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Abstract

We consider the Dawson-Watanabe superprocess obtained from a spatial motion with sub-Gaussian transition densities
on a metric measure space with finite Hausdorff dimension, and examine the dimensions of the range and the set of
times when the support intersects a given set, generalising results of Serlet and Tribe. As intermediate results, we
prove existence of local times for the superprocess if the spectral dimension of the spatial motion satisfies dy < 4, and
prove that (2—d,/2) A1 is the critical Holder-continuity exponent in the time variable. Furthermore, we prove a bound
on moments of the integrated superprocess, and give uniform upper bounds on the mass the superprocess assigns to
small balls, generalising a result of Perkins.
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1. Introduction and Setup

SuperBrownian motion in R? has been an object of extensive study in recent decades as a canonical measure-
valued process and for its fundamental role in a wide variety of models. The path properties, such as the Hausdorff
measure of the support, have been explored in [25| [32]], while other properties of the support and local time can be
found in [7} 34, 24]]. More recent results have considered the boundary of the support and range and associated local
times [22}[20]]. In this paper we will be concerned with the path properties of superprocesses in a more general setting.

Our aim is to extend known results concerning the Hausdorft dimension of two kinds of sets related to the support
of superBrownian motion, namely

TA) ={t=0: AnSX,) # o},

for A ¢ R, studied by Serlet [34]], and
R(I) = U S(X,)
tel

for I c (0, c0), studied by Serlet [34] and Tribe [36]. Here, (X;) denotes a superBrownian motion in R, and S(-)
is the closed support of a Borel measure. The proofs in [34] use LeGall’s Brownian snake to apply path properties
of linear Brownian motion to study the associated superprocess, while [36] uses particle systems and non-standard
analysis. We present an approach using the historical process — which allows for a modern formulation of some ideas
used by Tribe [36] — and superprocess local times to establish similar results in a more general setting. An advantage
of this approach is that the connection between local times and the dimension of certain sets can be exploited in
both directions: Holder continuity of local times imply a lower bound on the dimension — an idea that has previously
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been used by Krone [24] to study superdiffusions on R — and a corresponding upper bound shows that the Holder
continuity is sharp.

Our aim is to consider the properties of superprocesses on less regular sets, such as fractals. A fundamental
example is the Sierpinski gasket, where work of Barlow and Perkins [5] showed how to construct a Brownian motion
on such a set, and obtained sub-Gaussian bounds on its transition density. In subsequent developments, diffusions have
been constructed on more general classes of fractals and shown to have sub-Gaussian heat kernels, see for example
[135 231 4]]. Superprocesses on the Sierpinski gasket were considered in [16} [17], where some path properties were
established. Here we wish to consider the dimension properties of the support of superprocesses on a general class of
metric spaces, which include such fractals.

We now give the setting and assumptions for our results. Let (E, p) be a complete and separable metric space with
Hausdorff dimension dy € (0, o), and assume that there exists a non-zero Borel measure v on E such that

v(B(x, 1)) < cor, (1.1)

for all x € E and r > 0, and some ¢, > 0, where B(x, r) denotes the open ball centred at x of radius r (with respect
to the metric p). Note that the existence of such a measure is equivalent to H% (E) > 0 by a version of Frostman’s
lemma, where H% denotes the d r-dimensional Hausdorff (outer) measure on E.

Let (P*),cr denote the laws of a continuous E-valued Feller Markov process Y = (¥;);»o with transition semigroup
(Py)=0, where by Feller we mean that P,(Cy(E)) € Co(E), where Co(E) denotes the space of continuous functions
E — R that vanish at infinity. We assume that ¥ has symmetric transition densities (p;(x,y): ¢t > 0,x,y € E) with
respect to (w.r.t.) v — which can be chosen jointly measurable in (z, x, y) [37] — and that there exist 83, y, ¢3,c4 > 0 and
to € (0, o] such that

Pi(x.y) < est™P exp (~esple 717, (12)

forall x,y € E and t € (0,1p). We call d, := 2dy/p the spectral dimension of Y.
These assumptions already imply that there exist ry, c; > 0 such that

V(B(x,1)) > ¢ 11, (1.3)

for all x € E and r € (0, ry), see In other words, given the upper bound [(T.T)] a lower bound of the form
[(T.3)] is necessary in order for a diffusion on E with sub-Gaussian transition densities (w.r.t. v) of the form (I.2)) to
exist.

Remark 1.1. (i) Ifty < co and diam(E) = oo, then ry < diam(E) = oco. Otherwise ro = diam(FE), in which case
E is called Ahlfors d¢-regular, or a fractional metric space in the terminology introduced by Barlow [3|]. All
examples we give below are of this type.

A standard consequence of[(1.1)| and |(1.3)|is that there are constants c,c¢’ > 0 such that ¢cH% (B) < w(B) <
c"H (B) for all Borel sets B C E [[I9) Exercise 8.11].

(ii) We could have allowed another constant a > 0 to take the place of d¢ /(3 in|(1.2)} but an argument similar to [I3|
Lemma 3.8] shows that|(1.1)|and|(1.2)| would then already imply a = d¢ /B if tg = o0. If tg < oo, one would get
« 2 dy /B, and equality would follow if matching lower bounds to ((1.1) and ((1.2)| held respectively for small r
and small p(x, ).

(iii) We note that under our assumptions on E, if the measure is volume doubling and there exists a (strongly regular
local) Dirichlet form on E which satisfies an elliptic Harnack inequality, then the diffusion process Y associated
with the Dirichlet form will have transition densities w.r.t. v that satisfy an upper (and a near-diagonal lower)

bound of the form given that
c® <E*[inf{t>0: Y, ¢ B(x,r)}] < Cr*

for small r > 0, for some c,C > 0. See [\15] for details.



(iv) Since we do not assume that the transition densities are continuous, they are unique only up to modification on
a v-null set. For any given choice, the Markov property implies for any t, s > 0 and x € E, that

L P, Y)Ps(y, 2V(Y) = pres(x, 2), (1.4)

forv-a.e. 7 € E. We assume that there exists a particular choice that satisfies|(1.4)|simultaneously for all t, s > 0
and x,z € E. Note that this is automatically the case if p;, t > 0, can be chosen to be continuous, which is true
for all examples we give below.

Examples 1.2. (i) Brownian motion, or indeed any well-behaved diffusion on R satisfies these assumptions with
B=2,df=d;=d,B=2,7=1,ty = oo [3, Examples 3.6].

@ii) If Y is a fractional diffusion in the sense of Barlow [3]], then our assumptions are satisfied with 8 > 2, y =
1/(B—1),and 1y = diam(E)?. We note that this includes finitely ramified fractals, such as the Sierpinski gasket,
or the pcf self-similar sets of Kigami [23], all of which have d, < 2, thatis df < .

(iii) Brownian motion on generalised Sierpinski carpets in R?, for any d > 2 [4]], are diffusions on infinitely ramified
fractals to which our results apply, with spectral dimensions in the range 1 < d; < d. This includes examples
with d; > 2.

Remark 1.3. Brownian motions have been constructed on some classes of random fractals. In this setting there are
Sluctuations in the measure and heat kernel due to the randomness, giving equivalents for (I.1) and (I.2) that can be
controlled, for small r and t, by expressions of the form

V(B(x, 1)) < car hy (1), Pix.y) < est™ Py (1) exp (—cap(x, yY (th3(1) 7).

where, for any € > 0, we have hi(r) = o(r®), and hy(t), h3(t) = o(t™?). See for instance [ 18] for homogeneous random
Sierpinski carpets in RY, where such results hold and the spectral dimension can take values 1 < dy < d. Our
arguments can be adapted to this setting, and we expect our main results on local times and dimensions to hold under
these weaker assumptions.

The paper is structured as follows. In the next section, we state and discuss our main results. In
we introduce the historical process and prove our small ball bound. In and [5] we prove our main results
respectively on local times and dimensions. introduces Dynkin’s moment formula, which is a central
ingredient in the proofs of our local time results, and contains proofs of some technical lemmas.

2. Main Results

Denote by Mp(E) the Polish space of finite Borel measures on E with the topology of weak convergence. Let
¥» > 0 be fixed but arbitrary, and denote by ((X;)i»0, P*),epm,(£)) @ superprocess in E with spatial motion ¥ and
branching rate y;, a (Y, y,)-superprocess for short. It exists because E is Polish, and Y is a continuous Feller Markov
process, see [33| Section II] for a definition and basic properties. The distinction of the laws (P*) of X from the laws
(P*) of Y will always be clear from superscript and context.

We first present our local time result. Several notions of superprocess local times have been studied, the most
common of which can be heuristically defined in our setting as

L(t,x) = f X,(6) ds, 2.1)
0

for x € E and t > 0, where ¢, denotes the Dirac delta function at x (w.r.t. v), and where we write u(f) for the integral
of a function f against a measure u. More formally, L is defined as a density of the occupation time process J(? X;ds
w.r.t. v, if it exists. This existence is known to be true in the superBrownian [35] and a-stable [1] cases on RYifd <3
and d < 2a, respectively, and further results have been achieved in the context of multitype superprocesses on RY
[28] and superprocesses with immigration and dependent spatial motions on R [26]]. A lot of recent work has been on
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local times associated with the boundary of the support of superBrownian motion [22, 20]. Dynkin [[10] introduced
an alternative notion of superprocess local times based on representations of functionals of a superprocess by multiple
stochastic integrals, which have been shown to coincide with L for superBrownian motion [27)]. We show that, in our
setting, local times exist in the sense of[(2.1)] and we establish sharp estimates on their Holder continuity.

Theorem 2.1 (Local Times). Suppose that d; < 4. Then, for every § > 0 and every u € Mp(E), there exists a family
of non-negative random variables (Ls(t, X))>s.xcg Such that the following hold.

(i) Forall T >0,

sup E¥

0<t<T

2h0
}Lo.

M@ﬂ—LXMML»®

(ii) P*-almost surely (a.s.), for all measurable functions f: E — [0, 0] and every t > 9,
!
f Xi(f)ds = ff(X)La(t, x)v(dx).
s E

(iii) For x € E, Ls(-, x) is increasing and 3’ -Holder continuous for all B < (2 —d,/2) A 1.
(iv) Forx € E, Ls(-, x) is P*-a.s. constant on any interval on which it is 8'-Holder continuous for a8’ > (2—ds/2)A1.

Remark 2.2. (i) Similar to the condition given in [35] for the existence of superBrownian local times, our proofs
can be modified to give the assertion of[Theorem 2.1\ with § = 0 under the condition that

!
sup f f ps(x, y)u(dy) ds < oo,
x€E JO E

forallt > 0.

(ii) We consider superprocess local times in this setting mostly as a means to prove below, which is
why we did not examine continuity in the space variable.

The central ingredient in the proof of [Theorem 2.1 (111)| is the following moment bound for the integrated su-

perprocess. Denote by |||, the v-essential supremum, and write (ug,)(x) = fot fE ps(x,y)u(dy)ds for ¢+ > 0 and
xeE.

