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Abstract

We consider the Dawson-Watanabe superprocess obtained from a spatial motion with sub-Gaussian transition densities
on a metric measure space with finite Hausdorff dimension, and examine the dimensions of the range and the set of
times when the support intersects a given set, generalising results of Serlet and Tribe. As intermediate results, we
prove existence of local times for the superprocess if the spectral dimension of the spatial motion satisfies ds < 4, and
prove that (2−ds/2)∧1 is the critical Hölder-continuity exponent in the time variable. Furthermore, we prove a bound
on moments of the integrated superprocess, and give uniform upper bounds on the mass the superprocess assigns to
small balls, generalising a result of Perkins.
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1. Introduction and Setup

SuperBrownian motion in Rd has been an object of extensive study in recent decades as a canonical measure-
valued process and for its fundamental role in a wide variety of models. The path properties, such as the Hausdorff
measure of the support, have been explored in [25, 32], while other properties of the support and local time can be
found in [7, 34, 24]. More recent results have considered the boundary of the support and range and associated local
times [22, 20]. In this paper we will be concerned with the path properties of superprocesses in a more general setting.

Our aim is to extend known results concerning the Hausdorff dimension of two kinds of sets related to the support
of superBrownian motion, namely

T (A) B {t ≥ 0: A ∩ S(Xt) , ∅} ,

for A ⊂ Rd, studied by Serlet [34], and
R(I) B

⋃
t∈I

S(Xt)

for I ⊂ (0,∞), studied by Serlet [34] and Tribe [36]. Here, (Xt) denotes a superBrownian motion in Rd, and S(·)
is the closed support of a Borel measure. The proofs in [34] use LeGall’s Brownian snake to apply path properties
of linear Brownian motion to study the associated superprocess, while [36] uses particle systems and non-standard
analysis. We present an approach using the historical process – which allows for a modern formulation of some ideas
used by Tribe [36] – and superprocess local times to establish similar results in a more general setting. An advantage
of this approach is that the connection between local times and the dimension of certain sets can be exploited in
both directions: Hölder continuity of local times imply a lower bound on the dimension – an idea that has previously
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been used by Krone [24] to study superdiffusions on Rd – and a corresponding upper bound shows that the Hölder
continuity is sharp.

Our aim is to consider the properties of superprocesses on less regular sets, such as fractals. A fundamental
example is the Sierpinski gasket, where work of Barlow and Perkins [5] showed how to construct a Brownian motion
on such a set, and obtained sub-Gaussian bounds on its transition density. In subsequent developments, diffusions have
been constructed on more general classes of fractals and shown to have sub-Gaussian heat kernels, see for example
[3, 23, 4]. Superprocesses on the Sierpinski gasket were considered in [16, 17], where some path properties were
established. Here we wish to consider the dimension properties of the support of superprocesses on a general class of
metric spaces, which include such fractals.

We now give the setting and assumptions for our results. Let (E, ρ) be a complete and separable metric space with
Hausdorff dimension d f ∈ (0,∞), and assume that there exists a non-zero Borel measure ν on E such that

ν(B(x, r)) ≤ c2rd f , (1.1)

for all x ∈ E and r > 0, and some c2 > 0, where B(x, r) denotes the open ball centred at x of radius r (with respect
to the metric ρ). Note that the existence of such a measure is equivalent to Hd f (E) > 0 by a version of Frostman’s
lemma, whereHd f denotes the d f -dimensional Hausdorff (outer) measure on E.

Let (Px)x∈E denote the laws of a continuous E-valued Feller Markov process Y = (Yt)t≥0 with transition semigroup
(Pt)t≥0, where by Feller we mean that Pt(C0(E)) ⊂ C0(E), where C0(E) denotes the space of continuous functions
E → R that vanish at infinity. We assume that Y has symmetric transition densities (pt(x, y) : t > 0, x, y ∈ E) with
respect to (w.r.t.) ν – which can be chosen jointly measurable in (t, x, y) [37] – and that there exist β, γ, c3, c4 > 0 and
t0 ∈ (0,∞] such that

pt(x, y) ≤ c3t−d f /β exp
(
−c4ρ(x, y)βγt−γ

)
, (1.2)

for all x, y ∈ E and t ∈ (0, t0). We call ds B 2d f /β the spectral dimension of Y .
These assumptions already imply that there exist r0, c1 > 0 such that

ν(B(x, r)) ≥ c1rd f , (1.3)

for all x ∈ E and r ∈ (0, r0), see Lemma B.1. In other words, given the upper bound (1.1), a lower bound of the form
(1.3) is necessary in order for a diffusion on E with sub-Gaussian transition densities (w.r.t. ν) of the form (1.2) to
exist.

Remark 1.1. (i) If t0 < ∞ and diam(E) = ∞, then r0 < diam(E) = ∞. Otherwise r0 = diam(E), in which case
E is called Ahlfors d f -regular, or a fractional metric space in the terminology introduced by Barlow [3]. All
examples we give below are of this type.

A standard consequence of (1.1) and (1.3) is that there are constants c, c′ > 0 such that cHd f (B) ≤ ν(B) ≤
c′Hd f (B) for all Borel sets B ⊂ E [19, Exercise 8.11].

(ii) We could have allowed another constant α > 0 to take the place of d f /β in (1.2), but an argument similar to [3,
Lemma 3.8] shows that (1.1) and (1.2) would then already imply α = d f /β if t0 = ∞. If t0 < ∞, one would get
α ≥ d f /β, and equality would follow if matching lower bounds to (1.1) and (1.2) held respectively for small r
and small ρ(x, y).

(iii) We note that under our assumptions on E, if the measure is volume doubling and there exists a (strongly regular
local) Dirichlet form on E which satisfies an elliptic Harnack inequality, then the diffusion process Y associated
with the Dirichlet form will have transition densities w.r.t. ν that satisfy an upper (and a near-diagonal lower)
bound of the form (1.2) given that

crβ ≤ Ex [inf {t ≥ 0: Yt < B(x, r)}] ≤ Crβ

for small r > 0, for some c,C > 0. See [15] for details.
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(iv) Since we do not assume that the transition densities are continuous, they are unique only up to modification on
a ν-null set. For any given choice, the Markov property implies for any t, s > 0 and x ∈ E, that∫

E
pt(x, y)ps(y, z)ν(dy) = pt+s(x, z), (1.4)

for ν-a.e. z ∈ E. We assume that there exists a particular choice that satisfies (1.4) simultaneously for all t, s > 0
and x, z ∈ E. Note that this is automatically the case if pt, t > 0, can be chosen to be continuous, which is true
for all examples we give below.

Examples 1.2. (i) Brownian motion, or indeed any well-behaved diffusion on Rd satisfies these assumptions with
β = 2, d f = ds = d, β = 2, γ = 1, t0 = ∞ [3, Examples 3.6].

(ii) If Y is a fractional diffusion in the sense of Barlow [3], then our assumptions are satisfied with β ≥ 2, γ =
1/(β − 1), and t0 = diam(E)β. We note that this includes finitely ramified fractals, such as the Sierpinski gasket,
or the pcf self-similar sets of Kigami [23], all of which have ds < 2, that is d f < β.

(iii) Brownian motion on generalised Sierpinski carpets in Rd, for any d ≥ 2 [4], are diffusions on infinitely ramified
fractals to which our results apply, with spectral dimensions in the range 1 < ds < d. This includes examples
with ds > 2.

Remark 1.3. Brownian motions have been constructed on some classes of random fractals. In this setting there are
fluctuations in the measure and heat kernel due to the randomness, giving equivalents for (1.1) and (1.2) that can be
controlled, for small r and t, by expressions of the form

ν(B(x, r)) ≤ c2rd f h1(r), pt(x, y) ≤ c3t−d f /βh2(t) exp
(
−c4ρ(x, y)βγ(th3(t))−γ

)
,

where, for any ε > 0, we have h1(r) = o(rε), and h2(t), h3(t) = o(t−ε). See for instance [18] for homogeneous random
Sierpinski carpets in Rd, where such results hold and the spectral dimension can take values 1 < ds < d. Our
arguments can be adapted to this setting, and we expect our main results on local times and dimensions to hold under
these weaker assumptions.

The paper is structured as follows. In the next section, we state and discuss our main results. In Section 3,
we introduce the historical process and prove our small ball bound. In Sections 4 and 5 we prove our main results
respectively on local times and dimensions. Appendix A introduces Dynkin’s moment formula, which is a central
ingredient in the proofs of our local time results, and Appendix B contains proofs of some technical lemmas.

2. Main Results

Denote by MF(E) the Polish space of finite Borel measures on E with the topology of weak convergence. Let
γb > 0 be fixed but arbitrary, and denote by ((Xt)t≥0, (Pµ)µ∈MF (E)) a superprocess in E with spatial motion Y and
branching rate γb, a (Y, γb)-superprocess for short. It exists because E is Polish, and Y is a continuous Feller Markov
process, see [33, Section II] for a definition and basic properties. The distinction of the laws (Pµ) of X from the laws
(Px) of Y will always be clear from superscript and context.

We first present our local time result. Several notions of superprocess local times have been studied, the most
common of which can be heuristically defined in our setting as

L(t, x) =
∫ t

0
Xs(δx) ds, (2.1)

for x ∈ E and t ≥ 0, where δx denotes the Dirac delta function at x (w.r.t. ν), and where we write µ( f ) for the integral
of a function f against a measure µ. More formally, L is defined as a density of the occupation time process

∫ t
0 Xs ds

w.r.t. ν, if it exists. This existence is known to be true in the superBrownian [35] and α-stable [1] cases on Rd if d ≤ 3
and d < 2α, respectively, and further results have been achieved in the context of multitype superprocesses on Rd

[28] and superprocesses with immigration and dependent spatial motions on R [26]. A lot of recent work has been on
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local times associated with the boundary of the support of superBrownian motion [22, 20]. Dynkin [10] introduced
an alternative notion of superprocess local times based on representations of functionals of a superprocess by multiple
stochastic integrals, which have been shown to coincide with L for superBrownian motion [27]. We show that, in our
setting, local times exist in the sense of (2.1), and we establish sharp estimates on their Hölder continuity.

Theorem 2.1 (Local Times). Suppose that ds < 4. Then, for every δ > 0 and every µ ∈ MF(E), there exists a family
of non-negative random variables (Lδ(t, x))t≥δ,x∈E such that the following hold.

(i) For all T > 0,

sup
δ≤t≤T

Eµ
∣∣∣∣∣∣Lδ(t, x) −

∫ t

δ

Xs(ph(x, ·)) ds

∣∣∣∣∣∣2
 h→0
−→ 0.

(ii) Pµ-almost surely (a.s.), for all measurable functions f : E → [0,∞] and every t ≥ δ,∫ t

δ

Xs( f ) ds =
∫

E
f (x)Lδ(t, x)ν(dx).

(iii) For x ∈ E, Lδ(·, x) is increasing and β′-Hölder continuous for all β′ < (2 − ds/2) ∧ 1.

(iv) For x ∈ E, Lδ(·, x) is Pµ-a.s. constant on any interval on which it is β′-Hölder continuous for a β′ > (2−ds/2)∧1.

Remark 2.2. (i) Similar to the condition given in [35] for the existence of superBrownian local times, our proofs
can be modified to give the assertion of Theorem 2.1 with δ = 0 under the condition that

sup
x∈E

∫ t

0

∫
E

ps(x, y)µ(dy) ds < ∞,

for all t > 0.

(ii) We consider superprocess local times in this setting mostly as a means to prove Theorem 2.7 below, which is
why we did not examine continuity in the space variable.

The central ingredient in the proof of Theorem 2.1 (iii) is the following moment bound for the integrated su-
perprocess. Denote by ∥·∥∞,ν the ν-essential supremum, and write (µqt)(x) B

∫ t
0

∫
E ps(x, y)µ(dy) ds for t > 0 and

x ∈ E.

Theorem 2.3. If ds < 4, then for any n ∈ N there is a c5(n) > 0 such that, for any µ ∈ MF(E) and f ∈ B+(E), and
t ∈ (0, t0),

Eµ
[(∫ t

0
Xs( f ) ds

)n]
≤ c5(n)

[
ν( f ) ·

(
∥(µqt)∥∞,ν ∨ t2−ds/2

)]n
. (2.2)

In particular, if µ has a bounded density g w.r.t. ν, then

Eµ
[(∫ t

0
Xs( f ) ds

)n]
≤ c5(n)

[
ν( f ) ∥g∥∞,ν

(
t ∨ t2−ds/2

)]n
, t ∈ (0, t0). (2.3)

Remark 2.4. (i) The exponent 2 − ds/2 is sharp in the following sense. If ds < 2, then the maximum on the right-
hand side (RHS) in (2.2) will be attained by ∥(µqt)∥∞,ν for small times. If ds ≥ 2, then there is no exponent
larger than 2 − ds/2 for which (2.2) remains true simultaneously for all n ∈ N and µ ∈ MF(E). We prove this
along with Theorem 2.3 in Section 4.

(ii) Theorem 2.3 holds in much more generality: Beyond the assumptions necessary to guarantee existence of the
superprocess (Y is a continuous Feller Markov process taking values in a Polish space E), it requires only the
existence of transition densities (pt) for Y w.r.t. some Borel measure ν that satisfy ∥pt∥∞,ν ≤ ct−α for all t ∈ (0, t0)
and some α ∈ (0, 2), t0 ∈ (0,∞], and c > 0. In that case, α takes the place of ds/2 in (2.2).
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(iii) In a recent paper, Gonzalez, Horton, and Kyprianou [14] analysed the asymptotics of the same moments. In
our notation, their result implies

Eµ
[(∫ t

0
Xs( f ) ds

)n]
∼ c(n, f )t2n−1, t → ∞,

for a constant c(n, f ) > 0, where a(t) ∼ b(t) denotes a(t)/b(t) → 1 as t → ∞. Note that this would contradict
(2.3) if t0 = ∞ and n > 1∨ 2/ds. However, their assumption (H1) implies that Y started at any x ∈ E converges
to a stationary distribution, which in our setting necessitates t0 < ∞.

Write T (A) B {t ≥ 0: A ∩ S(Xt) , ∅} for A ⊂ E. Denote Hausdorff dimension by dimH , and write a+ B a ∨ 0
for a ∈ R. Recall that a set A ⊂ E is called analytic if it is the continuous image of a Polish space, and that this is
automatically the case if A is Borel measurable.

Theorem 2.5. Let µ ∈ MF(E) and A ⊂ E, and put

DA B

(
2 −

ds

2
+

dimH A
β

)
+

∧ 1.

(i) Pµ-almost surely,
dimH T (A) ≤ DA.

(ii) If A is analytic, and
∫ ∞
δ

dt
∫
µ(dx)pt(x, y) > 0 for all y ∈ A, for some δ > 0, then for every ε > 0, with positive

Pµ-probability,
dimH T (A) ≥ DA − ε.

(iii) If, in addition to the assumptions in (ii),HdimH A(A) > 0, then with positive Pµ-probability,

dimH T (A) = DA.

