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Abstract

We prove existence and uniqueness of physical and minimal solutions to McKean-
Vlasov equations with positive feedback through elastic stopping times. We do this
by establishing a relationship between this problem and a problem with absorbing
stopping times. We show convergence of a particle system to the McKean-Vlasov
equation. Moreover, we establish convergence of the elastic McKean-Vlasov problem
to the problem with absorbing stopping times and to a reflecting Brownian motion as
the elastic parameter goes to infinity or zero respectively.

1 Introduction

McKean-Vlasov equations with positive feedback through hitting times have recently been
used in the modelling of a range of phenomena, from the self-excitation of neurons [7],
[8], through the modelling of default and systemic risk in banking networks, [9], [10], [11],
[12], [13], to a probabilistic representation for the supercooled Stefan problem [6]. In these
models, the feedback is generated through the dependence of the process on the distribution
of its hitting times. These create singular interactions that can lead to jumps and cause
complexity in the mathematical analysis such as non-uniqueness of solutions in general.
Our aim in this paper is to consider a variant in which the feedback is provided through
elastic stopping times. The McKean-Vlasov equation we consider is
Xe=Xo-+Bi—aly+ Ly, t=0 (1.1)
Ay =P(r<t), t>0, where 7=inf{t>0:L; > ¢}, '

where £ is an exponential random variable with parameter x > 0, X(_ is a random variable
with law 19—, > 0 a constant, B a standard Brownian motion, independent of ¢ and
Xo—, and L the reflection term we need to add to obtain a non-negative process. In the
case of a continuous process, L is the local time but as we will see the process X may
possess discontinuities and thus L is the positivity preserving function in the corresponding
Skorokhod problem. Feedback models with absorbing stopping times can be obtained by
setting £ = 0.

These problems are interesting from a mathematical point of view but can also be ap-
plied in several areas. For example, they can be used to model default cascades and systemic
risk in the banking sector when default does not happen immediately. The elastic boundary
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can represent factors that can influence default such as negotiations over additional funds. In
addition we will see that the elastic feedback model is closely connected to the supercooled
Stefan problem with kinetic undercooling discussed in [1].

The discontinuities that can occur as a result of the feedback lead to non-uniqueness. To
resolve this problem, in the absorbing case, [7] introduced the concept of a physical solution
to such a McKean-Vlasov equation. Existence of such solutions has been established for
several different feedback models [2], [3], [4], [7], [9], [12], while uniqueness remained
an open problem until Delarue et al. [6] were able to use the connection to the super-
cooled Stefan problem to prove uniqueness for a class of initial conditions with restricted
oscillations. In [5], the authors analyzed minimal solutions as an alternative natural solution
concept. They were able to prove the existence of minimal solutions and show that minimal
solutions are physical solutions.

In Section 2 we will establish existence and uniqueness of physical and minimal solu-
tions to the elastic feedback problem by exploiting a simple connection to a corresponding
absorbing model. In Section 3 we show the connection to the Stefan problem with kinetic
undercooling. We show weak convergence of a particle system to the McKean-Vlasov prob-
lem (1.1) in Section 4. Finally, in Section 5, we prove convergence of (1.1) to a reflecting
Brownian motion and an absorbing feedback model when letting x go to zero or infinity,
respectively. This is a probabilistic extension of the result in [1] where convergence to the
absorbing feedback model is shown under the assumption of continuous solutions.

2 Physical and Minimal Solutions

A solution to the problem (1.1) is a deterministic cadlag function ¢ — Ay, called the loss
function, that starts at 0, is increasing and satisfies the problem (1.1). We will define a
physical and a minimal solution for this problem. We will then show how to exploit the
results for absorbing equations to prove that (1.1) has unique physical and minimal solutions
and that these coincide.

The process X is areflected process that is the result of an application of the Skorokhod
map O : D([0,00)) — D(]0,00)) that maps a real-valued cadlag function to the corre-
sponding non-negative reflected process (see [16] Chapter 13.5). We see that the process X
can be constructed by taking a process Y defined as

Y;L = XO— + Bt - OéAt (21)

and applying the Skorokhod map O, i.e. X = O(Y). The term L that is needed to keep X
nonnegative is given by
Ly = (— inf Ys)VO. (2.2)

0<s<t

We can use this to find the following expression for the elastic stopping time
T=inf{t >0:L; =& =inf{t >0:Y;, < =&}
and the loss function A; becomes

= <t) = i < =8).
Ay =P(r < t) P(OégfgtYs < =f)
A first result that is important in the elastic case uses a simple argument, similar to that
proving [9] Theorem 1.1, to show that if the feedback parameter « is large enough, any
solution to (1.1) cannot be continuous for all times ¢ > 0.



