics

We begin with the analysis of some properties of the N-player general-sum LQ game (2.1)-
(2.3). Our aim is to establish two key results Lemma 3.11 and Lemma 3.12 which provide
the gradient dominance condition and a smoothness condition on the cost function C*(K) of
player ¢ with respect to the joint policy K from all players, respectively.

In the finite horizon setting, define Pt{f- as the solution to

-

N N
PE =Qi+ (K)'RiK]+ | A -> BIK]| PK,;|A-> BIK]|, (3.25)

j=1 j=1

with terminal condition
Pr; = Q.

Lemma 3.8. Assume Assumptions 2.1 holds. Then fori =1,--- /N, t =0,...,T the

matrices Ptlfi' defined in (3.25) are positive definite.

Proof We prove that the terms in the sequence {PtKZ' }tT:o are positive definite fori =1,--- , IV
by backward induction. For ¢t =T, Pj’% = Q’T is positive definite since QZT is positive definite.
Assume Pfil’i is positive definite for some ¢ + 1, then take any z € R? such that z # 0,

T

N N
2 PEz=2TQlz+ 2T (K))TRiK]z+ 2" [ A=Y BIK] | PX,, [ A - BIK]|2>0
j=1 j=1

The last inequality holds since z"Qiz > 0 and the other terms are non-negative under
Assumption 2.1. By backward induction, we have Ptlg positive definite, Vi =0,1,--- ;7. R

Player i’s cost under the set of policies K can be rewritten as
C'(K) = E |wf Pfao + NS

where the expectation is taking with respect to the initial state xy and the Nt{g are defined
backwards:
NE =NE  +Te(WPK, ), NE =o0. (3.26)

14
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To see this,
T-1
E acOTP(ﬁ-aco + N[f;} = E xOTQf)xO + xJ(K{])TRBK{)mo + Z w;]%ﬁl’iwt
=0

N N
+ 20 (Ao — Y BJK3) T PE (A = BIK])zg
j=1 =1
r T-1
= E | Qbwo + (uf) " Rouh + i Pl + Z w P zwt]
=1

T—1
) i T pK E T pK
= E 66(560, U(Z)) ‘|— ':L‘l Pl’if,vl + wt Pt_;'_l’iwt]
t=1

T-1
] ‘ j ‘ T pK T pK
= E C%(SL‘Q, up) + ci (@1, uy) + @y Pyyxo + Z w, Pt+1,iwt]

t=2
s
= E Zc Ty, ul)
Lt=0

In addition, for t =0,1,--- , T —1landi=1,--- , N, define

N
Ef =RiKi - (B)'PK,, | A -> BIK]|. (3.27)
=1

Then we have the following representation of the gradient terms.
Lemma 3.9. The policy gradients have the following representation: fort =0,1,--- , T —1,

N
Vi C(K) =2 | RiK{ — (B))" P, | A=) BIK] | | =K =2E£SF, (3.28)

j=1
where Eff; is defined in (3.27).

Proof Expressing the cost function in terms of K} and suppressing the arguments of the
cost cﬁ,

T-1
C'(K) = ch—i—ct—i—thPHl iTt+1 T Z wy Py it
s=0 s=t+1
t—1 ‘ ‘ T-1
- [Z o+l Q)+ (KD TRz + Y w] PK o,
s=0 s=t+1
T
N N
A=Y BIEK] | 4w | PK | (A=) BIK] | 24w

Jj=1

15
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Therefore, for ¢ = 1,..., N, the gradients are given by

N
. o o X
Vi ClUK) =2 | RiKi — (B)TPK,, | A - S BiKG | | =K.
j=1
|
We can write the value function for player 1, VIi{(az, t) fort =0,1,---,T—1, as
Vie(w,t) = By | > (2] Qias + (ul) " Riul) + 20 Qfpar |z = ﬂf] =z PKz+ NE,
s=t
with terminal condition
Vi (@, T) = 27 Qipa, (3.20)
where N{g is defined in (3.26), and E,, denotes the expectation over the noise w. We then

9

define the Q function, Q% (z,u,t) for the Markovian control u = (ul,--- ,u) to be

N
Qi (x,u,t) = 2" Qix + (u') " Riu' + Ky, | Vi (At:c + Z Blw + wy, t + 1) ,
j=1

and the advantage function to be
Al (z,u,t) = Qi (z,u,t) — Vir(w,t).

Here E,,, denotes the expectation taken with respect to w;. Note that C*(K) = E[V} (0, 0)].
We write

(Kil K—z) = (Kl Ki—l Kil Ki—{—l KN)
and the control sequences under the policy (K, K~%) as {u” Z}tT:_Ol with

. i KV K~
1/ — —Ktul‘t s

ul ,and ol = —Kjo KUK G2, (3.30)

where {:Uf{l/’K_z }E , is the state trajectory under (K%, K~%). Then we can write the difference
between the cost functions of K = (K',--- ,K") and (K", K~") in terms of advantage
functions.

Lemma 3.10 (Cost Difference). Assume K and (K, K~%) have finite costs. Then

T ; 77; . .
Vieir g—i(2,0) = Vie(,0) Z R IA N (3.31)
t=0
where {ui”fi}z: is defined in (3.30) with acg K™ — 2. For player 1,
Al = @O - KRy (B PGB (Y — K e

KV K~ i K K~
+2(2f )T (K] — K})TEE o

16



Poricy GRADIENT METHODS FIND THE NASH EQUILIBRIUM IN N-PLAYER GENERAL-SUM LQ GAMES

Proof Write x} = xf{“’K_l for simplicity and denote by c(x) the (instantaneous) cost of

player i generated by (K%, K~%) with a single trajectory starting from x{ = z. That is,
e (a}) = («)) " Qpay + (K{'w}) RiK{'w, t=0,1,-- T ~1,

and
cr(ar) = (27) ' Qpat,
with
N
uf = -K'v, vy, = Aw,+ Bju] + Z Bgui +wy, T = .
=L
Therefore
Vi gg—i(1,0) = Vig(2,0) = Ey Az} | — Vie(z,0)

NEIE

T
()~ Vi 1) + 3 vmg,w]

t=1

I||
I
o

= Ey (&m+%@wuw—@mwﬂ

il
o

To =X

(Qk(at wi" ™', t) = Viclal )

:c():x],

= Vi (24, T) by (3.29) with the same single

if
o

I

&
1 T
gD

=
L

= E’UJ AlK(xtﬂut iﬂt)

M

t

~ O

where the third equality holds since cT(:U/T
trajectory.
For player z', the advantage function is given by

AK(mtv t ?) QK( Ly, t i7t)_VIi{(m:€>t)

N
= (@) (Q + (KT RIKY), + Eu, [vfz((At—Bsz”— 3 Bith)wat,m)]
j=1,j#i

N
= (2) (@} + (K{) " RiK{)x, + (l‘%)T(At—Bfo’— > BZKZ) Py,
=1

N
(40— BiR = >0 BIRY)ai 4 OV PE, ) + N - () PRt + NE)

j=Lii
= (2))"(Q} + (K — K} + K})"Ri(K]' — K| + K}))x,
. . . N . . T N B .
+<x;>T(At BV K- BiKi)Pfiu (At Bi(K? K-y BiKz) .
j=1 j=1

17
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N T N
)T Qi+(KZ)TRiKZ+<At—ZBZKZ) Pﬁl,i<At—ZBzK£) .
j=1 j=1

= (o) " (K{' = K) T (R + (B)) PRy B (K] — Ky + 2(ap) " (K — K)) T Ef ]

|

Note that the derivations of Lemmas 3.8, 3.9 and 3.10 are largely inspired by Fazel et al.
(2018) and Hambly et al. (2020). However, the final expressions are different since our setting
is different from both Fazel et al. (2018) and Hambly et al. (2020). For completeness, we
provide the proofs and derivations in our context.

For the policy gradient method (Fazel et al., 2018; Hambly et al., 2020) in the single-agent
setting, gradient domination and smoothness of the objective function are two key conditions
to guarantee the global convergence of the gradient descent methods. This is also the case
for the N-player game setting. The gradient dominance condition for each player ¢ is proved
in Lemma 3.11, which indicates that for a policy K, the distance between C*(K) and the
optimal cost C*(K*) is bounded by the sum of the magnitudes of the gradients V;C%(K)
fort =0,1,--- ,T — 1. The smoothness condition for each player i is proved in Lemma
3.12 where the difference between C*(K¥, K~*) and C*(K) can be rewritten as a function of
K" - K.

