b4 Analysis MT 2003 Sheet 2 Solutions

1. The hypothesis on T is that it is a homomorphism of additive groups; so we certainly also have T'(0) = 0 and
T(—z) = —T(x). It follows from the additivity of T and induction that T(mx) = mT(z) when m is a positive integer;
replacing mx with x, we see that T(m~1) = m™1T(z) for all such. So T(mn~'z) = mn~'T(x) for all positive integers
m,n, i.e. T(qx) = ¢T(x) for all positive rationals ¢. Using the remark above we see that T(0z) = 0 = 07(z) and
T(—qzx) = —=T(qx) = —¢T(z), so that our result extends to all rationals. Finally, if r is a real number, we choose sequence
of rationals (g,) converging to r and obtain, using continuity of 7" and of the vector space operations,

T(rz) =lmT (g z) = limg,T(x) = rT(z).
A suitable example is z — Z.

2. We recall the axioms for a real inner-product space:
(IP1) (, y) = (y, x);

(z,
(1P2) (\a+3,2) = Mz, 2) + (y, 2);
(IP3) (xz,z) > 0 and (z,2) =0 = =0

If we define ||z|| = <x,x>1/2 we certainly have (N1) and (N2) by (IP3). The triangle inequality (N3) is true since

(Il + 111D = llz +ylI* = 2]zl - (z,9)
>0 by Cauchy—Schwarz.

The axiom (N4) follows trivially from (IP2). The parallelogram identity holds for this norm since

lz+yl>+llz—yl? =@ +y,z+y) + (x=y,z—y)>
= |lz)* + 2(z, v) + llyl* + lz)* — 2(z, v) + [ly||”
=2[|z|” + ||yl

In the space ¢! we can take = = (1,0,0,0...), y = (0,1,0,0,...) and note that ||z & y||; = 2, while ||z||; = ||y|ls = 1. So
the parallelogram identity does not hold.

Now consider a norm which satisfies the parallelogram identity, and define (z,y) = +(|lz + y[|* — [l — y||*). It is clear
that (z,z) = ||z||? so that (IP3) holds by (N2). It is also clear that the definition is symmetric in z and y so that (IP1)
is satisfied. To establish the linearity in (IP3), it will be enough, by Q1, to show that (z1 4+ z2,y) = (z1,y) + (z2,v),
and that the mapping « — (z,y) is continuous. Continuity follows immediately from the continuity of the norm function.
Checking additivity can be quite messy: the following is a slick argument from Goffman and Pedrick. We first consider
arbitrary u, v, w and note that

lu+ v+ wl+Hu+v = w]* = lu—v +w|* + [ — v — w||?
= 2]Ju +||* + 2[|w]|* = 2[lu — v]|* - 2[|w||®
=2[lu+0|* = 2lu —|%,
or, equivalently,
(u+w,v) + {(u—w,v) = 2(u, v).

With v = w this shows that
<2u7 U> = 2<u7 'U>,

and, setting xr1 = u+w, 2 = u — w, y = v, we obtain
(@1,9) + (w2, y) = 2(3 (21 + 22), ) = (21 + 22,9).

In the complex case the formula we have just used gives only the real part of a complex inner product. The full
definition is

(@) = gllz +yl? = o —yI* +ille +iy]* — ille - iy]?).



3. With y as defined, we have >_ |y;| = > |z;|* which converges since x € ¢2. Clearly ® is a bijection, with inverse

|1/2

defined by ®~1(y) = x, where x; = |z;|'/?signz;. If x,x’ € £, we have

ly =¥l = lwjla;| — ||
j
< g = alla] + > 1 ] — ||
J J
<Y s — @l + > |2l — @]
j J

< (Ixll2 + [X'[l2)l[x = x'[|2,
by the triangle inequality, the “reverse triangle inequality”, and Cauchy-Schwarz. Continuity of ® is now easy, since if
lx = xp]l2 = 0, then ||x,|l2 = [|x]|2, so that ||x + x'||2||x — x/||2 = 0 by the algebra of limits.

