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Abstract

A theory is presented for the dynamics of slender sheets of viscoplastic fluid. First a model suitable for relatively small
curvature is presented and applied to the fall of a liquid bridge supported at its two ends. Second, order-one curvatures
are considered, along with the sagging of a beam with a free end that is either emplaced or extruded horizontally.
We then present a theory combining both limits of curvature, and consider the buckling of a nearly vertical column.
Analogous models for a circular viscoplastic thread are also discussed.

1. Introduction

An everyday vision of viscoplastic fluid dynamics is af-
forded whenever one squeezes toothpaste out of a tube in
the efforts to maintain dental hygiene. The paste initially
emerges from the tube’s orifice as a solid cylinder, before
succumbing to gravity and yielding to fluidly bend down-
wards; eventually the paste forms a distinctively curved
thread. Alternatively, squeezing a vertical tube extrudes
an upright column that succumbs to a form of Euler’s
buckling once the length exceeds some limit. Examples
of both flow problems are shown in figure 1. In less aes-
thetic settings, viscoplastic extrusions feature in a num-
ber of other household or industrial fluid problems ranging
from the caulking gun to manufacturing and food process-
ing.
In solid mechanics, the problem of a sagging or dangling

elastic thread has a rich history dating back to Galileo, and
theory for bending of beams and rods is well developed [5].
The essential premise of the theory is that the slenderness
of the geometry of the sheet or thread can be exploited
to simplify the governing equations of linear (or even non-
linear) elasticity and furnish a reduced model determining
the deflection as a function of time and arc length along
the central axis. The extension of this theory to perfectly
plastic sheets and rods was popular in the mid 1900s [8, 6],
although most attention seems to have been directed at the
contained (i.e. spatially confined) plastic deformation of
elastic-plastic beams and the determination of the limit for
failure (the onset of unconfined plastic flow). A relevant
exception is the body of work on the impact loading of
plastic beams by a suddenly applied force, and the deter-
mination of the degree of permanent deformation thereby
suffered (see [6], section 7).
The analogous theory for viscous sheets and threads was

presented only much more recently, and catalyzed in part
by the analogy between Stokes flow and elasticity (e.g.
[12, 4, 9, 13]). In this context, flow problems much like

Figure 1: Top row: a horizontal extrusion of “Sensodyne Whitening”
toothpaste. The photographs are four seconds apart. Lower left:
an extrusion of “Neosporin” in air (images are 2, 2 and 3 seconds
apart). Lower right: extruding the Sensodyne toothpaste vertically,
with images 1 and 0.5 seconds apart.

the bending of extruded toothpaste have been considered.
Notable examples include the sagging and extrusion of vis-
cous beams ([9]; the analogues of Galileo’s cantilever and
the “reverse spaghetti problem”), the falling viscous cate-
nary [13], the folding of viscous sheets [7, 10], and the
coiling of syrup [11].

Our goal in the current work is to provide the equivalent
of these solid and fluid mechanical theories for a slender
viscoplastic sheet or thread. In section 2, we begin the
mathematical discussion by formulating a theory for a two-
dimensional beam of Herschel-Bulkley fluid with relatively
small curvature. We then apply this theory to the prob-
lem of the viscoplastic catenary – our version of the solid
mechanical problem posed by Bernoulli centuries ago, and
solved only recently for a viscous fluid [13]. In section 3,
we continue on to explore larger deflections of the beam,
focussing on the Bingham fluid. The order-one curvature
theory is then applied to study the sagging of a viscoplas-
tic beam with a free end, with the beam either emplaced
horizontally to begin with (i.e. the viscoplastic counter-
part of Galileo’s problem), or extruded horizontally (as in

Preprint submitted to Journal of Non-Newtonian Fluid Mechanics February 15, 2012

Extruding a viscoplastic beam



Newtonian fluid Bingham fluid

Viscoplastic beams and threads

N.J. Balmfortha,b, I.J. Hewitta

a Department of Mathematics, University of British Columbia, Vancouver, BC, V6T 1Z2, Canada
bDepartment of Earth & Ocean Science, University of British Columbia, Vancouver, BC, V6T 1Z4, Canada

Abstract

A theory is presented for the dynamics of slender sheets of viscoplastic fluid. First a model suitable for relatively small
curvature is presented and applied to the fall of a liquid bridge supported at its two ends. Second, order-one curvatures
are considered, along with the sagging of a beam with a free end that is either emplaced or extruded horizontally.
We then present a theory combining both limits of curvature, and consider the buckling of a nearly vertical column.
Analogous models for a circular viscoplastic thread are also discussed.