Lemma 3.11 (Gradient Dominance). Assume Assumptions 2.1, 2.2, and 2.5 hold. Then,
for player i, we have

T—
L 3 1 1 E * i Q% i —ix
ClK K - oK) < K SO (BT R K
=R t=0
‘EK*H 8 ’s) —ix\ T Wa s s —i%
S Tonlog? 2; (Vi O K )TV CH R K)),
and
T—-1
CZ(KZ,K_Z*)—Cz(K*) 2 ox 1 e Tr ((Eggi’K_i*)TEfi.i’K_i*)
= IR+ (B)TPLyy Bl
- ox Tfl I‘(VKZCZ(KZ K—i*)Tv zCZ(KZ,K_Z*))
T A4Sk kP = IR, + (B) TPEE " By '

Proof By Lemma 3.10, we have
Al (a5 )
= (@)Y KT+ (BT P BY (KT — )
2K - KB 2
= T («f KT @ (K - KD TR+ (BY)TPE B (K] — KY))
+2Tr (F KT KK T (K — K)TEE)

18
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= T (af K @ T (K~ K+ (R + (BT PE B TER)T (R + (B))T P, ,BY)
(K} - K} + (R + (B)) " PK, ,B)) ' EK))
~Tr (xf‘“ K@K (BT (R + (BT PK, B EK)
> =T (oK @K T (EE) T (R + (BT PK B TLEK),
with equality in the last line when K}/ = K} — (R: + (BZ)TPtIilZBZ) 1EtK; Then, by Lemma

3.10, letting {z}}L, and u} = (ul*, - ,u}'*) with ul* = —K}*z} denote the state and
control sequences induced by the set of optimal policies K*, we have

C{(K', K™™) — C'(K*) = ZA’ N CIRTINY

T—1
« * Ki,Kfi* i K K [ES i Ki,Kfi*
< E ZTI" (xt (xt)T(Em' )" (R; + (B )Tpt+1z Bj)~ 1Et,i )]
t=0
Kt K Tk KZK i
< ISk ZTr +(B) TP BT BT (3.32)
<

E* 7 ’L* (1 1%
HK”ZTr( KK tK;K )

t=0
T
N 40'R g() '

K K i (i —i* i (i —i* KK\
) IV O K KTV 1 O (K K ) (5 )1)

T-1
Yo — % ( i —ik
Jﬂ’;%zwwm R )
o t=0

Note that (3.32) holds as Tr(AB) < omax(A4) Tr(B) for any matrix A and real symmetric
positive semi-definite matrices B of the same size (see Saniuk and Rhodes (1987)). By
Lemma 1 in Wang et al. (1986), for any symmetric matrix A and any symmetric positive
semi-definite matrix B, it holds that

Omin(A) Tr(B) < Tr(AB) < omax(A4) Tr(B). (3.33)

These bounds will be used in several places. For the lower bound, consider K, V= K} — (Rl +
(Bl)TPf_f_l B~ 1EtK; Using C*(KY, K~*) > C*(K*) and letting {uf{u’Kﬂ*}z:Ol denote the
control sequence induced by (K”, K~%), by Lemma 3.10 we have

CZ(Kz K*’L*) o CZ(Kzlefz*)

i KZ/K 7% K“K Tk
ZA ’LK z* ) t ;t)

v

= —K

T-1
Ki/,K_i* Ki/,K_i* Ki,K_i* . K K 1% . KZ K_i*
B | (af K @ T T+ ) TR BT B )]
t=0
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T-1

1 Ki K*i* T Ki K*i*
> ox Tr ((E ; ) B )
Ki K—i* t, t,
i IR+ (BD Py, Bl
N ox T— 1 (VKzCZ(Kz K—i*)TvK_Ci(Ki K—z*))

R o e | B+ (B)TPEE T B

|
As in the single-agent case (Fazel et al., 2018; Hambly et al., 2020), we now provide an
expression for C*(K¥, K~%) — C*(K), which is easier to analyze.
Lemma 3.12 (Almost Smoothness). For two sets of policies K and (K", K~%), we have
that
CK" K™Y = C'(K) = 3 | T (SR — k)T (R + (B PEL B (K - K7))
t=0
w2 (5K (K - KDTEE)).

Proof By Lemma 3.10,

=

CYK" K™ - C'(K) =

Z Aje ! ’,t>]

T-1
P N .
= > {Tr (= (K — KT (Ri + (B)" PR, B (K] - K7))
t=0
w2 (2K K - KD TEE))]

Lemma 3.13. Assume Assumptions 2.1 and 2.2 hold. Then fort = 0,1,...,T and i =
1,...,N

<

kel < CE),
g,

[t < e
X

Proof By the trace inequality (3.33), it is straightforward to see that

C'(K) 2 Elz] PEwi] > | PK

owin(Efar]]) > ox || PX

and

C{(K) = ZTr (v (QF + (K}) " RiK})) + Tr (E[vras|QF)

v

min T 2
i uin(@)) - Tr(Sk)

> g2kl

Then the statements in Lemma. 3.13 follow since under Assumptions 2.1 and 2.2, we have
ox >0and gg > 0. |
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3.2 Perturbation Analysis of the State Covariance Matrix

Our aim in this section is to provide an explicit control of the change in the state covariance
matrix after a change in policy K*. We begin by defining two linear operators on symmetric
matrices. For X € R¥>? we set

T
N N

Fr/(X)= A=Y B/K] | x A -> BlK]| | (3.34)
j=1 j=1

and

-
T-1 N N
Te(X):=X+> T_o|A-> B/K | X, [ A - BIK]
t=0 j=1 j=1
If we write GK = Fk, o Fi,_, 0--- o Fk,, then the following relationships hold:
G (X) = Fi, 0 G4 (X) =iy | A= ) BIK] | XTI, | A=) BIK] | . (3.35)
j=1 j=1
and
T-1
Te(X)=X + > GK(X). (3.36)
t=0

When the policy K is clear we will write G; = QtK and F; = Fg,.
We also define the induced norm for these operators as
1T(X)]]
X\

1T == Sup (3.37)

where T' = Fg,, QtK , T and the supremum is over all symmetric matrix X with non-zero
spectral norm.
We first show the relationship between the operator T and the quantity Y.

Proposition 3.14. For T > 2, we have that

Yx =Tk (o) + Ag (W), (3.38)
where
T—1
Axk(W) =YY D, WD +TW,
t=1 s=1

with Dy s =TI, _ (A, — Zjvzl BﬁKi) (for s =1,2,--- t), and ¥9g =E [xg:cg].
Proof Recall that ©X =E [:Etznﬂ and note that

T

N N
> — Elzz{]=E Ao =Y BJK3 | w0+ wo Ag =Y BJK] | w0+ wo
j=1 j=1
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T

N N
= | A=) BIK]| Zo[A0—-> BIK}| +W =Go(Zo) +W.
j=1 j=1
We first prove that for t =2,3,---,T
t—1
SE =G 1(S0) + Y D1, WD, +W. (3.39)
s=1

We have the result for ¢ = 1, so assume (3.39) holds for t < k. Then for t =k + 1,

-
N N
Elziizl ] = E A=Y BIK] | 2+ wy A=) BIK] | 4wy
j=1 j=1
T
N . . N . .
= (A=) Bk |SK (4 -) BIK| +W
j=1 j=1

t
= Gi(S0)+ Y _ Dy WD +W.
s=1

Therefore (3.39) holds, V¢t =1,2,--- ,T. Finally,

T-1 T-1 t
Sk = Zzt = %o+ Z Gi(Z0) + D > DisW D+ TW = Ti(So) + Ag (W).
t=0 t=1 s=1
|
Given two policies K and K’ = (KV,--- | K™"), let us define
N N
— i 71 G g% L
PK K’ = Max { max { ogrtng%;{—l A — B{K} — | Z 'Bt K }’ogr%%{—l A — ZBZKZ ,
J=Llj#i i=1
N
N -13 J 1rJ*
m?x{osr%a%(_l Ay — B{K; Z By K; },
=1
N
_ pigsil J 1od
mgx{0<1g1<a72<1 A, — BIK? Z .Bth } 1+§},
J=1,j#1
(3.40)

for some small constant £ > 0.
For any given policy K, maxo<;<7—1 HAt — ZN BjKj H measures the radius of the state

dynamics under policy K. Thus pg g defined in (3. 40) is the maximum radius of the policies
K, (K{, K™*), (K", K~*), and (K, K~%) (i =1,2,--- ,N). We will show later that the
value (or the upper bound) of pg g/ plays an essential role in the convergence analysis.
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Remark 3.15. By the definition of pg g in (3.40), we have pg g > 14+ & > 1. This
regularization term 1 4 £ is introduced to simplify the presentation. Alternatively, if we
remove this term from the definition of pg g, a similar analysis can still be carried out by
considering the different cases: pg g < 1, pg g’ = 1 and pg g > 1.

We now provide an upper bound for pg k.

Lemma 3.16. Assume Assumption 2.3 holds. Then,

max {Ci(Kin—z‘ﬂ _ Ci(K*)} + 7B m?xmtax{HKZ’ - K;H}

K < p-+ N’YB\/
OxOR ¢

(3.41)
where p* was defined in (3.9).

Proof By Lemma 3.12, we have

T-1 , ,
K" K="/ 1-i i* i i i i i
= [Tr (Et ' (K} — K{*)" (R} + (Bt)TPtIil,iBt)(Kt - Kj ))

~
o

T-1
> oxopy | - K| = Z2E|| K - K"
t=0

2
)

(3.42)

where (3.42) holds by the Cauchy-Schwarz inequality. Then we have

N N N
A=Y BIK]|| < A=Y BIK]| + ) IB K] - K|
j=1 j=1 j=1
< A= Do BIKT| s ) ||IKT - K|
j=1 j=1
N . .
< |4 - BIK]| + Ns max{CI (KJ, K %) — Ci(K*)},
=1 OxOR J
(3.43)
where (3.43) holds by (3.42). Also, by the triangle inequality we have
A~ Y BIK] - BiKY| <||A - Y BIK| sl - Kl (349
j=1,5 i=1
and
A= Y BIKI"=BIK]'|| < |Ai— > BIK]" - BIK{| + 8| K] — K{||. (3.45)
j=1j#i =1
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Finally, applying (3.42),

N N
A Y BIKF-BK)| < |4~ BIKF| +plKi - K|
j=1,j i=1
N . .
< |4 =) BIK
j=1
T Lo ) .
+73\/ (CHK', K—%) — C{(K*)). (3.46)
OxOR
Therefore combining (3.43)-(3.46), we obtain the statement (3.41). [ |

Recall the definition of ']-"t = Fg, and G; = g{{ in (3.34) and (3.35) associated with
K,'sirnilf'xrly let us deﬂne g/ = }"Kti,’K;i o foil’K,?fl 00 Fpp e for the set of policies
(K", K~") and write F}/ = F Kil K We now establish a perturbation analysis for F; and G;.
Lemma 3.17. For allt=0,1,--- ,T — 1, we have

IF: — F'll < 2px kBl Kf — K{'||- (3.47)
Proof For player i,

(Fe — F{)(X)
.