Lemma 2.1. Let mg_ = fooo xvg—(dx). If « > 2(mo— + %), then any solution A to (1.1)
cannot be continuous for all times t > 0.

Proof. Assume a > 2(mo— + %) and A is a continuous solution. We have that
0 < Xinr = Xo- + Biar — alyar + Liar
After taking expectations and rearranging

mo— = QE[At/\T} - E[Lt/\r]-

Taking the limit as ¢ — oo and noting that Ao = 1, as inf;>¢ By = —o0, yields
& 1 1 1 1
Thus we get 2(mg_ + %) 2 «, a contradiction. O

The fact that, as in the absorbing case, solutions in general are not continuous means we
need to define a suitable solution concept. The two most natural ones to consider are that of
a physical solution and a minimal solution.

Definition 2.2 (Minimal Solution). A minimal solution A is a solution to (1.1) such that for
any other solution A we have
At < Atv t > 0.

In the case of absorbing feedback models these solutions have been introduced and
studied in detail in [5].

Earlier the idea of a physical solution was introduced by Delarue et al. [7]. A physical
solution, in the absorbing case, is defined as a solution A such that the condition

AN =inf{x > 0: Pt < 7%,0< Xo— + By —ali— < ax) < z} (2.3)

is satisfied, where 7% = inf{¢ > 0 : X; < 0} denotes the absorbing stopping time.
Recalling the definitions of the elastic stopping time in (1.1) and the map L from (2.2)
an equivalent condition for a solution A to the elastic feedback model can be defined.

Definition 2.3 (Physical Solution). A physical solution A to (1.1) is a solution such that the
condition

AN =inf{x 2 0: Pt < 7,0 < Xo— + &+ By —al— < ax) < z} 2.4)
holds for all ¢ > 0.

We will establish the existence and uniqueness of a physical solution for (1.1). The key
idea is that we can relate the elastic feedback model to an absorbing feedback model for
which these are known results by [6].

Lemma 2.4. Let A be an increasing cadlag function with Ag = 0. Then A is a solution to
the McKean-Viasov problem (1.1) if and only if it is a solution to the absorbing feedback
model

Y=Yy +B;—alA?, t>0
{t 0— + Dy — al\y, 2.5)

Ay =P(r*<t), t>0, where 7" =inf{t>0:Y; <0}

with initial condition Yy_ = Xo_ +&.



Proof. Let A be a solution to the problem (1.1). We can rewrite this using the definition of
the stopping time 7 and the Skorokhod map © in the following way

Ay =P(r <t) = P(L; > §) = P(inf(Xo- + B; — als) < =)
= P(inf(¢ + Xo- + By — ahy) <0)
= A

Therefore, a solution to the elastic feedback model (1.1) is also a solution to the absorbing
model (2.5). Conversely, any solution to (2.5) solves the elastic model. O

Theorem 2.5. Let Xy_ be a random variable with bounded density f such that f changes
monotonicity at most finitely often on any compact interval. Then there exists a unique
physical solution to the elastic feedback model (1.1).

Proof. By Lemma 2.4 we know that an increasing cadlag process A solves the McKean-
Vlasov problem (1.1) if and only if it solves the problem (2.5). Additionally, considering
the definition of a physical solution to the absorbing model (2.3) and to the elastic model
(2.4), we see that the same holds for physical solutions. Hence a map A is a physical
solution to the elastic feedback model if and only if it is a physical solution to the absorbing
feedback model (2.5). The random variable Yy_ with the law of Xq_ + &, has a density g
which inherits the properties from f, i.e. g is bounded and changes monotonicity at most
finitely often on compact intervals. Moreover, since £ is an exponential random variable we
obtain from the convolution formula that g(0) = 0. We can apply the results from [6] for
absorbing feedback models and conclude that the elastic feedback model (1.1) has a unique
physical solution. 0

Similarly, Lemma 2.4 can be combined with the ideas from [5] about minimal solutions.

Theorem 2.6. The elastic feedback model has a unique minimal solution. Moreover, if the
conditions of Theorem 2.5 hold, then the unique minimal solution and the unique physical
solution coincide.