Theorem 2.3. If d; < 4, then for any n € N there is a cs(n) > 0 such that, for any u € Mp(E) and f € B.(E), and
1t € (0, 1),

WKﬁ&mMHSMmMﬂMWWMﬂﬁWﬂ? 2.2)
In particular, if i has a bounded density g w.rt. v, then
= [( fo Xs(f) dS) ] < es(n) [V(f)llglloo,y (tvﬂ‘di/z)]", 1 € (0, o). 2.3)

Remark 2.4. (i) The exponent 2 — d/2 is sharp in the following sense. If d; < 2, then the maximum on the right-
hand side (RHS) in @ will be attained by ||(uq)llw, for small times. If d; > 2, then there is no exponent
larger than 2 — d, /2 for which remains true simultaneously for all n € N and u € Mg(E). We prove this
along with|Theorem 2.3|in|Section 4|

(ii) holds in much more generality: Beyond the assumptions necessary to guarantee existence of the
superprocess (Y is a continuous Feller Markov process taking values in a Polish space E), it requires only the
existence of transition densities (p;) for Y w.r.t. some Borel measure v that satisfy ||pi|l.., < ct™® forall t € (0, 1))
and some a € (0,2), ty € (0,00], and ¢ > 0. In that case, a takes the place of d/2 in@



(iii) In a recent paper, Gonzalez, Horton, and Kyprianou [lI14l] analysed the asymptotics of the same moments. In
our notation, their result implies

EH [( f I X,(f) ds) ] ~c(n, HrY, 1 - oo,
0

for a constant c(n, ) > 0, where a(t) ~ b(t) denotes a(t)/b(t) — 1 ast — oo. Note that this would contradict
[23)if to = o0 and n > 1V 2/d,. However, their assumption (H1) implies that Y started at any x € E converges
to a stationary distribution, which in our setting necessitates ty < oo.

Write 7(A) .= {t>0: AN S(X;) # @} for A C E. Denote Hausdorff dimension by dimg, and write a, == a Vv 0
for a € R. Recall that a set A C E is called analytic if it is the continuous image of a Polish space, and that this is
automatically the case if A is Borel measurable.

Theorem 2.5. Let y € Mp(E) and A C E, and put

d, di A
1MH ) Al
2 B .

DA :=(2——+

(i) P*-almost surely,
dimy 7 (A) < Dy.

(ii) If A is analytic, and f;o dr f u(dx)p,(x,y) > 0 for all y € A, for some 6 > 0, then for every & > 0, with positive
P*-probability,
dimy 7(A) > Dy — &.

(iii) If, in addition to the assumptions in (ii), HImuAAY > 0, then with positive P*-probability,

dimH T(A) = DA.

Remark 2.6. (i) The additional assumption in (ii) essentially asks that A be reachable from S(u). It
is automatically satisfied if p; > 0 everywhere for all t > 0, which is the case for all of the processes listed in
The requirement for the integral to be positive away from zero uniformly on A is technical, and
can be dropped if, say, p;, t > 0, are continuous (that is, we can then take 6 = 0).

(ii) If specialised to superBrownian motion on RY, this is the same as Serlet’s result [I34) Theorem 1], except that
A need not be measurable in (i), that it need only be analytic in[Theorem 2.3 (ii), and with the
addition of| (iii). Note that the example given by Serlet for why one cannot in general expect the
assertion of (iii) to hold has the property that H ™ 4(A) = 0.

(iii) One cannot in general expect equality in[Theorem 2.3|(iii) to hold P*-a.s. conditional on X hitting A. Consider,
for example, the case where A is the disjoint union of two sets B and C with Dg < D¢. Then P*-a.s. if X hits B

but not C, by[Theorem 2.3\(i)
dimgy 7 (A) =dimy 7 (B) < Dg < D¢ = Dy4.

In the case where A is a singleton, we can give an improved version of For xy € E, we write
T (x0) :== T ({x0}), and say that X spends time at x if there are t > 6 > 0 with Ls(¢, xo) > 0.

Theorem 2.7. Let u € Mp(E), xg € E. Then, P*-a.s., if X spends time at x,

. dy
dimg 7 (xp) =1A[2-—=] .
2 +

The reason why we have to assume that X spends time at xj (instead of the more natural assumption 7 (xg) # &)
is that our proof requires the local time at xy, which is supported on 7 (xp), to be non-constant. We were not able to
prove that this is always the case when 7 (xp) # @.

The next result is on the range of X. Write R(J) := | J,e; S(X;) for I C (0, o).
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Theorem 2.8. If u € Mg(E), then P*-a.s. for every I C (0, 00),
dimy R(J) < B(1 +dimy 1) A df 2.4
and dimy S(X;) > B A dy for all t > O with X; # 0. In particular, P*-a.s. dimy S(X;) = B A dy for all t > 0 with X; # 0.

Remark 2.9. A lower bound corresponding to [2.4)| was proved for superBrownian motion by Serlet [34, Theorem
3] and Tribe [36, Theorem 2.13], and we believe that a proof along the lines of Tribe’s works in our setting as well.
However, an additional precise result about superBrownian motion would need to be reproved in this setting, see
(2.39) in [36l], proved by Perkins in [31, Proof of Theorem 4.5]. This is an interesting direction for future work, but
we felt it would go beyond the scope of the present paper.

Our last result is a small ball bound that generalises a result of Perkins on superBrownian motion [33, Theorem
I11.3.4].

Theorem 2.10. There exists cs > 0 (depending only on the constants in our assumptions on v and (p,)) such that, for
any i € Mp(E), P*-a.s., for every 6 > O there exists an r; = r1(6, w) € (0, 1) with

sup X;(B(x,r)) < ypceé(r) (2.5

1>6
xeE

forall 0 < r < ry, where
1+1 g,
rﬁ(logl e s,

r

rir (log %>2—d5/2 ,dg < 2.

This bound is sharp in the sense that, if were true with &(r) = O(r*) for some a > d; A 3, then
dimy S(X;) = a > B A dy [19, page 61], which contradicts|(2.4)]

E(r) = &4,5(r) = { (2.6)

Remark 2.11. It is known that superBrownian motion in one dimension has a density w.r.t. Lebesgue measure, and,
ind > 2, is at fixed times a deterministic multiple of the Hausdorff measure with dimension function hy satisfying

r*(log 1/r)(logloglog 1/r) ,d =2,
ha(r) =14 ,
r“loglog1/r ,d >3,
for small r > 0. In light of [Theorems 2.8 and [2.10} this suggests the conjecture that in our setting, perhaps under

some additional assumptions, X has a density w.r.t. v if d; < 2, and is a multiple of the Hausdor{f measure with some
dimension function having leading order » ifds > 2.

3. Historical Process and Small Ball Bound

We begin this section by introducing the historical process associated to our superdiffusion. It was first introduced
by Dawson and Perkins [8]], and has since been an indispensable tool in the study of path properties of superprocesses.
The idea, heuristically, is that if we think of points in the support of X; as individuals alive at time ¢, then a point in
the support of the associated historical process is the entire trajectory of an individual alive at time ¢. This allows us
to apply path properties of the underlying spatial motion directly to the superprocess — leading e.g. to a modulus of
continuity, see — and to make precise notions of ancestry, see[Theorem 3.1] below.

We follow the notation of [33]. Denote by Y the canonical process on the space C = C(E) of continuous paths
[0, 00) — E with the topology of uniform convergence on compacts, so that P* is a member of the space M;(C) of
Borel probability measures on C, equipped with the topology of weak convergence. The historical process at time ¢
will be a member of M%(C) = {u € Mp(C): u(C") = u(C)} for t > 0, where y’ := y(t A -) for y € C denotes a path
stopped at time ¢, and C" := {y € C: y' = y} is the set of paths that are constant on [z, c0). In words, M.(C) is the set
of probability measures on C whose support is comprised of paths that evolve only until time ¢. The historical process
will be a random element of Qg = Qy[0, 00), where

Quls. ) = {G € C([5,00), Mr(C)): V1 2 5: G, € M(C)}, 520,
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which are closed subsets of C([s, 00), Mr(C)), s > 0, and thus Polish. We now let H = (H,);»0 = idq, be the
canonical process on Q. Denote by F7 the Borel o-algebra on Q, and write TS’{ =Neso0 (Hy: s <r<t+e)for
0 < 5 <t < o0. Denote by

(Qum € Mi(Quls, 0)): 5 2 0,m € M;(C))

the family of laws that are the unique solutions to the historical martingale problem associated with X [33, Theorem
I1.8.3]. This solution exists under the assumption that the map E — M;(C(E)); x — P* is continuous, which is the
case here, as we prove in in the appendix. In particular, if m € M%(C), then (m,(H;));»0 W.r.t. Qo is a
(Y, yp)-superprocess started at my(m), where w,: C — E; y — y(¢), and f(u) denotes the pushforward of a measure u
under a measurable map f. Note that m can be chosen so that mo(m) = p, for any given u € Mp(E).

The following fundamental result heuristically states that for fixed 0 < s < ¢, all individuals alive at time ¢
descend from a finite number of individuals that were alive at time s, drawn as a Poisson point process with intensity
proportional to I_LXS. It follows from [33] Theorem III.1.1]. Denote for x € E by 8, € Mp(E) the point mass at x.

p
Theorem 3.1 (Historical Cluster Representation). For t > s fixed, there exist measurable maps M: Qn — Ny,
ei: Qu — (0,00), and y;: Qu — C, i € N, such that, for any 0 < u < s and m € M.(C),

M
rs(Ht)(') = Ht (y: ys € ) = Z eiéy,-(')s Qu,m'aug-’
i=1
and a conditional distribution of ((e;, y,-))?;’ 1 &iven 7"{]5, is that of a Poisson point process on (0, 00) X C with intensity

measure ﬁ (Exp (ﬁ) ® H_Y).

The next result is a modulus of continuity for the trajectories in the historical process. It follows from the following
tail bound for the spatial motion.

Lemma 3.2. There are c7,cg > 0 such that, for x € E, r > 0, and t € (0, t),

P* (p(x. Y,) > r) < ¢ exp (—csr17). (3.1)
Proof. Follows from|(1.1)land|(1.2)} see [3, Lemma 3.9]. O
Write, for » > 0 and 6, ¢ > 0,
1 1/By)
h(r) = hg,(r) = r'/F log(;) , (3.2)

K% :={yeC:Vs,t>0,|t—s| <&: p((s),y(1) < ch(|t - s)}.

Theorem 3.3 (Historical Modulus of Continuity). For any ¢ > 0 sufficiently large, and any m € M%(C ), there is
co > 0 such that, Qo m-a.s., there exists 6 = 6(c, w) > 0 with

S(H,) c K%, t>0.
Proof. This follows by replacing the Gaussian tail estimate in the proof of Theorem III.1.3 in [33] by |(3.1) U

The following assertions are consequences of| and can be obtained through the same line of argument
presented in [33] following Theorem II1.1.3. Note that the arguments regarding compactness in R employed in
[33]] work here as well because every bounded subset of E is relatively compact (see Lemma 3.9). Write p(-,A) =
inf {p(:,2): z € A}, and

A% ={x € E: p(x,A) < &}, (3.3)

forxe E,ACE,e>0.

Corollary 3.4. Let m € MO(C) and 1 € Mp(E).



(i) Qom-a.s., S(H,;) is compact and S(n,(H,)) = n,(S(H,)) for all t > 0. In particular, S(X;) is compact for all t > 0,
PH-a.s.

(ii) For ¢ > 0 sufficiently large (independent of u), there P*-a.s. exists 6 = 6(c,w) > O such that, if 0 <t—s <9,
then S(X;) € S(X,)"=9),

(iii) R[S, ) = U;»s S(X;) is compact for all 5 > 0, P*-a.s.

Remark 3.5. The only assumption on Y necessary to establish [Theorem 3.3| and |Corollary 3.4| (beyond being a
continuous Feller Markov process) is the assertion of[Lemma 3.2]

We now prove the small ball bound closely following the proof of Theorem II1.3.4 in [33]]. The
generalisation to this setting is not entirely trivial — amongst other things due to the fact that the bound in
below only holds up to a possibly finite time 7y — so we give the proof in full. It is technical and need not to be read in
detail to understand the subsequent sections.

For f > 0 measurable and bounded, and ¢ > 0, define G(f, 1) == fot [|Psflle ds, where |||, is the supremum norm.
Denote by A: D(A) € Co(E) — Co(E) the generator of Y.