Remark 2.6. (i) The additional assumption in Theorem 2.5 (ii) essentially asks that A be reachable from S(µ). It
is automatically satisfied if pt > 0 everywhere for all t > 0, which is the case for all of the processes listed in
Examples 1.2. The requirement for the integral to be positive away from zero uniformly on A is technical, and
can be dropped if, say, pt, t > 0, are continuous (that is, we can then take δ = 0).

(ii) If specialised to superBrownian motion on Rd, this is the same as Serlet’s result [34, Theorem 1], except that
A need not be measurable in Theorem 2.5 (i), that it need only be analytic in Theorem 2.5 (ii), and with the
addition of Theorem 2.5 (iii). Note that the example given by Serlet for why one cannot in general expect the
assertion of (iii) to hold has the property thatHdimH A(A) = 0.

(iii) One cannot in general expect equality in Theorem 2.5 (iii) to hold Pµ-a.s. conditional on X hitting A. Consider,
for example, the case where A is the disjoint union of two sets B and C with DB < DC . Then Pµ-a.s. if X hits B
but not C, by Theorem 2.5 (i)

dimH T (A) = dimH T (B) ≤ DB < DC = DA.

In the case where A is a singleton, we can give an improved version of Theorem 2.5. For x0 ∈ E, we write
T (x0) B T ({x0}), and say that X spends time at x0 if there are t > δ > 0 with Lδ(t, x0) > 0.

Theorem 2.7. Let µ ∈ MF(E), x0 ∈ E. Then, Pµ-a.s., if X spends time at x0,

dimH T (x0) = 1 ∧
(
2 −

ds

2

)
+

.

The reason why we have to assume that X spends time at x0 (instead of the more natural assumption T (x0) , ∅)
is that our proof requires the local time at x0, which is supported on T (x0), to be non-constant. We were not able to
prove that this is always the case when T (x0) , ∅.

The next result is on the range of X. Write R(I) B
⋃

t∈I S(Xt) for I ⊂ (0,∞).
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Theorem 2.8. If µ ∈ MF(E), then Pµ-a.s. for every I ⊂ (0,∞),

dimH R(I) ≤ β (1 + dimH I) ∧ d f (2.4)

and dimH S(Xt) ≥ β∧ d f for all t > 0 with Xt , 0. In particular, Pµ-a.s. dimH S(Xt) = β∧ d f for all t > 0 with Xt , 0.

Remark 2.9. A lower bound corresponding to (2.4) was proved for superBrownian motion by Serlet [34, Theorem
3] and Tribe [36, Theorem 2.13], and we believe that a proof along the lines of Tribe’s works in our setting as well.
However, an additional precise result about superBrownian motion would need to be reproved in this setting, see
(2.39) in [36], proved by Perkins in [31, Proof of Theorem 4.5]. This is an interesting direction for future work, but
we felt it would go beyond the scope of the present paper.

Our last result is a small ball bound that generalises a result of Perkins on superBrownian motion [33, Theorem
III.3.4].

Theorem 2.10. There exists c6 > 0 (depending only on the constants in our assumptions on ν and (pt)) such that, for
any µ ∈ MF(E), Pµ-a.s., for every δ > 0 there exists an r1 = r1(δ, ω) ∈ (0, 1) with

sup
t≥δ
x∈E

Xt(B(x, r)) ≤ γbc6ξ(r) (2.5)

for all 0 < r < r1, where

ξ(r) = ξd f ,β(r) =

rβ
(
log 1

r

)1+1{ds=2}
, ds ≥ 2,

rd f
(
log 1

r

)2−ds/2
, ds < 2.

(2.6)

This bound is sharp in the sense that, if Theorem 2.10 were true with ξ(r) = O(ra) for some a > d f ∧ β, then
dimH S(Xt) ≥ a > β ∧ d f [19, page 61], which contradicts (2.4).

Remark 2.11. It is known that superBrownian motion in one dimension has a density w.r.t. Lebesgue measure, and,
in d ≥ 2, is at fixed times a deterministic multiple of the Hausdorff measure with dimension function hd satisfying

hd(r) =

r2(log 1/r)(log log log 1/r) , d = 2,
r2 log log 1/r , d ≥ 3,

for small r > 0. In light of Theorems 2.8 and 2.10, this suggests the conjecture that in our setting, perhaps under
some additional assumptions, X has a density w.r.t. ν if ds < 2, and is a multiple of the Hausdorff measure with some
dimension function having leading order rβ if ds ≥ 2.

3. Historical Process and Small Ball Bound

We begin this section by introducing the historical process associated to our superdiffusion. It was first introduced
by Dawson and Perkins [8], and has since been an indispensable tool in the study of path properties of superprocesses.
The idea, heuristically, is that if we think of points in the support of Xt as individuals alive at time t, then a point in
the support of the associated historical process is the entire trajectory of an individual alive at time t. This allows us
to apply path properties of the underlying spatial motion directly to the superprocess – leading e.g. to a modulus of
continuity, see Theorem 3.3 – and to make precise notions of ancestry, see Theorem 3.1 below.

We follow the notation of [33]. Denote by Y the canonical process on the space C B C(E) of continuous paths
[0,∞) → E with the topology of uniform convergence on compacts, so that Px is a member of the spaceM1(C) of
Borel probability measures on C, equipped with the topology of weak convergence. The historical process at time t
will be a member ofMt

F(C) B
{
µ ∈ MF(C) : µ(Ct) = µ(C)

}
for t ≥ 0, where yt B y(t ∧ ·) for y ∈ C denotes a path

stopped at time t, and Ct B
{
y ∈ C : yt = y

}
is the set of paths that are constant on [t,∞). In words,Mt

F(C) is the set
of probability measures on C whose support is comprised of paths that evolve only until time t. The historical process
will be a random element of ΩH B ΩH[0,∞), where

ΩH[s,∞) B
{
G ∈ C([s,∞),MF(C)) : ∀t ≥ s : Gt ∈ M

t
F(C)

}
, s ≥ 0,
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which are closed subsets of C([s,∞),MF(C)), s ≥ 0, and thus Polish. We now let H = (Ht)t≥0 B idΩH be the
canonical process on ΩH . Denote by F H the Borel σ-algebra on ΩH , and write F H

s,t B
⋂
ε>0 σ (Hr : s ≤ r ≤ t + ε) for

0 ≤ s ≤ t ≤ ∞. Denote by (
Qs,m ∈ M1(ΩH[s,∞)) : s ≥ 0,m ∈ Ms

F(C)
)

the family of laws that are the unique solutions to the historical martingale problem associated with X [33, Theorem
II.8.3]. This solution exists under the assumption that the map E → M1(C(E)); x 7→ Px is continuous, which is the
case here, as we prove in Lemma B.2 in the appendix. In particular, if m ∈ M0

F(C), then (πt(Ht))t≥0 w.r.t. Q0,m is a
(Y, γb)-superprocess started at π0(m), where πt : C → E; y 7→ y(t), and f (µ) denotes the pushforward of a measure µ
under a measurable map f . Note that m can be chosen so that π0(m) = µ, for any given µ ∈ MF(E).

The following fundamental result heuristically states that for fixed 0 < s < t, all individuals alive at time t
descend from a finite number of individuals that were alive at time s, drawn as a Poisson point process with intensity
proportional to 1

t−s Xs. It follows from [33, Theorem III.1.1]. Denote for x ∈ E by δx ∈ MF(E) the point mass at x.

Theorem 3.1 (Historical Cluster Representation). For t > s fixed, there exist measurable maps M : ΩH → N0,
ei : ΩH → (0,∞), and yi : ΩH → C, i ∈ N, such that, for any 0 ≤ u ≤ s and m ∈ Mu

F(C),

rs(Ht)(·) B Ht (y : ys ∈ ·) =
M∑

i=1

eiδyi (·), Qu,m-a.s.,

and a conditional distribution of ((ei, yi))M
i=1, given F H

u,s, is that of a Poisson point process on (0,∞) ×C with intensity
measure 2

γb(t−s)

(
Exp

(
2

γb(t−s)

)
⊗ Hs

)
.

The next result is a modulus of continuity for the trajectories in the historical process. It follows from the following
tail bound for the spatial motion.

Lemma 3.2. There are c7, c8 > 0 such that, for x ∈ E, r > 0, and t ∈ (0, t0),

Px (ρ(x,Yt) > r) ≤ c7 exp
(
−c8rβγt−γ

)
. (3.1)

Proof. Follows from (1.1) and (1.2), see [3, Lemma 3.9].

Write, for r > 0 and δ, c > 0,

h(r) B hβ,γ(r) B r1/β log
(

1
r

)1/(βγ)

, (3.2)

Kδ,c B {y ∈ C : ∀s, t ≥ 0, |t − s| < δ : ρ (y(s), y(t)) < ch(|t − s|)} .

Theorem 3.3 (Historical Modulus of Continuity). For any c > 0 sufficiently large, and any m ∈ M0
F(C), there is

c9 > 0 such that, Q0,m-a.s., there exists δ = δ(c, ω) > 0 with

S(Ht) ⊂ Kδ,c, t ≥ 0.

Proof. This follows by replacing the Gaussian tail estimate in the proof of Theorem III.1.3 in [33] by (3.1).

The following assertions are consequences of Theorem 3.3, and can be obtained through the same line of argument
presented in [33] following Theorem III.1.3. Note that the arguments regarding compactness in Rd employed in
[33] work here as well because every bounded subset of E is relatively compact (see Lemma 3.9). Write ρ(·, A) B
inf {ρ(·, z) : z ∈ A}, and

Aε B {x ∈ E : ρ(x, A) < ε} , (3.3)

for x ∈ E, A ⊂ E, ε > 0.

Corollary 3.4. Let m ∈ M0
F(C) and µ ∈ MF(E).
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(i) Q0,m-a.s., S(Ht) is compact and S(πt(Ht)) = πt(S(Ht)) for all t > 0. In particular, S(Xt) is compact for all t > 0,
Pµ-a.s.

(ii) For c > 0 sufficiently large (independent of µ), there Pµ-a.s. exists δ = δ(c, ω) > 0 such that, if 0 < t − s < δ,
then S(Xt) ⊂ S(Xs)ch(t−s).

(iii) R([δ,∞)) =
⋃

t≥δ S(Xt) is compact for all δ > 0, Pµ-a.s.

Remark 3.5. The only assumption on Y necessary to establish Theorem 3.3 and Corollary 3.4 (beyond being a
continuous Feller Markov process) is the assertion of Lemma 3.2.

We now prove the small ball bound Theorem 2.10, closely following the proof of Theorem III.3.4 in [33]. The
generalisation to this setting is not entirely trivial – amongst other things due to the fact that the bound in Lemma 3.8
below only holds up to a possibly finite time t0 – so we give the proof in full. It is technical and need not to be read in
detail to understand the subsequent sections.

For f ≥ 0 measurable and bounded, and t ≥ 0, define G( f , t) B
∫ t

0 ∥Ps f ∥∞ ds, where ∥·∥∞ is the supremum norm.
Denote by A : D(A) ⊂ C0(E)→ C0(E) the generator of Y .

Lemma 3.6. If f ≥ 0 is measurable and bounded, and t ≥ 0 such that G( f , t) < 2/γb, and Ps f ∈ D(A) for all s > 0,
then, for any µ ∈ MF(E),

Eµ
[
eXt( f )

]
≤ exp

(
µ(Pt f )

(
1 −
γb

2
G( f , t)

)−1
)
.

Proof. Under the assumption that Ps f ∈ D(A) for all s > 0, the proof of Lemma III.3.6 in [33] works in this setting
without modification.

Corollary 3.7. If (Zt) is a Feller diffusion with branching rate γb, started at z > 0, then, for λ < 2/γb and t > 0,

E
[
eλZt

]
≤ exp

(
2zλ

2 − γbλt

)
.

Proof. Apply Lemma 3.6 with f ≡ λ and recall that (Xt(1)), under Pµ, µ ∈ MF(E), is a Feller diffusion with branching
rate γb started at µ(1).

The following lemmas are easy consequences of (1.1) to (1.3).

Lemma 3.8. There is c10 > 0 such that, if d f ≥ β,

G(1B(x0,r), t) ≤ c10rβ
[
1 + 1{d f=β} log

( t
rβ

)]
, r ∈ (0, diam(E)), t ∈ (0, t0).

If d f < β, then G(1B(x0,r), t) ≤ c10rd f t1−d f /β.

Lemma 3.9. There is a c11 > 0 such that, for every x0 ∈ E, r > 0, and ε < r ∧ r0, B(x0, r) can be covered by at most
c11(ε/r)−d f balls of radius ε.

We close the section with the proof of Theorem 2.10. Recall that ds = 2d f /β. Although the statement of Theo-
rem 2.10 is in terms of ds, for clarity we will use d f and β in the proof.

Proof of Theorem 2.10. Fix µ ∈ MF(E). Let m ∈ M0
F(E) with π0(m) = µ, so that the distribution of (Xt) under Pµ is

the same as that of (πt(Ht)) under Q0,m. We work with the latter, and slightly abuse notation by writing Xt B πt(Ht)
for the duration of the proof.

The left-hand side (LHS) in the claim is increasing as δ ↓ 0, so we may prove it for fixed δ ∈ (0, t0 ∧ 1) with
δ2n ∈ N for some n ∈ N. By Corollary 3.4 (iii), it suffices to prove the claim with supt≥δ,x∈E on the LHS of (2.5)
replaced by supt≥δ,x∈A, where A = B(x0,N) for some x0 ∈ E and fixed but arbitrary N ∈ N. By Lemma 3.9, for n ∈ N
with 2−n/β < r0 there are (xi)i∈In such that (B(xi, 2−n/β))i∈In cover A, and |In| ≤ c11Nd f 2nd f /β.
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Let c > 0 be such that Q0,m-a.s. existence of δ′ = δ′(c, ω) > 0 according to Theorem 3.3 is ensured. If x ∈ A and
t > 0, then x ∈ B(xi, 2−n/β) for some i ∈ In and j2−n < t ≤ ( j + 1)2−n for some j ∈ N0. Hence, if 2−n < δ′, then for
Ht-almost all y ∈ C(E), y(t) ∈ B(x, h(2−n)) implies∣∣∣y( j2−n) − xi

∣∣∣ ≤ ∣∣∣y( j2−n) − y(t)
∣∣∣ + |y(t) − x| + |x − xi|

≤ ch(2−n) + h(2−n) + 2−n/β

≤ (2 + c)h(2−n).

Thus, putting Bin B B(xi, (2 + c)h(2−n)),

Xt(B(x, h(2−n))) = Ht(y : y(t) ∈ B(x, h(2−n)))
≤ Ht(y : y( j2−n) ∈ Bin))
= M j2−n,Bin (t − j2−n),

where, for τ ≥ 0, and a Borel set B ⊂ E,

Mτ,B(t) B Hτ+t(y : y(τ) ∈ B), t > 0.

Hence, for j ∈ N and if 2−n < δ′,

sup
j2−n<t≤( j+1)2−n

x∈A

Xt(B(x, h(2−n))) ≤ sup
B∈Bn

sup
t≤2−n

M j2−n,B(t),

where
Bn B {Bin : i ∈ In} =

{
B(xi, (2 + c)h(2−n)) : i ∈ In

}
.