1. Introduction

An everyday vision of viscoplastic fluid dynamics is af-
forded whenever one squeezes toothpaste out of a tube in
the efforts to maintain dental hygiene. The paste initially
emerges from the tube’s orifice as a solid cylinder, before
succumbing to gravity and yielding to fluidly bend down-
wards; eventually the paste forms a distinctively curved
thread. Alternatively, squeezing a vertical tube extrudes
an upright column that succumbs to a form of Euler’s
buckling once the length exceeds some limit. Examples
of both flow problems are shown in figure 1. In less aes-
thetic settings, viscoplastic extrusions feature in a num-
ber of other household or industrial fluid problems ranging
from the caulking gun to manufacturing and food process-
ing.
In solid mechanics, the problem of a sagging or dangling

elastic thread has a rich history dating back to Galileo, and
theory for bending of beams and rods is well developed [5].
The essential premise of the theory is that the slenderness
of the geometry of the sheet or thread can be exploited
to simplify the governing equations of linear (or even non-
linear) elasticity and furnish a reduced model determining
the deflection as a function of time and arc length along
the central axis. The extension of this theory to perfectly
plastic sheets and rods was popular in the mid 1900s [8, 6],
although most attention seems to have been directed at the
contained (i.e. spatially confined) plastic deformation of
elastic-plastic beams and the determination of the limit for
failure (the onset of unconfined plastic flow). A relevant
exception is the body of work on the impact loading of
plastic beams by a suddenly applied force, and the deter-
mination of the degree of permanent deformation thereby
suffered (see [6], section 7).
The analogous theory for viscous sheets and threads was

presented only much more recently, and catalyzed in part
by the analogy between Stokes flow and elasticity (e.g.
[12, 4, 9, 13]). In this context, flow problems much like

Figure 1: Top row: a horizontal extrusion of “Sensodyne Whitening”
toothpaste. The photographs are four seconds apart. Lower left:
an extrusion of “Neosporin” in air (images are 2, 2 and 3 seconds
apart). Lower right: extruding the Sensodyne toothpaste vertically,
with images 1 and 0.5 seconds apart.

the bending of extruded toothpaste have been considered.
Notable examples include the sagging and extrusion of vis-
cous beams ([9]; the analogues of Galileo’s cantilever and
the “reverse spaghetti problem”), the falling viscous cate-
nary [13], the folding of viscous sheets [7, 10], and the
coiling of syrup [11].

Our goal in the current work is to provide the equivalent
of these solid and fluid mechanical theories for a slender
viscoplastic sheet or thread. In section 2, we begin the
mathematical discussion by formulating a theory for a two-
dimensional beam of Herschel-Bulkley fluid with relatively
small curvature. We then apply this theory to the prob-
lem of the viscoplastic catenary – our version of the solid
mechanical problem posed by Bernoulli centuries ago, and
solved only recently for a viscous fluid [13]. In section 3,
we continue on to explore larger deflections of the beam,
focussing on the Bingham fluid. The order-one curvature
theory is then applied to study the sagging of a viscoplas-
tic beam with a free end, with the beam either emplaced
horizontally to begin with (i.e. the viscoplastic counter-
part of Galileo’s problem), or extruded horizontally (as in

Preprint submitted to Journal of Non-Newtonian Fluid Mechanics February 15, 2012

Extruding a viscoplastic beam



Newtonian fluid Bingham fluid

Viscoplastic beams and threads

N.J. Balmfortha,b, I.J. Hewitta

a Department of Mathematics, University of British Columbia, Vancouver, BC, V6T 1Z2, Canada
bDepartment of Earth & Ocean Science, University of British Columbia, Vancouver, BC, V6T 1Z4, Canada

Abstract

A theory is presented for the dynamics of slender sheets of viscoplastic fluid. First a model suitable for relatively small
curvature is presented and applied to the fall of a liquid bridge supported at its two ends. Second, order-one curvatures
are considered, along with the sagging of a beam with a free end that is either emplaced or extruded horizontally.
We then present a theory combining both limits of curvature, and consider the buckling of a nearly vertical column.
Analogous models for a circular viscoplastic thread are also discussed.