Lemma 3.6. If f > 0 is measurable and bounded, and t > 0 such that G(f,t) < 2]y, and Psf € D(A) for all s > 0,
then, for any u € Mg (E),

g [exm] <exp (ﬂ(p, f) (1 - %G(f, t))‘l).

Proof. Under the assumption that P,f € D(A) for all s > 0, the proof of Lemma II1.3.6 in [33]] works in this setting
without modification. O

Corollary 3.7. If (Z,) is a Feller diffusion with branching rate vy, started at z > 0, then, for A < 2 /vy, and t > 0,

E [e’lz’] < exp (2 —ZZ)Z/U)'

Proof. Apply with f = A and recall that (X,(1)), under P, u € Mpg(E), is a Feller diffusion with branching
rate vy, started at u(1). ]

The following lemmas are easy consequences of to[(T3)]
Lemma 3.8. There is c19 > 0 such that, if d; > B,

t

G0ty D) < 107 | 1+ 1y opy log(ﬁ)] . re(0,diam(E)), 7 € (0, 1o).

Ifdy < B, then G(Lg(x, . 1) < cror® '~ 4/P,

Lemma 3.9. There is a ¢y > 0 such that, for every xo € E, r > 0, and € < r A ry, B(xg, r) can be covered by at most
cr1(e/r)™ balls of radius e.

We close the section with the proof of Recall that d; = 2d,/p. Although the statement of

rem 2.10|is in terms of dj, for clarity we will use d; and § in the proof.

Proof of [Theorem 2.10, Fix u € Mp(E). Let m € MO(E) with mo(m) = p, so that the distribution of (X;) under P* is
the same as that of (,(H;)) under Q,,. We work with the latter, and slightly abuse notation by writing X, := 7,(H;)
for the duration of the proof.

The left-hand side (LHS) in the claim is increasing as 6 | 0, so we may prove it for fixed 6 € (0,7 A 1) with
62" € N for some n € N. By (iid), it suffices to prove the claim with sup, .. on the LHS of [(2.5)|
replaced by sup;. s 4, Where A = B(xo, N) for some x, € E and fixed but arbitrary N € N. By|Lemma 3.9| forn € N
with 278 < 1y there are (x;);c;, such that (B(x;,27"/F)),e; cover A, and |I,,| < ¢y N4 2"4r/B,




Let ¢ > 0 be such that Qq,,-a.s. existence of 6’ = §’(c, w) > 0 according to[Theorem 3.3]is ensured. If x € A and
t > 0, then x € B(x;,27"/F) for some i € I, and 27" <t < (j+ 1)27" for some j € Ny. Hence, if 27" < ¢’, then for
H;-almost all y € C(E), y(¢) € B(x, h(27")) implies

(2™ = x| < [y(27™) = Y@ + Iy(@) = 2l + 1x - x|
< chQQ™) + h(2™") + 278
<2+ o)h2™).

Thus, putting B;, := B(x;, (2 + 0)h(27)),

Xi(B(x, h(27™))) = H,(y: y(t) € B(x, h(27™")))
< H(y: y(j2™) € Bin))
= Mjnp, (t—j27),

where, for 7 > 0, and a Borel set B C E,
MT,B(t) = H(y: y(T) €B), t>0.
Hence, for j € Nand if 27" < &,

sup  Xi(B(x,h(27"))) < sup sup M jp-» g(?),
J2<i<(j+1)27" BeB, 1<2n
XEA
where
B, = {Bi:i€l,) = {Bx,2+c)hQ™):iel,).

M. p is a Feller diffusion under Q,, with (random) starting point H.(y: y(t) € B) = X;(B) (which follows from
[33L Equation (III.1.3)], say, and the strong Markov property of H [33| Section II.8]), in particular a non-negative
martingale. Hence for any A,,&, > 0 and for sufficiently large n (so that 62" € N, 27" < ¢, and 27F < ry), say
n > ng, and for b € (0, 1) which we choose later,

P sup  X(B(x,h(27"))) = sn) < Qo,m[ sup  sup sup M- p(f) > 8n]
d<t<|n’| 52"< j<nb2" BEB, 1<27"
x€A

< nb2"|8B,] sup  sup Qo m (sup M j>-n () > 8,,) 3.4)

02"<j<nb2" BeB, 1<27"
< nbon. CHNdf ondslf . o=Anen sup  sup Qo [e/lnMjZ*n,s(z’ )] ,
§2n< j<nb2n BeB,

where in the last step we applied Doob’s inequality to the submartingale (exp (/l,, My, B(t)))po‘ For a constant ¢, > 0
which we choose sufficiently large later, put -

1 2" ,dr =B,
Apim r2h (3.5)
2yperan® |2ME - dy < B,
1/y+1, _ ,dr >,
where a = /Y {dr=8} rzp
1—ds/B+ds/(yB) .df <pB.
We claim that, if ¢j» > 0 is large enough, then there is an n; € N (which we may choose so that n; > ngy) with
ci3:=sup sup sup Qo [e”"Mfz‘"ﬁ(z’")] < o0, 3.6)

nzny §2"<j<n®2" BEB,
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Assuming this for the moment, we now choose

27" ,df > p,

£ 1= cran) A, = 2cpac12ypn' 3.7
n = Clan/ Ay 14C12Yp {2_,“1],% Ay <p, (3.7)

for some ¢4 > 0, so that, by [(3.4) and [3.6)] for n > ny,

IED'u( sup  X,(B(x,h(27"))) = Sn) < c11c3NU nb 2+ /B gt
s<t<|n’|
X€A

< Cl1013Ndfnb2”(1+d//ﬁ)e—cl4n’

which is summable if we choose ¢4 > 0 large enough. In that case, by Borel-Cantelli, there Qg ,-a.s. exists ny =
ny(w) € N such that, for all n > n,,

sup X/(B(x,h(2™))) < &, < ’)’bCﬁf(h(Z_"_l)),

s<t<n®
xeA

for some c¢g > 0 that does not depend on w, 8, or m. To confirm that the second inequality holds, recall the definitions
of &,, h, and ¢ respectively from[(3.7)] [(3.2)} and[(2.6)] and that d, = 2d/B. By making n; larger, we may assume that
X, =0forallt > nlz’, and that % is increasing on (0,27"]. Then, for any 0 < r < r; := h(27™), if n > n, is such that
hQ™ Y <r < h2™),

Séllp X(B(x,r)) < sup X,(B(x,h(2™")) < ypc6é(h(27"™1)) < ypceé(r).
<t s<t<n®
xeA x€A

It remains to prove the claim, that is, that the constant ¢, in the definition of 4,, see @ can be chosen large
enough so that there is n; € N satisfying [3.6) FixneN,Be B, and j € N with 62" < j < n?2", and put
T = j27" € (6,n"]. Recall Corollary 3.7|and that (M- p(t));0, under Qo,m, 18 a Feller diffusion started at X;(B) with
branching rate ¥, so the expectation inside the suprema in[(3.6)|is

Qo [Qo [ | FH| < Qo [exp (2Xc(B)A, (2= 752,27 )]
< B [exp (24,X:(B))] ,

(3.8)

for n so large that y,4,2™" < 1. We would now like to apply with f = 21,15, but we do not know
that P;1p € D(A). However, D(A), is dense in Co(E), w.r.t. |||l [12, Theorems 4.9 and 4.23], so there is an
f = fup € D(A); with 1p < f < 21,5 + 1,, where 2B denotes the ball B with doubled radius, and 7, := 1/(4ypnd,).
Take ¢ > 4, so that the radius of 2B is at most 2(2 + ¢)#(2™") < 3ch(2™"). Then, by there exists ¢ig > 0
such that, if dr > 8,

G(135,6) < G(l2p, 19 A 1)

< c19(3ch(2™")Y

o N\
1+ ]l{dfzﬁ} log (—(302(2_’71))ﬁ )]

< c10(3¢)P2 " (nlog 2)'”

n2"
1+ ]]'{d/:,B} log ((36‘)5(}’1 IOg 2)1/7 )]
<c¢jp27"'nf,
for some ¢, > 0. If dy < §3, then

G(125,6) < G(12p,10 A n)
< 6‘10(3Ch(2_"))d/(1‘0 A n)l—d//ﬁ
< C10(3C)df2_"df /ﬁ(n log 2)df/(ﬂy)nl—d,/ﬁ

11 ~n—nds /B a
< 27" PRt
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for some ¢} > 0. Thus if ¢15 > 4(c}, V cf;) (recall we are proving that-holds for some n; € N given that cy5 is
sufficiently large), then

1
G(24,f.68) < 24,(2G(125,6) + ) < 22 (

"\ Tt + 4%”/1") <1y <2/yp,
and [[emma 38 implies
E* [exp (24,X+(B))] < E¥ [exp (24, X-(f))]
= B [E* [exp 24, X5(f))]]
[exp (21 Xe-s(Psf)(1 = 2G2Auf.6)" )]
< B [exp (42, [|1Ps fllco Xr—s5(1))] .

Note that we could not have applied directly to F* [exp (24, X:(f))] because the bound on G(24,f,T)
obtained fromis only valid for T < ty, and 7 is up to n?. Now note that 1Psfllee < 21I1Ps12plle + 17, and

3.9)

1Ps1oplle = sug f Po(X, YY) < IIpslles V2B) < e2(3ch™™) lIpslles »
X€E 2B

(log z)df/(ﬁyl
= 2ypc12

>

and, putting c5 :

v g (0@ s p

A, h(2” )d/ =c152” ndy/Bydr/(By)-a w15 Ay 2 B, = O(n_l) ,df =B,
28 dy < B, —1+dy/B

O(n 1Py L dp < B.

Furthermore, recall that 4,17, = 1/(4ypn), so A, ||Psflle < c1en? for all n € N for some &’ > 0 and ¢j6 = c16(6) > 0 .
Now choose b = b’ /2, and recall that 7 € (6, n°]. Then, and by [Corollary 3.7}

Bu(1) A, II1Ps fll )

2 = yp(7 = )44, I1Ps [l
4crepu()n™

<ex

- p(l — 2016ybnb'/2)) ’

given that 2¢1y,n~"/? < 1. This bound is independent of j and B, and no more than, say, exp(1), for all n > n; for
some n; = n1(6) € N. Recalling|[(3.8)]and [(3.9)] this finishes the proof. O

E¥ [exp (4, [1Ps fll Xrs(1))] < exp (

4. Local Times

Fix 6 > 0 and u € Mp(E) throughout this section.

4.1. Existence of Local Times
For the proof of existence of the family (Ls(?, x)), we follow the approach used by Sugitani [35]] in the superBrow-

nian case. Forh > 0,¢ > 6, x € E, put
Lt x) = Li(t, x) = fé t X,(pa(x,-))ds,
L't x) = L} (6, x) = L't x) - B* [L'(1, ).
For 0 < s < t,and x € E, write p} = ps(x,-), g7 = qs(x,+), where g,,(x,) = fpf()dr and ¢, = qo,. Note

that P,p; = pj,, and thus Pyq, = q;, . forrs >0,0<a<b, x€E, by- Write (uf)(x) = u(f(x,-)) for
fi1 EXE — [0, 0] measurable.

11



Proposition 4.1. For 0 < a < b, ||(uqas)|, < oo, and

sup
t>6,x€E

Proof. Recall that [[p,ll. < [|Psae]l. < e3(s A 1)/ for all s > 0 by [(T4)] and [(1.2)] Hence, ||(ugup)||. <
u(1) “qa,b”oo < u(1)(® —a)sups, lIpdle, < coforall0 <a <b.

Fix r > § and x € E, and recall that B¥ [X,(f)] = u(P,f) for t > 0 and f € B.(E) U By(E) (see|(A.1)), where B(E)
denotes Borel functions on E and subscripts + and b denote non-negative and bounded functions respectively. Then,

B |, 0| - (yq(;,,)(x)' 50, h—0.