Mτ,B is a Feller diffusion under Q0,m with (random) starting point Hτ(y : y(τ) ∈ B) = Xτ(B) (which follows from
[33, Equation (III.1.3)], say, and the strong Markov property of H [33, Section II.8]), in particular a non-negative
martingale. Hence for any λn, εn > 0 and for sufficiently large n (so that δ2n ∈ N, 2−n < δ′, and 2−n/β < r0), say
n ≥ n0, and for b ∈ (0, 1) which we choose later,

Pµ
(

sup
δ<t<⌊nb⌋

x∈A

Xt(B(x, h(2−n))) ≥ εn

)
≤ Q0,m

 sup
δ2n< j≤nb2n

sup
B∈Bn

sup
t≤2−n

M j2−n,B(t) ≥ εn


≤ nb2n |Bn| sup

δ2n< j≤nb2n
sup
B∈Bn

Q0,m

(
sup
t≤2−n

M j2−n,B(t) ≥ εn

)
≤ nb2n · c11Nd f 2nd f /β · e−λnεn sup

δ2n< j≤nb2n
sup
B∈Bn

Q0,m

[
eλn M j2−n ,B(2−n)

]
,

(3.4)

where in the last step we applied Doob’s inequality to the submartingale
(
exp

(
λnM j2−n,B(t)

))
t≥0

. For a constant c12 > 0
which we choose sufficiently large later, put

λn B
1

2γbc12na

2n , d f ≥ β,

2nd f /β , d f < β,
, (3.5)

where a B

1/γ + 1{d f=β} , d f ≥ β,

1 − d f /β + d f /(γβ) , d f < β.

We claim that, if c12 > 0 is large enough, then there is an n1 ∈ N (which we may choose so that n1 ≥ n0) with

c13 B sup
n≥n1

sup
δ2n< j≤nb2n

sup
B∈Bn

Q0,m

[
eλn M j2−n ,B(2−n)

]
< ∞. (3.6)
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Assuming this for the moment, we now choose

εn B c14n/λn = 2c14c12γbn1+a

2−n , d f ≥ β,

2−nd f /β , d f < β,
(3.7)

for some c14 > 0, so that, by (3.4) and (3.6), for n ≥ n1,

Pµ
(

sup
δ<t<⌊nb⌋

x∈A

Xt(B(x, h(2−n))) ≥ εn

)
≤ c11c13Nd f nb2n(1+d f /β)e−λnεn

≤ c11c13Nd f nb2n(1+d f /β)e−c14n,

which is summable if we choose c14 > 0 large enough. In that case, by Borel-Cantelli, there Q0,m-a.s. exists n2 =

n2(ω) ∈ N such that, for all n ≥ n2,

sup
δ<t<nb

x∈A

Xt(B(x, h(2−n))) < εn ≤ γbc6ξ(h(2−n−1)),

for some c6 > 0 that does not depend on ω, δ, or m. To confirm that the second inequality holds, recall the definitions
of εn, h, and ξ respectively from (3.7), (3.2), and (2.6), and that ds = 2d f /β. By making n2 larger, we may assume that
Xt ≡ 0 for all t ≥ nb

2, and that h is increasing on (0, 2−n2 ]. Then, for any 0 < r < r1 B h(2−n2 ), if n ≥ n2 is such that
h(2−n−1) ≤ r < h(2−n),

sup
δ<t
x∈A

Xt(B(x, r)) ≤ sup
δ<t<nb

x∈A

Xt(B(x, h(2−n))) ≤ γbc6ξ(h(2−n−1)) ≤ γbc6ξ(r).

It remains to prove the claim, that is, that the constant c12 in the definition of λn, see (3.5), can be chosen large
enough so that there is n1 ∈ N satisfying (3.6). Fix n ∈ N, B ∈ Bn, and j ∈ N with δ2n < j ≤ nb2n, and put
τ B j2−n ∈ (δ, nb]. Recall Corollary 3.7 and that (Mτ,B(t))t≥0, under Q0,m, is a Feller diffusion started at Xτ(B) with
branching rate γb, so the expectation inside the suprema in (3.6) is

Q0,m

[
Q0,m

[
eλn Mτ,B(2−n)

∣∣∣F H
τ

]]
≤ Q0,m

[
exp

(
2Xτ(B)λn

(
2 − γbλn2−n)−1

)]
≤ Eµ

[
exp (2λnXτ(B))

]
,

(3.8)

for n so large that γbλn2−n < 1. We would now like to apply Lemma 3.6 with f = 2λn1B, but we do not know
that Ps1B ∈ D(A). However, D(A)+ is dense in C0(E)+ w.r.t. ∥·∥∞ [12, Theorems 4.9 and 4.23], so there is an
f = fn,B ∈ D(A)+ with 1B ≤ f ≤ 212B + ηn, where 2B denotes the ball B with doubled radius, and ηn B 1/(4γbnλn).
Take c > 4, so that the radius of 2B is at most 2(2 + c)h(2−n) < 3ch(2−n). Then, by Lemma 3.8, there exists c10 > 0
such that, if d f ≥ β,

G(12B, δ) ≤ G(12B, t0 ∧ n)

≤ c10(3ch(2−n))β
[
1 + 1{d f=β} log

(
t0 ∧ n

(3ch(2−n))β

)]
≤ c10(3c)β2−n(n log 2)1/γ

[
1 + 1{d f=β} log

(
n2n

(3c)β(n log 2)1/γ

)]
≤ c′102−nna,

for some c′10 > 0. If d f < β, then

G(12B, δ) ≤ G(12B, t0 ∧ n)

≤ c10(3ch(2−n))d f (t0 ∧ n)1−d f /β

≤ c10(3c)d f 2−nd f /β(n log 2)d f /(βγ)n1−d f /β

≤ c′′102−nd f /βna,
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for some c′′10 > 0. Thus if c12 ≥ 4(c′10 ∨ c′′10) (recall we are proving that (3.6) holds for some n1 ∈ N given that c12 is
sufficiently large), then

G(2λn f , δ) ≤ 2λn

(
2G(12B, δ) + ηnδ

)
≤ 2λn

(
1

4γbλn
+

1
4γbnλn

)
≤ 1/γb < 2/γb,

and Lemma 3.6 implies

Eµ
[
exp (2λnXτ(B))

]
≤ Eµ

[
exp (2λnXτ( f ))

]
= Eµ

[
EXτ−δ [exp (2λnXδ( f ))

]]
≤ Eµ

[
exp

(
2λnXτ−δ(Pδ f )(1 −

γb

2
G(2λn f , δ))−1

)]
≤ Eµ

[
exp

(
4λn ∥Pδ f ∥∞ Xτ−δ(1)

)]
.

(3.9)

Note that we could not have applied Lemma 3.6 directly to Eµ
[
exp (2λnXτ( f ))

]
because the bound on G(2λn f , τ)

obtained from Lemma 3.8 is only valid for τ < t0, and τ is up to nb. Now note that ∥Pδ f ∥∞ ≤ 2 ∥Pδ12B∥∞ + ηn, and

∥Pδ12B∥∞ = sup
x∈E

∫
2B

pδ(x, y)ν(dy) ≤ ∥pδ∥∞ ν(2B) ≤ c2
(
3ch(2−n)

)d f ∥pδ∥∞ ,

and, putting c15 B
(log 2)d f /(βγ)

2γbc12
,

λnh(2−n)d f = c152−nd f /βnd f /(βγ)−a

2n , d f ≥ β,

2nd f /β , d f < β,
=


O(2n(1−d f /β)) , d f > β,

O(n−1) , d f = β,

O(n−1+d f /β) , d f < β.

Furthermore, recall that λnηn = 1/(4γbn), so λn ∥Pδ f ∥∞ ≤ c16n−b′ for all n ∈ N for some b′ > 0 and c16 = c16(δ) > 0 .
Now choose b = b′/2, and recall that τ ∈ (δ, nb]. Then, and by Corollary 3.7,

Eµ
[
exp

(
4λn ∥Pδ f ∥∞ Xτ−δ(1)

)]
≤ exp

(
8µ(1)λn ∥Pδ f ∥∞

2 − γb(τ − δ)4λn ∥Pδ f ∥∞

)
≤ exp

(
4c16µ(1)n−b′

1 − 2c16γbn−b′/2)

)
,

given that 2c16γbn−b′/2 < 1. This bound is independent of j and B, and no more than, say, exp(1), for all n ≥ n1 for
some n1 = n1(δ) ∈ N. Recalling (3.8) and (3.9), this finishes the proof.

4. Local Times

Fix δ > 0 and µ ∈ MF(E) throughout this section.

4.1. Existence of Local Times
For the proof of existence of the family (Lδ(t, x)), we follow the approach used by Sugitani [35] in the superBrow-

nian case. For h > 0, t ≥ δ, x ∈ E, put

Lh(t, x) B Lh
δ(t, x) B

∫ t

δ

Xs(ph(x, ·)) ds,

L̃h(t, x) B L̃h
δ,µ(t, x) B Lh(t, x) − Eµ

[
Lh(t, x)

]
.

For 0 ≤ s ≤ t, and x ∈ E, write px
s B ps(x, ·), qx

s B qs(x, ·), where qs,t(x, ·) B
∫ t

s px
r (·) dr, and qs B q0,s. Note

that Ps px
r = px

s+r and thus Psqx
a,b = qx

a+s,b+s for r, s > 0, 0 ≤ a < b, x ∈ E, by (1.4). Write (µ f )(x) B µ( f (x, ·)) for
f : E × E → [0,∞] measurable.
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Proposition 4.1. For 0 < a ≤ b,
∥∥∥(µqa,b)

∥∥∥
∞
< ∞, and

sup
t≥δ,x∈E

∣∣∣∣Eµ [Lh(t, x)
]
− (µqδ,t)(x)

∣∣∣∣ −→ 0, h→ 0.

Proof. Recall that ∥ps∥∞ ≤
∥∥∥ps∧t0

∥∥∥
∞
≤ c3(s ∧ t0)−d f /β for all s > 0 by (1.4) and (1.2). Hence,

∥∥∥(µqa,b)
∥∥∥
∞
≤

µ(1)
∥∥∥qa,b

∥∥∥
∞
≤ µ(1)(b − a) supt≥a ∥pt∥∞ < ∞ for all 0 < a ≤ b.

Fix t ≥ δ and x ∈ E, and recall that Eµ
[
Xt( f )

]
= µ(Pt f ) for t ≥ 0 and f ∈ B+(E) ∪ Bb(E) (see (A.1)), where B(E)

denotes Borel functions on E and subscripts + and b denote non-negative and bounded functions respectively. Then,

Eµ
[
Lh(t, x)

]
=

∫ t

δ

Eµ
[
Xs(px

h)
]

ds =
∫ t

δ

µ(Ps px
h) ds =

∫ t

δ

µ(px
s+h) ds = µ(qx

δ+h,t+h) = (µqδ+h,t+h)(x),

where we used Tonelli’s theorem. Thus,∣∣∣∣Eµ [Lh(t, x)
]
− (µqδ,t)(x)

∣∣∣∣ = ∣∣∣(µqδ+h,t+h)(x) − (µqδ,t)(x)
∣∣∣

=
∣∣∣(µqt,t+h)(x) − (µqδ,δ+h)(x)

∣∣∣
≤

∥∥∥(µqt,t+h)
∥∥∥
∞
+

∥∥∥(µqδ,δ+h)
∥∥∥
∞
.

For any s ≥ δ, x ∈ E, and h > 0,

(µqs,s+h)(x) =
∫ s+h

s

∫
E

pr(x, y)µ(dy) dr ≤ µ(1)
∫ s+h

s
∥pr∥∞ dr ≤ c17h,

where c17 = µ(1) sups≥δ ∥ps∥∞ < ∞, so ∣∣∣∣Eµ [Lh(t, x)
]
− (µqδ,t)(x)

∣∣∣∣ ≤ 2c17h

is a vanishing bound that is valid for all t ≥ δ and x ∈ E.

Proposition 4.2. If ds < 4, then there exists a family (L̃(t, x))t≥δ,x∈E of random variables such that

lim
h→0

sup
x∈E
δ≤t≤T

Eµ
[∣∣∣L̃h(t, x) − L̃(t, x)

∣∣∣2] = 0, T > 0.

Proof. Fix T > δ, t ∈ [δ,T ], and x ∈ E. We start by showing that (L̃h(t, x))h>0 is L2-Cauchy w.r.t. Pµ. Let h, h′ > 0,
say h′ ≤ h. Put

Z B Lh(t, x) − Lh′ (t, x) =
∫ t

δ

Xs(px
h − px

h′︸   ︷︷   ︸
C f

) ds =
∫ t

δ

Xs( f ) ds,

where we temporarily suppress h and h′ to lighten notation, so L̃h(t, x) − L̃h′ (t, x) = Z − Eµ [Z], and by the second
moment formula for superprocesses (A.2),

Eµ
[∣∣∣L̃h(t, x) − L̃h′ (t, x)

∣∣∣2] = Eµ
[
Z2

]
− Eµ [Z]2

=

∫ t

δ

∫ t

δ

(
Eµ

[
Xs( f )Xs′ ( f )

]
− Eµ

[
Xs( f )

]
Eµ

[
Xs′ ( f )

] )
ds ds′

= γb

∫ t

δ

∫ t

δ

∫ s∧s′

0
µ
(
Pr ((Ps−r f )(Ps′−r f ))

)
dr ds ds′

= γb

∫ t

0

∫ t

r∨δ

∫ t

r∨δ
µ
(
Pr ((Ps−r f )(Ps′−r f ))

)
ds ds′ dr

= γb

∫ t

0
µ

Pr

(∫ t−r

0∨(δ−r)
Ps f ds

)2 dr,

(4.1)
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where the changes in integration order are warranted by Tonelli’s theorem. For r ≥ 0, since h′ ≤ h, putting a B
0 ∨ (δ − r) and b B t − r for the moment,∫ t−r

0∨(δ−r)
Ps f ds =

∫ b

a
Ps

(
px

h − px
h′
)

ds

=

∫ b

a
(px

h+s − px
h′+s) ds

=

∫ b+h

a+h
px

s ds −
∫ b+h′

a+h′
px

s ds

=

∫ b+h

b+h′
px

s ds −
∫ a+h

a+h′
px

s ds

= Pbqx
h′,h − Paqx

h′,h.

Using this in (4.1), and since 0 ≤ qx
h′,h ≤ qx

h for h′ ≤ h, we have

Eµ
[∣∣∣L̃h(t, x) − L̃h′ (t, x)

∣∣∣2] ≤ γb

∫ t

0
µ
(
Pt−r

(
(Prqx

h)2
))

dr︸                        ︷︷                        ︸
CI1

+2γb

∫ t

0
µ
(
Pr

(
P0∨(δ−r)qx

hPt−rqx
h

))
dr︸                                  ︷︷                                  ︸

CI2

+ γb

∫ t

0
µ
(
Pr

(
(P0∨(δ−r)qx

h)2
))

dr︸                             ︷︷                             ︸
CI3

,

where we substituted r → t − r in I1. We proceed by showing that I1, I2, I3 converge to zero as h ↓ 0, uniformly in
t ≤ T and x ∈ E. The following fact will be useful.

