b4 Analysis MT 2003 Sheet 4 Solutions

1. When f € L' then X4 € L' also, and so we can indeed define g(t ffX[o #- Now suppose that (t,) is a
sequence converging to t. We have f(s)x[o,+,](s) = f(5)x]0,s) €xcept on the null set {t}. Thus the function g is continuous
by the DCT (with |f| as dominating function). The map J : L[0,1] — C[0,1] is clearly linear and the inequality
g =1/ fxjo.gl < JfI = Ifll1, valid for all ¢, shows that gl < |[f[l1. Thus J is bounded, with [|.J|| < 1.

To show that ||.J|| = 1, we consider the function f = x[o,1j. We have (Jf)(t) = t, and || f|1 = fol 1dt = 1, so that
[ =17 flle = (J)(1) =1

2. If x, y € £2 then Y x,y, converges with Y 2,9, < ||x|l2|ly|l2 by Cauchy-Schwarz. Thus, given y, we may define ¢
by the formula given. The function ¢ is patently linear and the inequality |¢(x) < |ly||2|/x|l2 shows that ¢ is in (£2)* with
|¢ < |lyll2- The mapping J : £2 — (£2)* given by J(y) = ¢ is linear since

Ty +¥) (%) =Y (\yn + 1) 2n

= )‘Zynxn + any;
=M (y)(x) + J(y')(x)
= (A\(y) +J(y")(x),

the last step following from the definition of vector space operations on dual spaces. So j is linear with ||J]| < 1.
We shall now show that .J is isometric. Consider any y € ¢2. Since J(0) = 0, we only have to show that ||J(y)|| = ||y|l2
when y # 0. To do this, consider ¥ = (%o, g1, - .. ). [Of course this is just y in the real case.] We note that ||[¥]|2 = ||y]|2,

so that
1IN Nyl = T3 @) =D lyal® = llyll3.

Hence || J(y)|| > |lyll2 as required.
Finally we prove that J is surjective. Let 6 be in the dual of /2 and define y,, = 6(e,,); we shall show that y € ¢? and
that ®(y) = 0. Now, for any N, the linear combination z = Zﬁ;o Unen is in £2? and so satisfies

1611zl = 6(= Z [yl

Thus, either y = 0 in which case there is no problem, or else, for all N, we have

N N 1/2
D lyal> <100 12l = 116] (Z Iynl2> :
n=0 n=0

which implies that ZZLO |yn|? converges to a limit which is at most ||6]|?.
So y is in £? and J(y) agrees with 6 at all the unit vectors e,,. Since the linear span of these vectors is dense in £2 and

the functionals J(y), 6 are continuous, we see that J(y) = 0.

3. (i) For any x € X and any N, we have

N

Ix — zoa — Y (xn — $z0)enlloc = sup |(zn — 520,
n—1 n>N

and this tends to 0 as N — oo, because x,, — %xo. This proves the density of Sp(a, ey, es,...).

(ii) As usual, when y € ¢! we may define ¢(x) (for x € X) to be the sum Y, 2,9, (which converges absolutely
by comparison with Y ||X|/co|yn|). It is clear that ¢ is linear, and ¢ is bounded with ||¢|| < |ly|l1, by the inequality
IS @nyn| < lyll1l|x|loc- As usual, ®(y) = ¢ defines a bounded linear ® : £* — X* with ||®|| < 1. We need to show that
® is surjective and isometric.

Let 6 be in X*. We start by defining, for n > 1, y,, = 6(e,); for a given N the vector z with

n -

{ signy, (1<n<N)
0 otherwise

is in X and satisfies ||z]|.c < 1. Hence ||0|| > |0(z) = 25:1 |yn|, which shows that the series )" |y,| is convergent. We

define yg by
o0
—3 U
n=1



We now have an element y of ¢! which, by construction, satisfies ®(y)(e,) = 6(e,) for n > 1, and ®(y)(a) = yo +
> n>1Un = 0(a). Since § and ®(y) are both continuous linear functionals, they agree on the closed linear span of
{a}U{e, : n > N}, which is the whole of X.

Finally, to see that ® is isometric, we consider, for a given y and an arbitrary N, the vector w given by

signyo  (n=0)

Wy, = signy, (1<n<N)
isignyo (n > N).

We have ||wl|so <1 and

N 0o
D)) = 1Syl + 2 > wopal
n=0 n=N+1
N 00
> lual =3 D lyal
n=0 n=N+1

This quantity tends to ||y||1 as N — oo, showing us that || ®(y)| > ||y]1-

4. As noted in the question ¢,, is in the dual of L}(R) and ||¢,|| < M, where M is the essential supremum of |g|. Let

¢ be the element of L!(R)* defined by
o(f) = % ( /_ g(t)dt) ( /_ f(t)dt).

Since sup,, |¢n|| < M < oo, to show that ¢, (f) — ¢(f) for all f in L}(R), it will be enough to show that this holds for
all f in some subset A with dense linear span.