! 3 !
B [, 0] = f B [Xo(pp)] ds = f u(Pypy)ds = f (P ) s = 1(GS 0 00) = WUoenin)(),
) ) B
where we used Tonelli’s theorem. Thus,

B [, )] ~ (15000 = |@1snss)(6) = (o))
= |(UGeren) () = Wgssm) (X))
< ”(#‘Iz,mh)“oo + ”(ﬂ%ﬁ,:ﬂ-h)”m .

Forany s > 6, x€ E,and h > 0,

s+h s+h
(UG5 s+n)(X) = f f pr(x, y)u(dy) dr < u(l) f prlleo dr < c17h,
K E K

where ¢17 = u(1) sup s l1pslle < 00, s0

|Eﬂ [Lh(t’ .X)] - (l"q5t)(x)| < 2C17h
is a vanishing bound that is valid for all t > § and x € E. -

Proposition 4.2. Ifd; < 4, then there exists a family (Z(t, X))iss.xek Of random variables such that

lim sup E¥ [|Zh(t, x) - L(t, x)|2] =0, T>0.
=0 xeg
S<I<T

Proof. Fix T > 6,t € [6,T], and x € E. We start by showing that (zh(t, X))ps0 18 L2-Cauchy w.r.t. P4 Let h, W > 0,
say i’ < h. Put

! !
Zi= 0 — L (6,0) = f X(pr = pi)ds = f Xo(f)ds,
) ‘/—’—-f )

where we temporarily suppress & and #’ to lighten notation, so LMt x) — LV (1,x) = Z — B¥[Z], and by the second
moment formula for superprocesses |(A.2)l

EX [|Zh(t, 0 -I"Gq, x)|2] - B [22] - B (2P
= f(; fét (E” [Xs(H)Xs (] = B [Xs(H)] E [Xs»(f)])dsds’
- [ | | | | (P PPy )ardsas wh
=7 fo | f :6 f ;u(Pr ((Po-rf)(Py-rf)) ) ds ds’ dr

=% fo P [Pr [( fo (5) P.f ds)z)] dar,
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where the changes in integration order are warranted by Tonelli’s theorem. For » > 0, since i’ < h, putting a =
OV (6 —r)and b =t — r for the moment,

t—r b
f Psfds = f Py <pZ —pﬁ,)ds
0Ov(6-r) a

b
— x X
- f (ph+s - ph’+s) ds
a
b+h b+h
= f pyds— f pids
a+h a+h’
b+h +h
= f psds— f pyds
b+h' a+h’

— X X
= Poqy, , — Paqy -

Using this in|(4.1)} and since 0 < gy, , < g, for i < h, we have

B [Izh(t, x-L', x)|2] <V fo l#(Pz—r((PrCIZ)Z)) dr+2y, fo r/J(Pr (Povs-nd}Piray)) dr

=1 =

+ fo p (P(Povis-nap)?)) dr,

:213

where we substituted r — ¢ — r in I;. We proceed by showing that Iy, I>, I3 converge to zero as h | 0, uniformly in
t < T and x € E. The following fact will be useful.

T
VT > 0: f lgrrsnl| . dr — 0, h—o0. 4.2)
0

Indeed, for0 < r < T,

r+h r+h
< f 1psllee ds < C3f (fo A 5) 4B ds,
(e8] r r

r+h
Jaweall = [ poas

and, since dy/B = d;/2 < 2,

T r+h
f f (s Ato) “Pdsdr — 0 ash — 0.
0 r

(Il) (Prqz)z = (qlrv,r-#h)2 < qi)f,r+h ”qir-i-h”oo s q)rc,r+h q”»r"'h“oo’ 80, assuming h < 1’

I3 13 !
1% [Nl (Prtt) = [l ()0 = e [ aneol o

T
< ||(ﬂq§,T+l)“(x.J L ”q;',r+h||oo dr.

This bound is independent of # < T and x, and goes to zero as & — 0 by [Proposition 4.1] and [(4.2)]

(L) ForO<r<T,anda:=a, =0V (6 —r),

(Paqﬁ)(Pt*fqz) = qZ,a+hqf—r,t—r+h < q;,a-%—h ”CIt—r,t—rJrh”oo ’
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s0, again assuming h < 1,
s [l (i) o
- fo Nt )

SERY T

/2 t
< u(D) f laaesnll amvaromll dr+ () f/ e e
— t

S|I‘Jr,r+lz | |m+||q(5,o‘+h | |‘>0

T
< u() ”%/2,T+1 “oo (ZL ||Qr,r+h||w dr+T ||‘Z6,6+h”w),

which goes to zero as h — 0 by|(4.2)| and the fact that Hqﬁ,gﬁ,“m < hsupgslipsllee — Oash — 0.

(I13) We first split the integral according to

L= j: 1 (Pr (@3- 5-ra))) dr+ f(s tP‘(P (@) dr.

=1, =l

Then,

5
I, Sf ”q&—r,é—mh”wﬂ(Prqgr,gHh)drS/'l(l)“q&d+h“°of||Qr,r+h”oo dr,
0 _— 0

X
=s5+h

which goes to zero by |(4.2)l We turn to I3,. Assuming / < ty/2,

t h h
Ly = f dr f u(dy) f v(dz) pr(y,2) f ds f ds’py(x, 2)py(x,2)
) E E 0 0

h h

= fo ds fo ds’ fE w(dz) (ugs)(@)ps(x, 2)ps (X, 2)
e rh , (4.3)
< ||ugsr)., fo fo ( f ps(x,z)Psf(Z,X)V(dz))deS
E

=Psry (X,X)
ho
< ”CM%,T)HOO C3f fi(s +5) 4B dsds’,
o Jo

which is a bound independent of < T and x € E. The integral is no more than fOZh w47/ du, which tends to
zeroas h — Osince dy/B = d,/2 < 2.

We have shown that, for every T > 6,

— 0

sup [E+ [|Zh(t, x) - L"@, )c)|2

0<t<T,xeE

as h vV I/ — 0, so there exist random variables (Z(t, X))ss.0cE With

sup B [|Zh(t, x) - L, x)|2] =%o.

0<t<T,xeE
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Putting Ls(t, x) := Ly(t, X) + (uq;)(x) for £ > 0 and x € E, we infer fromandthat

sup_ B ||Lhct, 0 - Lote, 0| — 0. T >0, (4.4)

6<1<T,xeE
which proves([Theorem 2.1 (1

4.2. Continuity of Local Times
Proposition 4.3. Suppose that d; < 4. Then, forany0 <a < (2 —-d/2) A1, andn € N,

|Ls(t, x) — Ls(s, X)I" | -0
It — S|na —0

sup sup EX
x€E 5,260
li—sl<h

4.5)

Given this, is a straight-forward consequence of Kolmogorov’s continuity criterion.
Proof of[Theorem 2.1 (iii)} Let x € E. and Kolmogorov’s continuity criterion imply that, for any

given n € Nand a € (0,1 A (2 — d/2)), there is a modification of Ls(x,-) which is §’-Holder continuous for all
0 < B < a-1/n. Since all of these modifications coincide P¥#-a.s. (they are continuous), there is in fact a single
modification which is #’-Hélder continuous for all 0 < ' < 1 A (2 — d,/2). Since[Theorem 2.1 (1)| remains true when
replacing Ls(-, x) by a modification for every x € E, we may assume that Ls(:, x) has the desired Holder continuity for
every x € E.

By and a standard diagonalisation argument, we can choose a sequence ki, | 0 such that there is
a single set Q' of PX-probability one on which L (¢, x) — L(t, x) for all ¢ € [§,00) N Q. L (-, x) is increasing by
definition, so, on €', L(-, x) is increasing on [, c0) N Q, hence by continuity on [4, 00). By putting L(-, x) = 0 outside
€)', we obtain a modification that is increasing and of the desired continuity. O

and the following lemma are the central ingredients in the proof of

Lemma 4.4. Suppose that d; < 4. Then there is c13 > 0 such that P*-a.s., there exists for each § > 0 an hy =
ho(8, w) € (0, 1) with
sup [[(Xsgn)lleo < c184(h), 0 <h < h,
§>0
where i
hz’dr/zloggl) +1/y+1{d;=2} d, > 2.

h ’
g he 1),

2—-d/2+d /(2 s
hlog (1) d, <2,

With these, we can prove [Proposition 4.

Proof of[Proposition 4.3] Put D := (2 —ds/2) A1, and fix a € (0,D)andn € N. Letx € Eand t > s > § with

|t —s| < tg. By[Theorem 2.1 (i)l there is h,, | 0 such that f; X (py ydr — Ls(g,x) for g = s, on a common set
of P“-probability one. Let cj9(n) := c5(n) V c1g3 V 1 > 0, where cs5(n), cig > 0 are the constants from

and Then, by the Markov property and Fatou’s lemma,

L(h) = Lay(h) = {

Lot - Lots 0 | = 2 fim (f | X’(”?im)) ]

[ f—s n
= E* |EX [nm (f X,(p; )dr) H

| m—oo 0 m

[ 1—s n
e [ v

| m— o0 0

< B lim (v(2},) 1ol v (0= 9247’

nm—o0

= 1o B [(I(Xsqi-o)lloy V (¢ = 2 472)'].
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Note that in applying the Markov property, we used that Mr(E) — R; 7 = [(7g,)|l,, is measurable, which follows

1
by writing |||, = lim, e ( fE |-|? dv) /p, and the fact that n — fE f(x,)n(dx) is measurable for any measurable
fi1 EXE — [0, ] by a standard Dynkin argument.
Fix any @’ € (a, D), so that h>~%/2 < [(h) < h” for small & > 0. The upper bound above is independent of x, so

we conclude with[Cemma 4.4] that

EJ [lLé(t’ -x) - L&(S’ x)'”] 1 n
lim sup sup < cromlim sup B |([[(Xsgi-)lleo,y V (1 = )72
h—0 yeE 5126 |t — S|M h=0 §eger It — S|na [( SA1=s v ) ]
l=sl<h lt=sl<h
; 2-d,/2\"
< B |lim sup —— (I1X g9l V (1 = )°7)
=0 s<s<s |t - S|
lr=s|<h
2-d,/2\n
. t—s)V(iI—ys
S C19(n)"+1 llm Sup (é’( ) ( na) )
=0 s<s<r |t - S|
lt=s|<h
< cro(n)™ ! lim K@ = 0,
h—0
where we used monotone convergence in the second step, O

It remains to prove[T'heorem 2.3|and [Lemma 4.4] For the former, we use a moment formula derived from the work
of Dynkin [[L1]]: If f € B,(E) U By(E), and t > 0, then, for u € Mg(E),

. [(fo X d’)n] = 3 [Tewas. o

(DY eG, i=1

This statement and the associated notation can be found in The proof of now relies on an
induction to bound the RHS of

Proof of [Theorem 2.3) Fix f € B,(E) and t € (0,1)). By [(4.6)] we must find bounds on u(D(t; f)) for D € D. For
r>0and D € D, write D(r, ) := D(r; f)(-). Then, if |D| > 2, say D = Dy V D,, and x € E, by [Lemma A.6]

D(t,%) = yp fo dr P Dy(t =7, )Da(t = 1.) )(x)

<Di(t,)Da(1,")

<% fo ar fE v(dy) p,(x,9)D1(t,9)Da (. y) @7
=% fE v(dy) q:(x, y)D1(t, ) D (1, y),
0
(Dt )) = 7 fE Y(dy) (ug) D1 (1, D (1., y) < 1110)lly DO), 4.8)
where
D(t) =y, fE D (t, X)Da(t, x)v(dx). (4.9)

We shall find a bound on D(¢) inductively. Put a := d¢/B = d,/2 € (0,2) for this proof. If D = D, v D, € D with
IDy| > 2, |Ds| > 2 (so that[(4.9)| defines D;(r) and D,(7)), we claim that

