a2: Complex Analysis and Geometry

§4 HOLOMORPHIC FUNCTIONS AND THE CAUCHY-RIEMANN EQUATIONS

Here is the rather technical proof of the result that shows, subject to a continuity assumption, that the Cauchy-
Riemann equations are a sufficient, as well as necessary, condition for differentiability.

Theorem 4.6. Suppose that f(z) = u(x,y)+iv(x,y) forz = x + iy in an open set G, where uw and v are real-valued
functions with first-order partial derivatives Uy, Uy, Vx, Vy. If ¢ = a + ib is a point of G at which the above partial
derivatives are continuous and satisfy the Cauchy-Riemann equations, then f is differentiable at c.

Proof. Since ¢ € G and G is open, we may choose a disc D(c;*) < G. Take h = p + iq with 0 < |h| < v. Then

ula+p,b+q)—ula,b) =(u(a+p,b+q)—ula,b+q))+ (ula,b+q)—-ula,b))
=pux(a+ap,b+q)+quy(a,b+ Bq)

(by the Mean Value Theorem, for suitably chosen 0 < &, 8 < 1)

=pux(a+ ap,b +q) — qux(a,b + Bq)
= pux(a,b) — qux(a,b) + pe + q¢’,

where € = vy (a,b) —vx(a+ap,b+q) — 0and € = uy(a,b + fq) —ux(a,b) — 0 as h — 0 by the continuity of the
partial derivatives at (a, b). Similarly,

v(a+p,b+q)—via,b) =pvx(a,b)+qux(a,b)+pd+qd,

where 6,6" — 0 as h — 0. Thus

flc+h) - f(c) = pux(a,b) — qux(a,b) +i(pvx(a,b) + qux(a,b)) + p(e +i6) + q(¢’ +id")
= (p +1iq) ((ux(a,b) +ivy(a,b) +n),

and
n=%(5+i5)+%(f'+i5') —~0ash—0.

Consequently,

flc+h)-fc)

" =uUx(a,b) +ivy(a,b) + n - ux(a,b) + ivg(a,b) as h — 0,

so that f is differentiable at ¢ with

f'(c) =ux(a,b) +ivy(a,b) = vy(a,b) —iuy(a,b).