N N
= (4 =Y BIK] | X | A=) BlK]

j=1 j=1
—|A-BiK/'- > B/Kl|X|A-BK/- > BIK| |
J=L1j#i j=1,j#i

By (3.37) the operator norm of F; — F;' is the maximum possible ratio of ||(F; — F})(X)||
and | X||. Then letting Y = A, — Y| B/K] and Z = A, - BIK{' - Y ), ., BIK] in

J=Lj#i
Y+)XY-2)"+ (Y -2)X(Y+2)"
and using the norm bound ||AX|| < [|A] [|X]|, we have
H A= BJK] | x | A=Y BIK]
j=1 j=1
. . N . . . . N . . T
~|A-BK'- Y BIKl|x|A-BEK!- Y BIK] H
j=1,j#i =15
< 2pr x| X[ Bi(K; = K| < 2p x| X || (K7 = K¢
Therefore we obtain the statement ||F; — F/'|| < 2px xrv||(K; — K| [ ]
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Recall that F; and G, are defined in equations (3.34) and (3.35). Then we have the
following lemma on perturbation analysis for G;.

Lemma 3.18 (Perturbation Analysis for G;). For any symmetric matriz ¥ € R>? and
i=1,---, N, we have that

EZH% o] <

/

T .
(ZIIE—H’H)HEII-
=0
Proof By direct calculation,
IG/|| < pr'ge)s i=1, . N. (3.49)

Then for any symmetric matrix ¥ € R%? and ¢t > 0,

1(G 1 — Ger) (D) = H]‘"Z/H 0 G/'(%) — ft+1 o Gi(D)]l |
= ||FA t' G/'() = Fil 0 Gi(3) + f?’ﬂ 0 Gi(X) = Fry10 G (D)l
< IF (E) Fli1 0 G (D) + 1 F41 0 Gi(B) = Fry1 0 Gi(D)|

1741 ( = GO+ I(Fr = Frea) 0 G(D)]

< |\FL 1||||< — GO+ NGl 1 Fy = Feall 2]
2 1 i
< kG = GO + pe g | Fiy = FeaalllISI-
Therefore,
7 7 l
1(Gi1 = Ge) D) < P3G = GO + o e 1FE e = FealllIS]. - (3.50)

As it is a geometric series, summing (3.50) over ¢ € {0,1,2,---,T — 2} with |G — Go|| =
175 = Foll, gives

Z |6 -ge)| <2 i (TZ 17 = F1) 1)
K.K =0

/

Recall that v4, 75, and g are defined in (3.4). Then we have the following perturbation
analysis of Y.

Lemma 3.19 (Perturbation Analysis of Xg). Assume Assumption 2.1 holds. Then

prx (PR g — 1) (CHK! K—)
QQ

HEK—EKZ-,7K_ F—

7w ) |5 K|

Proof Using Lemma 3.17,

N
-

T-1

IFe = F'I < 2pxrvm ) KT — K.
t=0

~+
Il
o
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Define Dy, =11, _ (A, — BLK} — Ej 1t BLK}]) (for s =1,2,--- ,t). Then, in a similar
way to the proof of Lemma 3.18, we have, Vi=1,--- /T — 1,

t
. . p / .
S [puw bl - piw )T < i L (Zuf J-'é’H) Wl @3s51)
s=1 KK’ o

By Proposition 3.14, (3.36) and (3.51), we have

T-1 t
|2k — Sk k- — Tier ) (S0)|| + 323 [ Posw Dl — D (D) |
t=1 s=1
PK, K~ = ;
< (Zuft—fz/u) (%ol + TIW )
Pk K -0
ﬂK,K/ - CHK' K , ,
<4 K 1)) @ocnn 1K~ K7,
Prk — 1 g
(3.52)
The last inequality holds since ||Xol| < [|[Xgi g-is|| < % by Lemma 3.13. [ |

3.3 Convergence and Complexity Analysis

We are now in a position to provide the proof of our main Theorem 3.5. This will follow
from two important Lemmas. First, define

. T o . 1

PK =P+ nyB\/UX o mZaX{CZ(Kl,K*’*) — C{(K*)} + 5072 (3.53)
Further define g1 and go as follows:
IR

=" .54

and )

(73)4 maXi{Ci(Ki,K_i*)}4 ,02T -1

g2 :=20(N —1)*T?d co’en p’%‘( — ) (3.55)

We also write C*~* = C/(K*, K~™*), C* = C*(K*) and C"~"* = C*(K¥, K~™) to simplify

notation.
Lemma 3.20 (One-step contraction). Assume Assumptions 2.1, 2.2, and 2.5 hold, and that

ox’ > 22 (3.56)

g1

Also assume the policy update step for player i at time t is given by

K = K] =V 1 C*(K) ()7, (3.57)
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where )
nSmin{II,Ig,} (3.58)
IR
with

N
PK\P i, —ix i
{zOTK( - (207 +%T||W||> 7 max{max{[[V i, (K|} + oq(x)’

PK

N N -1
+4(yrox +(y8)* > CP) Z{Ci’i*}} -oglox)?,
i=1 i=1

. . .. 2
107 N | i SN C’) L <10T2§V: ) C)

I, = (mzax{kl}) (10T __ 1)0'42 (’YR + (’YB)

ox ox \ (10T —=1)oq

-1

. 2 .
SN CW*) o d <1OT mini{C’*}>2

2
(73 + 0B == 80ox \ (10T —1)0g

Let a:=0ox g1 — go/ ox* > 0. Then, we have
1. n€(0,1); and
2. the following inequality holds

N
> (CHK",K~™) — CH(K™)) < (1 —an) (Z (CHK, ‘”)—C’(K*))). (3.59)

i=1

Remark 3.21. (1) In the one-step contraction analysis (Lemma 3.20), (3.56) imposes a
condition on C'(K*, K ~%*) which is associated with the current policy K. In the analysis of the
global convergence result (Theorem 3.5), (3.14) imposes a similar condition on C'(K*(©), K~%)
which is associated with the initial policy K (?). Condition (3.14) in Assumption 3.3 and the
step size condition in Theorem 3.5 guarantee that, condition (3.56) holds for any K = K™
throughout the training process (m = 1,2,---, M). This further ensures that the one-step
contraction analysis in Lemma 3.20 can be applied iteratively which leads to the global
convergence result as stated in Theorem 3.5.

(2) Note that the numbers such as 20 and 80 that appear in Iy, I are not arbitrary and,
although some minor improvements can be made by optimizing at various stages, they enable
us to obtain reasonable bounds.

Proof We break this proof up into a series of steps.

Step 1: We first consider the consequences of the condition n < min{Iy, I5}. Straightforward
calculations show that when condition n < I is satisfied, the following inequalities hold:

1. Vi=1,---,N,

ag
2Q oX (3.60)

if i _ e -1 B et
I = Kl = nllV s, O (KB < gt 2
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2.Vi=1,---,N,

P%(T Crh—t*
T 20K — i
o 2= (S T 20 ZHVKO

P —
2T q N i, —ix .
< 0 (2 (2T ) 20k 227 max( 9,0 (8O}
2 Ki
pr — 1 aQ ox t
9x
< 3.61
< T (3.61)
3.Vi=1,---,N,
QX
n<h < - T (3.62)
ax +22 = (yr + VB ox )
In the case where n < Iy, we have Vi=1,--- | N
10T CH— o d 10T CH— ol
477k‘<’YR + (’73)2 ) +877<) (’YR + (73)2 )
"(10T - 1) gq Ox ox \(10T' - 1) oq ox

10T0i,—i* Ci,—i*
< AL | ki————— 2
- 2( (10T 1) oq <7R+ (vs) ox >

2i 10TCH—* \ 2 y )202‘,—1’* 2
ox —(10T “1)og TR T VB ox
d (10T min;{C*}\” __d_ (10T max{C"""} 2
2005 \ (10T —1)ag ) ~ 200x \ (10T —1)og
By (3.60) and Lemma 3.13 we have

(3.63)

. . 0gpn O 1
K Ki|l< 29X < :
BlIE =~ Kill < sorci < 207

Therefore, we have pg g’ < pg by Lemma 3.16.

Step 2: We bound the norm of the state covariance matrix. By Lemma 3.17,

T-1
Z H.F z K—l* - K’L/ K—l*H < QPK/YB (Z ||Kt KZ’H)

t=0

and hence by Lemma 3.19, we have

HEKQK%* — Sguge|| < <Z | F e — Fci - H|> (Il + TIIW 1))
p — 027_7* . .
< f; L (S i) 2o K- K7
Pk — 9Q
2T 7, —1% T-1
pr —1 <C’ n i
< +T|W| | 20x78 — > IIViC'(K)|
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Ox
< = 3.64

where the last inequality holds by (3.61) when Y1 ' |V Ki C'(K|| > 0. Note that when
Z ||VKZC’Z( )|| = 0, we have HZKi7K7i* — Ygir g—ix ) =0 < 5% and hence (3.64) still

holds in this case. Therefore, by Lemma 3.13, and noting ox < [|Xgir g—ix||/T,
Ci,*i*
HZK“,K*” < HEK“,K*” — ZKi,Kﬂ'* =+ HZK”L,K*” < +
10 aQ
E i — ik Ci7_i*
< RS , (3.65)
10T oQ
which leads to o
10T CH ™
Yo g-in|| < . (3.66)
[Pk, (10T — 1) aq

Step 3: We now bound ||PtI§ — ﬂ{f’K_i*H by Z;VZLJ.# ||K7 — K7*||| where K = (K, K).

ot -

N T
— <At_ZBgKg> t+1Z<At ZBJKJ)

j=1 J=1
i1 J 1J% K'K % i 11 J 1-J%
—< — BIK} — ZBK) ity < ~ BIK} — ZBK)
J=L1j#i j=1,j%#i
N N o
< ( ZBJKJ> (PK,, — PR )(At—ZBgKg>
j=1 j=1
- <At—ZBgKg) pEX <At—ZBgKg)
j=1 j=1
18 74) J 1) * K K |7 g J g J*
—< ~ BIK} — ZBK) by < ~ BIK} — ZBK)
Jj=1,j#i j=1,j#i
Ki,K_i* K (23 . ™
< pKH t+lz_Pt+1,i +2pK’YBH t+1z HKtj _Kg (367)