D(t) < c20t> 2 D1(1) D (1), (4.10)
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where ¢y = 427%; Indeed, we can write Dy = D} vV DY, and D, = D} vV D7, so, by|(4.7),

D(@) =, f v(dx) Dy(t, x)Da (2, x)

<y, f f f f ( f v(dx) p,(y, X)p, (xy))D’(t y)DY(t,y)D5(t,y")D5 (t,y") dr dr' v(dy)v(dy’) @1

=Prer Y)SC3(r+r )~

t !
SybC3(f drf dr’(r+r’)_“)D1(t)D2(t),
0 0
2t 2t 2 2—a 2(1
fdrfdr(r+r)“ fdrf dss™ = fdsf “<f srds= O
(s=1)+ 0 -

If D =D VD;eD, and |Dy| = 1, |Dy| > 2, then Dy(t,") = [ P,fdr = [ dr [ v(dy) p,(,y)f(), and D; as in
[(41T)] and the same argument gives

where

D(t) < cat? " V(f)Dx(1), (4.12)
and if |Dy| = |D,| = 1, then
D(t) < caot> V(f)*. (4.13)

Given D € D with |D| > 2, we can now bound D(¢) by recursively applying [(4.10)} [(4.12)] and [[4.13)] We obtain a
factor v(f) for every leaf, and a factor c,0t>~ for every inner node, of which there are |D| and |D| — 1, respectively, so

D(t) < (caot )Py ()P,

thus by [(4.8)]
(D5 1)) < NHG s,y (c20> )P 1v(f) P, (4.14)
If |D| = 1, then

wD(; f)) = fE u(dx) fo dr fE v(dy) pr(x, y)f(y) = fE v(dy) (g fO) < (gl v

so[(4.14)| holds in that case as well. Combining [(4.6)| and [(4.14)] gives

B [( [ th(f)ds) } Z [ Juie

¥ €G, i=1
Z l_[ ”(ﬂq:)”oo,v (Czotz_”)‘Dil_ly(f)\Dil)
D)L €G, i=1

= (||<yqt>||2"o,v (20" V(")

(DY, €G,
<Gl (1ug)lleo.y V (C20 ) V()"

This proves with ¢s(n) = |G,| (¢ V 1)".
Finally, if 4 has a bounded density g w.r.t. v, then for any x € E,

! !
wa)0 = [ [ pixngom@ds <lighe, [ [ puom@)ds =il
o JE 0 JE
[N ——
=1
and the RHS of [(2.2)]is upper bounded by that of [(2.3)] O
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To prove sharpness of this result in the sense of (i), we observe that a stronger bound would imply a
stronger Holder-continuity of the local times, contradicting (which will be proved later).

Proof of[Remark 2.4)(i). 1t is easy to show that ||(ug,)ll., > ct for some ¢ > 0 and small ¢ > 0, for any non-zero
1 € Mp(E). Hence, if dy < 2, then the maximum on the RHS of|(2.2)(is attained by ||(ug/)l|,, for small £ > 0.

Suppose that d; > 2, and that [Theorem 2.3 held with 2 — d,/2 on the RHS of [[2.2)] and [2.3)| replaced by some
a > 2 —dg/2 (simultaneously for all n € N and u € Mp(E)). Then take g € Mpg(E) with a density w.r.t. v

that is bounded by 1 and positive everywhere. Such a density exists; by our assumption on v it can be chosen as
g = Xne1 anlpy, Ny for some xo € E and appropriate constants ay > 0, N € N. Then, holds with RHS equal
to c5v( f)"t"“/. This would allow for a proof of with a € (2 — dy/2,a’) and some fixed § > 0, and thus imply
' -Holder continuity of Ls(xo, -) for all 8 € (2 — d,/2,a) and some fixed xy € E, see proof of By
this would imply that Ls(xo, -) = 0 P“-a.s., which is a contradiction of

B [Ls(xo, )] = lim B [f(; Xs(pn(xo,-)) dS] =]111§(1)f6 M(Ps+n(xo,-)) ds

= f§ H(py(xo,-))ds
= f6 f Ps(x0,)g(v(dy) ds
>0

for any ¢ > &, where we used Tonelli’s theorem, [(A.T)] dominated convergence, and the fact that
g > 0 everywhere. O

[Cemma 4.4]is an immediate consequence of and the following lemma, for the application of which

we recall that, P-a.s., sup,. X,(1) is finite since (X,(1)) is continuous and eventually absorbed at zero.
Lemma 4.5. Let A € Mp(E), and suppose there are a > dy — 8 and b, c, ry > 0 with

b
1
sup A(B(x, r)) < cr” (log —) , O<r<r. (4.15)
r

xeE

Then there exist co1, hy > 0 such that

1 b+a/(By)
) , O0<h<hg,

g, < ok log(z

where ¢y, does not depend on ry, and on A only through a, b, and c. Furthermore, if[(4.15)| holds for a family (4,)ic; of
measures with sup,; A;(1) < oo, then hy can be chosen for all A; simultaneously.

The proof of is straight-forward and technical, and we hide it in We close with a proof
of [Theorem 2.1 (1)

Proof of[Theorem 2.1 (ii)] For N € N and some fixed x, € E, put
Cnv ={f€Ci(E): f=00nE\ B(xo,N)},
and fy = f AN for f € C.(E), where C.(E) is the set of non-negative continuous functions on E. Then, for > ¢

and N € N,

B+ [sup
feCy

] <N f B [|Ls(t, x) = LiGt, )] v(d)
B(x0,N)
< Nv(B(xo, N)) sup |[Ls(2, x) = Lit, %)

f In(O(Ls(t, x) = LA(t, ))v(dx)

E

h—0
— 0.
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In particular, there exists 4, — 0 such that, off a P#-null set, fE fN(x)Lg’”(t, xv(dx) — fE fn(x)Ls(t, x)v(dx) as
n — oo forall N € Nand f € Cy. Off this null set, for N e N, N > 1/6, and f € Cy,

fE Jn(X)Ls(t, x)v(dx)

n—oo

_ lim f ds f X,(dy) ( f i x>fN<x>v<dx>)
n—eo Js E E

3

= lim X(Py, fn)ds
s

n—oo

_ f X,(fy) ds.
)

where we could apply dominated convergence in the last step because fy is continuous and bounded and so P, fy —
fn pointwise, and ||Ph,, fNHOo < Nforalln € N. If f: E — R is continuous, non-negative, and compactly supported,
write f € C..(E), then f € Cy forlarge N € N, and 0 < fy T f as N — oo. Hence by monotone convergence, P*-a.s.,
forall f € C.o(E),

lim fN(X)( f Xs(pn, (x, -)dS)V(dX)
E o

f f(x)Ls(t, x)v(dx) = lim f Sn(x)Ls(t, x)v(dx)
E N—oc E

5
= lim f X,(fi) ds
N—oo 5

= ftXx(f) ds.
s

Finally, both the LHS and the RHS above are P-a.s. continuous in # (LHS by monotone convergence and
RHS by dominated convergence), so we may choose a single set of P“-probability one on which the
claim holds for all > ¢ and all f € C..(E). A monotone class argument finishes the proof. O

[Theorem 2.1 (iv)| will be proved at the end of next section. The idea is that a stronger Holder continuity of Ls(-, xo)
would imply a lower bound on dimy 7 (xo) that contradicts the upper bound in[Theorem 2.3

5. Dimension Results

We begin by proving our range result[Theorem 2.8] It can be understood as a modern formulation of Tribe’s [36]
proof; instead of using non-standard techniques to apply the modulus of continuity of linear Brownian motions to the
associated superprocess, we use the modulus of continuity of the historical process,

Proof of[Theorem 2.8 The lower bound on S(X,) follows immediately from (see, for example, [[19]
page 61]). For the upper bound, fix u € Mg(E) and let m € M(}(E) with mo(m) = wu, so that the distribution of (X;)

under P# is the same as that of (,(H,)) under Q. We work with the latter, and slightly abuse notation by writing
X, = m,(H,) for the duration of the proof.
First note that dimy R(1) < dimy E = dy for any I C (0, 00) is trivial. We show that for fixed but arbitrary N € N
and & > 0, Qp,-a.s.,
dimy R(I) < B(1 +dimy I + 2¢),

for any I c [1/N,N A ty], where Ty = inf{r > 0: X;(1) = N}. This implies dimy R(J) < B(1 + dimg 1) Qp,-a.s.
by countable stability of Hausdorff dimension, and the fact that Ty — oo Qg -a.s. as N — oo because (X;(1)) is a
continuous path that is Q ,-a.s. eventually absorbed at zero. .

Forn € Nand j € Ny, put #,; == j2™" and I,,; = [t,,1,j+1], and denote for j € N by M,; and yf;;, i € N, the
respectively Ny- and C(E)-valued random variables from for which

M»x'
S (Hy ) = 0 ) Qogras.,
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and, given F,”. A o (y(’)) "/ follows the distribution of a Poisson point process on C(E) with intensity measure %;_;]th,j—l'

In particular, M,, j ~ Poi (2”“ H, ., (1)) so by a Poisson tail bound (see |

n+2 N2" N2n+2
) < Z Qo (tn,j—l <tN, M, > )
= Vb

QO’,,,(HJ'ENZ Inj SN/\TN,M,,,‘ >
' ' Vb

N2"

2n+1N
= Z QO,m (]l{;”'jl<TN}QO,m (Mnj =2
=1

Yb

7

N2"

3 2n+2N
< Jz:l: Qo,m (]l{l,l'jlsTN} eXp (_E I ))

< N2"exp (—3 : 2"*2N/yb),

where we used that 1, ;1 < 7y implies H,, (1) = X, ., (1) < N. This bound is summable over n, hence outside some

null set there exists ny = no(w) € N such that M,; < % forall n > np and j € Nwitht,; <N A7y. Nowletc >0
be so large that, omitting another null set, we find 6 = 6(c, w) > 0 according to [Theorem 3.3 and |Corollary 3.4| (ii).
Then, Qo ,-a.s. if 27" < ¢ and j € N, applying|Corollary 3.4|(ii), |Corollary 3.4|(i), and [Theorem 3.3|in that order,

Ry = | Sxy) €8x, )@
= (SH, )
C 74,1 (S(H,, ))* @™
=7, (S(ry ., (L, ) CRY

n/

= U BO\ (1, j-1), 2¢h27).

—B
=B,

Now fix w outside the excluded null sets and let I ¢ [N~', N A Ty] with Hausdorff dimension d; := dimy /. Then,
HU+2(T) = 0 (recall that H*: P(E) — [0, oo] for s > 0 denotes the s-dimensional Hausdorff outer measure). Hence,
there are for all n € N dyadic 27"-covers C, = (I;: k > n, j € J}!) of I, where J}! C {1, .. .,N2"}, k > n, such that

= lim > 7[%** = lim Z || 2kdre),

IeC

where by |A| for a subset A of a metric space we denote its diameter. Then, if 27" < ¢, the family
B, = (Bl k= n,jeJj.i< My)

is a cover of R(I) with maximal diameter 2ch(2™"), which tends to zero as n — oo. Further recall that A(27%) =
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27*B(klog2)!/™® . Hence,

7_{,8(1+d,+2g)(R( ) < lim Z | Blﬁ(l+d,+2£)

n—e peg

— h_m Z Z Mk.jh(sz)ﬂ(l+d,+28)

N2 k=n jeJi

< lim Z |JZ| N2k+12—k(1+d1+28)(k log 2)(1+d1+2£)/y

n=0 Yoy

k1 2 (l+d,+25)/72—k5 i N J? 2—k(d1+s)
Ssz(igg( 0g2) )- tim > ||

n—seo \ o

<o =0
= 0’
where ¢y, = 2N(log 2)1+4+29/Y which implies dimy R(I) < (1 + d; + 2¢). O

Recall the moment formula for historical processes [33, Equation (I1.8.5)]: If m € M?F(C), and f: C(E) —» Ris
bounded and measurable, then

Qom(Hi(f)) = f PO (£(Y))m(dy). 120, (5.2)
C(E)
where we write P(g) = f g dP for the expectation of a random variable g w.r.t. a probability measure P.