∀T > 0:
∫ T

0

∥∥∥qr,r+h

∥∥∥
∞

dr −→ 0, h→ 0. (4.2)

Indeed, for 0 ≤ r ≤ T ,

∥∥∥qr,r+h

∥∥∥
∞
=

∥∥∥∥∥∥
∫ r+h

r
ps ds

∥∥∥∥∥∥
∞

≤

∫ r+h

r
∥ps∥∞ ds ≤ c3

∫ r+h

r
(t0 ∧ s)−d f /β ds,

and, since d f /β = ds/2 < 2, ∫ T

0

∫ r+h

r
(s ∧ t0)−d f /β ds dr −→ 0 as h→ 0.

(I1) (Prqx
h)2 = (qx

r,r+h)2 ≤ qx
r,r+h

∥∥∥qx
r,r+h

∥∥∥
∞
≤ qx

r,r+h

∥∥∥qr,r+h

∥∥∥
∞

, so, assuming h < 1,

I1 ≤

∫ t

0

∥∥∥qr,r+h

∥∥∥
∞
µ
(
(Pt−rqx

r,r+h)
)

dr =
∫ t

0

∥∥∥qr,r+h

∥∥∥
∞
µ
(
qx

t,t+h

)
dr = (µqt,t+h)(x)

∫ t

0

∥∥∥qr,r+h

∥∥∥
∞

dr

≤
∥∥∥(µqδ,T+1)

∥∥∥
∞

∫ T

0

∥∥∥qr,r+h

∥∥∥
∞

dr.

This bound is independent of t ≤ T and x, and goes to zero as h→ 0 by Proposition 4.1 and (4.2).

(I2) For 0 ≤ r ≤ T , and a B ar B 0 ∨ (δ − r),

(Paqx
h)(Pt−rqx

h) = qx
a,a+hqx

t−r,t−r+h ≤ qx
a,a+h

∥∥∥qt−r,t−r+h

∥∥∥
∞
,
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so, again assuming h < 1,

I2 ≤

∫ t

0

∥∥∥qt−r,t−r+h

∥∥∥
∞
µ
(
Prqx

a,a+h

)
dr

=

∫ t

0

∥∥∥qt−r,t−r+h

∥∥∥
∞
µ(qx

r∨δ,r∨δ+h) dr

≤ µ(1)
∫ t

0

∥∥∥qt−r,t−r+h

∥∥∥
∞

∥∥∥qr∨δ,r∨δ+h

∥∥∥
∞

dr

≤ µ(1)
∫ t/2

0

∥∥∥qt/2,t+h

∥∥∥
∞

∥∥∥qr∨δ,r∨δ+h

∥∥∥
∞︸         ︷︷         ︸

≤∥qr,r+h∥∞+∥qδ,δ+h∥∞

dr + µ(1)
∫ t

t/2

∥∥∥qt−r,t−r+h

∥∥∥
∞

∥∥∥qt/2,t+h

∥∥∥
∞

dr

≤ µ(1)
∥∥∥qδ/2,T+1

∥∥∥
∞

(
2
∫ T

0

∥∥∥qr,r+h

∥∥∥
∞

dr + T
∥∥∥qδ,δ+h

∥∥∥
∞

)
,

which goes to zero as h→ 0 by (4.2), and the fact that
∥∥∥qδ,δ+h

∥∥∥
∞
≤ h sups≥δ ∥ps∥∞ −→ 0 as h→ 0.

(I3) We first split the integral according to

I3 =

∫ δ

0
µ
(
Pr

(
(qx
δ−r,δ−r+h)2

))
dr︸                            ︷︷                            ︸

CI3.1

+

∫ t

δ

µ
(
Pr

(
(qx

h)2
))

dr︸                   ︷︷                   ︸
CI3.2

.

Then,

I3.1 ≤

∫ δ

0

∥∥∥qδ−r,δ−r+h

∥∥∥
∞
µ
(

Prqx
δ−r,δ−r+h︸       ︷︷       ︸
=qx
δ,δ+h

)
dr ≤ µ(1)

∥∥∥qδ,δ+h

∥∥∥
∞

∫ δ

0

∥∥∥qr,r+h

∥∥∥
∞

dr,

which goes to zero by (4.2). We turn to I3.2. Assuming h < t0/2,

I3.2 =

∫ t

δ

dr
∫

E
µ(dy)

∫
E
ν(dz) pr(y, z)

∫ h

0
ds

∫ h

0
ds′ps(x, z)ps′ (x, z)

=

∫ h

0
ds

∫ h

0
ds′

∫
E
ν(dz) (µqδ,t)(z)ps(x, z)ps′ (x, z)

≤
∥∥∥(µqδ,T )

∥∥∥
∞

∫ h

0

∫ h

0

(∫
E

ps(x, z)ps′ (z, x)ν(dz)
)

︸                           ︷︷                           ︸
=ps+s′ (x,x)

ds ds′

≤
∥∥∥(µqδ,T )

∥∥∥
∞

c3

∫ h

0

∫ h

0
(s + s′)−d f /β ds ds′,

(4.3)

which is a bound independent of t ≤ T and x ∈ E. The integral is no more than
∫ 2h

0 u1−d f /β du, which tends to
zero as h→ 0 since d f /β = ds/2 < 2.

We have shown that, for every T > δ,

sup
δ≤t≤T,x∈E

Eµ
[∣∣∣L̃h(t, x) − L̃h′ (t, x)

∣∣∣2] −→ 0

as h ∨ h′ → 0, so there exist random variables (L̃(t, x))t≥δ,x∈E with

sup
δ≤t≤T,x∈E

Eµ
[∣∣∣L̃h(t, x) − L̃(t, x)

∣∣∣2] h→0
−→ 0.
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Putting Lδ(t, x) B L̃δ(t, x) + (µqt)(x) for t ≥ 0 and x ∈ E, we infer from Propositions 4.1 and 4.2 that

sup
δ≤t≤T,x∈E

Eµ
[∣∣∣Lh
δ(t, x) − Lδ(t, x)

∣∣∣2] −→ 0, T > 0, (4.4)

which proves Theorem 2.1 (i).

4.2. Continuity of Local Times
Proposition 4.3. Suppose that ds < 4. Then, for any 0 < a < (2 − ds/2) ∧ 1, and n ∈ N,

sup
x∈E

sup
s,t≥δ
|t−s|<h

Eµ
[
|Lδ(t, x) − Lδ(s, x)|n

|t − s|na

]
h→0
−→ 0. (4.5)

Given this, Theorem 2.1 (iii) is a straight-forward consequence of Kolmogorov’s continuity criterion.

Proof of Theorem 2.1 (iii). Let x ∈ E. Proposition 4.3 and Kolmogorov’s continuity criterion imply that, for any
given n ∈ N and a ∈ (0, 1 ∧ (2 − ds/2)), there is a modification of Lδ(x, ·) which is β′-Hölder continuous for all
0 < β′ < a − 1/n. Since all of these modifications coincide Pµ-a.s. (they are continuous), there is in fact a single
modification which is β′-Hölder continuous for all 0 < β′ < 1 ∧ (2 − ds/2). Since Theorem 2.1 (i) remains true when
replacing Lδ(·, x) by a modification for every x ∈ E, we may assume that Lδ(·, x) has the desired Hölder continuity for
every x ∈ E.

By Theorem 2.1 (i) and a standard diagonalisation argument, we can choose a sequence hn ↓ 0 such that there is
a single set Ω′ of Pµ-probability one on which Lhn (t, x) −→ L(t, x) for all t ∈ [δ,∞) ∩ Q. Lhn (·, x) is increasing by
definition, so, on Ω′, L(·, x) is increasing on [δ,∞) ∩Q, hence by continuity on [δ,∞). By putting L(·, x) ≡ 0 outside
Ω′, we obtain a modification that is increasing and of the desired continuity.

Theorem 2.3 and the following lemma are the central ingredients in the proof of Proposition 4.3.

Lemma 4.4. Suppose that ds < 4. Then there is c18 > 0 such that Pµ-a.s., there exists for each δ > 0 an h0 =

h0(δ, ω) ∈ (0, 1) with
sup
s≥δ
∥(Xsqh)∥∞ ≤ c18ζ(h), 0 < h < h0,

where

ζ(h) = ζds,γ(h) B

h2−ds/2 log
(

1
h

)1+1/γ+1{ds=2}
, ds ≥ 2,

h log
(

1
h

)2−ds/2+ds/(2γ)
, ds < 2,

h ∈ (0, 1).

With these, we can prove Proposition 4.3.

Proof of Proposition 4.3. Put D B (2 − ds/2) ∧ 1, and fix a ∈ (0,D) and n ∈ N. Let x ∈ E and t > s ≥ δ with
|t − s| < t0. By Theorem 2.1 (i), there is hm ↓ 0 such that

∫ q
δ

Xr(px
hm

) dr −→ Lδ(q, x) for q = s, t on a common set
of Pµ-probability one. Let c19(n) B c5(n) ∨ c18 ∨ 1 > 0, where c5(n), c18 > 0 are the constants from Theorem 2.3
and Lemma 4.4. Then, by the Markov property and Fatou’s lemma,

Eµ
[∣∣∣Lδ(t, x) − Lδ(s, x)

∣∣∣n] = Eµ
[

lim
m→∞

(∫ t

s
Xr(px

hm
)
)n]

= Eµ
[
EXs

[
lim

m→∞

(∫ t−s

0
Xr(px

hm
) dr

)n]]
≤ Eµ

[
lim

m→∞
EXs

[(∫ t−s

0
Xr(px

hm
) dr

)n]]
≤ c19(n)Eµ

[
lim

m→∞

(
ν(px

hm
) · ∥(Xsqt−s)∥∞,ν ∨ (t − s)2−ds/2

)n
]

= c19(n)Eµ
[(
∥(Xsqt−s)∥∞,ν ∨ (t − s)2−ds/2

)n]
.
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Note that in applying the Markov property, we used thatMF(E) → R; η 7→ ∥(ηqt)∥∞,ν is measurable, which follows

by writing ∥·∥∞,ν = limp→∞

(∫
E |·|

p dν
)1/p

, and the fact that η 7→
∫

E f (x, ·)η(dx) is measurable for any measurable
f : E × E → [0,∞] by a standard Dynkin argument.

Fix any a′ ∈ (a,D), so that h2−ds/2 < ζ(h) < ha′ for small h > 0. The upper bound above is independent of x, so
we conclude with Lemma 4.4 that

lim
h→0

sup
x∈E

sup
s,t≥δ
|t−s|<h

Eµ
[
|Lδ(t, x) − Lδ(s, x)|n

]
|t − s|na ≤ c19(n) lim

h→0
sup
δ≤s<t
|t−s|<h

1
|t − s|na E

µ
[(
∥(Xsqt−s)∥∞,ν ∨ (t − s)2−ds/2

)n]

≤ c19(n)Eµ
limh→0

sup
δ≤s<t
|t−s|<h

1
|t − s|na

(
∥(Xsqt−s)∥∞,ν ∨ (t − s)2−ds/2

)n


≤ c19(n)n+1 lim

h→0
sup
δ≤s<t
|t−s|<h

(ζ(t − s) ∨ (t − s)2−ds/2)n

|t − s|na

≤ c19(n)n+1 lim
h→0

hn(a′−a) = 0,

where we used monotone convergence in the second step,

It remains to prove Theorem 2.3 and Lemma 4.4. For the former, we use a moment formula derived from the work
of Dynkin [11]: If f ∈ B+(E) ∪ Bb(E), and t ≥ 0, then, for µ ∈ MF(E),

Eµ
[(∫ t

0
Xr( f ) dr

)n]
=

∑
{Di}

m
i=1∈Gn

m∏
i=1

µ (Di(t; f )) . (4.6)

This statement and the associated notation can be found in Appendix A. The proof of Theorem 2.3 now relies on an
induction to bound the RHS of (4.6).

Proof of Theorem 2.3. Fix f ∈ B+(E) and t ∈ (0, t0). By (4.6), we must find bounds on µ(D(t; f )) for D ∈ D. For
r ≥ 0 and D ∈ D, write D(r, ·) B D(r; f )(·). Then, if |D| ≥ 2, say D = D1 ∨ D2, and x ∈ E, by Lemma A.6,

D(t, x) = γb

∫ t

0
dr Pr

(
D1(t − r, ·)D2(t − r, ·)︸                     ︷︷                     ︸

≤D1(t,·)D2(t,·)

)
(x)

≤ γb

∫ t

0
dr

∫
E
ν(dy) pr(x, y)D1(t, y)D2(t, y)

= γb

∫
E
ν(dy) qt(x, y)D1(t, y)D2(t, y),

(4.7)

so

µ(D(t; f )) = γb

∫
E
ν(dy) (µqt)(y)D1(t, y)D2(t, y) ≤ ∥(µqt)∥∞,ν D(t), (4.8)

where
D(t) B γb

∫
E

D1(t, x)D2(t, x)ν(dx). (4.9)

We shall find a bound on D(t) inductively. Put α B d f /β = ds/2 ∈ (0, 2) for this proof. If D = D1 ∨ D2 ∈ D with
|D1| ≥ 2, |D2| ≥ 2 (so that (4.9) defines D1(t) and D2(t)), we claim that

D(t) ≤ c20t2−αD1(t)D2(t), (4.10)
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where c20 =
4γbc3
2−α . Indeed, we can write D1 = D′1 ∨ D′′1 , and D2 = D′2 ∨ D′′2 , so, by (4.7),

D(t) = γb

∫
E
ν(dx) D1(t, x)D2(t, x)

≤ γ3
b

t∫
0

t∫
0

∫
E

∫
E

( ∫
E

ν(dx) pr(y, x)pr′ (x, y′)

︸                          ︷︷                          ︸
=pr+r′ (y,y′)≤c3(r+r′)−α

)
D′1(t, y)D′′1 (t, y)D′2(t, y′)D′′2 (t, y′) dr dr′ν(dy)ν(dy′)

≤ γbc3

(∫ t

0
dr

∫ t

0
dr′ (r + r′)−α

)
D1(t)D2(t),

(4.11)

where ∫ t

0
dr

∫ t

0
dr′ (r + r′)−α =

∫ t

0
dr

∫ t+r

r
ds s−α =

∫ 2t

0
ds

∫ s∧t

(s−t)+
dr s−α ≤

∫ 2t

0
s1−α ds =

(2t)2−α

2 − α
≤

4t2−α

2 − α
.