Proof. Using the reformulation in terms of an absorbing feedback problem from Lemma
2.4, by [5] there exists a unique minimal solution and the minimal solution is a physical
solution. If we additionally have that the density of X(_ is bounded and changes mono-
tonicity at most finitely often on compact intervals, Theorem 2.5 applies and the physical
solution is unique. O

Remark. The results in this section and in Section 4 only rely on the random variable £ being
nonnegative, L' and such that the density of X_ + ¢ satisfies the conditions of [6]. Thus
we could extend our McKean-Vlasov equation to this more general formulation. However,
since we are mainly interested in elastic boundary behaviour, we focus on the case of &
having an exponential distribution.

3 PDE Formulation and Connection with the Kinetic Under-
cooled Stefan Problem
In [1] the authors study a free boundary problem called the supercooled Stefan problem with

kinetic undercooling as an approximation to the supercooled Stefan problem. They work
in the regime without jumps and use a probabilistic representation of solutions based on a



Feynmac-Kac formula to derive their results. In this section we show, under the assumption
of continuous solutions, that the elastic feedback model is a probabilistic formulation of the
Stefan problem with kinetic undercooling. Thus, the results in Section 2 on existence and
uniqueness, as well as the approximation results discussed in Section 5, are a probabilistic
generalisation of the results in [1]. We define a measure v by its actions on test functions
¢ € C? with kp(0) = 9,¢(0) as v4(¢) = E[#(X;)1i<,]. To obtain the dynamics we
calculate ¢(X;-) by applying Ito’s formula

1
d¢(Xt/\T) = a:):Qb(‘th/\‘r)dBt - aaz¢(XtAT)dAt + 6x¢(XtAT)st + §aa:x¢(Xt/\T)dt-

As X = 0, we have
P(Xinr) = (X)) Licr + (0) L.

Using this fact and taking expectations we have the measure dynamics
1
dv(¢) = iyt((‘)wgé)dt — avy(0:0)dAy + kP(0)E[Lin,] — ¢(0)P(T < t).

We focus on the last two terms and compute

KE[Linr] — P(7 < t) = KE[Li Li<r] + KE[(Lsr] — P(T < 1)
= KE[Lie ") — KE[Lie "] + P(r < t) = P(T < t) = 0.

Thus we obtain the weak form of the nonlinear PDE

{utw) = 10(9) + & [1vs(Dna®)ds — o [ v5(Dd)dAs,
At =1- fooo Vt(dl').

By removing the continuous drift using Girsanov’s theorem and applying the Radon-
Nikodym Theorem it can be shown that the measure v; possesses a density V (¢, x). We can
use integration by parts to derive the PDE governing the evolution of the density

oV(t,x) = %&;xV(t,x) + ah8,V (t, ),
10,V (1,0) = (5 —aky) V(£,0).

Now we reparametrize and set § = % L = A, and for ane > 0 set kK = [3/c. Finally,
writing u(t, z) = V(t,x — L), we have that u solves the free boundary problem

Ou = 30,u, onT = {(t,x) =[0,00)2 : x > L;},
u(t,Ly) =eLy, t>0,
(B —2u(t, L)Ly = Opu(t, L), t>=0, Lo=D0.

This is the Stefan problem with kinetic undercooling as discussed in [1].

4 Particle System Approximation
We consider a system of particles with elastic feedback given by

{X;?N =X, +B —aAN + LN >0 @

N . "N .
AV =53 1y vt t20, where 7y =inf{t>0,L" > ¢,



where the parameters are as discussed in Section 1 and the random variables &; are i.i.d. We
can use the ideas from Section 2 and formulate this as a system of particles with absorbing
boundary and initial conditions Xé_ + €. This way, we see that the theory for absorb-
ing particle systems also holds for the elastic ones. As for our McKean-Vlasov problem,
minimal and physical solutions can be defined for this particle system. In [5] existence of
a minimal solution is shown. Moreover, the authors establish that the physical solution is
equal to the minimal solution.

The goal of this section is to establish weak convergence, on the Skorokhod space with
the M1-topology [16], of the system (4.1) to a solution to the McKean-Vlasov equation
(1.1). After verifying tightness in the M1-topology we show that physical solutions to the
particle system converge to physical solutions of (1.1). We can then refer to the uniqueness
results in Theorem 2.5 to deduce weak convergence. The main idea is again to use the
structure of the processes X "N in terms of the Skorokhod map O, that is

XN =0() = o(Xj_ + B — aA})
and exploit the fact that the Skorokhod map is continuous on the Skorokhod space with the
M1-topology (see [16] Theorem 13.5.1).