Proof of [Theorem 2.3] Upper Bound. Fix u € Mp(E). Letm € M(}(E) with mo(m) = y, so that the distribution of (X;)
under P* is the same as that of (7,(H,)) under Q,,. We work with the latter and, with a slight abuse of notation, write
X, =m(H,), t > 0, for the duration of the proof.

Let A C E and put d4 = dimy A. By countable stability of Hausdorff dimension, it suffices to show that for fixed
but arbitrary N € N and € > 0, Qo ,-a.s.,

. dr—d
dimy (T(A)N[N"',N]) < D +2e, where D::(Z—%+d—A) :(2— / A).
+ +

B B

Since H9*Be(A) = 0, there are covers C, of A, n € N, comprised of balls with dyadic diameters no larger than 27",
such that

0 = lim Z ICI44*Fe = Tim ) 2 Kpe), (5.3)
n—oo i, n—oo e
where
m' = Hc €C,: IC| = 2-’<}|, neN, k>n, (5.4)

denotes the number of balls in C, with diameter 27%. A
Forn € Nand j € Ny, put t,,; == j27 and I,; = [ty j+1]. Denote for n, j € N by M,; and y:,)" i € N, the
respectively Ny- and C(E)-valued random variables from [Theorem 3.1] for which

1 (M)
S(rtn,j-1 (th,-)) = {)’ij), e ’ynj ! } ) QO,m'a-S-s

where, given 7—",H] " (yfl’]))?;llf follows the distribution of a Poisson point process on C(E) with intensity measure
%th,j—l' With the same argument employed in [(5.1)] we find ¢ > 0 such that Qg ,-a.s. there is 6 = §(c,w) > 0

such that if 27 < ¢ and j € N, then

M,;
L s e | BOY ) r) = Buj, where 1, = 20h(27) = e 27"nV/#Y),
i=1

S€ly;
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and ¢33 = 2¢(Blog2)!/#Y. Thus if 27 < ¢, then a cover of 7(A) N [N~!, N] with maximal diameter 2% is given by

8= | {:jenBync=al,

k=n CeC,
ICl=27*

where J = {j € N: I; N\ [N"!, N1 # @} = {|[N"'27],...,|N27|}. Then,

Qo (HP(T(A) NN ND) < @o,m( lim " |B|D*28)

n—o peg

B

n= k>p CeC, jei
|cl=27*

<lim Y 3 3 27029, (Byn C = 0),

n— Ysn CeC, jeli
|Cl=27*

where we used Fatou’s lemma in the last step. Letn € N and C € C,, s0 C = B(xg,27%1) for some xy € E and
k > n. Then, for j € Ji, B;j N C # @ if and only if B(yfjj.(tk,j_l), 1) NC # @ for some i < My, if and only if

p(xo, y}("j),(tk, 1)) <271+ p for some i < My Thus if k is so large that 27%7! < r, then

Qo (Bij N C # @) < Qo (I < Mij: p(ro, Yt j1) < 2r%). (5.6)

which we evaluate by conditioning on 7—;5 _- To that end, assume that for some 6§ € Mz(C) \ {0}, n = )Y, is a

Poisson point process with intensity measure 2?—;19. Then, for any K, t > 0,

P(3i < M: p(xo.yi(1) < K) = 1 = P(n(y: p(xo. y(1)) < K) = 0)

kB+1
=1 —exp (— 0(y: p(xo, y(1) < K))
Vb
kB+1
< 0(y: p(xo, y(1)) < K).
Vb

This clearly holds also if § = 0 (then LHS = RHS = 0). Applying this and[(5.2)]to[(5.6)] yields

Qo (Bej N C # @) = Qo (Qo,m (Fi < Myj: p (%0, Yt j-1) < 2re | 7”,5,1))

2k/)’+1
< " Qo.m (Ht;w;](y: P(Xo,y(fk, j—l)) < 2F1<))
2kﬁ+l
= [ PO o0 ¥i01100) < 2) iy
C(E)
k1

< —m()||py, ., || (BCxo, 2r0)).
Yb

Now if k is so large that inf jc;, 1.; = | N™12% | 2% > (2N)™, say, then

kB+1

Qo (B N C #0) < m(l)( sup ||pf||o<,)cz(2rk)"f = 2K DY),

Yb 1>(2N)"!
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where ¢4 = 2m(1)y; ' (Sup s any 1Prll)eacyy is finite because [l < [|pino |l < €30 A 10) 4/ for all £ > 0 by|(1.4)
and|(1.2)l Plug this bound into|(5.5)| and use|(5.4)|and |J;| < N2*%, to obtain

Qo (HP22(TA) N INTND) S eag lim ) »° % 27 K20k /iy

n—e ysn CeC, jeli
|Cl=27*

< 4N lim Z mdef/(ﬁy)zkﬁ(Z—df/ﬂ—D—Ze)

n—oo an

< €N lim )" ksl B 25

n—oo an
dr|By)y—kBe | 1; nn—k(ds+Be)
< cuN (supk 1Y ) lim Z m;2
keN n—oo on
<oo -0 by @

=0,
where we used in the third step that D > 2 — %, s02— %f -D< —%‘. This implies that HP+24(T(A)N[N~',N]) = 0
Qo n-a.s. and finishes the proof. O

To prove the lower bounds in we use an idea similar to Serlet’s [34] and apply what is sometimes
called the energy method: If 7y is a finite non-zero Borel measure on R with f f It — s y(ds)y(dr) < oo for some
6 € (0, 1], then dimy S(y) > 6 (see e.g. [13, Theorem 4.13]). For 1 € Mp(E) and s > 0, put pf(~) = fE ps(x, )A(dx).
Proposition 5.1. Let y € Mp(E) and 6 > 0, and suppose that 1 € Mg(E) is non-zero and satisfies A(B(x, r)) < Cosr?
forall x € E and r € (0,ry), for some d € [0,ds] with (dy — d)/B < 2 and some cys,ry > 0. Then there is a random
Borel measure y on [, 00) such that the following hold.

(i) There is a sequence h; — 0 such that P*-a.s. for all rational § < s < t,
!
Hsth = fim [ X}
(ii) Foré < s <t,
!
B [y((s,1])] = f p(py)dr.
(iii) If A has compact support, then P*-a.s. S(y) C 7 (S(1)) U J for a random countable set J.

(iv) If0 € (0,1 A(2- "fT“’)) and T > 0, then

EH

< 00.

T T
fflt—SI_GY(dS)V(df)
d 0
dy—d

In particular, if A has compact support then P*-a.s. y # 0 implies dimg 7 (S(1)) > 1 A ( - T)

The random set J in is the set of discontinuities of the support process of X, which we briefly introduce.
Denote by K(E) the set of non-empty compact subsets of E, which is complete and separable [2, Theorems 15.3 and
15.6] when endowed with the Hausdorff metric

d(F,K) = (supd(x,K) V supd(x, )) A1, F.K € K(E). (5.7)
xeF xeK
In other words, d(F,K) < ¢ for € € (0, 1) if and only if K C F® and F C K* (recall the meaning of K* from [(3.3)).
Since the mapping {1 € Mg(E): S(1) € K(E)} — K(E); 1 — S(Q) is Borel measurable [6, Theorem 4.4.1], and
S(X;) € K(E) for all t > 0 a.s., the support process (S(X;)):»o of X is (after modification on a null set) a K(E)-valued
process.
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Lemma 5.2. For u € Mg(E), P*-a.s., (S(X)))»0 is right-continuous with left limits, hence has only countably many
discontinuities.

Proof. Right-continuity and the existence of left limits are respectively proved in [7, Theorem 1.2] and [30, Lemma
4.1] for superBrownian motion, but the proofs work in generality as long as the assertion of (ii) holds.
The fact that a right-continuous path with left limits in a Polish space has only countably many discontinuities is
standard. O

Proof of [Proposition 3.1] Recall that pl(-) = [, ps(x,)A(dx) for s > 0, and put

[
L) = f X, (pHydr, h>0.
6

We can then repeat the exact same arguments used to show existence of local times (see[Propositions 4.T)and 2] and
[(4:4)) to prove that there are random variables (L(7));>s with

sup T [|Lh(t) - L(t)|2] 50, T>0. (5.8)

0<t<T

When copying the proof,

(i) Replace p* by pt, qs.(x,-) by qﬁ,,(~) = f ple)dr, ¢ by ¢ = qé,s, forx € E, 0 < s < t. In particular, (ug;,)(x)
is replaced by u(g?,). Also note that Pp;} = p,, and Py}, = qt, , forr,s > 0,0 < a < b, by|(1.4)and
Tonelli’s theorem.

(ii) Discard all suprema taken over x € E (in particular, ||(ug;,)ll- is replaced by H(Q./vl,t))’

(iii) In place of ||p;lle < c3(s A 1p)™%/P, use the bound pr“m < c27(s A 5p)™¢ for constants @ € (0, 2), so, c27 > 0, see

[Lemma 5.3 below.
(iv) In the bound

f PR @V(d2) = pory (X, %) < c3(s + 5V, 55" €(0,10/2),

can be replaced by
f Pi@pi(@v(dz) = f f AAD)AdY)psss (x,7) < AD) ||l o], < casAD(s + 507 5,5 € (0, 50/2).

By a diagonal argument, we then find a sequence #; — 0 such that L"(q) — L(q) holds P#-a.s. simultaneously for all
g € QN [0, ). In particular, P*-a.s. L is increasing when restricted to rationals.

Define a random set function y by y((s, f]) = L(¢) — L(s) for rational § < s < t. To show that it extends uniquely
to a random Borel measure on [d, 00), it suffices to prove that P*-a.s., if s,, 5, u,, u € [0, ), n € N, are rational with
sy | sand u, | u, then y((s,, ul) — y((s,u]), and y((s, u,]) — y((s, u]) (see e.g. [9, Lemma 5.1]). By monotonicity of
L on rationals, it suffices to show that for any given ¢ € [§, c0) N Q, there P#-a.s. exists a rational sequence #, | t with
L(t,) — L(t), and similarly for left-sided limits. So let #,,,# > ¢ be rational numbers with ¢, | 7. Then,

n
B [IL(t,) — L)) = B Lﬁm f Xr(pﬁk)dr]
I
In
<lim | B [X(pp)]dr
k—oo JIt
8

=lim [ u(p},)dr

k—oo JIt

< u(0@ = 0ysup ],
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which tends to zero as n — oco. In particular, there is a subsequence (#x)) of (¢,) such that L(#)) — L(z) P¥-a.s. An
analogous argument works for left-sided limits, so we conclude the existence of a random measure y on [d, co) with
y((s,t]) = L(t) — L(s) = limg_eo f X,(pﬁk)dr for rational § < s < r. Note that y((s, t]) is measurable (as a function
from the underlying probability space to the reals) for rational 6 < s < ¢, hence by a monotone class argument, y(B)
is measurable for all Borel sets B C [d, c0). This finishes the proof of

If § < s < t are rational, then by definition of v, and the fact that L"(r) — L(r) in L? and thus in L' for all r > 6

by[(5.8)}

B [y((s.1D] = B [L() ~ L(s)] = lim B [L"(5) = L (s5)| = lim f B [ X, (pp)] dr

!
& lim f H(pyy) dr

t
= f u(p})dr,

where we used dominated convergence in the final step. The claim for general ¢ and s follows by approximation
through rationals and monotone convergence.