J=lj#i
where the last inequality holds by letting X = Pﬁ}fﬁi*, Y = Ay — Zé\;l Bg Kg , and

Z= A — BiKj - YN, . BIK]* in (3.48). Since HP{{Z. — pKLET
time T', we obtain V¢t =0,--- , T — 1,

= 0 holds at terminal

o i 2T—t) 4 T-1 N
|t — pee | < B Tl SV S k) @)
’ ’ Zx 7 S i Pl
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Therefore, Vt =0,1,--- ;T — 1,

K Ki’Kfi*
|5 gk

N N
. K Ki,Kii* . . i KZ"K,M . . .
= BT (P - P (A S BIKT ) - B TRGET Y Bl - k)
i=1 j=Li#i
K KiK—i* o O Y j jx
< pxVBI P — Py I+ (is) > IIK! - K| (3.69)
=X =L
- 2AT—t—1) T-1 N N
(yp)*C—* [ 2p%(p —1) o ——
< T oo KL -EF+) ] IIK - K| | (3.70)
X Pk =T+ j=1,5 =Ly

(,YB)QCZ‘,—Z‘* 2(p2(T—t)_ T-1 N

< k. “USS koK

7
X k=t S\ AT

()20 (2008 1) N i e
b =Y L

(3.71)

J=1j#i
where (3.69) holds by (3.27), and (3.70) holds by (3.68).

Step 4: We can now estimate the cost difference between using K? and the update K”. By
Lemma 3.12 we have

Ci/,fz'* . Cz’,fi*
T_l i o . . o . . .
= 30 [T (S - kDT (R (B TR B (Y - K))
t=0
Ki/,Kfi* . . Ki,Kfi*
2T (SFKT (R - i) TEEET).

Using the updating rule K/ = K} — nVKZC(K)(Z{{)*l and the expression for the gradient
from Lemma 3.9

Ci/,—i* o Ci,—i*
T-1 ) ) ) )
K’L/’K*Z* - - K7,7K72* -
= > [ (SR BT (R + (B TR B(EE))
t=0

Ki/,K_i* Ki,K_i*
—4nTr (Zt (Efﬁ)TEt,i )]

=
L

Ki/’Kfi* Ki,Kfi* Ki,K*i* . . Ki,K*i* .
[ T (SR (BE — BT 4 BT (R4 () TR B (B

if
o

Kinyi* Ki,Kfi* Ki,,Kfi* K Ki“Kfi* Ki7K7i* T Ki,Kfi*
—E;; +E;; ) —4nTr (% (Eri — By +E; ) Ey; )}

N
-

K" K=" K Ki K~ ] T pK K=" niy K K' K~
=3 [P T (ST B - BT T (R (BT RS B (EE - BISKTT)

~
Il
o
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Ki/’K—i* Ki,K_i* . . Ki,K_i* . Ki,K_i*
+81° Tr (5, (B — B TR+ (B)TP BYE; ™)

t+1i
Ki/,K_i* Ki,K_i* . . Ki,K_i* . Ki,K_i*

40 Te (S T ES ) T@® -+ (B) TR BDESC )
Ki/,K_i* K Ki,K_i* Ki,K_i*

—4nTr (3, (Ef — By ) B )
K’”‘/,Kfi* Kz"Kfi* Kinyi*

— 4Ty (3] (BSHT TR,

Now, letting w? = ol in
=X

1
2Tr(A"B) =Tr(A'B+ BT A) <w?Tr(ATA) + — Tr(B'B),
w
(which holds for any matrices A and B of the same dimension) we have

Ci/,fi* o Ci,fi*

K“,K—Z* K KZ,K_“ . . K’L,K—’L* - K KZ,K_Z*
< 3 [P e (SR EE - BT TR+ (B) TP BB - EIT)
t=0

ox Ki K"\ T Ki K—i* 1 K" K~ K' K~
+8772T Tr ((E}; )TEt,i )+ 8772; Tr (% (B — B )"

. . Ki7K7i* . . . Ki,Kfi* . K KiVKfi* KiIVKfi*
(R; + (Bg)TPt+1,i By) (R} + (Bi)TPm,i By)(Ey,; — By, )2y )

K K- Ki K—i* ' T pK K=" iy KK~
+4n” Tr (Et (Et,i )T(R§+<B§)Tpt+1,i B;)Et,i )

1 Ki/,K—i* K Ki,K_i* T K Ki,K_i* Ki/,K_i*
—1—477& Tr (Et (Et,i — Et’i ) (Et’i - Et,i )X )

g }'{'i’}'{'_i”c Ki,K—i* Ki}K—i* Ki,K_i*
a2 T (KT TR — oy T ((BFT)TE )]

t,i i
T-1 . . . . 8?72 . .
K“,K_Z* . iN T KZ,K_Z* > . iN T KZ,K_Z* .
< 3 [Pl e (R (B TR B+ R+ ()T REE B
t=0 —
Ki' K—i* (K K~ 4n Ki' K—i* (K K~ K Ki K—i* 2
Tr (Et 2y ) + ; Tr (Et 2y )) ”Etz - Et,i I
Ki/rKfi* . . Ki,Kii* .
+(20° ox +477||% 1R+ (B) Py Bill+nax —4nox) -
Ki,Kfi* T Ki,Kfi*
Tr (£ ) By )] . (3.72)
Now, using HZKi/’Kﬂ‘* < 26;’;” by (3.66) (this is a loose approximation in order to ease

the analysis and smooth out the presentation), we can bound the step size condition in (3.62)
by

(%5,
< - -
= Kil K—ix ; NT pELK— ™ i
ax +2[1% R+ (BT Py Bl

This gives
2172 ox +4772 H E{{il’Kii*

. . KiVKfi* .
HRi +(B) Py Bé” +nox —4dnox < —nox -

Hence, using this in (3.72), we have

T-1 T-1
i —ix P —i% - K Ki,K_i* Ki,K_i* T Ki’K—i*
CHH OV <nhlg Y | ES-E;, P—nox D T (B, )'EST ), (373)
t=0 t=0
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where

. 1OTC'L7—Z* Z,—’L* d 1OTC’Z,—’L*
Z. = 4 k’l— 2 —_— —_—m .
diff n (07— 1)ogq (’YR + (vB) ox ) + STIQX <(10T — 1)%>

+( )QCi,—i* 2+4i 10Tci,—i* 2
YR T VB ox ox —(1OT—1)QQ .

Therefore, by (3.66), (3.71), Lemma 3.11, and Lemma 3.13,

2
cih—ix _ o < nhz. T (73) c (pK ) Z H‘Kj *K]*’H
diff p 2
X Pk =Lt
KZ’K—Z* K’L,K—’L*
—nNox Z Tr ((Em )TEt,z' )
t=0
N 2
< nhgen | Y. |IKI-K*||| - U (Ch= — C™),(3.74)
=1
where
10T maxi{C’“_’*} QmaXi{CZ’_”} d /10T maxi{C’“_’*}
hoton = 4T |1 k; e on— .
glob U7 10T — Do ’YR"‘('YB) o + ng 0T — 1o
£Q X X £Q
 ix 2 ik 2
(TR (10T ma{ OV T
ox ox \ (10T'=1)oq
(v8)? maxi{C" ™} 2(pg — 1)
ox pg — 1
(3.75)
Step 5: Finally we can establish the one-step contraction. Using (3.74), we have
Ci/,fi* . Cz* — Ci/,fi* o Ci,*i* + Ci,fi* . Cz*
S R DGR S R U [T B S CXD
J=1j7#i

Hence by Lemma 3.12 and (3.42), we have

2
N N N
> (oo 2 IS Ik 2 XIS - R
J=1j#i J=1j#i J=1j#1
and thus
N
Ci/,—i* o Cz* < (1— I9X IR Ci,—i* o Cz* +nh T(N — 1) Cj,—j* _ Cj*
(3.77)
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Summing up (3.77) for i = 1,--- , N, we have

N N
o T(N —1) i
§ O _ %) < ( fX 9R +n(N — Dhgo > § : O _ (O )
P ( ) = ||ZK* 77( ) glob OxOR i:1< )
(3.78)

Since n < I, we have (3.63) and then

1.d /10T {CH ™ d JCHTH .
lﬂ‘ < (4 + — ) maXl{ } <5— M , and hglob < hgloba
207 0x (10T - 1) aq ox o)
where ﬁglob is given by
B [Oh—ix4 419,27 _ 112
agap = 5T d 251 (5) [ s q . (3.79)
9Q" 9x Pg — 1

Under condition (3.56), we have

g2 OxXOR 27
-2 = — (N =1)2h
0x g1 o 4 HE *H ( ) glong oR

which indicates that an > 0. Since n < (%v we have
IR

n<”ZK*”<(UXUR (¥ = Do, — )_1_(0 oo >
N A R (- 2
Ox OR Sk #%0x oR ox!