4.1 Tightness

We closely follow the approach in [5]. We consider the loss processes A to be elements
of the space M defined by

M = {l: R — [0,1]|I cadlag and increasing, lp_ = 0,1, = 1}. 4.2)

Writing P(E) for the space of probability measures on a Polish space F, the space M can
be identified with distribution functions of measures in P([0, oc]). If we equip it with the
topology of weak convergence it becomes a compact Polish space, because the topology is
metrizable (for example using the Lévy metric). Define the spaces £ and E as

E:=0C([0,00)) x M, E:=FExR.

Theorem 4.1. Endowed with the product topology induced by compact convergence on
C(]0,00)), and the Lévy-metric on M, the space E and then also E are Polish. For w €
C([0,00)) and l € M, define

te|-1,0 - 0 te|-1,0
wt::{wo €[-1,0 lt:z{ €[-1,0

wy t€[0,00) Iy te]0,00).
For any « € R the embedding v : E — (D(|—1,0)) x R) defined via
ta(w,l,2) = (0 — o, 2)
is continuous.

Proof. The space E is Polish as the product space of Polish spaces. The fact that the map
(w,1) — (W — al) is a continuous map from E to D([—1, 00)) then follows as in the proof
of [5] Theorem 4.2. As a consequence ., is a continuous map. OJ

Theorem 4.2. Let (X V) nen be a sequence of stochastic processes with paths in D([0, c0)).
Suppose that X is of the form



XN =0y =0z - ayA™)

with ay a real number, ZN continuous and AN € M. Suppose that (Z™ ) nen is tight on
C([0,T)) for each T > 0 and (an) yen is tight on R. Furthermore, let (€V) ey be a tight
sequence of random variables on R. Following the notation from Theorem 4.1 we denote
by YN the extension of YN to D(|—1,00)) and set XN = O(YN). Then the random
variables ((ZN, AN ¢N))yen are tight on E, the random variables (YN, &N)) nen are
tight on D(|—1,0)) X R and the random variables (X)) are tight on D([—1, 0)).

Proof. By [5] Theorem 4.4 the random variables ((Z™V, A™))yen are tight on £ and the
random variables (YY) yen are tight on D([—1,00). Since (6V)yen are tight on R by
assumption it follows that ((ZV, AN, ¢N)) yen are tight on E and (YN, &V)) yen are
tight on D(]—1,00)) x R. By continuity of the Skorokhod map it then follows that the

A

random variables (X V) yen are tight on D([—1, 00)). O

In the rest of this article we will no longer distinguish between processes on D(]0, o))
and their extensions to D([—1,00)). Theorem 4.2 yields tightness of the processes we
consider, but we need tightness for the corresponding empirical measures. By the following
result of [15], if we have exchangeability, then this tightness follows from the tightness of a
sequence of particles.

Proposition 4.3 ([15], Proposition 2.2.). Let E be a Polish space and let X~ := (XVN .. XNN)
be N-exchangeable on EN for every N € N, then the P(E)-valued random variables
(1N) Nen given by

| X
AN = Z Oxi,N
i=1
are tight if and only if (XN yen is tight on E.
Corollary 4.4. Suppose that X" has dynamics
xpN =o'y =o(X)N + Bi — aA})

where a > 0, (X3 )nen and (€4)yen are N-exchangeable random vectors, (B;)ien

independent Brownian motions, and AN € M. If (X(%LN)NGN and (V) yen are tight on
R, then the empirical measures

1 1 & 1 &

©

UN = N Zl 5Xi’N KN = N Zl 5(Yi’N7§i’N)7 and CN - N Zl 5(Xé’7N+Bi7AN7§i,N)
- - ) - 4.3)

are tight on P(D([—1,00))), P(D([—1,00)) x R), and P(FE) respectively.

Proof. Since (Xé;N)NeN is tight on R it easily follows that (Xé;N + B1)yen is tight on
C[0,T] forall T > 0. Thus, the conditions of Theorem 4.2 are satisfied and we can combine
this with Proposition 4.3 to finish the proof. O

We will write f(u) for the pushforward of a measure p by a map f.