If 6 <t € T(S(Q))", then there is an & > 0 such that S(X;)* N S(1) = @ (both are compact sets). If s — S(Xj)
is continuous at ¢ (recall this is w.r.t. the metric defined in [(3.7)), then there are rational 7, < ¢ < #; such that
Usp<r<r; SQX) € S(X)¥/%, s0 p(x,y) > £/2 for all y € S(1) and x € S(X,), r € (ty, #;). Thus, P“-a.s.,

11
W = Jim [ X0} ar
—00 1

0

11
tim [ ar f X,(d0) f Ady)pi (2. )
) E E

k—co
< (11 - 1o)(sup X,(1))A(1) lim ( sup  pa(x, y))
>0 k—oo N p(x,y)=e/2
=0,

so ¢t € S(y)°. This implies that, P*-a.s., S(y) € 7(S(12)) U J for the set J of discontinuities of (S(Xj))s>0, Which is
countable by

To prove first note that implies the P*-almost sure weak convergence of the random measures y;, k € N,
on [§, o) defined by y(df) = Xt(pﬁk) dr to y as k — oco. Hence also y;, ® vy — v ® y weakly as k — oo, so for any

measurable f: [J, 00) X [J, 00) — [0, oo] we have f f fdly®y) <lim_, f f fd(vx ® yi). In particular,

T T T T
E* f f It = 5|7 y(dn)y(ds)| < lim E¥ f f It = 517 yi(dr)yx(ds)
5 5 koo 5 5
T t
=2lim [ dr f dsle = s B [X(pi ) Xs(pi)| (5.9)
koo %
T-6/2 t
=21lim | dr f dslr = s B [EX2 [ X,(pp )Xo(pp)]|
koo s sh

where we also applied Fatou’s lemma, Tonelli’s theorem, and the Markov property. Now forany 2 > Oand 6/2 < s < t,

by[(A2)]

A
EX [X(p)Xs ()| = Xsn (Pl Xop2(ply) + f Xs2 (Tr(pyonpt ) dr
0

S
SX&/z(l)zﬂ(l)z(SUI/)2||Pu||oo)2+ f Xs/2 (Tor(Pyyarenpin) dr
u=6 0
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Thus and by [(A.T)]

B [BX2 [ X, (p)Xs(p)]| < AD*Csup lpulle "B [Xs2(1)%] + fo §o X512 (To-r P g

u>5/2

= A’ (sup lIpull)? (1) + (6/2)) + fo (T srsopp (P gsrenP o)) A,

u>5/2

()

where we used that [E# [Xu(l)z] = ,u(1)2 + u for u > 0, which is an immediate consequence of (A.2)l The first term is
independent of ¢, s, and A, and since 6 < 1, its contribution to the integral on the RHS of nite and bounded
uniformly in k.

We can rewrite and upper bound the second term by

() = fo ar f u(dv) f YADPsr 52K P s s IP )

< u()(s0p 1pul) fo dr f V@DPL e h P )

u>6/2

T+1
< u(DCsup i) f ar f VP IPO)

u=6/2
T+1
= p(1)( Sup lPulle) f f f AAX)A(dy) pr-se2r(x, y).

We claim that for any 7 € (0, 1), there is cy¢ > 0 such that for all u > 0,

f f Pu(x, VAAX)Ay) < cr6(1 v u~UrmDIBy, (5.10)

If this has been shown, we can conclude that the contribution of (%) to the integral on the RHS of [(5.9)]is no larger
than

T ! T+1
u(D)(sup ||pulles)ce f dtf dslt— sl_gf dr [1 V(t-s+ 2r)_(d,/—7ld)/ﬁ]
0 0

u>6/2 0
T+1
= (1)(sup l1Pulles )c%f dtf dsf (1 (s + 2r) B

where we substituted s — ¢ — s. This is independent of h, and finite if 6 < 2 — d¢/B + nd/B, which can be arranged

by choosing 7 sufficiently close to 1. This proves In particular, féT f; |t — s y(ds)y(dr) < co PH-ass., so by the
energy method dimg S(y[5r;) > 6 whenever y |5 r1# 0, P¥-a.s. If v # 0 then this is the case for sufficiently large 7,
hence in that case by

dimy 7(S(A)) = dimy (7 (S(Q)) U J) > dimy S(y) = supdimy S(y[|s7)) = 6

>0

forall6 € (0,1 A (2—(df—ad)/B).
It remains to prove the claim surrounding|(5.10)l Let 7 € (0, 1) and u € (0, #y). For an R = R(n, u) € (0, r,) that we
have yet to choose, we can bound

f f Pu(x, AN Ady) < f c3u P A(B(x, R)A(x) + c3A(1)*u™ "% exp (~co R u™)

< e3A(1)(eas + AP (R + exp (—caRu™)).

(5.11)

Now choose R = u"# (for u so small that R < r,), then
R + exp (—C4Rﬁ”u_7) = "B 1 exp (—C4M_7(l_”)) < 2uMB
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for sufficiently small . Combining with[(5.1T)| yields the claim for u € (0, ug) for some uy > 0. If u > ug, then

f f Pu(x, YAA)Ady) < A1 (sup [|pullyo)-

u>u
This proves the claim with ¢y = /l(l)z(supumJ 1Pullos) V 2¢3A(1)(ca5 + A(1)). O
Lemma 5.3. Under the assumptions of [Proposition 5.1} there exist a € (0,2), so > 0, and c27 > 0 such that
”pf”oc <cy(sAsg)™®, s>0.
Proof. Recall that pg(x,y) < p,(p(x,y)) for x,y € E and s € (0, tp), where
p(r) = c3s P exp (—C4(rﬂ/s)7), s,r>0.

Since p,(-) is decreasing, we have in fact that SUPy(xy)> ps(x,y) < p,(r)forall r > 0 and s € (0,%)). Now fixane > 0
that we have yet to specify, and put R := R(s) := s'=9/8 for s > 0, so that for any fixed a > 0,

Py(@R()) = ¢35~ exp (-csd”s) < 1

for sufficiently small s. Then, again for sufficiently small s, and any x € E,
P = f Ps(x,y)A(dy)

< ADPR + ) f Py(x»Ady)

=0 B R2-")\ B(x,R2-+1)

< ADP,R) + D (AB(x, R27™) = AB(x, R D)) (R D)
n=0

< A1) + ABx, RPL(R/2) + ) ABCx, R2™) (P (R27"D) - B (R2™)) (5.12)

n=1

<2a(1) + i C25(R2™)'e35™ P exp (—ca Y2 DY 577) [1 —exp (—c4Rﬁ’72*<"”>ﬁys*7)]

n=1

<1 <c4RBY2-(n+DBy =y

< 2/1(1) + C2503Rds_df/ﬂRﬁ7S_7 Z 2—nd2—(n+l)ﬁy
n=1

< cyy s AN IBE+dIB),

where ¢y; = 24(1) + c3¢25277 302, 274 Since (df — d)/B < 2, we can choose & > 0 so small that @ :=
(df —d)/B + e(y + d[B) < 2. Say[(5.12)|holds for s € (0, so]. Then if s > 50, by [(T.4)}

f Ps(x, x0)A(dx) = f v(dy)ps—s, (> X0) ( f p.fo(x,y)/l(dx)) < e8y” ( f Ps—50(V» xo)V(dy)) = c275,".

The lower bounds in[Theorem 2.5|are now a consequence of [Proposition 5.1{and Frostman’s lemma.

Proof of[Theorem 2.3 Lower Bounds. Let A C E be analytic with Hausdorff dimension ds := dimy A such that
dy/2 — da/B = (df — da)/B < 2 (otherwise the claim is trivial). We prove that, if s € (0,ds] with H*(A) > 0, then
dimy 7 (A) > 1L A2 - (df - 5)/B) = (2—d,/2 + s/B) with positive probability. Since H*(A) = co for all s € (0, d), this
implies both (ii) and (iii).
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If s € (0,ds] with H*(A) > 0, then by [21, Corollary 7] there exists a compact subset K Cc A with H*(K) €
(0, ), and by a version of Frostman’s lemma (e.g. [29, Theorem 8.17]), A := H*(K N -) satisfies the assumptions of
Then, for 6 > 0 which we choose later, denote by y the random measure on [6, co) whose existence is

asserted by [Proposition 5.1] Then, P*-a.s. if y # 0,

dimy T(A) > dimy T(S(A) = 1 A (2 - dfﬁ_ S) .

It remains to show thaty # 0 with positive probability. By assumption, we can choose ¢ > 0 such that f;o dr f u(dx)pi(x,y) >
0 for all y € A, so[Proposition 5.1fi1)| yields (with monotone convergence)

E* [(6, c0))] = fa u(pl)dr = f ( f6 dr f u(dx)p,<x,y))ﬂ<dy>>0.

>0 forallye A

O

The lower bound in the singleton case, follows from the Holder continuity of the local times and the
following fact, which is an elementary exercise in Hausdorff measures.

Lemma 5.4. Let F C R be closed, I O F an interval, and suppose there exists an increasing, non-constant function
f: I — Rwhich is locally B’ -Héolder continuous for some ' € (0, 1), and satisfies

Ya<b,abeQ,[ablCcI\F: f(b)- f(a)=0.

Then HP (F) > 0, in particular dimy F > B

Proofs of[Theorem 2.7\and|[Theorem 2.1 (iv)} Fix u € Mgp(E) and xy € E, put 7 = 7 (xo) and d(¢) = p(xp, S(X;)) for
t>0,sothat7 = {t > 0: d(¢) = 0}. Consider an event Q' of P*-probability one on which the assertion of
(ii) holds (with some fixed, sufficiently large ¢ > 0). Put

J = {tz 0:d() > 0and limd(s) = 0},

st

T =T uJ= {IZO: li_md(s):0}.
s—t
Then 7 is closed and dimy 7’ = dimy 7 because J is countable. Indeed, for every ¢ € J, (ii) implies
that there exists & > 0 (depending on ¢ and w € Q') such that (r,7 + &) N J = &. Now suppose that § > 0 and
t > & with Ls(t, x9) > 0. Then Ls(-, xo): [d,0) — R is a non-constant, increasing function, and whenever a,b € Q,
[a,b] C [6,00) \ T, there is r = r(a,b,w) > 0 with d(s) > r for all s € [a,b]. Indeed, otherwise there would be
(s,) € [a, b]N with d(s,) — 0, say s, — S € [a, b] by passing to a subsequence; but this would imply s € J, which
contradicts [a,b] N J C [a,b] N T’ = &. Omitting another null set, we can assume that K := sup., X,(1) < oo, and,

by|Theorem 2.1 (i)} that there is &, | 0 with Ls(¢, xo) = lim;,—, f; X (pe, (x0,-)) ds for all # € Q5. Then,
b
Lob. ) = La(a0) = fim [ X, (o000 s

< li_m(K(b—a) sup |pgn(x0,x)|]

n—oo p(x,x0)>r

< K(b-a)lim (C3s,_,df/ﬁ exp (—C4r875,:7))

n—oo

=0.