We take A to be the set of all indicator functions x4 of bounded intervals [a,b]. When f = X[, we may calculate
as follows

ou() = [ st
= /nnbn_lg(u)du

a

Let N = [n(b—a)/27| be the greatest integer less than or equal to n(b — a)/2n. Continuing the above calculation, we
have

N na+2mm nb
o) =t | glpdutnt [ glupdu
m—1 7 na+2(m-1)m na+2Nm
N T nb
=2 stwdusnt [ g
—T na+2Nm

by periodicity of g.

The second of these terms is in absolute value at most 2w M /n since the interval [na + 2N, nb] is of length smaller
than 27. Thus the second term tends to zero as n — oco.

To evaluate the limit of the first term as n — oo note that

n(b—a)

N <
- 2

<N+1
which implies that N/n — (b —a)/27 as n — oo.
Hence

ﬁ ™

| glwdu % ( L 7; g(t)dt> (b—a) = % < L 7; g(t)dt> < [ o; Xb—a] (t)dt) as n — .



5. If f €C[0,1] and g € L'[0,1] the function f(t)g(t) is measurable (product of measurable functions) and dominated
by the integrable function || f||o|g|, and so is integrable. We can thus define ¢(f) = [ fg as in the question. By linearity
of [ the mapping ¢ : C[0,1] — K is linear. Moreover, [¢(f)| < [|fg] < [|fllslgl = llgll1]|flloc- Thus ¢ € C[0,1]* with
6l < llglli- We may easily check that ® : L'[0,1] — C[0,1];g — ¢ is linear and the above estimate shows that @ is
bounded with ||®]] < 1.

Now let g be a step function on [0, 1]; we may find a,, and ¢, such that 0 = ag < az < --- < ay =1 and such that g
takes the value ¢,, on the open interval (a,—1,a,). For all sufficiently large m (m > %minn(an — ap—1) will do), we can
define a continuous function f,, by setting

signe; (0<t<a; —m™1)
fm(t) =1 signe, (ap-1+m ' <t<a,-m*1<n<N)

signey  (an—1+m™t <t <b,

and extending f so as to be linear on each of the intervals [a,, — m™1,a, + m™!] (1 <n < N).

Certainly || fimlloo < 1 and f,,g equals |g| except on the N — 1 intervals [a,, — m™!,a, +m~!]. By the DCT (or an
elementary estimation) we see that ¢(fn,) — fol Gyg(t)|dt = ||g|ls as m — oco. We have shown that ® restricted to the
dense subspace L**P[0, 1] is isometric. By a density theorem, this implies that ® is isometric on L[0,1].

Changing notation, now let f,(t) = ¢™, noting that f,(t) — 0 almost everywhere on [0, 1]. By the DCT, with |g| as
dominating function, we see that ®(g)(fn) = fol t"g(t)dt — 0 as n — oo. Thus holds for all g € L[0,1]. However, we
may define a bounded linear functional ¢; € C[0,1]* by 01(f) = f(1) and for this functional we have ¢;(f,) = 1, which

does not tend to 0 as n — co. Thus @ is not surjective.

6. For a sequence x let Pyx be the sequence (zg,21,...,2x5,0,0,...) = ZQLO ZTnen. If x € £ we have
o0
||X - PNXHl = Z |xn|7
n=N+1

and if x € ¢y we have
Ix — Pnvx|loo = sup |zg|
n>N+1
In each case, the norm tends to zero as N — oo showing density of the linear span of {e,, : n € N}.
On the other hand, in ¢ or in £*°, we may consider the sequence 1 = (1,1,1,1,...) and note that

”1 _WHOO >1

whenever w is a (finite) linear combination of the e,,.
We now consider a sequence (z,,) in a Banach space X. If there exists a bounded linear operator T' : /! — X with
T(e,) = x, then we certainly have
[znll = [T (enll < [T el = T

for all n, so that the sequence (z,,) is bounded with sup,, ||| < ||T].

Conversely, assume that the sequence (x,) is bounded with sup,, ||z|| = M. We may define a linear mapping S from
the linear span Sp{e, : n € N} into X by S(Z;V:O Ajej) = Z;v:o Ajz;j. [Notice that we are looking only at finite linear
combinations, so that this is “just algebra”.] Using the triangle inequality (N) in X we obtain

N N
IS =11 Mgl < Y- Pl < Mwlls,

J=0 J=0

when w = Z;V:() Aje; as above. Thus S is bounded with ||S|| < M. By a density theorem (applicable because X is a
Banach space), we may extend S to a (unique) 7' € L(¢'; X). By our calculations ||T|| = M.

We now suppose that > |lz,| converges. Then, for any bounded sequence (y,) (in particular, for any y € ¢g), the
series Y ynxy converges absolutely in the Banach space X and so defines an element which we may denote T'(y). It is
standard to check that T is linear, bounded with ||T|| < 3 ||z, ||, and that T'(e,) = x,.

To show that the condition is not necessary, consider T' defined by T'(w) = z, where 2z, = w,/n+1 (n > 0). If w is
bounded then " |z,|* converges by comparison with Y (n +1)72, and so z € 2. We may check that T is linear, that 7'
is bounded (with ||T|| = 7/v/6 if you wish to be precise!) But >_ ||T(e,||2 = >_(n + 1)~" which is not convergent.