Corollary 4.5. Let (1) nen and (un)nen be as in the Corollary 4.4. Then there are

A

P(FE)-valued random variables ,(n such that, at least for a subsequence, law(jy) =



law (o (CN)), (v — € and 1o(CN) = ta(C) a.s. It holds that law(uS)) = law(©(uy)) and
O(un) — O(ta(€)) a.s. Moreover,

N
1
law((n) = law (N 25(X5W+Bi,AN,£i’N)> '

i=1

Proof. The result follows by combining Corollary 4.4, the Skorokhod representation theo-
rem and the continuity of the maps involved. O

4.2 Convergence of Solutions
We consider the setting of Corollary 4.4. The three empirical measures given in (4.3) have
the following relations
law (i) = law(ta(Cn));  law(u§) = law(O(ux)).
Definition 4.6. Fort € R,z € D([—1,00)) and z € R define the following path functionals
To(w,2) =inf{s 2 0: x5 < —2} and M\(,2) = Ly (2z)<t

Lemma 4.7. Assume that (z",2") — (x,z) in (D([—1,00)) x R) with (z",2"), (z,2) €

N

to(E) and x satisfies the crossing property

Ogslih(l}(:p,z)%»s - x'r(a:,z)) <0, h>0.

Then we have that

nh—>nolo At(xn> Zn) = )\t(wa z)

forallt € [0,00) in the complement of a countable set.

Proof. Define the map

(1]

: (D(]—1,00)) x R) = D(]—1,00)); (x, 2) = x + 2.

This map is continuous with respect to the M 1-topology and the function Z(z, z) satisfies
the crossing property. We have

)‘t(xa Z) = )\t(E($, Z), 0)
The convergence then follows as in the proof of [5] Lemma 5.4. O

Lemma 4.8. Assume that ((")nen is a convergent sequence of probability measures on E
with limit (. Define " = 14(C") and p = 1o(C). If p-a.e path satisfies the crossing
property

M({(.’E, Z) S D([—l, OO)) xR : inf (':UT()(:Z,‘,Z)-‘rS — x'ro(x7z)) = 0}) =0, h>0, 44

0<s<h
then limy, oo (1", A) = (u, \) in M.

Proof. The map ,, is continuous. As a result, the convergence " — pin P(D[—1, 00) X
R) follows. We set [} := (u™, \;) and note that for all n € N the map (" is in M. As
mentioned at the beginning of the section, the space M is compact. Thus, we have the
existence of a limit point [ € M. We need to prove that [ = (u, A). This can be done
following the arguments in the proof of [5] Lemma 5.5 and replacing their path functionals
by the paths functional 7o (z, z) and \¢(z, z) considered here. O



The following two lemmas are important tools in the proof of convergence to the McKean-
Vlasov problem. Their proofs follow from the argument used in [5], replacing the path
functionals with the functionals 79 (z, z) and A(z, z), and extending the measures involved
to the spaces F and D([—1,00)) x R.

Lemma 4.9. For almost every realization (w, z), if law(W, A, €)) = ((w, 2), then W — W)
is a Brownian motion with respect to the filtration generated by (W, ). In particular,

W — Wy is independent of W.

Lemma 4.10. Suppose that law(un) — law(p) for some random variable pvin P(D[—1, 00) x
R) with pn and p of the same form as in Lemma 4.8. Then pu satisfies property (4.4) almost
surely.

Proposition 4.11. For N € N, let (X, AN) be a solution to the particle system

A? = % Zz]\;l ]ln,NSh Ti,N — inf{t 20: L?N Z gi’N}

for €vN i = 1,...,n, independent, exponentially distributed random variables with pa-
rameter . > 0. Let ¥ and uje\, denote the corresponding empirical measures defined in
(4.3). Suppose that for some random measure u° and some measure vy_ € P(Ry) we
have

N
li - E 1)
m — "N = Vg—
N—ooo N 1 Xol
1=

and law(u%,) — law(u®) along some subsequence. Then 1® corresponds almost surely to
the law of a solution to the McKean-Vlasov problem (1.1) with law(Xo—) = vy—.

Proof. We can assume that the empirical measures are given as uy = to((N), ,u% =
©(pun) with ¢x as in (4.3). The same can be assumed for the limit points © = ¢4(()
and 4® = O(u) by continuity. The map t ~ E[(u, \;)] is increasing. Hence, it has
at most countably many points of discontinuity, and the same holds for the map ¢ —
E[ l;d¢(w,1, z)]. We denote the set of discontinuities of these maps by .J and fix a ¢ that
is a continuity point of all these maps, i.e. t ¢ J. Then (i, A\i—) = (1, A¢) almost surely.
From Lemma 4.10 the crossing property holds and we can use Lemma 4.8 to deduce the
almost sure convergence limpy o0 (ftn, At) = (p, At). The goal is to show that the measure
w is the law of the process (Y, £) of the McKean-Vlasov problem.