1. Introduction

An everyday vision of viscoplastic fluid dynamics is af-
forded whenever one squeezes toothpaste out of a tube in
the efforts to maintain dental hygiene. The paste initially
emerges from the tube’s orifice as a solid cylinder, before
succumbing to gravity and yielding to fluidly bend down-
wards; eventually the paste forms a distinctively curved
thread. Alternatively, squeezing a vertical tube extrudes
an upright column that succumbs to a form of Euler’s
buckling once the length exceeds some limit. Examples
of both flow problems are shown in figure 1. In less aes-
thetic settings, viscoplastic extrusions feature in a num-
ber of other household or industrial fluid problems ranging
from the caulking gun to manufacturing and food process-
ing.
In solid mechanics, the problem of a sagging or dangling

elastic thread has a rich history dating back to Galileo, and
theory for bending of beams and rods is well developed [5].
The essential premise of the theory is that the slenderness
of the geometry of the sheet or thread can be exploited
to simplify the governing equations of linear (or even non-
linear) elasticity and furnish a reduced model determining
the deflection as a function of time and arc length along
the central axis. The extension of this theory to perfectly
plastic sheets and rods was popular in the mid 1900s [8, 6],
although most attention seems to have been directed at the
contained (i.e. spatially confined) plastic deformation of
elastic-plastic beams and the determination of the limit for
failure (the onset of unconfined plastic flow). A relevant
exception is the body of work on the impact loading of
plastic beams by a suddenly applied force, and the deter-
mination of the degree of permanent deformation thereby
suffered (see [6], section 7).
The analogous theory for viscous sheets and threads was

presented only much more recently, and catalyzed in part
by the analogy between Stokes flow and elasticity (e.g.
[12, 4, 9, 13]). In this context, flow problems much like

Figure 1: Top row: a horizontal extrusion of “Sensodyne Whitening”
toothpaste. The photographs are four seconds apart. Lower left:
an extrusion of “Neosporin” in air (images are 2, 2 and 3 seconds
apart). Lower right: extruding the Sensodyne toothpaste vertically,
with images 1 and 0.5 seconds apart.

the bending of extruded toothpaste have been considered.
Notable examples include the sagging and extrusion of vis-
cous beams ([9]; the analogues of Galileo’s cantilever and
the “reverse spaghetti problem”), the falling viscous cate-
nary [13], the folding of viscous sheets [7, 10], and the
coiling of syrup [11].

Our goal in the current work is to provide the equivalent
of these solid and fluid mechanical theories for a slender
viscoplastic sheet or thread. In section 2, we begin the
mathematical discussion by formulating a theory for a two-
dimensional beam of Herschel-Bulkley fluid with relatively
small curvature. We then apply this theory to the prob-
lem of the viscoplastic catenary – our version of the solid
mechanical problem posed by Bernoulli centuries ago, and
solved only recently for a viscous fluid [13]. In section 3,
we continue on to explore larger deflections of the beam,
focussing on the Bingham fluid. The order-one curvature
theory is then applied to study the sagging of a viscoplas-
tic beam with a free end, with the beam either emplaced
horizontally to begin with (i.e. the viscoplastic counter-
part of Galileo’s problem), or extruded horizontally (as in

Preprint submitted to Journal of Non-Newtonian Fluid Mechanics February 15, 2012

Extruding a viscoplastic beam



Newtonian fluid Bingham fluid

Viscoplastic beams and threads

N.J. Balmfortha,b, I.J. Hewitta

a Department of Mathematics, University of British Columbia, Vancouver, BC, V6T 1Z2, Canada
bDepartment of Earth & Ocean Science, University of British Columbia, Vancouver, BC, V6T 1Z4, Canada

Abstract

A theory is presented for the dynamics of slender sheets of viscoplastic fluid. First a model suitable for relatively small
curvature is presented and applied to the fall of a liquid bridge supported at its two ends. Second, order-one curvatures
are considered, along with the sagging of a beam with a free end that is either emplaced or extruded horizontally.
We then present a theory combining both limits of curvature, and consider the buckling of a nearly vertical column.
Analogous models for a circular viscoplastic thread are also discussed.

1. Introduction

An everyday vision of viscoplastic fluid dynamics is af-
forded whenever one squeezes toothpaste out of a tube in
the efforts to maintain dental hygiene. The paste initially
emerges from the tube’s orifice as a solid cylinder, before
succumbing to gravity and yielding to fluidly bend down-
wards; eventually the paste forms a distinctively curved
thread. Alternatively, squeezing a vertical tube extrudes
an upright column that succumbs to a form of Euler’s
buckling once the length exceeds some limit. Examples
of both flow problems are shown in figure 1. In less aes-
thetic settings, viscoplastic extrusions feature in a num-
ber of other household or industrial fluid problems ranging
from the caulking gun to manufacturing and food process-
ing.
In solid mechanics, the problem of a sagging or dangling