4. The spaces C*(R) and Cy(R) are certainly vector subspaces of B(R). We need to show they are closed. Let f be in
B(R) and let (f,,) be a sequence in C*(R) with || f — fulleo — 0. This means that f,, converges to f uniformly on R, and so
f is continuous by a theorem from a2. Now suppose further that the functions f, are in Co(R). Given € > 0 there exists
N such that ||f — fnllee < €/2, and, since this fy is in Co(R), there exists R such that |fx(t)| < €/2 whenever |t| > R.
Of course we now have |f(t)| < e whenever |t| > R.

Given f € Co(R) and € > 0, we may choose N such that || > N —1 = |f(z)| < e. We now define g € C by

f@) el <N -1
gly=¢ (N—|z|)f(x) U N-1<]z|<N
0 if|z|>N

It is clear that ||f — g||cc < € so that we have shown [, Cn to be dense in Co(R). Now each of the subspaces Cy can
be identified with a subspace of C[—N, N], a space we know to be separable. Hence Cy(R) is separable.

On the other hand CP(R) is not separable. We may consider, for each subset A of Z, the function

fa(t) =min{l,d(t, A)}
There are uncountably many of these functions and we have ||fa — fB|loo = 1 whenever A # B.

5. Let (f,) be a Cauchy sequence in Xy. We notice that, for each t € [—1, 1], we have
| [ () = fu () = [(fn = L) (&) = (Fi = ) O] < [t fin = Frlluip < [[fm = fllLip-

So, for each t the scalar sequence (f,(t)) is Cauchy, and hence convergent to some f(t). We need to show that f € X
and that ||f — fnllLip — 0. First, recall that any Cauchy sequence is norm bounded, so that there exists M such that
[l fnllLip < M for all n. That is to say that for all n and all s, ¢

[fn(s) = fu(B)] < M]s —t].

Taking pointwise limits, we see that f is Lipschitz, with Lip(f) < M. Of course f(0) =0, so f € Xy. Finally, let € > 0
be given. We choose N such that || fi, — fullLip < € whenever m,n > N. As above, this is the same as saying that

|fm(8) = fu(s) = fm(t) + fu(t)] < €ls — 1,
whenever m,n > N. Taking pointwise limits as m — oo (and with n > N fixed), we see that ||f — fu|Lip < € whenever
n > N.
With fs(t) = |s| — |s — t| (a function which is certainly in Xy) we have, for s, >0

[(fs = fe)(s) = (fs = f) ()] = 2|s — 1.

Hence ||fs — fillLip > 2 for all distinct pairs s, ¢ in the uncountable set [—1,1]. So X is not separable.

6. Let (f,) be a Cauchy sequence. Then the three sequences (f,,), (f),) and (f))) are || - ||o-Cauchy sequences in
C[-1,1]. So there exist f,g,h € C[—1,1] such that f, — f, f, = g and f// — h, uniformly on [—1,1]. Applying twice
a theorem from a2, we see first that f is differentiable with f/ = g, and then that ¢ is differentiable with ¢’ = h. So
feC?—1,1] and | f. — f|| = 0 by the uniform convergence of the three sequences above.

The series in the definition of d(f, g) does converge (by comparison with Y 27™) and the metric axioms are easy to
check. We now consider a sequence f,, and first assume that d(f,, f) — 0. Given k and € > 0 choose N such that
d(fn, f) < min{e,27%} whenever n > N it is clear that this implies Hf,gk) — f®)]|5 < €. Conversely, assume now that all

the derivatives of f,, converge uniformly. Given ¢ > 0 choose K such that 275 < %e and note that

K o0
d(fus £) <SP = (oo + 3 27,

k=0 k=K+1

Now choose N such that ||f7§k) — f®)| o < €/2(K +1), for 0 < k < K whenever n > N; we have d(f, f,) < € for all such
n. In the same way we may show that a sequence (f,,) is d-Cauchy if and only if f,, and all derivatives converge uniformly.
We can now prove completeness as for C2.