Step 1: We show that for almost every realization (w, z), if law(W, A, &) = ((w, 2),
then A = (u(w, z), A) almost surely. We obtain the estimate

B | [l = 20 = 1 = G ) o) < B0 M) = G M)

and see that the right-hand side vanishes as N — oo using the DCT. Since ¢ ¢ J the map
[+ [; is continuous on M and it follows that for (-almost every [ we have

| [t~ u ldcont, )] < gim B | [ 1= (o Ml )] =0

because (un,A) = [ for (-almost every | € M, almost surely. Let ¢ range through a
countable dense subset of [0, c0) \ J and use right-continuity to conclude.



Step 2: We show that for a.e. realization (w, z) if law(W, A, §) = ((w, 2), then law(Wj) =
vg—. Let the evaluation map 7y defined on E be given by (w, [, z) — wyp. Since 7y is a con-
tinuous map, the continuous mapping theorem yields that for the pushforward of ¢ by 7
we obtain

I = 1 = lim — 0 BN = V-
0(¢) = im 7o(Cn) = = Jim - Z N

Step 3: We have law(Xo_) = vo— and ¢, () = p. Step 1 yields that if law(W, A, §) =
((w, z) the equation

law((Wo, W — Wy)) = law((Xo—,Y — Xo— + alu, \)))

holds. Using Lemma 4.9 we obtain that Y — Xo_ + (1, A) is a Brownian motion.
If we now combine the results from Step 2, Step 3 and apply the pushforward with the
Skorokhod map we obtain the theorem by the continuous mapping theorem. O

Theorem 4.12. Suppose that Xo_ has density f that is bounded and changes monotonicity
finitely often on any compact interval. Let (X*N | AV) be a physical solution to the particle
system (4.1) and let 11° be the law of the unique physical solution to the McKean-Viasov
problem (1.1). Then we have the convergence

1
lim — ) dyin = p° (4.5)

weakly on P(D[—1, 00)).

Proof. Corollary 4.4 yields tightness of the empirical-measure process of the particle sys-
tem (4.1). Thus, we know that limit points exist. Moreover, Proposition 4.11 shows that
limit points are laws of solutions to the McKean-Vlasov problem. If we now restrict to
physical solutions to the particle system, we can use the result from [7] that physical solu-
tions converge to physical solutions and combine it with Lemma 2.4 and the corresponding
result for the particle systems. The conditions on the initial density imply uniqueness of
physical solutions using Theorem 2.5 and we can conclude weak convergence. O

5 Convergence to Absorbing and Reflecting Models

The elastic boundary is a mixture of absorbing and reflecting boundaries. Thus we can
expect to obtain the absorbing and reflecting models as limit cases of the elastic model.
In this section we show that as kK — oo the solution to the elastic model converges to the
solution of the absorbing feedback model. On the other hand, if we consider the limit as
x — 0, the elastic model converges to a reflecting Brownian motion.

Our first goal is to show convergence for the loss process A as k — 0 and k — oc.

Proposition 5.1. Let A" be a physical solution to the McKean-Vlasov problem (1.1) with
parameter k> 0. Then we have the two limits

lim A" =0, inMI, and 1i_>m A =A®, inMI. (5.1)

rk—0

Moreover, A*° is a physical solution to the absorbing feedback model.

10



Proof. Let k1, k2 > 0 be such that k1 < k9 and consider the two related McKean-Vlasov
problems, one with £*! and one with £%2. Following [5] we define the operator Iy, : M —
M by

(5.2)

XM =Xo_ + & +Bi—aly, t>0
T[], =P(rl <t), t>0, where 7%!=inf{t>0, X" <0}.