If D = D1 ∨ D2 ∈ D, and |D1| = 1, |D2| ≥ 2, then D1(t, ·) =
∫ t

0 Pr f dr =
∫ t

0 dr
∫

E ν(dy) pr(·, y) f (y), and D2 as in
(4.11), and the same argument gives

D(t) ≤ c20t2−αν( f )D2(t), (4.12)

and if |D1| = |D2| = 1, then
D(t) ≤ c20t2−αν( f )2. (4.13)

Given D ∈ D with |D| ≥ 2, we can now bound D(t) by recursively applying (4.10), (4.12) and (4.13). We obtain a
factor ν( f ) for every leaf, and a factor c20t2−α for every inner node, of which there are |D| and |D| − 1, respectively, so

D(t) ≤ (c20t2−α)|D|−1ν( f )|D|,

thus by (4.8),
µ(D(t; f )) ≤ ∥(µqt)∥∞,ν (c20t2−α)|D|−1ν( f )|D|. (4.14)

If |D| = 1, then

µ(D(t; f )) =
∫

E
µ(dx)

∫ t

0
dr

∫
E
ν(dy) pr(x, y) f (y) =

∫
E
ν(dy) (µqt)(y) f (y) ≤ ∥(µqt)∥∞,ν ν( f ),

so (4.14) holds in that case as well. Combining (4.6) and (4.14) gives

Eµ
[(∫ t

0
Xs( f ) ds

)n]
=

∑
{Di}

m
i=1∈Gn

m∏
i=1

µ(Di(t; f ))

≤
∑

{Di}
m
i=1∈Gn

m∏
i=1

(
∥(µqt)∥∞,ν (c20t2−α)|Di |−1ν( f )|Di |

)
=

∑
{Di}

m
i=1∈Gn

(
∥(µqt)∥m∞,ν (c20t2−α)n−mν( f )n

)
≤ |Gn|

(
∥(µqt)∥∞,ν ∨ (c20t2−α)

)n
ν( f )n.

This proves (2.2) with c5(n) B |Gn| (c20 ∨ 1)n.
Finally, if µ has a bounded density g w.r.t. ν, then for any x ∈ E,

(µqt)(x) =
∫ t

0

∫
E

ps(x, y)g(y)ν(dy) ds ≤ ∥g∥∞,ν

∫ t

0

∫
E

ps(x, y)ν(dy)︸              ︷︷              ︸
=1

ds = t ∥g∥∞,ν ,

and the RHS of (2.2) is upper bounded by that of (2.3).
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To prove sharpness of this result in the sense of Remark 2.4 (i), we observe that a stronger bound would imply a
stronger Hölder-continuity of the local times, contradicting Theorem 2.1 (iv) (which will be proved later).

Proof of Remark 2.4 (i). It is easy to show that ∥(µqt)∥∞,ν ≥ ct for some c > 0 and small t > 0, for any non-zero
µ ∈ MF(E). Hence, if ds < 2, then the maximum on the RHS of (2.2) is attained by ∥(µqt)∥∞,ν for small t > 0.

Suppose that ds ≥ 2, and that Theorem 2.3 held with 2 − ds/2 on the RHS of (2.2) and (2.3) replaced by some
a′ > 2 − ds/2 (simultaneously for all n ∈ N and µ ∈ MF(E)). Then take µ ∈ MF(E) with a density w.r.t. ν
that is bounded by 1 and positive everywhere. Such a density exists; by our assumption on ν it can be chosen as
g =

∑∞
N=1 aN1B(x0,N) for some x0 ∈ E and appropriate constants aN > 0, N ∈ N. Then, (2.3) holds with RHS equal

to c5ν( f )ntna′ . This would allow for a proof of (4.5) with a ∈ (2 − ds/2, a′) and some fixed δ > 0, and thus imply
β′-Hölder continuity of Lδ(x0, ·) for all β′ ∈ (2 − ds/2, a) and some fixed x0 ∈ E, see proof of Theorem 2.1 (iii). By
Theorem 2.1 (iv), this would imply that Lδ(x0, ·) ≡ 0 Pµ-a.s., which is a contradiction of

Eµ [Lδ(x0, t)] = lim
h→0

Eµ
[∫ t

δ

Xs(ph(x0, ·)) ds
]
= lim

h→0

∫ t

δ

µ(ps+h(x0, ·)) ds

=

∫ t

δ

µ(ps(x0, ·)) ds

=

∫ t

δ

∫
ps(x0, y)g(y)ν(dy) ds

> 0,

for any t > δ, where we used Theorem 2.1 (i), Tonelli’s theorem, (A.1), dominated convergence, and the fact that
g > 0 everywhere.

Lemma 4.4 is an immediate consequence of Theorem 2.10 and the following lemma, for the application of which
we recall that, Pµ-a.s., supt≥0 Xt(1) is finite since (Xt(1)) is continuous and eventually absorbed at zero.

Lemma 4.5. Let λ ∈ MF(E), and suppose there are a > d f − β and b, c, r1 > 0 with

sup
x∈E
λ(B(x, r)) ≤ cra

(
log

1
r

)b

, 0 < r < r1. (4.15)

Then there exist c21, h0 > 0 such that

∥(λqh)∥∞ ≤ c21h1+(a−d f )/β log
(

1
h

)b+a/(βγ)

, 0 < h < h0,

where c21 does not depend on r1, and on λ only through a, b, and c. Furthermore, if (4.15) holds for a family (λi)i∈I of
measures with supi∈I λi(1) < ∞, then h0 can be chosen for all λi simultaneously.

The proof of Lemma 4.5 is straight-forward and technical, and we hide it in Appendix B. We close with a proof
of Theorem 2.1 (ii).

Proof of Theorem 2.1 (ii). For N ∈ N and some fixed x0 ∈ E, put

CN B { f ∈ C+(E) : f = 0 on E \ B(x0,N)} ,

and fN B f ∧ N for f ∈ C+(E), where C+(E) is the set of non-negative continuous functions on E. Then, for t ≥ δ
and N ∈ N,

Eµ
 sup

f∈CN

∣∣∣∣∣∫
E

fN(x)(Lδ(t, x) − Lh
δ(t, x))ν(dx)

∣∣∣∣∣ ≤ N
∫

B(x0,N)

Eµ
[∣∣∣Lδ(t, x) − Lh

δ(t, x)
∣∣∣] ν(dx)

≤ Nν(B(x0,N)) sup
x∈E

∥∥∥Lδ(t, x) − Lh
δ(t, x)

∥∥∥
L2

h→0
−→ 0.
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In particular, there exists hn −→ 0 such that, off a Pµ-null set,
∫

E fN(x)Lhn
δ (t, x)ν(dx) −→

∫
E fN(x)Lδ(t, x)ν(dx) as

n→ ∞ for all N ∈ N and f ∈ CN . Off this null set, for N ∈ N, N > 1/δ, and f ∈ CN ,∫
E

fN(x)Lδ(t, x)ν(dx) = lim
n→∞

∫
E

fN(x)
(∫ t

δ

Xs(phn (x, ·) ds
)
ν(dx)

= lim
n→∞

∫ t

δ

ds
∫

E
Xs(dy)

(∫
E

phn (y, x) fN(x)ν(dx)
)

= lim
n→∞

∫ t

δ

Xs(Phn fN) ds

=

∫ t

δ

Xs( fN) ds,

where we could apply dominated convergence in the last step because fN is continuous and bounded and so Phn fN −→

fN pointwise, and
∥∥∥Phn fN

∥∥∥
∞
≤ N for all n ∈ N. If f : E → R is continuous, non-negative, and compactly supported,

write f ∈ Cc+(E), then f ∈ CN for large N ∈ N, and 0 ≤ fN ↑ f as N → ∞. Hence by monotone convergence, Pµ-a.s.,
for all f ∈ Cc+(E), ∫

E
f (x)Lδ(t, x)ν(dx) = lim

N→∞

∫
E

fN(x)Lδ(t, x)ν(dx)

= lim
N→∞

∫ t

δ

Xs( fN) ds

=

∫ t

δ

Xs( f ) ds.

Finally, both the LHS and the RHS above are Pµ-a.s. continuous in t (LHS by monotone convergence and Theo-
rem 2.1 (iii); RHS by dominated convergence), so we may choose a single set of Pµ-probability one on which the
claim holds for all t ≥ δ and all f ∈ Cc+(E). A monotone class argument finishes the proof.

Theorem 2.1 (iv) will be proved at the end of next section. The idea is that a stronger Hölder continuity of Lδ(·, x0)
would imply a lower bound on dimH T (x0) that contradicts the upper bound in Theorem 2.5.

5. Dimension Results

We begin by proving our range result Theorem 2.8. It can be understood as a modern formulation of Tribe’s [36]
proof; instead of using non-standard techniques to apply the modulus of continuity of linear Brownian motions to the
associated superprocess, we use the modulus of continuity of the historical process, Theorem 3.3.

Proof of Theorem 2.8. The lower bound on S(Xt) follows immediately from Theorem 2.10 (see, for example, [19,
page 61]). For the upper bound, fix µ ∈ MF(E) and let m ∈ M0

F(E) with π0(m) = µ, so that the distribution of (Xt)
under Pµ is the same as that of (πt(Ht)) under Q0,m. We work with the latter, and slightly abuse notation by writing
Xt B πt(Ht) for the duration of the proof.

First note that dimH R(I) ≤ dimH E = d f for any I ⊂ (0,∞) is trivial. We show that for fixed but arbitrary N ∈ N
and ε > 0, Q0,m-a.s.,

dimH R(I) ≤ β (1 + dimH I + 2ε) ,

for any I ⊂ [1/N,N ∧ τN], where τN = inf {t ≥ 0: Xt(1) ≥ N}. This implies dimH R(I) ≤ β(1 + dimH I) Q0,m-a.s.
by countable stability of Hausdorff dimension, and the fact that τN → ∞ Q0,m-a.s. as N → ∞ because (Xt(1)) is a
continuous path that is Q0,m-a.s. eventually absorbed at zero.

For n ∈ N and j ∈ N0, put tn j B j2−n and In j B [tn j, tn, j+1], and denote for j ∈ N by Mn j and y(i)
n j, i ∈ N, the

respectively N0- and C(E)-valued random variables from Theorem 3.1 for which

S(rtn, j−1 (Htn j )) =
{
y(1)

n j , . . . , y
(Mn j)
n j

}
, Q0,m-a.s.,
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and, given F H
tn, j−1

, (y(i)
n j)

Mn j

i=1 follows the distribution of a Poisson point process on C(E) with intensity measure 2n+1

γb
Htn, j−1 .

In particular, Mn j ∼ Poi
(

2n+1

γb
Htn, j+1 (1)

)
, so by a Poisson tail bound (see Lemma B.3),

Q0,m

(
∃ j ∈ N : tn j ≤ N ∧ τN ,Mn j ≥

N2n+2

γb

)
≤

N2n∑
j=1

Q0,m

(
tn, j−1 ≤ τN ,Mn j ≥

N2n+2

γb

)

=

N2n∑
j=1

Q0,m

(
1{tn, j−1≤τN}Q0,m

(
Mn j ≥ 2 ·

2n+1N
γb

∣∣∣∣∣∣F H
tn, j−1

))

≤

N2n∑
j=1

Q0,m

(
1{tn, j−1≤τN} exp

(
−

3
16

2n+2N
γb

))
≤ N2n exp

(
−3 · 2n−2N/γb

)
,

where we used that tn, j−1 ≤ τN implies Htn, j−1 (1) = Xtn, j−1 (1) ≤ N. This bound is summable over n, hence outside some
null set there exists n0 = n0(ω) ∈ N such that Mn j ≤

N2n+2

γb
for all n ≥ n0 and j ∈ N with tn j ≤ N ∧ τN . Now let c > 0

be so large that, omitting another null set, we find δ = δ(c, ω) > 0 according to Theorem 3.3 and Corollary 3.4 (ii).
Then, Q0,m-a.s. if 2−n < δ and j ∈ N, applying Corollary 3.4 (ii), Corollary 3.4 (i), and Theorem 3.3 in that order,

R(In j) =
⋃
s∈In j

S(Xs) ⊂ S(Xtn j )
ch(2−n)

= πtn j (S(Htn j ))
ch(2−n)

⊂ πtn, j−1 (S(Htn j ))
2ch(2−n)

= πtn, j−1 (S(rtn, j−1 (Htn j )))
2ch(2−n)

=

Mn j⋃
i=1

B(y(i)
n j(tn, j−1), 2ch(2−n))︸                       ︷︷                       ︸

CBi
n j

.

(5.1)

Now fix ω outside the excluded null sets and let I ⊂ [N−1,N ∧ τN] with Hausdorff dimension dI B dimH I. Then,
HdI+ε(I) = 0 (recall that H s : P(E) → [0,∞] for s > 0 denotes the s-dimensional Hausdorff outer measure). Hence,
there are for all n ∈ N dyadic 2−n-covers Cn =

(
Ik j : k ≥ n, j ∈ Jn

k
)

of I, where Jn
k ⊂

{
1, . . . ,N2k

}
, k ≥ n, such that

0 = lim
n→∞

∑
I∈Cn

|I|dI+ε = lim
n→∞

∞∑
k=n

∣∣∣Jn
k

∣∣∣ 2−k(dI+ε),

where by |A| for a subset A of a metric space we denote its diameter. Then, if 2−n < δ, the family

Bn B
(
Bi

k j : k ≥ n, j ∈ Jn
k , i ≤ Mk j

)
is a cover of R(I) with maximal diameter 2ch(2−n), which tends to zero as n → ∞. Further recall that h(2−k) =
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2−k/β(k log 2)1/(γβ). Hence,

Hβ(1+dI+2ε)(R(I)) ≤ lim
n→∞

∑
B∈Bn

|B|β(1+dI+2ε)

= lim
n→∞

∞∑
k=n

∑
j∈Jn

k

Mk jh(2−k)β(1+dI+2ε)

≤ lim
n→∞

∞∑
k=n

∣∣∣Jn
k

∣∣∣ N2k+12−k(1+dI+2ε)(k log 2)(1+dI+2ε)/γ

≤ c22

(
sup
k∈N

(k log 2)(1+dI+2ε)/γ2−kε︸                          ︷︷                          ︸
<∞

)
· lim

n→∞

∞∑
k=n

∣∣∣Jn
k

∣∣∣ 2−k(dI+ε)

︸                   ︷︷                   ︸
=0

= 0,

where c22 = 2N(log 2)(1+dI+2ε)/γ, which implies dimH R(I) ≤ β(1 + dI + 2ε).

Recall the moment formula for historical processes [33, Equation (II.8.5)]: If m ∈ M0
F(C), and f : C(E) → R is

bounded and measurable, then

Q0,m(Ht( f )) =
∫

C(E)
Py(0)

(
f (Y t)

)
m(dy), t ≥ 0, (5.2)

where we write P(g) B
∫

g dP for the expectation of a random variable g w.r.t. a probability measure P.

Proof of Theorem 2.5, Upper Bound. Fix µ ∈ MF(E). Let m ∈ M0
F(E) with π0(m) = µ, so that the distribution of (Xt)

under Pµ is the same as that of (πt(Ht)) under Q0,m. We work with the latter and, with a slight abuse of notation, write
Xt B πt(Ht), t ≥ 0, for the duration of the proof.

Let A ⊂ E and put dA B dimH A. By countable stability of Hausdorff dimension, it suffices to show that for fixed
but arbitrary N ∈ N and ε > 0, Q0,m-a.s.,

dimH
(
T (A) ∩ [N−1,N]

)
≤ D + 2ε, where D B

(
2 −

ds

2
+

dA

β

)
+

=

(
2 −

d f − dA

β

)
+

.