Recall that in the statement we define o = ax g1 — g2/ QX4. Therefore we have an < 1.
Along with (3.78), we obtain the one-step contraction (3.59). |

Lemma 3.22. Assume Assumptions 2.1, 2.2, and 2.8 hold. Then we have that for player i,

2(T+1) 2
i( PK -1 PR —1
Zuvwc 12 < 89 K s+ T ¢ -
pr — 1 pK 1
. . . 2
S =) [ 2, O K 200~ 1)
Ox OR 0x pg — 1
N . . . .
> (CUKTK) - CI(KY)
j=1,j#i
oxYr+ (VB i C'(K' K" i g pr—ik ne
+=X >JZX21 ( )(C(K,K ) — C{(K™)) ¢,
(3.80)
Proof Using Lemma 3.9, we have
-1 ' T—1 T—-1
S IV CE)IP <43 T (SK(EE)TEESE) <415kl Y T ((BK)TEE).
= t=0 t=0
(3.81)
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and
T-1
T ((B5)TEE)
=0
T-1 . . . . ) ) . .
K Ki K~ Ki K~ K KK~ K* K
= Z Tr ((Et,i — B + B ) (B - By + B )>
=0
T—1 S S T-1 o .
K K’L7K72* K KZ,K*Z* K747K7’L* K’L,K*Z*
< 25 " Tr ((Em» — g T(EK — EX )) +2> Tr ((Et,i ) By, )
t=0 t=0
< 2d HEtK KT o ((E{‘ KT KK ) . (3.82)
t=0 t=0
By (3.42), (3.71), we have
T-1 o
5o -
=0
2

(vB)2CHKL K= 2008 —1) [ &

< T KJ _ K7*
ox 21 jg;#m I
T2 (N 1) [(18)°C' (K K=) 2008 =1’ 1 S~ riqes we—iey (e

J=Lj#i
(3.83)

By Lemma 3.11 and Lemma 3.13, we have

T-1 N P Qi (Jri Jr—ix o , .
Z Tr ((EKZ,K )TEK K ) < 9x TR + (73) C (K 7K ) (Cz(Kz’K—z*) o CZ(K*)) )
t=0

ti ti O_X2
(3.84)
By Proposition 3.14,
T—1 T—1 t
1=kl < 1ol + S_1GE) + S S 1D WD/ + T W |
T—1 T—-1
2(t+1 2(T—
< ol + 1%l Yo o+ TIW L S oY + T W
t=0 s=1
2(T+1) oT
— -1
< K" mg|+ 1w (3.85)
P —1 P —1

Note that here we use Zthfll Zi:l p%tis) <T Zz:ll pi{(Tfs), which is a loose bound in order
to simplify the presentation. Therefore, combining (3.81)-(3.85), we obtain the statement
(3.80). [ |
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Finally, we are ready to provide the proof for the main result based on Lemmas 3.20 and
3.22.
Proof [Proof of Theorem 3.5 We first show that the total cost for the N players decreases
at round m = 1. Take K = K and K’ = K in Lemma 3.20, we begin by showing that
there exists a positive lower bound on the RHS of (3.58). By the Cauchy-Schwarz inequality
and Lemma 3.22,

T-1 T-1
Y IV CHED) | < (| T- [V CHE )2
t=0 t=0
P+ N
—1 PR T?2(N -1 2N Cbi
pK@) me> IxOR ox
1/2
2002, —1)]° 25N i —ix N
(f;Km) ) L 2xr+ (B) 221:1 c TS (i - o)
Pro 1 ax —
2(T+1) -1 52T _ 1 T2(N -1 2V i,—ik
< 22 <||zor|+”p : TIWH)-{d W=D el 2 O
OxOR Ix
2(p*" — 1) ? ox YR+ (YB)2 N, OB 12 N
= i= T i—ix _ ik
152 -1 :| + QX2 ;(C C ) )

where the last inequality holds since, after performing one-step natural policy gradient
KW = KO — v CUK O >)(2K(°)) we have

T 1
< p*+N
pro) < p +Nyp ox ngJr 5072

=7 (3.86)

where p* and p are defined in (3.9) and (3.10), and 1 := max; {C*(K*©), K~"*) - C™*}. (3.86)
holds by Lemma 3.16.

Now we aim to show that % is bounded below by polynomials in some model parameters.
Given that HAt - va | BIK}*
above by polynomials in T', N, v4, fyB,

<4+ WB|HK*H| and that Lemma 3.16, p can be bounded
o o and ||K*||, or a constant 1 + £. Therefore,

ford<ab+cw1thbomeabcd>0and

1 1
+17 ya+10

"/B+1’ IX: 5y +1, IR 5, +1, and H\K*|||+1’ or a conbtant 1+£ Similarly, I; can be bounded
1 1 1 1 1 1 1
+1 T+1) N Civ—i*+1’ WI+1°[Zol[+1°va+1’> yp+1’yr+1’
1 1 1 1 :
Zn Tl ZR 5571 2Q0 7y 110 2X) and TR+ and Is can be bounded below by polynomials

n 1 1 d 1 1 1 o 1 1 o
2okl d+10 7 SN gi—in 17 ypt1? g +1° Q) Yp+10 gx +1° =X+

along Wlth the fact that d > m

a“+1 > (a+1) fora >0 and n € NT, 113 is bounded below by polynomials in T+1, N

below by polynomials in div N1

~ 1
Hence, there exists g € H (ZN Cl(Kl ONe ”)+1>

1 1 1 1 1 1 1 1
S, OO K17 Tk d+17 b N¥T> THD WIFTTSRT 2910 7571 GRFl ax F1°

ox, gRl—l-l’ IR 5 +1’ ag, and HIK*III+1’ such that when n < 19, the step size condition (3.58)

as an appropriate polynomial in
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is satisfied. Therefore, by Lemma 3.20, we have

Mz

i(cz K0 —’*)—02*)3 1 - an)

1=1 =1

(Cz Kz —z*) o CZ*)),
with a defined in (3.20), which implies the total cost of N players decreases at m = 1.
Proceeding inductively, assume the following facts hold at round m:

o CHKHm=1) K=#*) O™ <) fori=1,2,---,N;
® Pr(m-1) < P

o TN, (CEH K - 0) < (L-an) T, (UKD, K - o),

Now we prove the above facts also hold in round m + 1. Taking K = K™~ and K’ = K("™)
n (3.77), we have

Ci(Ki,(m)’K—i*) o Oz* < (1 UX UR)(Ci(Ki’(m_l),K_i*) _ Cz*)

B TSk
TIN=1)( & i : «
+n hglObJ< Z (CJ (K]v(m—1)7K_J*) . CJ*)>
CXOR N\ 1
T(N —1
< (IR e g, O N 1w <

OxXOR

Ix IR

The last inequality holds since 1 — Uinspe
Therefore by (3.53), we have

1)?

i/ hglobgigR < 1 under Assumption 3.3.

i( K i,(m) i
ngRm?x{C’(K K -0 }+20T2_'0

PK(m) = P+ N’YB\/
Thus the step size condition (3.58) is still satisfied for K = K™ and K’ = K™+ with
n < o, since pgem < pand S CHEHM K=) < sz\il CHK»O) K~*). Therefore,
Lemma 3.20 can be applied again for the update at round m + 1 with K = K™ and
K’ = K(m*1) to obtain:

ﬁ: (C'k D k)~ ¢) < (1 an)i (C'k ), k=) — ).
i=1 =1

N i i, —i%) __ (Vi . . .
For € > 0, provided M > = log (Zi:l(c (KO K")-C )), we have Zf\il (C’(K”(M),K_”)—

€

C)ge. m
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4. The Natural Policy Gradient Method with Unknown Parameters

Based on the update rule in (3.5), it is straightforward to develop a model-free version of the
natural policy gradient algorithm using sampled data. See Algorithm 2 for the natural policy
gradient method with unknown parameters. In contrast to the model-based case, where
the gradient VC!(K) and covariance matrix X! can be calculated directly, these two terms
can not be calculated in the model-free setting since the model parameters are unknown.
Therefore, we propose to use a zeroth-order optimization method to estimate the gradient
and an empirical covariance matrix to estimate the covariance matrix (see (4.1)). Building
upon the theories in Section 3, high-probability convergence guarantees (linear convergence
rate and polynomial sample complexity) for the model-free counterpart can be established in
the same way as for the Linear Quadratic Regulator setting in Hambly et al. (2020).

Algorithm 2 Natural Policy Gradient Method with Unknown Parameters

1: Input:  Number of iterations M, time horizon T, initial policy K© =
(Kl’(o), e ,KN’(O)), step size n, number of trajectories L, smoothing parameters r;,
dimensions D; = k; X d.

2: forme{l,...,M} do

33 forie{l,...,N}do

4: forie{1,...,L} do

5: fort € {0,...,7T—1} do

6: Sample the (sub)-policy at time ¢: IA(z’l = KZ’(m_l) + Ut” where UZ’Z is drawn
unlformly at random over matrices such that ||U; g =rs.

7 Denote & as the single tra, Jectory cost of player

1 4 1

i with policy (K; Em ) JK=5m=1)) where K; t(m ) =
(Ké’(m_l), e KZ (1 b KZ l,K (m 1) . ,Krfp’(_ni_l)) starting from x}).

8: Denote ' as the state covariance matrix with S0 = 2B (2T,

9: end for

10: end for

11:  end for
12:  Obtain the estimates of VKZCi(K(m_l)) and Z{ﬁmil) for each 7 and ¢:

A. i1
Z,l Ut%’

L
Z . (4.1)

L
szCZ( (m 1 Z

“I\D‘p

h\
b'\

13:  Update the policies using natural policy gradient updating rule:

Kz,(m) _ KZ,(mfl) . anéCz(K(m—l))(ii)*l (4.2)

14: end for
15: Return the iterates K(M) = (K1) ... gN.(M)),
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5. Numerical Experiments

We demonstrate the performance of the natural policy gradient algorithms with three
general-sum game examples. We will specifically focus on the following questions:

e In practice, how fast do the natural policy gradient algorithms converge to the true
solution? How sensitive is the natural policy gradient algorithm to the step size and
the initial policy?

e Do natural gradient methods converge when Assumption 3.3 is violated? How restrictive
is Assumption 3.3 in practice?

e Can Theorem 3.5 provide any guidance on hyper-parameter tuning? In particular, does
adding system noise improve the convergence?