A solution to the absorbing feedback model is a fixed point of the operator I'; and in [5] the
authors show that the minimal solution and therefore also the unique physical solution can

be obtained by lim,,— oo I‘,(ﬁn) [0]. Moreover, by Lemma 2.5 the solution to this absorbing
model is a solution to (1.1). Using the operators I';;, ¢ = 1, 2 we have

Ly [0]¢ = P(inf Xo— + €™ + By < 0) < P(inf Xo— + €™ + By < 0) = I, [0]s,
S S

for all ¢ > 0. Assume that

o], < T[0];, forallt >0, (5.3)

K1

for some n € N. Then we have

DL V[0 = D, OO0 = P(inf Xo— + €™ + Bs — T[0),

K1

N

0)
< P(inf Xo- + €% + By ~ I{[0]s <0)
=T, [T [0]]; = T Do),

for all ¢ > 0 and by induction the relation (5.3) is true for all n € N. Therefore, we have
that, for all ¢ > 0, A} is increasing in k. Moreover it is bounded between zero and one.
This means that limit points exist in both cases and we can define

A = lim A, forallt >0, and A = lim A, forallt > 0.
k=0 K—00
In the first case we can use the reverse Fatou lemma. This yields
AY = lim AY < P(lim Xo_ + &7+ By — aAf < 0) =0,
k—0 Kk—0

for all ¢ > 0. Thus, we obtain A° = 0. By [16] Corollary 12.5.1 convergence in the
M1-topology follows.

For the second case we have

A = lim Af = lim P(Xo- + &7 + By — aAf <0) =P(Xo- + By — aA® <0)
R—00 R—00

where we applied the Portmanteau Theorem in the last step which is possible because the
law of the random variable under consideration has no atoms. Hence A*° is a solution
to the absorbing feedback model with initial condition X(_. Another application of [16]
Corollary 12.5.1 yields the desired convergence in M1.

To show that A*° is a physical solution we let A% be a solution to the absorbing feedback
model. Then we have A" < A“ for all & > 0 and by taking limits we obtain A>° < A®.
Thus A®° is the minimal solution and therefore by [5] a physical solution. O

Proposition 5.2. Let 7% be the elastic stopping time in the feedback model (1.1) with pa-
rameter k > 0 and denote by T°° the absorbing stopping time in the absorbing feedback
model. Then we have the following almost sure convergences in the M 1-topology

Licrn =1, ask —=0; Licrn = licro, ask — o0. 54
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Proof. As in Section 4 we can see that the crossing property is satisfied. We can then use
Lemma 4.7 to infer convergence for all ¢ € [0, 00) in the complement of a countable set.
Since the functions we consider in this proposition are all monotone, the convergence in M1
follows from [16] Corollary 12.5.1. ]

Equipped with these results we can turn to our goal and show convergence for 1; .= X".

Theorem 5.3. Let X* be the elastic feedback process corresponding to a physical solution
to the McKean-Viasov problem (1.1) with parameter k > 0 and 1" the associated elastic
stopping time. Then

(i) as k — 00, Licrn X" converges almost surely in the M1-topology to 1i«r00 X°° with
X given by
X =Xo_ +B—alA™

with A being a physical solution to the absorbing feedback model.

(ii) as k — 0, 1= X" converges almost surely in the MI-topology and uniformly to
XY given by

X"=0(Xo_ + B).
The law of XV is a reflecting Brownian motion started at X_.

Proof. (i) From Proposition 5.1 we know that A* converges to A°° in M1 and that A is a
physical solution. Since the Brownian motion B has continuous paths a.s., the convergence

Xo_ +B—alA” - X, ask— o0

in M1 follows from [16] Theorem 12.7.3. By continuity of the Skorokhod map © with
respect to the M1-topology we can deduce the convergence X" — O(X>) as kK — o0 in
MI1. Moreover, by Proposition 5.2 we have the M1-convergence 1;«;~ — licr;co. Note
that both processes © (X *°) and 1, only have downward jumps. Thus, we can use [16]
Theorem 13.3.2 to obtain the desired convergence

:[].t<TI‘€XK — ]].t<Too@(Xoo), as K — 00,
in M1. Since 7° is the first hitting time of zero by X *° we have the equality
]lt<7'°° G(XOO) = ]115<T°°Xooa

which finishes the proof.

(74) Using the results from Proposition 5.1 and Proposition 5.2 and following the same
arguments as in (i) yields the convergence 1y« » X" — X° as k — 0, in M1. Since
XO has continuous paths almost surely we obtain the uniform convergence almost surely
by [16] Theorem 12.4.1. The characterization of X Oasa reflecting Brownian motion then
follows by applying Tanaka’s formula to Xo_ + B and using [14] Chapter VI Corollary
2.2. O
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