Since HdA+βε(A) = 0, there are covers Cn of A, n ∈ N, comprised of balls with dyadic diameters no larger than 2−n,
such that

0 = lim
n→∞

∑
C∈Cn

|C|dA+βε = lim
n→∞

∑
k≥n

mn
k2−k(dA+βε), (5.3)

where
mn

k B
∣∣∣∣{C ∈ Cn : |C| = 2−k

}∣∣∣∣ , n ∈ N, k ≥ n, (5.4)

denotes the number of balls in Cn with diameter 2−k.
For n ∈ N and j ∈ N0, put tn j B j2−nβ and In j B [tn j, tn, j+1]. Denote for n, j ∈ N by Mn j and y(i)

n j, i ∈ N, the
respectively N0- and C(E)-valued random variables from Theorem 3.1 for which

S(rtn, j−1 (Htn j )) =
{
y(1)

n j , . . . , y
(Mn j)
n j

}
, Q0,m-a.s.,

where, given F H
tn, j−1

, (y(i)
n j)

Mn j

i=1 follows the distribution of a Poisson point process on C(E) with intensity measure
2nβ+1

γb
Htn, j−1 . With the same argument employed in (5.1), we find c > 0 such that Q0,m-a.s. there is δ = δ(c, ω) > 0

such that if 2−nβ < δ and j ∈ N, then

⋃
s∈In j

S(Xs) ⊂
Mn j⋃
i=1

B(y(i)
n j(tn, j−1), rn) C Bn j, where rn B 2ch(2−nβ) = c232−nn1/(βγ),
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and c23 = 2c(β log 2)1/(βγ). Thus if 2−nβ < δ, then a cover of T (A) ∩ [N−1,N] with maximal diameter 2−nβ is given by

Bn B
⋃
k≥n

⋃
C∈Cn
|C|=2−k

{
Ik j : j ∈ Jk, Bk j ∩C , Ø

}
,

where Jk =
{
j ∈ N : Ik j ∩ [N−1,N] , Ø

}
=

{⌊
N−12−nβ

⌋
, . . . ,

⌊
N2−nβ

⌋}
. Then,

Q0,m

(
HD+2ε(T (A) ∩ [N−1,N])

)
≤ Q0,m

(
lim
n→∞

∑
B∈Bn

|B|D+2ε
)

= Q0,m

(
lim
n→∞

∑
k≥n

∑
C∈Cn
|C|=2−k

∑
j∈Jk

∣∣∣Ik j

∣∣∣D+2ε
1{Bk j∩C,Ø}

)

≤ lim
n→∞

∑
k≥n

∑
C∈Cn
|C|=2−k

∑
j∈Jk

2−kβ(D+2ε)Q0,m

(
Bk j ∩C , Ø

)
,

(5.5)

where we used Fatou’s lemma in the last step. Let n ∈ N and C ∈ Cn, so C = B(x0, 2−k−1) for some x0 ∈ E and
k ≥ n. Then, for j ∈ Jk, Bk j ∩ C , Ø if and only if B(y(i)

k j(tk, j−1), rk) ∩ C , Ø for some i ≤ Mnk, if and only if

ρ(x0, y
(i)
k j(tk, j−1)) < 2−k−1 + rk for some i ≤ Mnk. Thus if k is so large that 2−k−1 < rk, then

Q0,m

(
Bk j ∩C , Ø

)
≤ Q0,m

(
∃i ≤ Mk j : ρ(x0, y

(i)
k j(tk, j−1)) < 2rk

)
, (5.6)

which we evaluate by conditioning on F H
tk, j−1

. To that end, assume that for some θ ∈ MF(C) \ {0}, η = (yi)M
i=1 is a

Poisson point process with intensity measure 2kβ+1

γb
θ. Then, for any K, t > 0,

P (∃i ≤ M : ρ(x0, yi(t)) < K) = 1 − P
(
η
(
y : ρ(x0, y(t)) < K

)
= 0

)
= 1 − exp

(
−

2kβ+1

γb
θ(y : ρ(x0, y(t)) < K)

)
≤

2kβ+1

γb
θ(y : ρ(x0, y(t)) < K).

This clearly holds also if θ = 0 (then LHS = RHS = 0). Applying this and (5.2) to (5.6) yields

Q0,m

(
Bk j ∩C , ∅

)
= Q0,m

(
Q0,m

(
∃i ≤ Mk j : ρ

(
x0, y

(i)
k j(tk, j−1)

)
< 2rk

∣∣∣∣F H
tk, j−1

))
≤

2kβ+1

γb
Q0,m

(
Htk, j−1 (y : ρ

(
x0, y(tk, j−1)

)
< 2rk)

)
=

2kβ+1

γb

∫
C(E)

Py(0)
(
ρ
(
x0,Y(tk, j−1)

)
< 2rk

)
m(dy)

≤
2kβ+1

γb
m(1)

∥∥∥ptk, j−1

∥∥∥
∞
ν(B(x0, 2rk)).

Now if k is so large that inf j∈Jk tk, j =
⌊
N−12kβ

⌋
2−kβ ≥ (2N)−1, say, then

Q0,m

(
Bk j ∩C , Ø

)
≤

2kβ+1

γb
m(1)

 sup
t≥(2N)−1

∥pt∥∞

 c2(2rk)d f = c242k(β−d f )kd f /(βγ),
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where c24 = 2m(1)γ−1
b (supt≥(2N)−1 ∥pt∥∞)c2cd f

23 is finite because ∥pt∥∞ ≤
∥∥∥pt∧t0

∥∥∥
∞
≤ c3(t ∧ t0)−d f /β for all t > 0 by (1.4)

and (1.2). Plug this bound into (5.5), and use (5.4) and |Jk | ≤ N2kβ, to obtain

Q0,m

(
HD+2ε(T (A) ∩ [N−1,N])

)
≤ c24 lim

n→∞

∑
k≥n

∑
C∈Cn
|C|=2−k

∑
j∈Jk

2−kβ(D+2ε)2k(β−d f )kd f /(βγ)

≤ c24N lim
n→∞

∑
k≥n

mn
kkd f /(βγ)2kβ(2−d f /β−D−2ε)

≤ c24N lim
n→∞

∑
k≥n

mn
kkd f /(βγ)2−k(dA+2βε)

≤ c24N
(
sup
k∈N

kd f /(βγ)2−kβε
)

︸                ︷︷                ︸
<∞

lim
n→∞

∑
k≥n

mn
k2−k(dA+βε)

︸                   ︷︷                   ︸
=0 by (5.3)

= 0,

where we used in the third step that D ≥ 2− d f−dA

β
, so 2− d f

β
−D ≤ − dA

β
. This implies thatHD+2ε(T (A)∩ [N−1,N]) = 0

Q0,m-a.s. and finishes the proof.

To prove the lower bounds in Theorem 2.5, we use an idea similar to Serlet’s [34] and apply what is sometimes
called the energy method: If γ is a finite non-zero Borel measure on R with

∫∫
|t − s|−θ γ(ds)γ(dt) < ∞ for some

θ ∈ (0, 1], then dimH S(γ) ≥ θ (see e.g. [13, Theorem 4.13]). For λ ∈ MF(E) and s > 0, put pλs (·) B
∫

E ps(x, ·)λ(dx).

Proposition 5.1. Let µ ∈ MF(E) and δ > 0, and suppose that λ ∈ MF(E) is non-zero and satisfies λ(B(x, r)) ≤ c25rd

for all x ∈ E and r ∈ (0, rλ), for some d ∈ [0, d f ] with (d f − d)/β < 2 and some c25, rλ > 0. Then there is a random
Borel measure γ on [δ,∞) such that the following hold.

(i) There is a sequence hk → 0 such that Pµ-a.s. for all rational δ ≤ s < t,

γ((s, t]) = lim
k→∞

∫ t

s
Xr(pλhk

) dr.

(ii) For δ ≤ s < t,

Eµ
[
γ((s, t])

]
=

∫ t

s
µ(pλr ) dr.

(iii) If λ has compact support, then Pµ-a.s. S(γ) ⊂ T (S(λ)) ∪ J for a random countable set J.

(iv) If θ ∈
(
0, 1 ∧

(
2 − d f−d

β

))
and T > 0, then

Eµ


T∫
δ

T∫
δ

|t − s|−θ γ(ds)γ(dt)

 < ∞.
In particular, if λ has compact support then Pµ-a.s. γ , 0 implies dimH T (S(λ)) ≥ 1 ∧

(
2 − d f−d

β

)
.

The random set J in (iii) is the set of discontinuities of the support process of X, which we briefly introduce.
Denote by K(E) the set of non-empty compact subsets of E, which is complete and separable [2, Theorems 15.3 and
15.6] when endowed with the Hausdorff metric

d(F,K) =
(

sup
x∈F

d(x,K) ∨ sup
x∈K

d(x, F)
)
∧ 1, F,K ∈ K(E). (5.7)

In other words, d(F,K) < ε for ε ∈ (0, 1) if and only if K ⊂ Fε and F ⊂ Kε (recall the meaning of Kε from (3.3)).
Since the mapping {λ ∈ MF(E) : S(λ) ∈ K(E)} → K(E); λ 7→ S(λ) is Borel measurable [6, Theorem 4.4.1], and
S(Xt) ∈ K(E) for all t > 0 a.s., the support process (S(Xt))t≥0 of X is (after modification on a null set) a K(E)-valued
process.
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Lemma 5.2. For µ ∈ MF(E), Pµ-a.s., (S(Xt))t≥0 is right-continuous with left limits, hence has only countably many
discontinuities.

Proof. Right-continuity and the existence of left limits are respectively proved in [7, Theorem 1.2] and [30, Lemma
4.1] for superBrownian motion, but the proofs work in generality as long as the assertion of Corollary 3.4 (ii) holds.
The fact that a right-continuous path with left limits in a Polish space has only countably many discontinuities is
standard.

Proof of Proposition 5.1. Recall that pλs (·) =
∫

E ps(x, ·)λ(dx) for s > 0, and put

Lh(t) B
∫ t

δ

Xr(pλh) dr, h > 0.

We can then repeat the exact same arguments used to show existence of local times (see Propositions 4.1 and 4.2, and
(4.4)) to prove that there are random variables (L(t))t≥δ with

sup
δ≤t≤T

Eµ
[∣∣∣Lh(t) − L(t)

∣∣∣2]→ 0, T > 0. (5.8)

When copying the proof,

(i) Replace px
s by pλs , qs,t(x, ·) by qλs,t(·) B

∫ t
s pλr (·) dr, qx

s by qλs B qλ0,s, for x ∈ E, 0 ≤ s ≤ t. In particular, (µqs,t)(x)
is replaced by µ(qλs,t). Also note that Ps pλr = pλs+r and Psqλa,b = qλa+s,b+s for r, s > 0, 0 ≤ a < b, by (1.4) and
Tonelli’s theorem.

(ii) Discard all suprema taken over x ∈ E (in particular, ∥(µqs,t)∥∞ is replaced by µ(qλs,t)),

(iii) In place of ∥ps∥∞ ≤ c3(s∧ t0)−d f /β, use the bound
∥∥∥pλs

∥∥∥
∞
≤ c27(s∧ s0)−α for constants α ∈ (0, 2), s0, c27 > 0, see

Lemma 5.3 below.

(iv) In (4.3), the bound ∫
px

s(z)px
s′ (z)ν(dz) = ps+s′ (x, x) ≤ c3(s + s′)−d f /β, s, s′ ∈ (0, t0/2),

can be replaced by∫
pλs (z)pλs′ (z)ν(dz) =

∫ ∫
λ(dx)λ(dy)ps+s′ (x, y) ≤ λ(1)

∥∥∥pλs+s′
∥∥∥
∞
≤ c25λ(1)(s + s′)−α, s, s,′ ∈ (0, s0/2).

By a diagonal argument, we then find a sequence hk → 0 such that Lhk (q)→ L(q) holds Pµ-a.s. simultaneously for all
q ∈ Q ∩ [δ,∞). In particular, Pµ-a.s. L is increasing when restricted to rationals.

Define a random set function γ by γ((s, t]) = L(t) − L(s) for rational δ ≤ s < t. To show that it extends uniquely
to a random Borel measure on [δ,∞), it suffices to prove that Pµ-a.s., if sn, s, un, u ∈ [δ,∞), n ∈ N, are rational with
sn ↓ s and un ↓ u, then γ((sn, u])→ γ((s, u]), and γ((s, un])→ γ((s, u]) (see e.g. [9, Lemma 5.1]). By monotonicity of
L on rationals, it suffices to show that for any given t ∈ [δ,∞) ∩Q, there Pµ-a.s. exists a rational sequence tn ↓ t with
L(tn)→ L(t), and similarly for left-sided limits. So let tn, t ≥ δ be rational numbers with tn ↓ t. Then,

Eµ [|L(tn) − L(t)|] = Eµ
[
lim
k→∞

∫ tn

t
Xr(pλhk

) dr
]

≤ lim
k→∞

∫ tn

t
Eµ

[
Xr(pλhk

)
]

dr

= lim
k→∞

∫ tn

t
µ(pλr+hk

) dr

≤ µ(1)(tn − t) sup
s≥δ

∥∥∥pλs
∥∥∥
∞
,
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which tends to zero as n → ∞. In particular, there is a subsequence (tk(n)) of (tn) such that L(tk(n)) → L(t) Pµ-a.s. An
analogous argument works for left-sided limits, so we conclude the existence of a random measure γ on [δ,∞) with
γ((s, t]) = L(t) − L(s) = limk→∞

∫
Xr(pλhk

) dr for rational δ < s ≤ t. Note that γ((s, t]) is measurable (as a function
from the underlying probability space to the reals) for rational δ ≤ s < t, hence by a monotone class argument, γ(B)
is measurable for all Borel sets B ⊂ [δ,∞). This finishes the proof of (i).

If δ ≤ s < t are rational, then by definition of γ, and the fact that Lh(r) −→ L(r) in L2 and thus in L1 for all r ≥ δ
by (5.8),

Eµ
[
γ((s, t])

]
= Eµ [L(t) − L(s)] = lim

h→0
Eµ

[
Lh(t) − Lh(s)

]
= lim

h→ 0

∫ t

s
Eµ

[
Xr(pλh)

]
dr

(A.1)
= lim

h→0

∫ t

s
µ(pλr+h) dr

=

∫ t

s
µ(pλr ) dr,

where we used dominated convergence in the final step. The claim for general t and s follows by approximation
through rationals and monotone convergence.

If δ ≤ t ∈ T (S(λ))c, then there is an ε > 0 such that S(Xt)ε ∩ S(λ) = Ø (both are compact sets). If s 7→ S(Xs)
is continuous at t (recall this is w.r.t. the metric defined in (5.7)), then there are rational t0 < t < t1 such that⋃

t0<r<t1 S(Xr) ⊂ S(Xt)ε/2, so ρ(x, y) ≥ ε/2 for all y ∈ S(λ) and x ∈ S(Xr), r ∈ (t0, t1). Thus, Pµ-a.s.,

γ((t0, t1]) = lim
k→∞

∫ t1

t0
Xr(pλhk

) dr

= lim
k→∞

∫ t1

t0
dr

∫
E

Xr(dx)
∫

E
λ(dy)phk (x, y)

≤ (t1 − t0)
(

sup
s≥0

Xs(1)
)
λ(1) lim

k→∞

(
sup

ρ(x,y)≥ε/2
phk (x, y)

)
= 0,

so t ∈ S(γ)c. This implies that, Pµ-a.s., S(γ) ⊂ T (S(λ)) ∪ J for the set J of discontinuities of (S(Xs))s≥0, which is
countable by Lemma 5.2.