The first example is a modified example from Mazumdar et al. (2019), in which they show
that in the setting of infinite time horizon and deterministic dynamics, the (vanilla) policy
gradient algorithms have no guarantees of even local convergence to the Nash equilibria
with known parameters. We will show in Section 5.1 that, under the same experimental
set-up but over a finite time horizon with stochastic dynamics, the natural policy gradient
algorithm with known parameters finds the Nash equilibrium with properly chosen initial
policies and step sizes. The second example is a two-player LQ game with synthetic data (see
Section 5.2). We will show that the system noise helps the natural policy gradient algorithm
with unknown parameters to converge to the Nash equilibrium. Finally, we investigate
the algorithm’s performance with known and unknown parameters for a three-player game
example in Section 5.3.

Performance Measure. We use the following normalized error to quantify the perfor-
mance of a given set of policies K = (K',K?,...,KV): fori=1,2,..., N,
Ci(Ki,K_i*) _ C’Z(K*)

Ci{(K*)

Normalized error (of player i) =

5.1 Convergence of the Natural Policy Gradient Algorithm

For policy gradient MARL under the setting of N-player general-sum LQ games, some
difficulties in convergence have been identified in some empirical studies. For example,
Mazumdar et al. (2019) showed by a counterexample that in the setting of infinite time
horizon and deterministic dynamics, the (vanilla) policy gradient method avoids the Nash
equilibria for a non-negligible subset of problems (with known parameters). In this section,
we illustrate that in our setting with finite time horizon and stochastic dynamics, the natural
policy gradient algorithm (with known parameters) finds the (unique) Nash equilibrium
under the same experimental set-up as in a modified example given in Mazumdar et al.

(2019).

Set-up. We set up the model parameters and initialize the policies in the same way as
Section 5.1 of Mazumdar et al. (2019). Under the following set of parameters, there exists a
unique Nash equilibrium since the sufficient condition in Remark 2.4 is satisfied.
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1. Parameters: fort =1,--- ;T —1

~ [0.588 0.028 N1 2 [0 [0 0
At_[o.sm 0.056}’ Bt_H’ Bt_H’ W‘[ ]

Qr=Q; = [0'81 ﬂ , Qp=Qf= [0 N &7] R(t) = R(t) = 0.01,

where o0 € R and T = 10.

2. Initialization: we assume the initial state distribution to be [1,1]" or [1,1.1]" with
probablhty 0.5 each. We initialize both players policies K’ L0 (Kz(’)(o), KZi(O)) such

that (K, ( ) _ in? + (K| K] (0) — Ki$)? <72, where K}* = (K}, Ki7) denotes the Nash
equlhbrlum, and r is the radlus of the ball centered at K}* in Wthh we initialize the
policies.

Convergence. The natural policy gradient algorithm shows a reasonable level of accuracy
within 1000 iterations (i.e., the normalized error is less than 0.5%) for both players under
different levels of system noise o2, which ranges from 0 (deterministic dynamics) to 10. See
Figure 1 for the case where r = 0.25 and Figure 2 for the case where r = 0.30. We observe
that when we initialize the policies in a larger neighborhood of the Nash equilibrium, it takes
the natural policy gradient algorithm (with the same step size) more iterations to converge.
There is a sharp peak in the normalized error for player 2 and this peak diminishes when the
noise level increases.

= < 0014

=

[ 3 0.012

& z

= & 0.010

3 —

o o

g g 0.008

el T 0.006

& g

© o 0.004

£ E

5] S 0.002

=z =2

0.000
10° 10! 102 103 16" li)1 162 1’03

Number of iterations Number of iterations
(a) Player 1. (b) Player 2.

Figure 1: Normalized error under different o2 when r = 0.25 (n; = 2 = 0.1 and M = 5000).

In Figure 3, we show the normalized error and the corresponding trajectories of learned
policies near the peak observed in Figure 2 under o = 0. We denote by K} = (K¢, K{;)
the learned policy at ¢ = 0 of player i. The peak period (iterations 300-900) is indicated
in grey in Figures 3a-3c, and the trajectories of learned policy Ké for the rest of the whole
10000 iterations are indicated in red in Figures 3b-3c. The natural policy gradient algorithm
overshoots in the first few iterations but detects the right direction after about 500 iterations
and eventually converges to the Nash equilibrium (see the blue star in Figures 3b-3c).
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o
=3
=

0.034

=4
o
)

Normalized error (Player 1)
o
o
2

Normalized error (Player 2)

0.00

1(’)“ 161 102 103 1(’)“ lbl 102 103
Number of iterations Number of iterations
(a) Player 1. (b) Player 2.

Figure 2: Normalized error under different 0 when r = 0.3 (7, = 72 = 0.1 and M = 5000).

0301 —— Player1(n=0.1) 0.40 0.00
§ o] Player 2 (n=0.1) 035 oo
o 030{ W -010
|_IE
B L5025 015
% X 0.20 —0.20
g 0.15 % Nash -0 Y Nash
2 010 m  Initial —0.30 Initial
0.05 A Final -0.35 A Final
Too To To? Tor Tot 050 055 0.60 065 0.70 -020  -015  -010  -005 0.00 005
Number of iterations K3o Ko
(a) Normalized error. (b) Trajectory of K. (c) Trajectory of K2.

Figure 3: Normalized error and trajectories of learned policies with o2 = 0 and r = 0.3
(m =mn2 = 0.1, M =10000). The peak period between iterations 300-900 is indicated in grey.
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Performance under Deterministic Dynamics. We observe that under carefully chosen
initial policies and step sizes, the natural policy gradient converges to the Nash equilibrium
even with deterministic state dynamics (o = 0). We first show the case when the natural
policy gradient algorithm diverges with = 0.42 and 71 = 12 = 0.001 in Figure 4 (a trajectory
of 10000 iterations is indicated in red). However, either by adjusting the step size to ne = 0.01
(see Figure 5), or by initializing the policies from a smaller neighbourhood around the
Nash equilibrium (see Figure 6), the natural policy gradient method converges to the Nash
equilibrium. This further demonstrates that the theoretical result, along with its assumptions,
in Theorem 3.5 could provide insightful guidance on how to tune the hyper-parameters for
practical examples.

—— Player 1 (n=0.001) 0.35 0.00 *
§ 0.8 Player 2 (n=10.001) 030 oo
g 0.6 0.25 0.10
Q ~30.20 ~E 015
'r—é 0.4 015 -0.20
,6 s 0.10 Y% Nash -0.25 Y% Nash
=2 0.05 W |Initial ~0.30 W Initial

A Final A Final
0.0 0.00 -0.35
To0 Tot T0? 100 1ot 0.4 05 0.6 07 08 0.9 -0.4 -03 -0.2 -0.1 0.0
Number of iterations Ko Ko
(a) Normalized error. (b) Trajectory of K. (c) Trajectory of Kg.

Figure 4: Performance of the natural policy gradient algorithm with r = 0.42 and 9 = 1y =
0.001 (M = 10000).

—— Player 1 (n=0.001) 010
0.04 Player 2 (n=10.01)

0.08

g 006

*
% Nash —015
®nitial
A Final

% Nash
m nitial
A Final

Normalized error

10° 035 0.40 0.45 0.50 055 -030 -025 -020 -0.15 -0.10 -0.05 000 005

10° 10! 107 10°
Number of iterations Ko Kdo

(a) Normalized error. (b) Trajectory of K. (c) Trajectory of K§.

Figure 5: Performance of the natural policy gradient algorithm with r = 0.42, ; = 0.001,
and 72 = 0.01 (M = 20000).

5.2 Effect of the System Noise

As illustrated in the theoretical analysis in Section 3, the system noise plays an important role
in the convergence guarantee of the natural policy gradient algorithm. To test the sensitivity
of the performance of this algorithm to the level of system noise, we apply the natural
policy gradient algorithm with unknown parameters to a two-player LQ game example with
synthetic data consisting of a two-dimensional state variable and a one-dimensional control
variable. The model parameters (except the level of noise 0 in W which we will discuss
later) are randomly picked such that the conditions for our L(Q) game framework are satisfied.
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0.025
—— Player 1 (n=0.001)
Player 2 (n=0.001)

0.10
3 0.08

0.06

\/ 0.04

0.000 002

Too Tot To? o0 To Tos 0400 0425 0450 0475 0500 0525 0550 0575 -0.04  -0.02 0.00 002 0.04
Number of iterations K3o K3y
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°

°
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Y Nash Y Nash
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(a) Normalized error. (b) Trajectory of K. (c) Trajectory of K2.

Figure 6: Performance of the natural policy gradient algorithm with » = 0.16 and n; = 1y =
0.001 (M = 100000).

Set-up. We perform the natural policy gradient algorithm with synthetic data given as
follows.

1. Parameters: fort =1,---, 7T — 1,

_ [0.588 0.28 11 > [0.5 _[o? 0
At[o.57 0.56}’ BtM’ Bt[1]’ W[o 02]’

L s [1 0 1 2 [0001 0 1 o2
QT—[O 1]’ Qr = 0 03|’ Q=G = 0 0.001]’ Ry = Ry =1,

where 0 € Ry and T'= 5. The smoothing parameter is r; = r2 = 0.5 and the number
of trajectories is L1 = Lo = 200.

2. Initialization: we assume zo = (2§, 22) with 22 and 23 independent and sampled from
N(10,2) and N (12,3) respectively. The initial policy for player 1: K' ¢ R*10 =
(K&’(O), e ,K%fol)) with Ktl’(o) = [0.3,0.15] for all ¢. The initial policy for player 2:
K2 e RV = (k2O K20 with K2 = [0.1,0.05] for all ¢.