Furthermore, Ls(-, xo) is locally #’-Hélder continuous for every 8’ < 1 A (2 — d/2), so[Cemma 5.4]implies dimy 7~ =
dimy 7 > B’ a.s. for all such g’.
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Now suppose d; > 2 (otherwise 2 — d;/2 > 1 and is trivial). By omitting another null set,
assume that dimy 7 < (2 — d,/2). Then, if there wasad > 0,7 > s > 6, and 8 > (2 — d,/2) such that Ls(-, xo)

is #’-Holder continuous and not constant on [s, 7], then implies by the same argument we just used that
dimy 7 = dimy 7’ > dimy(7’ N [s,1]) > B > 2 — d,/2, a contradiction of [Theorem 2.5 (i). O
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Appendix A. Dynkin’s Moment Formula

The purpose of this section is to derive from Dynkin’s moment formula 11, Theorem 1.7], to which end we
introduce some notation. Denote by Dy, for finite @ # A C N, the set of equivalence classes of connected, complete
binary trees (complete means that every inner node has two children) with leaf set A, where two trees are called
equivalent if they can be transformed into one another by a sequence of flips, that is, by swapping the left and right
children of a number of nodes at arbitrary levels of the tree. Write |D| := |A| for D € D,. Call an equivalence class of a
(possibly unconnected) complete binary tree a forest, and denote by G, the set of forests with leaves A. For G € Gy,
write G = {D;}7, if G has m € N connected components Dy, ...,D,,. If D € Dy, D’ € Da,, and Ay N A, = @,
denote by D V D’ € Dy, ua, the tree obtained by taking a new root vertex and making the roots of D; and D; its
children — the two ways of doing so result in equivalent trees. For D € D, with |A] > 2, there is a decomposition
D = D; V D; (unique up to swapping D; and D,), where D; € Dy, Dy € Dp,, A = A; U Ay, are the two trees that
remain after removing the root in D. Write D := |Jgiacn finie Pa- If 6 € R, fi: E = R, i € N, write 5 = (;);ea, and
fa = (fiien. If we apply operations to either object we mean it in an entry-wise sense, that is, tp + ¢ := (¢; + t);ep for
t € R, Ata = Aiea tis IfIa == (fiDien, and so on. Finally, write D, := Dy, and G, := Gy, forn € N.

,,,,,,,,,,

Definition A.1. Ler1; > 0, i € N, and either f; € B.(E) for all i € N, or f; € By(E) for all i € N. Recursively define,
foratree D € Dy, @ # A CN, afunction D(tp; fa): E — R by setting D(t; ) = P,fift > 0 and |D| = 1, and

Nia

D(t; f) = 7 f P(Di(t, = 75 fa)Daltn, — 75 fa,)) dr,
0

if D= D,V Dy, and Dy € Dy,, Dy € Dy,. It is clear inductively that l_)(tA;fA) € B,(E) (resp. By(E)). If f; = f forall
i € A, write D(tx; f) = D(ta; fa), analogously if all t;,i € A, are equal.

Proposition A.2 (Dynkin’s Expression for Moments). Let u € Mp(E), n € N, s1,...,s, > 0, and either fi,..., f, €
B.(E)or fi,..., fu € By(E). Then,

EH

]L[szf,-)]: D ﬁﬂ(ﬁi(&\i;fm)),
i=1

(DT €G, i=1
where, for m € N, and {D;}{., € G,, A; C [n] is the set of leaves of D;.

Proof. Dynkin [[L1, Theorem 1.7] proves this if f; € B.(E) for i € [n], from which the case where f; € B,(E) follows
by splitting into positive and negative parts. O

Corollary A.3. Let u € Mp(E), and f,g € B.(E) U By(E). Then, fort,s > 0,
B [X:()] = u(P.f), (A.1)

B [X(H)Xo(@)] = 1 (Puf 1 (Pg) + 7 fo U (PP )P o) ) ds. (A2)
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We now use [Proposition A.2]to derive formula[(4.6)]

Definition A4. Let f € B,(E) (resp. By(E)), and t > 0. Recursively define, for D € D, a function D(t; f): E — R by
setting D(t: f) = [\ P,f dr if D = 1, and

D)=y [ PADie =i st =12 ) dr

if D= DV D,. Again, D(t; ) € B.(E) (resp. By(E)).

Proposition A.5. Suppose that f € B.(E) U By(E), and t > 0. Then, for any u € Mg(E),

! n m
WKI&WWHZ 2 [ Iuean)
0
Proof. Abbreviate [} dsa = [)'dsy, ... [y dsy, for A = {A1,..., 4} € N, m € N. By [Proposition A.2/and Fubini-

Tonelli,
E X,(f)d ds;... | ds,E|] | x,
Kl; q)d] l:a ‘L s H} o
ds;... | ds, Di(sp.;
D.;eq;j(; ! L‘ s l_l'u( -/(SA/ f))

J=1

Z ﬁ“(f dsAjﬁj(SAf;f)).

{D Y €G, J=

It thus suffices to show that, for any @ # A C N, D € D,,
f —
f dsaD(sa; f) = D(t; f), (A.3)
0

which we prove by induction. If |D| = 1, then D(¢; f) = fot P.fdr= fot B(r; f)dr. Now suppose D = D| V D; € Dy,
and that[(A3)|holds for D; € Dy, and D, € Dy, where A = Aj U A,. Then,

; A sa
fodsAB(sA;f)=y,,f Sa fdrP Di(sa, = 13 /)Da(sa, = 75 £))
0
=yb£ dr P, (f dsAD (5p, = 135 f)Dz(s,\q -r f))
=7bj(;dVPr(f0 dSADl(SApf)DZ(SAnf))
=% 0d (D1t = r; Dyt = 15 1))
= D(t; f).

Lemma A.6. If f € B,(E) and D € D, then D(., f) is increasing (pointwise on E).
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Proof. If |D| = 1, then D(¢; f) = fot P, fdr for t > 0 and the claim follows because f > 0. If D = D V D,, and the
claim holds for Dy, D,, then, whenever 0 < s < ¢,

D=7 [ PADIs = pDAs = 1) ar
<y fo P/Dy(t = r; /)Da(t - 1 f)) dr

< nfo PDi(t=r; ))Ds(t =73 f)) dr
=D(t; f).

Appendix B. Proofs of Technical Lemmas

Lemma B.1. There are c1,ry > 0 such that v(B(x,r)) > ¢ for all r € (0,r). If ty = oo or diam(E) < oo, then
ro = diam(E).

Proof. Recall[Lemma 3.2] and let ¢ > 0 so small that c;e=*” < 1/2, and put ry := (to/c)"/# A diam(E). For r € (0, r),
put ¢ := (r) == cr® € (0, 1), then by [Lemma 3.2|and|(1.1)|

1/2<1=ce7” <P (p(x, V) < 1) = f (e, yv(dy) < e3t™ W By(B(x, 1) = e3¢ PrUv(B(x, 1)),

B(x,r)

which implies the claim with ¢; = ¢%/8/(2¢3). If ty = oo then ry = diam(E) by definition, and if diam(E) < co then
we can arrange ry = diam(E) by adjusting c; to be sufficiently small. ]

Recall that C(E) denotes the space of continuous paths [0, c0) — E with the topology of uniform convergence on
compacts, and M;(C(E)) is the space of Borel probability measures on C(E), equipped with the topology of weak
convergence.

Lemma B.2. If the assertion of[Lemma 3.2) holds, then E — M,(C(E)); x = P* is continuous.

Proof. Suppose x,,x € E, n € N, and x, — x, then we have to show that P*» — P*. Since Y is Feller, it suffices to
show that (P*),y is tight, which is equivalent to

(i) (P (Yo € )nen € My(E) is tight,
(ii) Forevery T > 0 and € > 0, sup, . P W(Y,0,T) > ¢) — Oas§ — 0,

where w(y, 6, T) = supg 7. lt—sl<5 p((2), y(s)) for y € C(E). We have P*(Yy = x,,) = 1 for n € N and (x,,) is bounded,
so (i) is clear. For (ii), we use entropy numbers: Fix £ > 0, and define stopping times (T;) jen, by T := 0 and

T :=inf{t>Tiy: p(Y(T10). Y(0) 2 €,
N(e,T) :=suptke Ny: T, < T},
8(e.T) = inf{T; = T2 1< j < N(e, T)}.
It follows from the definitions that, for n € N, and every k € N,
P (w(Y,6,T) > 2e) < P* (6(¢,T) < 6)

<P (N(e.T) > k) +P* (3j < k: Ty < 00, T; = Ty £6)
N——— — —
<P (T <T) B.1)

k
< > (P (Tj1 <00, T = Tyt < T/K)+ P (Tjy < 00,T; = Tjy <6)).
=1
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If n > 0 and x € E, then by [3| Equation (3.11)],
P*(T1 <£717) < cgexp (—czgsﬁ“/;fy),
where c;g, c9 > 0 are constants independent of x, 1, €. Thus, and by the strong Markov property,
P (Tj,l <00, Tj=Tj1 £ r]) =E* []I{ijﬁm}IP’YTf*l (T, < 77)] < cog €xp (_nggﬁyn—y) ,
for n > 0 and j € N. Returning to|(B.1)}
P w(Y,6,T) > 2¢) < kcog (exp (—ng&ﬁyT_yky) + exp (—ng&ﬁyé_y)) ,

forevery 6 > 0, n € N, and k € N. Thus,
(lyi_m(sup P (w(,6,T) > 28)) < kcog exp (—czgsg”T_”ky)
—~Y \neN

holds for all k£ € N, and the latter expression vanishes as k — co, so (ii) follows. O

b
Proof of[Lemma 4.5] Abbreviate &(r) = r* (log %) for r > 0, and fix K > A(1). We will track dependence of constants
only on r; and K, to show that ¢;; is independent of both and 4y depends on A only through K. For /4 > 0,

h h
l(Agnlle = sup f ds f ps(x, y)A(dx) < f dS(SUP f ps(x,y)/l(dx))- (B.2)
yeE Jo E 0 yeE JE

We now claim that there are ¢3p > 0 and sy = so(r1, K) > 0 such that

1 b+a/(By)
) , O0<s<s. (B.3)

sup ( f ps(x, y)/l(dx)) < c3s @B (log -
yeE E S

Assuming this for the moment, and noting the easy fact that, for u > —1 and v > 0, there is a ¢’ = ¢/(u,v) > 0 such

that ,
h 1 v 1 v
f s (log —) ds < B! (log —) , 0<h<1/2,
0 S ]’l

then ((B.2){and|(B.3)|finish the proof with ¢21 = c30¢’((a — df)/B,b + a/(By)) and hg = so A 1/2.
It remains to prove[(B.3)] Let 0 < s < fp and y € E. For any 0 < r < ry, assuming that A # 0,

f ps(x, y)A(dx) = f Pps(x, y)A(dx) + f Ps(x, y)A(dx)
E B(y,r)

E\B(y,r)
< c3s UPAB(y, 1) + c35 B A1) exp (—C4 ryﬁs_y) (B.4)

< C3Ks_df/ﬁ(%§(r) +exp (—C4r7ﬁs_7) )

. )1/0/3)

Choose r = r(s) := s'/P (ﬁ% log , so that exp (—C4r7'6s‘7) = s9F and

>

1 al(By)
r = sa/ﬁ(i log )

1 a/(By)
,86‘4 ; )

= (31 Sa/ﬁ (log -
N

where ¢3; = (a/(BC4))“/(ﬂ7) > 0. Note that r — 0 as s — 0, so there is an s; = s;(r;) > 0 such that » < r; whenever
b+a/(By) .
s < s1. Let s = 55(K) > 0 such that cK~'7b¢3, (log %) al by > land r = r(s) = s/ for s < s,. Then, if
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0<s<sg:=s51AsyAty,

b
1
cK™¢(r) + exp (~ears ) < cK ™' log (Tﬁ) 4 50l
N

1 b+a/(By)
= cK7 B ey 5P (log —) + s9P
s
1 b+a/(By)
< 2cK'B ey 5P (log —)
s
Using this in|(B.4)|finishes the proof with c3g = 2c3¢31687°. O

Lemma B.3. If 1> 0and t > 24, then P(Poi(d) > t) < e™3/19,

Proof. By the well-known bound P(Poi(1) > 1 +¢) < exp(

CZ
T 2(A+c/3) )’

— )2 2
P(Poi(1) > t) = P(Poi(1) > A + (t — 1)) < exp (—&) = exp( @/2) ) = exp (—it).

200+ (t - D)/3) 4t/3 16
O
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