To prove (iv), first note that (i) implies the Pµ-almost sure weak convergence of the random measures γk, k ∈ N,
on [δ,∞) defined by γk(dt) B Xt(pλhk

) dt to γ as k → ∞. Hence also γk ⊗ γk → γ ⊗ γ weakly as k → ∞, so for any
measurable f : [δ,∞) × [δ,∞)→ [0,∞] we have

∫∫
f d(γ ⊗ γ) ≤ limk→∞

∫∫
f d(γk ⊗ γk). In particular,

Eµ


T∫
δ

T∫
δ

|t − s|−θ γ(dt)γ(ds)

 ≤ lim
k→∞

Eµ


T∫
δ

T∫
δ

|t − s|−θ γk(dt)γk(ds)


= 2 lim

k→∞

T∫
δ

dt

t∫
δ

ds |t − s|−θ Eµ
[
Xt(pλhk

)Xs(pλhk
)
]

= 2 lim
k→∞

T−δ/2∫
δ/2

dt

t∫
δ/2

ds |t − s|−θ Eµ
[
EXδ/2

[
Xt(pλhk

)Xs(pλhk
)
]]
,

(5.9)

where we also applied Fatou’s lemma, Tonelli’s theorem, and the Markov property. Now for any h > 0 and δ/2 < s < t,
by (A.2),

EXδ/2
[
Xt(pλh)Xs(pλh)

]
= Xδ/2(pλt+h)Xδ/2(pλs+h) +

∫ s

0
Xδ/2

(
Tr(pλt−r+h pλs−r+h)

)
dr

≤ Xδ/2(1)2λ(1)2( sup
u≥δ/2
∥pu∥∞)2 +

∫ s

0
Xδ/2

(
Ts−r(pλt−s+r+h pλr+h)

)
dr.
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Thus and by (A.1),

Eµ
[
EXδ/2

[
Xt(pλh)Xs(pλh)

]]
≤ λ(1)2( sup

u≥δ/2
∥pu∥∞)2Eµ

[
Xδ/2(1)2

]
+

∫ s

0
Eµ

[
Xδ/2

(
Ts−r(pλt−s+r+h pλr+h)

)]
= λ(1)2( sup

u≥δ/2
∥pu∥∞)2

(
µ(1)2 + (δ/2)2

)
+

∫ s

0
µ
(
Ts−r+δ/2(pλt−s+r+h pλr+h)

)
dr︸                                    ︷︷                                    ︸

(⋆)

,

where we used that Eµ
[
Xu(1)2

]
= µ(1)2 + u for u ≥ 0, which is an immediate consequence of (A.2). The first term is

independent of t, s, and h, and since θ < 1, its contribution to the integral on the RHS of (5.9) is finite and bounded
uniformly in k.

We can rewrite and upper bound the second term by

(⋆) =
∫ s

0
dr

∫
µ(dx)

∫
ν(dy)ps−r+δ/2(x, y)pλt−s+r+h(y)pλr+h(y)

≤ µ(1)( sup
u≥δ/2
∥pu∥∞)

∫ s

0
dr

∫
ν(dy)pλt−s+r+h(y)pλr+h(y)

≤ µ(1)( sup
u≥δ/2
∥pu∥∞)

∫ T+1

0
dr

∫
ν(dy)pλt−s+r(y)pλr (y)

= µ(1)( sup
u≥δ/2
∥pu∥∞)

∫ T+1

0
dr

∫∫
λ(dx)λ(dy)pt−s+2r(x, y).

We claim that for any η ∈ (0, 1), there is c26 > 0 such that for all u > 0,∫∫
pu(x, y)λ(dx)λ(dy) ≤ c26(1 ∨ u−(d f−ηd)/β). (5.10)

If this has been shown, we can conclude that the contribution of (⋆) to the integral on the RHS of (5.9) is no larger
than

µ(1)( sup
u≥δ/2
∥pu∥∞)c26

∫ T

0
dt

∫ t

0
ds |t − s|−θ

∫ T+1

0
dr

[
1 ∨ (t − s + 2r)−(d f−ηd)/β

]
= µ(1)( sup

u≥δ/2
∥pu∥∞)c26

∫ T

0
dt

∫ t

0
ds

∫ T+1

0
dr s−θ

[
1 ∨ (s + 2r)−(d f−ηd)/β

]
,

where we substituted s → t − s. This is independent of h, and finite if θ < 2 − d f /β + ηd/β, which can be arranged
by choosing η sufficiently close to 1. This proves (iv). In particular,

∫ T
δ

∫ T
δ
|t − s|−θ γ(ds)γ(dt) < ∞ Pµ-a.s., so by the

energy method dimH S(γ↾[δ,T ]) ≥ θ whenever γ↾[δ,T ], 0, Pµ-a.s. If γ , 0 then this is the case for sufficiently large T ,
hence in that case by (iii),

dimH T (S(λ)) = dimH
(
T (S(λ)) ∪ J

)
≥ dimH S(γ) = sup

T>0
dimH S(γ↾[δ,T ]) ≥ θ

for all θ ∈ (0, 1 ∧ (2 − (d f − d)/β).
It remains to prove the claim surrounding (5.10). Let η ∈ (0, 1) and u ∈ (0, t0). For an R = R(η, u) ∈ (0, rλ) that we

have yet to choose, we can bound∫∫
pu(x, y)λ(dx)λ(dy) ≤

∫
c3u−d f /βλ(B(x,R))λ(dx) + c3λ(1)2u−d f /β exp

(
−c4Rβγu−γ

)
≤ c3λ(1)(c25 + λ(1))u−d f /β

(
Rd + exp

(
−c4Rβγu−γ

))
.

(5.11)

Now choose R = uη/β (for u so small that R < rλ), then

Rd + exp
(
−c4Rβγu−γ

)
= uηd/β + exp

(
−c4u−γ(1−η)

)
≤ 2uηd/β
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for sufficiently small u. Combining with (5.11) yields the claim for u ∈ (0, u0) for some u0 > 0. If u > u0, then∫∫
pu(x, y)λ(dx)λ(dy) ≤ λ(1)2(sup

u≥u0

∥pu∥∞).

This proves the claim with c26 B λ(1)2(supu≥u0
∥pu∥∞) ∨ 2c3λ(1)(c25 + λ(1)).

Lemma 5.3. Under the assumptions of Proposition 5.1, there exist α ∈ (0, 2), s0 > 0, and c27 > 0 such that∥∥∥pλs
∥∥∥
∞
≤ c27(s ∧ s0)−α, s > 0.

Proof. Recall that ps(x, y) ≤ ps(ρ(x, y)) for x, y ∈ E and s ∈ (0, t0), where

ps(r) B c3s−d f /β exp
(
−c4(rβ/s)γ

)
, s, r > 0.

Since ps(·) is decreasing, we have in fact that supρ(x,y)≥r ps(x, y) ≤ ps(r) for all r > 0 and s ∈ (0, t0). Now fix an ε > 0
that we have yet to specify, and put R B R(s) B s(1−ε)/β for s > 0, so that for any fixed a > 0,

ps(aR(s)) = c3s−d f /β exp
(
−c4aβγs−εγ

)
≤ 1

for sufficiently small s. Then, again for sufficiently small s, and any x ∈ E,

pλs (x) =
∫

ps(x, y)λ(dy)

≤ λ(1)ps(R) +
∞∑

n=0

∫
B(x,R2−n)\B(x,R2−(n+1))

ps(x, y)λ(dy)

≤ λ(1)ps(R) +
∞∑

n=0

(
λ(B(x,R2−n)) − λ(B(x,R2−(n+1)))

)
ps(R2−(n+1))

≤ λ(1) + λ(B(x,R))ps(R/2) +
∞∑

n=1

λ(B(x,R2−n))
(
ps(R2−(n+1)) − ps(R2−n)

)
≤ 2λ(1) +

∞∑
n=1

c25(R2−n)dc3s−d f /β exp
(
−c4Rβγ2−(n+1)βγs−γ

)︸                          ︷︷                          ︸
≤1

[
1 − exp

(
−c4Rβγ2−(n+1)βγs−γ

)]︸                                 ︷︷                                 ︸
≤c4Rβγ2−(n+1)βγ s−γ

≤ 2λ(1) + c25c3Rd s−d f /βRβγs−γ
∞∑

n=1

2−nd2−(n+1)βγ

≤ c27s(d−d f )/β−ε(γ+d/β),

(5.12)

where c27 = 2λ(1) + c3c252−βγ
∑∞

n=1 2−n(d+βγ). Since (d f − d)/β < 2, we can choose ε > 0 so small that α B
(d f − d)/β + ε(γ + d/β) < 2. Say (5.12) holds for s ∈ (0, s0]. Then if s > s0, by (1.4),∫

ps(x, x0)λ(dx) =
∫
ν(dy)ps−s0 (y, x0)

(∫
ps0 (x, y)λ(dx)

)
≤ c27s−α0

(∫
ps−s0 (y, x0)ν(dy)

)
= c27s−α0 .

The lower bounds in Theorem 2.5 are now a consequence of Proposition 5.1 and Frostman’s lemma.

Proof of Theorem 2.5, Lower Bounds. Let A ⊂ E be analytic with Hausdorff dimension dA B dimH A such that
ds/2 − dA/β = (d f − dA)/β < 2 (otherwise the claim is trivial). We prove that, if s ∈ (0, dA] with H s(A) > 0, then
dimH T (A) ≥ 1∧ (2− (d f − s)/β) = (2− ds/2+ s/β) with positive probability. SinceH s(A) = ∞ for all s ∈ (0, d), this
implies both (ii) and (iii).
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If s ∈ (0, dA] with H s(A) > 0, then by [21, Corollary 7] there exists a compact subset K ⊂ A with H s(K) ∈
(0,∞), and by a version of Frostman’s lemma (e.g. [29, Theorem 8.17]), λ B H s(K ∩ ·) satisfies the assumptions of
Proposition 5.1. Then, for δ > 0 which we choose later, denote by γ the random measure on [δ,∞) whose existence is
asserted by Proposition 5.1. Then, Pµ-a.s. if γ , 0,

dimH T (A) ≥ dimH T (S(λ)) ≥ 1 ∧
(
2 −

d f − s
β

)
.

It remains to show that γ , 0 with positive probability. By assumption, we can choose δ > 0 such that
∫ ∞
δ

dt
∫
µ(dx)pt(x, y) >

0 for all y ∈ A, so Proposition 5.1(ii) yields (with monotone convergence)

Eµ
[
γ((δ,∞))

]
=

∫ ∞

δ

µ(pλr ) dr =
∫ (∫ ∞

δ

dt
∫
µ(dx)pt(x, y)

)
︸                          ︷︷                          ︸

>0 for all y ∈ A

λ(dy) > 0.

The lower bound in the singleton case, Theorem 2.7, follows from the Hölder continuity of the local times and the
following fact, which is an elementary exercise in Hausdorff measures.

Lemma 5.4. Let F ⊂ R be closed, I ⊃ F an interval, and suppose there exists an increasing, non-constant function
f : I → R which is locally β′-Hölder continuous for some β′ ∈ (0, 1), and satisfies

∀a ≤ b, a, b ∈ Q, [a, b] ⊂ I \ F : f (b) − f (a) = 0.

ThenHβ
′

(F) > 0, in particular dimH F ≥ β′.

Proofs of Theorem 2.7 and Theorem 2.1 (iv). Fix µ ∈ MF(E) and x0 ∈ E, put T B T (x0) and d(t) B ρ(x0,S(Xt)) for
t ≥ 0, so thatT = {t ≥ 0: d(t) = 0}. Consider an eventΩ′ of Pµ-probability one on which the assertion of Corollary 3.4
(ii) holds (with some fixed, sufficiently large c > 0). Put

J B
{

t ≥ 0: d(t) > 0 and lim
s→t

d(s) = 0
}
,

T ′ B T ∪· J =
{

t ≥ 0: lim
s→t

d(s) = 0
}
.

Then T ′ is closed and dimH T
′ = dimH T because J is countable. Indeed, for every t ∈ J, Corollary 3.4 (ii) implies

that there exists ε > 0 (depending on t and ω ∈ Ω′) such that (t, t + ε) ∩ J = ∅. Now suppose that δ > 0 and
t > δ with Lδ(t, x0) > 0. Then Lδ(·, x0) : [δ,∞) → R is a non-constant, increasing function, and whenever a, b ∈ Q,
[a, b] ⊂ [δ,∞) \ T ′, there is r = r(a, b, ω) > 0 with d(s) ≥ r for all s ∈ [a, b]. Indeed, otherwise there would be
(sn) ∈ [a, b]N with d(sn) −→ 0, say sn −→ s ∈ [a, b] by passing to a subsequence; but this would imply s ∈ J, which
contradicts [a, b] ∩ J ⊂ [a, b] ∩ T ′ = ∅. Omitting another null set, we can assume that K B sups≥0 Xs(1) < ∞, and,
by Theorem 2.1 (i), that there is εn ↓ 0 with Lδ(t, x0) = limn→∞

∫ t
δ

Xs(pεn (x0, ·)) ds for all t ∈ Q≥δ. Then,

Lδ(b, x0) − Lδ(a, x0) = lim
n→∞

∫ b

a
Xs(pεn (x0, ·)) ds

≤ lim
n→∞

K(b − a) sup
ρ(x,x0)≥r

∣∣∣pεn (x0, x)
∣∣∣

≤ K(b − a) lim
n→∞

(
c3ε
−d f /β
n exp

(
−c4rβγε−γn

))
= 0.