Convergence. To show that (even a low level of) the system noise can indeed help the
natural policy gradient algorithm to find the Nash equilibrium, we vary the value of ¢
from 0 to 0.1 and show the normalized error for different values of o2 in Figure 7. The
natural policy gradient algorithm diverges when ¢ < 0.001 for both players, and it starts
to converge with large fluctuations when o = 0.01. When ¢2 = 0.1, the algorithm shows a
reasonable accuracy within 300 iterations (that is the normalized error is less than 5%) for
both players without fluctuations. It is worth pointing out that in fact, although Assumption
3.3 is violated when o2 = 0.1, the natural policy gradient algorithm converges to the Nash
equilibrium. Finally, it is possible to make the algorithm converge when o2 < 0.001 by
adjusting the initial policy and the step size, as shown in Section 5.1. In practice we may
not be able to change the variance of wy directly, however the level of system noise can also
be increased by adding (Gaussian) explorations to the agents’ policies. See Houthooft et al.
(2016); Wang et al. (2020) for more discussion of Gaussian exploration.

Trajectories of Learned Policies. We show the trajectories of the learned policy at ¢ = 0
of player 1 by performing the natural policy gradient algorithm with unknown parameters
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Number of iterations Number of iterations
(a) Player 1. (b) Player 2.

Figure 7: Performance of the natural policy gradient algorithm with unknown parameters
(7]1 =12 = 0.001).

under 02 = 0.01 and 02 = 0.1 in Figure 8 (with 1000 iterations). In the case of a lower
level of system noise (o2 = 0.01), the natural policy gradient does not converge to Nash
equilibrium with 7; = 12 = 0.001 in Figure 8a, whereas when the level of noise is increased
to 02 = 0.1, the learned policy approaches the target within 1000 iterations with the same
step size.

0.18
Y Nash ,;iﬁf;,m*
0.1 * B Initial 0.16 4 *hﬁ J’i‘ ",
4, . +, + +
] A Final * ¥
0.0 \ 0144 *nh *3!;
- g 0121 *&
¥ 021 X . 3
0.10 Mﬁ‘ 4 .
-0.3 4 ‘5& %ﬁt&%*
0.084 * W Nash
—0.41 “"*.‘, N ®  Initial
T+ 0.06 1 & ‘:?Qg )
_051 ., * N «,,‘ A Final
01 02 03 04 05 06 07 08 006 008 010 012 014 016 018 020
1 1
KOO KOO
(a) o2 =0.01 (b) 0% =0.1.

Figure 8: Trajectory (indicated in red) of learned policy K} = (K}, K&;) (m = n2 = 0.001,
M = 1000).

5.3 Convergence in a Three-player Game

In this section, we perform the the natural policy gradient method with known and unknown
parameters in the following three-player general-sum game example. We show the convergence
of the algorithms in Figure 9.

Set-up. We set-up the model parameters and initial policies as follows:
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[0.05 —0.1 0.1 0.05 0.01 —0.02]
A= 01 02 —006|, B}=1001]|, B>=|-0.05|, B}=|0.01
|—0.02 0.03 0.1 —0.01 —0.02 0.05 |
(0.1 0.01 0.02 02 0 0]
W=1001 02 001|, Q+=03%=Q>=Q}=Q?=Q}=|0 02 0|,
0.02 0.01 0.1 0 0 02

RE(t) = R(t) = 0.5, R}(t) = 0.6, and T = 5.

2. Initialization: Take zo = (x, 23, 23) where z}, 23, 23

3 are independent and sampled

from N(0.3,0.2) and N (0.2,0.3), and N(0.3,0.2) respectively. The initial policies are
K =(0.35,0.01,0.1), K*(© = (-0.3,-0.2,0), and K3 = (-0.3,0.1,0).

Convergence.

We plot the normalized error for each player in the case of known parameters

and also unknown parameters in Figure 9. We can see that with three players, the algorithms
still have a reasonably fast speed of convergence in practice.

0.10
—— Player 1 (n=0.01)

Player 2 (n=0.01)
—— Player 3 (n=0.01)

Normalized error

0.10

Normalized error

—— Player 1 (n=0.003)
Player 2 (n=0.003)
—— Player 3 (n=0.003)

100 150 200 250 300

Number of iterations

0 50

(a) Known parameters.

0 200 400 600 800 1000

Number of iterations

(b) Unknown parameters.

Figure 9: Performance of the natural policy gradient algorithm with known and unknown

parameters.
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Appendix A. The One-step Contraction Lemma for the Vanilla Policy
Gradient Method

The convergence result for the natural policy gradient method can be extended to the case
of the vanilla policy gradient method. The key step is to prove the one-step contraction
(Lemma 3.20) for the vanilla version. This can be done by modifying some parts of the
current Lemma 3.20. We first recall the definition of g; and g2 as follows:

9R
[Pl

g1 =

and

g2 :=20(N —1)2T%d

. . ix 2
(v8)" maxi{C* (K", K~")}1 (,ﬁ{T— 1)
9Q*0R Pk —1

We further define go as

~ 2
g2 =92 (o I1Zoll + (& +1)IW]))
(v8)! max; {C* (K", K~")}* (P?g —1

9Q* R Pk — 1

=20(N —1)*T?d

2
) (P10l + (2F + IV,

(A1)

and g3 as

g 5max; {C* (K, K~*)} (maxi{Ci(Ki,K_i*)}
3 1=

+ o 1Zoll + (bF +1)IW). (A2)
99

8

We also write C*~ " = C/(K*, K~*), C* = C*(K*) and C"~%* = C*(K", K~™) to simplify

notation.

Lemma A.1 (One-step contraction for vanilla policy gradient). Assume Assumptions 2.1,
2.2, and 2.3 hold, and that

g0 I
ox' > max {gj,gf } . (A.3)

Also assume the policy update step for player i at time t is given by

K{ = K{ = nV;C"(K), (A.4)
where
n < min{l37147 HE;{* } <A5>
Ox“0OR
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with

o7y (DM .
Iy = {20Tox "K;”K_l) (Z 0 T|W |1 max{max{ |V ;C* (K) | }}+20g 0x
K i=1 !

2 N N —1
B i, —ix 2 i, —ix
#8255 ) (Il + (o + 1)WY }}mam
=X =1 i=1
o o N2
107 YN o N i 2d (107N, ¢
I4 — (max{k,}) ZZ_I YR + (73)2 Zz_l 4+ == Ez_l .
i (10T - 1) aq ox ox (10T = 1) ag

-1

ZN Cz — ik 2
N o 9
(’YR + (73)2;}(> (hK IZall + (oK + 1)[W]))

d (10T min{C™}\>
800x2 \ (10T —1)ag )

Let o .= QX2 g1 — 52/QX5 > 0. Then, we have
1. n€(0,1); and

2. the following inequality holds

N N
Z (Ci(Kilefi*) — Ci(K*)) < (1—an) (Z (C’i(Ki7K7i*) _ O'L(]{*))) . (A6)

i=1 =1

Remark A.2. We compare the noise condition (A.3) for the vanilla policy gradient method
and the condition (3.56) for the natural version in Lemma 3.20. We mainly focus on the
orders of N, T, and pg, and ignore other constants in (A.3) and (3.56). For the natural
version, we need

1/5
ox > (ii) =0 ((N — 1)2/5 72/ p}‘f/5) , (A7)

and for the vanilla version, we need

7

- 17
ox > max {Zi,gg?} =0 ((N — )Y 77 p;g{T/?) . (A.8)

The order of pg is higher in (A.8), and the orders of T and (N — 1) are slightly higher in
(A.7). Thus when p}; is small, the vanilla method has a weaker noise assumption. This may
happen when the time horizon T is small and the policy K is close to the Nash equilibrium.
In contrast, when pﬁ is large, (A.7) is weaker than (A.8) and the natural method is superior
to the vanilla method. Additionally, when N — 1 is very large (and pk does not blow up) ,
(A.8) leads to a weaker assumption.

We also note that other than the noise condition, there are also some slight differences
between the step size conditions (A.5) for the vanilla method and (3.58) for the natural
method, mainly in the order of p%g appearing in the denominator of I, I3, and Iy.
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Proof [Proof of Lemma A.1.] We break this proof up into a series of steps.

Step 1: We first consider the consequences of the condition n < min{Is, I4}. Straightforward
calculations show that when condition n < I3 is satisfied, the following inequalities hold:

1.Vi=1,---,N,

. . , op O
K — Ki|| = CUK)|| < ——9=X A
Y~ Kl =l Vi ') | < B (4.9)
2.Vi=1,---,N,
2T i,—i% T-1
pr —1 (C’ i
J +TIWI ) 2078 )  IVE:C'(K)
(,);{ “1\ o 21
2T ]\L Ol .
< g (D (2= ) 2T masd |V, K 1}
— o t t
Pk 92Q
9x
< = A.10
= 10 (A.10)
3.¥i=1,---,N,
2
nsho< 2CH—i* ( or Q)Q(T 2 Ty (A
20x +455 = (oK %ol + (o + DIWI)” (vr + 755
In the case where n < Iy, we have Vi=1,--- | N
IOTci,—i* Ci,—i*
dnk;——-—— 2
d 10TCH» ™ Ccu—w 2
30 (orrras) (et 0P ) RIS+ (G + 1)W1
ox (10T _ 1)QQ ox ( K ( K ) )
IOTCML,*i* Ci,fz'*
< 44| kj—r—— 2
d 107Cn»—* cHn 2
2 () (et (P ) ISl + G+ I
ox (10T _ 1)QQ ox ( K ( K ) )

d (10T min{C™}\> __d  (10Tmax{C""} 2 (A.12)
200x% \ (10T —1)0q ~ 200x? (10T - 1) aq ’ '
By (A.9) and Lemma 3.13 we have
9Qox 1

Bl K~ Ki| <

— < .
20T ChH—* = 2072

Therefore, we have pg g < pg by Lemma 3.16.
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Steps 2 and 3: The results in Steps 2 and 3 in Lemma 3.20 for the natural policy gradient
method still hold for the vanilla policy gradient method by the consequences (A.9) and
(A.10). Here we omit the proof and state the following results which will be used in Steps 4
and b:

107 C»™
HEK“,Kfi* S m, (A13)
and
i ix QCi,—i* 9 2T_1 N ) )
| — g < D22 I S <E <) B er)
=X K j=1j#i

Step 4: We can now estimate the cost difference between using K’ and the update K.
By By Lemma 3.12 we have

Ci/,—i* . Ci,—i*
T-1 i o . . o .
=T (ST - kDT (R (BT RIS BO (KT - K7))
t=0
+2Tr (uK" KT (K - Kf)TE{f;“K*”)} . (A.15)

For the vanilla policy gradient method, we have the following update rule
K = K} =V, C'(K) = K| — 2n EfS £
by Lemma 3.9. Then plugging in Kf — K} =-2n Et{‘; Ef{ into (A.15) leads to
Cil,—i* _ Ci,—i*
K’L/7K72* K K - - K17K71* - K K
=3 [t (ST SK (BT (R + (BT P B BESK)
t=0
Ki/,K_i* K K Ki,K_i*
—4nTr (Et 2y (Et,z‘)TEt,i )]

~
L

K“,K—i* Ki,K_i* Ki,K_i* . . Ki,K_i* .
[4772 Tr (Et 0 o + B ) (Ri+(B)PYi;  Bi)-

-+
Il
o

K Ki,Kii* K'L’Kfi* K Ki/7K7i* KK
(Et,i - Et,i + Et,i )2 ) —4nTr <Et (Et,izt

Ki’K—i* Ki/,K_i* Ki,K_i* Ki/,K_i* T Ki,K_i*
Em‘ 2y + E,; Xy ) Et,i )}

~
L

K" K=" K' K~ ~ T pK LK~ 1
= > [an? T (=TSR (B - BT T (R 4+ () TP BY)-

-
i
o

K Kinyi* K Ki/“Kfi* K K Ki,Kfi*
(Ef — B )S8) + 807 Tr (5 SE(ES — By, )"

. . Ki,Kfi* . Ki’Kfi* K Ki/,Kfi* K Ki,Kfi*
(Ry + (Bz)TPH-l,z‘ B))E;; Si) + 40 Tr (% 5 (B )"
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(B -+ (B) PE BYESF TS

t+1,0
7477Tr (EK K Tk (Et}»{zEK E K Z*ZKi/7K_i*)TE£i,K_i*)
_477 Tr (EK K (EtK: K- z*)TEKl K~ Z*EKH K~ 2*>:|’ (A]_6)

where the first equation holds by the updating rule, the second equation holds by adding
and subtracting Ef;Z’Kﬂ* and Ef;’Kﬂ* E{{Z K terms, and the third equation holds by

. . 2 .
expanding terms. Now, letting w? = o I

2Tr(A"B) =Tr(A"B+ BTA) <w?Tr(ATA) + = Tr(B'B), (A.17)

(which holds for any matrices A and B of the same dimension), the second term in (A.16)
can be bounded by

82 Tr (£ KT sk (BK - BT (RZ’ (B)TPE KT B EK KT 5K

< 8772%Tr((E5 KETEE ™) sy — Tr(EKEK KUK (BK - BT
gx

] K* K~ i i K& K~ Kt K~ KV K—i*
(R + (B) T PEYS" B (RE+ (B) T PR Bl (BK — EX Doribon =),
(A.18)

Now using the fact (A.17) again with w? = we can also bound the second last term in

(A.16) as follows

gx27

_477TI-( K K Tk E{(;EK EK K- Z*EKZIK z*)—I—EKZK z*)
K K~ K K~ K{ K~ K K~ Ki K~
= —dnTr (%, (( EtK; E; ;- )EK +E; (Ef{ - X )) o )
_ —477TI‘ (EK K EK EK EK K~ Z*)TEK”“K 1*)
K 7K Q% K 7}-{ % KZ,K 1% Ki,Kfi*
—4n Tr (% (=F - % NE; ) By )

1 ik i —ix 4 ik i —ix
477*" Te (EXK T TEE X )+—T (EK KoK (K - BT

S 4 t,1
Ix
Ki,K_i* K“,K_i* 7 Ki/,K_i*
(B — B, " )0 )+ anl|zf T 15K - 5] I
K K~ i KZK i
Te (B ) B )
Kz K 1% KZ,Kfi* 477 K Ki,Kfi* Ki,,Kfi* K

< nox’Tr ((E )" Em )+ izHEt,z‘ - Et,z' HQTT (Zt X

Then plugging the above bounds into (A.16) gives

Ci/,fi* . Ci,fi*
T-1 ) ) ) )
K K % KZ7K—Z* . . K’L’K—’L* .
|4 T ( SEES — BT (R + (B)TRE B -
t=0
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K Ki,K_i K X K K 7% Ki,K_i*
(Ef, — By, ) + 8P =X T T (B ) B )
1 K Ki/’Kfi* K K Ki’Kfi* . Kt K 1% .
+8772a Tr (Et X X (Et,i - Et,i )T(Ri + (B )TPt—H i By) -

(Ri (BZ)TPfHIz{ Bi)(Et{{Z-—Eff’K_i*)EKEK“’K_i*EK)

+an? T (SF K SK (BT TR+ (B)TPE KT BHEK KT eK)

KiK—i*\T oKi K—* an Kk LKIK-
+nox® Tr (B, ) Ef ) + TXQHEt,z’ - L I

Ty (5K K SKsKe K KT gy oK K7 oK _ oKWK
Tr ( K K TEK K- ) dnoy 2Tr((EK K )TEKZK i )}

T—1
Ki/,K_i* . KKz -
[(4n2||zt VNP T (R + (B)TREYE T BY)
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82 y Z ’L*
+i||R§+( BT PK K B2 Ty (SK KK gK g KKK oK)

4 KV K=" oK «K K" K~* K K K~
+;T (3] sKyK st ) IEE — BE)?

Ki/,K_i* . . Ki,K_i* .
+ (207 ax +an? | NISE 2 R+ (BT REST Bl +nox”
Ki/,K_i* K Ki/,K_i* Ki,K_i* Ki,K_i*
Fan| s ISE - T - o) T ((EFTT) TSR (A20)

where the first inequality holds by (A.18) and (A.19), and the second inequality holds by
the trace inequality (3.33) and rearranging terms. Now we bound the term || XX||. By (3.39)
and (3.49) we have

t—1
1=K = ||gH<zo>||+HZDHSWDL,S + 1w

< ok %ol + (& + 1) W] (A.21)
v (A.3) we have ox? > g3, which implies
5 10TCH ( 10TCH
(

+ o7 IS0l + (& + 1) 1))

>
X = MI0T —1) o \(10T — 1) og
K/ K~ K/ K~
= N (DA E D)
Ki/’Kfi* Ki/,Kii*
> 4z s - SR (A.22)

Now, since HEKN7K4*
by

< % by (A.13), we can bound the step size condition in (A.11)

2
(%5, ¢
< —— (A.23)
— K”,Kﬁl* . K7, K (23
20x +4/%; NSEN2IR + (BT R Bl

t+1 7
Combining (A.22) and (A.23) gives

Ki/rKfi* K . Kt K 1% .
2% ax +417° |24 IISE 1218+ (B) T PEE B
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Ki/,K_i* Ki,K_i*
+nax” -+, = - = | —4nox?
< —nox?. (A.24)
Hence, using this in (A.20), we have
. _* . _* . KZ’K—Z* K’L’K—Z* KZ’K—’L*
O = O <hlg YNBSS — B P —mex® ) T (Bt ) TELT ),
t=0 t=0
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where
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- 2
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Therefore, by (A.14), (A.13), Lemma 3.11, and Lemma 3.13,
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Step 5: Finally we can establish the one step contraction. Using (A.26), we have

Ci/,fi* o Cz* — Cil,fi* o Ci,fi* + Ci,fi* _ Cz*
2
N

2 o ) ; i
(1= 08 28) (e )t | D T - K Ja28)
j=1,j#i

Hence by Lemma 3.12 and (3.42), we have
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Summing up (A.29) for i =1,--- , N, we have

N 2 N
> (e =0 < (1= nFEZE gy g D) (DC’ e >> -
=1 K- & i=1

(A.30)

Since n < I, we have (A.12) and then

. 1. d (10T max;{CP*}\? 2
i< (44— i o7 |1 3o 27 VW
i < g0 (R g ) (RIS + G )W)
i 2
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< 50 (MDY sl + R+ DIV, e gon <
9x 99

where Bglob is given by

Prglob = s g maxi{Ct T (vp)" {2(/)?? -
=
g QQ2QX4 p%{ _

11)] (L 150] + (P + 1)[W])*.  (A.31)

Under condition (A.3), we have

~ 2
2 g2 _ Ix OR 27 T
- == = — (N —1)*“h >0
oX 9T 5T ok ( ) glob ;> 0
which indicates that an > 0. Since < % by assumption, we have
< Pk < ox’og (N —1)%h T\ 2 2\
- - R =|a e :
= ox?0R XK+ || glObQX OR ox o ox?®

Recall that in the statement we define o = ox2 g1 — g2/ ox°. Therefore we have an < 1.
Along with (A.30), we obtain the one-step contraction (A.6).
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We now explain the main differences between the above proof and the proof for the
natural policy gradient method. Since for the vanilla method we have Kti/ — K} =—2n EtK; »k
rather than K} — K} = —2n EtK; in the case of natural version, the extra X term needs to
be dealt with when calculating the individual cost difference C*:=% — C%~%_ More precisely,
the presence of XK causes more terms which need to be bounded (see equation (A.18)) when
finding an upper bound on C* % — %~ in equation (A.16), and the term |2 also needs
to be bounded above (see equation (A.21)). Due to these extra terms, the amount of noise
needed in the system has a more complex form given in (A.3), where a new g3 is introduced to
guarantee equation (A.24) holds. This further demonstrates that the natural policy gradient
method can be considered as a normalized version of the vanilla policy gradient method.
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