Furthermore, Lδ(·, x0) is locally β′-Hölder continuous for every β′ < 1 ∧ (2 − ds/2), so Lemma 5.4 implies dimH T =

dimH T
′ ≥ β′ a.s. for all such β′.
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Now suppose ds ≥ 2 (otherwise 2 − ds/2 > 1 and Theorem 2.1 (iv) is trivial). By omitting another null set,
assume that dimH T ≤ (2 − ds/2). Then, if there was a δ > 0, t > s ≥ δ, and β′ > (2 − ds/2) such that Lδ(·, x0)
is β′-Hölder continuous and not constant on [s, t], then Lemma 5.4 implies by the same argument we just used that
dimH T = dimH T

′ ≥ dimH(T ′ ∩ [s, t]) ≥ β′ > 2 − ds/2, a contradiction of Theorem 2.5 (i).
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Appendix A. Dynkin’s Moment Formula

The purpose of this section is to derive (4.6) from Dynkin’s moment formula [11, Theorem 1.7], to which end we
introduce some notation. Denote by DΛ, for finite ∅ , Λ ⊂ N, the set of equivalence classes of connected, complete
binary trees (complete means that every inner node has two children) with leaf set Λ, where two trees are called
equivalent if they can be transformed into one another by a sequence of flips, that is, by swapping the left and right
children of a number of nodes at arbitrary levels of the tree. Write |D| B |Λ| for D ∈ DΛ. Call an equivalence class of a
(possibly unconnected) complete binary tree a forest, and denote by GΛ the set of forests with leaves Λ. For G ∈ GΛ,
write G = {Di}

m
i=1 if G has m ∈ N connected components D1, . . . ,Dm. If D ∈ DΛ1 ,D

′ ∈ DΛ2 , and Λ1 ∩ Λ2 = Ø,
denote by D ∨ D′ ∈ DΛ1∪Λ2 the tree obtained by taking a new root vertex and making the roots of D1 and D2 its
children – the two ways of doing so result in equivalent trees. For D ∈ DΛ with |Λ| ≥ 2, there is a decomposition
D = D1 ∨ D2 (unique up to swapping D1 and D2), where D1 ∈ DΛ1 , D2 ∈ DΛ2 , Λ = Λ1 ∪· Λ2, are the two trees that
remain after removing the root in D. Write D B

⋃
∅,Λ⊂N finite DΛ. If ti ∈ R, fi : E → R, i ∈ N, write tΛ B (ti)i∈Λ, and

fΛ B ( fi)i∈Λ. If we apply operations to either object we mean it in an entry-wise sense, that is, tΛ + t B (ti + t)i∈Λ for
t ∈ R,

∧
tΛ B

∧
i∈Λ ti, | f |Λ B (| fi|)i∈Λ, and so on. Finally, write Dn B D{1,...,n} and Gn B G{1,...,n} for n ∈ N.

Definition A.1. Let ti ≥ 0, i ∈ N, and either fi ∈ B+(E) for all i ∈ N, or fi ∈ Bb(E) for all i ∈ N. Recursively define,
for a tree D ∈ DΛ, ∅ , Λ ⊂ N, a function D(tΛ; fΛ) : E → R by setting D(t; f ) B Pt f if t ≥ 0 and |D| = 1, and

D(tΛ; fΛ) B γb

∧
tΛ∫

0

Pr

(
D1(tΛ1 − r; fΛ1 )D2(tΛ2 − r; fΛ2 )

)
dr,

if D = D1 ∨D2, and D1 ∈ DΛ1 , D2 ∈ DΛ2 . It is clear inductively that D(tΛ; fΛ) ∈ B+(E) (resp. Bb(E)). If fi = f for all
i ∈ Λ, write D(tΛ; f ) B D(tΛ; fΛ), analogously if all ti, i ∈ Λ, are equal.

Proposition A.2 (Dynkin’s Expression for Moments). Let µ ∈ MF(E), n ∈ N, s1, . . . , sn ≥ 0, and either f1, . . . , fn ∈
B+(E) or f1, . . . , fn ∈ Bb(E). Then,

Eµ
 n∏

i=1

Xsi ( fi)

 = ∑
{Di}

m
i=1∈Gn

m∏
i=1

µ
(
Di(sΛi ; fΛi )

)
,

where, for m ∈ N, and {Di}
m
i=1 ∈ Gn, Λi ⊂ [n] is the set of leaves of Di.

Proof. Dynkin [11, Theorem 1.7] proves this if fi ∈ B+(E) for i ∈ [n], from which the case where fi ∈ Bb(E) follows
by splitting into positive and negative parts.

Corollary A.3. Let µ ∈ MF(E), and f , g ∈ B+(E) ∪ Bb(E). Then, for t, s ≥ 0,

Eµ
[
Xt( f )

]
= µ (Pt f ) , (A.1)

Eµ
[
Xt( f )Xs(g)

]
= µ (Pt f ) µ (Psg) + γb

∫ t∧s

0
µ
(
Pr

(
(Pt−r f )(Ps−rg)

) )
ds. (A.2)
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We now use Proposition A.2 to derive formula (4.6).

Definition A.4. Let f ∈ B+(E) (resp. Bb(E)), and t ≥ 0. Recursively define, for D ∈ D, a function D(t; f ) : E → R by
setting D(t; f ) B

∫ t
0 Pr f dr if |D| = 1, and

D(t; f ) B γb

∫ t

0
Pr

(
D1(t − r; f )D2(t − r; f )

)
dr,

if D = D1 ∨ D2. Again, D(t; f ) ∈ B+(E) (resp. Bb(E)).

Proposition A.5. Suppose that f ∈ B+(E) ∪ Bb(E), and t ≥ 0. Then, for any µ ∈ MF(E),

Eµ
[(∫ t

0
Xr( f ) dr

)n]
=

∑
{Di}

m
i=1∈Gn

m∏
i=1

µ
(
Di(t; f )

)
.

Proof. Abbreviate
∫ t

0 dsΛ B
∫ t

0 dsλ1 . . .
∫ t

0 dsλm for Λ = {λ1, . . . , λm} ⊂ N, m ∈ N. By Proposition A.2 and Fubini-
Tonelli,

E
[(∫ t

0
Xr( f ) dr

)n]
=

∫ t

0
ds1 . . .

∫ t

0
dsn E

 n∏
i=1

Xsi ( f )


=

∑
{D j}

m
j=1∈Gn

∫ t

0
ds1 . . .

∫ t

0
dsn

m∏
j=1

µ
(
D j(sΛ j ; f )

)

=
∑

{D j}
m
j=1∈Gn

m∏
j=1

µ

(∫ t

0
dsΛ j D j(sΛ j ; f )

)
.

It thus suffices to show that, for any ∅ , Λ ⊂ N, D ∈ DΛ,∫ t

0
dsΛD(sΛ; f ) = D(t; f ), (A.3)

which we prove by induction. If |D| = 1, then D(t; f ) =
∫ t

0 Pr f dr =
∫ t

0 D(r; f ) dr. Now suppose D = D1 ∨ D2 ∈ DΛ,
and that (A.3) holds for D1 ∈ DΛ1 and D2 ∈ DΛ2 , where Λ = Λ1 ∪· Λ2. Then,

∫ t

0
dsΛ D(sΛ; f ) = γb

∫ t

0
dsΛ

∧
sΛ∫

0

dr Pr

(
D1(sΛ1 − r; f )D2(sΛ2 − r; f )

)
= γb

∫ t

0
dr Pr

(∫ t

r
dsΛ D1(sΛ1 − r; f )D2(sΛ2 − r; f )

)
= γb

∫ t

0
dr Pr

(∫ t−r

0
dsΛ D1

(
sΛ1 ; f

)
D2

(
sΛ2 ; f

))
= γb

∫ t

0
dr Pr

(
D1(t − r; f )D2(t − r; f )

)
= D(t; f ).

Lemma A.6. If f ∈ B+(E) and D ∈ D, then D(·, f ) is increasing (pointwise on E).
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Proof. If |D| = 1, then D(t; f ) =
∫ t

0 Pr f dr for t ≥ 0 and the claim follows because f ≥ 0. If D = D1 ∨ D2, and the
claim holds for D1,D2, then, whenever 0 ≤ s ≤ t,

D(s; f ) = γb

∫ s

0
Pr

(
D1(s − r; f )D2(s − r; f )

)
dr

≤ γb

∫ s

0
Pr

(
D1(t − r; f )D2(t − r; f )

)
dr

≤ γb

∫ t

0
Pr

(
D1(t − r; f )D2(t − r; f )

)
dr

= D(t; f ).

Appendix B. Proofs of Technical Lemmas

Lemma B.1. There are c1, r0 > 0 such that ν(B(x, r)) ≥ c1rd f for all r ∈ (0, r0). If t0 = ∞ or diam(E) < ∞, then
r0 = diam(E).

Proof. Recall Lemma 3.2, and let c > 0 so small that c7e−c8c−γ ≤ 1/2, and put r0 B (t0/c)1/β∧diam(E). For r ∈ (0, r0),
put t B t(r) B crβ ∈ (0, t0), then by Lemma 3.2 and (1.1),

1/2 ≤ 1 − c7e−c8rβγt−γ ≤ Px (ρ(x,Yt) ≤ r) =
∫

B(x,r)
pt(x, y)ν(dy) ≤ c3t−d f /βν(B(x, r)) = c3c−d f /βr−d f ν(B(x, r)),

which implies the claim with c1 = cd f /β/(2c3). If t0 = ∞ then r0 = diam(E) by definition, and if diam(E) < ∞ then
we can arrange r0 = diam(E) by adjusting c1 to be sufficiently small.

Recall that C(E) denotes the space of continuous paths [0,∞) → E with the topology of uniform convergence on
compacts, and M1(C(E)) is the space of Borel probability measures on C(E), equipped with the topology of weak
convergence.

Lemma B.2. If the assertion of Lemma 3.2 holds, then E →M1(C(E)); x 7→ Px is continuous.

Proof. Suppose xn, x ∈ E, n ∈ N, and xn → x, then we have to show that Pxn −→ Px. Since Y is Feller, it suffices to
show that (Pxn )n∈N is tight, which is equivalent to

(i) (Pxn (Y0 ∈ ·))n∈N ⊂ M1(E) is tight,

(ii) For every T > 0 and ε > 0, supn∈N Pxn (w(Y, δ,T ) ≥ ε) −→ 0 as δ→ 0,

where w(y, δ,T ) = sup0≤s,t≤T, |t−s|<δ ρ(y(t), y(s)) for y ∈ C(E). We have Pxn (Y0 = xn) = 1 for n ∈ N and (xn) is bounded,
so (i) is clear. For (ii), we use entropy numbers: Fix ε > 0, and define stopping times (T j) j∈N0 by T0 B 0 and

T j B inf
{
t > T j−1 : ρ

(
Y(T j−1),Y(t)

)
≥ ε

}
,

N(ε,T ) B sup {k ∈ N0 : Tk ≤ T } ,

δ(ε,T ) B inf
{
T j − T j−1 : 1 ≤ j ≤ N(ε,T )

}
.

It follows from the definitions that, for n ∈ N, and every k ∈ N,

Pxn
(
w(Y, δ,T ) > 2ε

)
≤ Pxn (δ(ε,T ) < δ)

≤ Pxn (N(ε,T ) > k)︸                ︷︷                ︸
≤Pxn (Tk≤T )

+Pxn
(
∃ j ≤ k : T j−1 < ∞,T j − T j−1 ≤ δ

)

≤

k∑
j=1

(
Pxn

(
T j−1 < ∞,T j − T j−1 ≤ T/k

)
+ Pxn

(
T j−1 < ∞,T j − T j−1 ≤ δ

) )
.

(B.1)
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If η > 0 and x ∈ E, then by [3, Equation (3.11)],

Px (T1 ≤ η) ≤ c28 exp
(
−c29ε

βγη−γ
)
,

where c28, c29 > 0 are constants independent of x, η, ε. Thus, and by the strong Markov property,

Pxn
(
T j−1 < ∞,T j − T j−1 ≤ η

)
= Exn

[
1{T j−1<∞}P

YT j−1 (T1 ≤ η)
]
≤ c28 exp

(
−c29ε

βγη−γ
)
,

for η > 0 and j ∈ N. Returning to (B.1),

Pxn (w(Y, δ,T ) > 2ε) ≤ kc28

(
exp

(
−c29ε

βγT−γkγ
)
+ exp

(
−c29ε

βγδ−γ
))
,

for every δ > 0, n ∈ N, and k ∈ N. Thus,

lim
δ→0

(
sup
n∈N

Pxn (w(Y, δ,T ) > 2ε)
)
≤ kc28 exp

(
−c29ε

βγT−γkγ
)

holds for all k ∈ N, and the latter expression vanishes as k → ∞, so (ii) follows.

Proof of Lemma 4.5. Abbreviate ξ(r) B ra
(
log 1

r

)b
for r > 0, and fix K ≥ λ(1). We will track dependence of constants

only on r1 and K, to show that c21 is independent of both and h0 depends on λ only through K. For h > 0,

∥(λqh)∥∞ = sup
y∈E

∫ h

0
ds

∫
E

ps(x, y)λ(dx) ≤
∫ h

0
ds

(
sup
y∈E

∫
E

ps(x, y)λ(dx)
)
. (B.2)

We now claim that there are c30 > 0 and s0 = s0(r1,K) > 0 such that

sup
y∈E

(∫
E

ps(x, y)λ(dx)
)
≤ c30s(a−d f )/β

(
log

1
s

)b+a/(βγ)

, 0 < s < s0. (B.3)

Assuming this for the moment, and noting the easy fact that, for u > −1 and v > 0, there is a c′ = c′(u, v) > 0 such
that ∫ h

0
su

(
log

1
s

)v

ds ≤ c′hu+1
(
log

1
h

)v

, 0 < h < 1/2,

then (B.2) and (B.3) finish the proof with c21 = c30c′((a − d f )/β, b + a/(βγ)) and h0 = s0 ∧ 1/2.
It remains to prove (B.3). Let 0 < s < t0 and y ∈ E. For any 0 < r < r1, assuming that λ , 0,∫

E
ps(x, y)λ(dx) =

∫
B(y,r)

ps(x, y)λ(dx) +
∫

E\B(y,r)
ps(x, y)λ(dx)

≤ c3s−d f /βλ(B(y, r)) + c3s−d f /βλ(1) exp
(
−c4rγβs−γ

)
≤ c3Ks−d f /β

( c
K
ξ(r) + exp

(
−c4rγβs−γ

) )
.

(B.4)

Choose r = r(s) B s1/β
(

a
βc4

log 1
s

)1/(γβ)
, so that exp

(
−c4rγβs−γ

)
= sa/β, and

ra = sa/β
(

a
βc4

log
1
s

)a/(βγ)

= c31sa/β
(
log

1
s

)a/(βγ)

,

where c31 = (a/(βc4))a/(βγ) > 0. Note that r → 0 as s → 0, so there is an s1 = s1(r1) > 0 such that r < r1 whenever
s < s1. Let s2 = s2(K) > 0 such that cK−1β−bc31

(
log 1

s

)b+a/(βγ)
≥ 1 and r = r(s) ≥ s1/β for s < s2. Then, if
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0 < s < s0 B s1 ∧ s2 ∧ t0,

cK−1ξ(r) + exp
(
−c4rγβs−γ

)
≤ cK−1ra log

(
1

s1/β

)b

+ sa/β

= cK−1β−bc31sa/β
(
log

1
s

)b+a/(βγ)

+ sa/β

≤ 2cK−1β−bc31sa/β
(
log

1
s

)b+a/(βγ)

.

Using this in (B.4) finishes the proof with c30 = 2c3c31cβ−b.

Lemma B.3. If λ > 0 and t ≥ 2λ, then P(Poi(λ) ≥ t) ≤ e−3/16t.

Proof. By the well-known bound P(Poi(λ) ≥ λ + c) ≤ exp
(
− c2

2(λ+c/3)

)
,

P(Poi(λ) ≥ t) = P(Poi(λ) ≥ λ + (t − λ)) ≤ exp
(
−

(t − λ)2

2(λ + (t − λ)/3)

)
= exp

(
−

(t/2)2

4t/3

)
= exp

(
−

3
16

t
)
.
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