elastic thread has a rich history dating back to Galileo, and
theory for bending of beams and rods is well developed [5].
The essential premise of the theory is that the slenderness
of the geometry of the sheet or thread can be exploited
to simplify the governing equations of linear (or even non-
linear) elasticity and furnish a reduced model determining
the deflection as a function of time and arc length along
the central axis. The extension of this theory to perfectly
plastic sheets and rods was popular in the mid 1900s [8, 6],
although most attention seems to have been directed at the
contained (i.e. spatially confined) plastic deformation of
elastic-plastic beams and the determination of the limit for
failure (the onset of unconfined plastic flow). A relevant
exception is the body of work on the impact loading of
plastic beams by a suddenly applied force, and the deter-
mination of the degree of permanent deformation thereby
suffered (see [6], section 7).
The analogous theory for viscous sheets and threads was

presented only much more recently, and catalyzed in part
by the analogy between Stokes flow and elasticity (e.g.
[12, 4, 9, 13]). In this context, flow problems much like

Figure 1: Top row: a horizontal extrusion of “Sensodyne Whitening”
toothpaste. The photographs are four seconds apart. Lower left:
an extrusion of “Neosporin” in air (images are 2, 2 and 3 seconds
apart). Lower right: extruding the Sensodyne toothpaste vertically,
with images 1 and 0.5 seconds apart.

the bending of extruded toothpaste have been considered.
Notable examples include the sagging and extrusion of vis-
cous beams ([9]; the analogues of Galileo’s cantilever and
the “reverse spaghetti problem”), the falling viscous cate-
nary [13], the folding of viscous sheets [7, 10], and the
coiling of syrup [11].

Our goal in the current work is to provide the equivalent
of these solid and fluid mechanical theories for a slender
viscoplastic sheet or thread. In section 2, we begin the
mathematical discussion by formulating a theory for a two-
dimensional beam of Herschel-Bulkley fluid with relatively
small curvature. We then apply this theory to the prob-
lem of the viscoplastic catenary – our version of the solid
mechanical problem posed by Bernoulli centuries ago, and
solved only recently for a viscous fluid [13]. In section 3,
we continue on to explore larger deflections of the beam,
focussing on the Bingham fluid. The order-one curvature
theory is then applied to study the sagging of a viscoplas-
tic beam with a free end, with the beam either emplaced
horizontally to begin with (i.e. the viscoplastic counter-
part of Galileo’s problem), or extruded horizontally (as in

Preprint submitted to Journal of Non-Newtonian Fluid Mechanics February 15, 2012

Extruding a viscoplastic beam



each case, the ribbon’s resistance to bending led to slightly different
ribbon geometries over the blade for increasing loads. This was most
significant for the sharp blade where the ribbon configuration varied
significantly over the entire range of loads and could not conform to
the radius of curvature of the blade. Measurable changes in con-
figuration were also found for the R* = 1 mm blade over this range
of loads; for R* = 1.5 mm and R* = 2 mm, the ribbon approximately
adopted the curvature of the blade at m* = 1,030 g and m* = 510 g,
respectively, so that the geometry of the ribbon remained unchanged
for higher loads.
Dimensional permanent curvature measurements are shown

using symbols in Fig. 2A, as a function of axial load applied to the
ribbon for each of the four blades. The data corresponding to
experiments with the sharp and R* = 1 mm blades exhibit a
characteristic triangular shape, where curvature increases ap-
proximately linearly with increasing load to a maximum in cur-
vature that is larger the sharper the blade. The curvature then
decreases monotonically upon further increase of the load. In
both cases, the maximum load applied was determined by the
smallest value of curvature that could be reliably measured at
high loads. In contrast, for R* = 1.5 mm and 2 mm, the curvature
increased monotonically up to a maximum load, beyond which
the ribbon ruptured. For R* = 1.5 mm, the curvature seems to
have reached a maximum, whereas for R* = 2 mm only a small
increase in curvature could be observed before the load exceeded
its threshold value for rupture. The threshold load was found to
increase as the curvature of the blade was reduced (Fig. 2A). The
four sets of experimental data also suggest that a critical load
needs to be exceeded in order for the ribbon to curl, and this
critical load increases significantly with reduction in blade

curvature. Hence, the modest loads required to bend the rib-
bon over the sharp and 1-mm blades meant that the ribbon
geometry varied with load over the entire range investigated
(Fig. 1B), whereas the larger loads required to bend the ribbon
over the R* = 1.5-mm and 2-mm blades exceeded the values at
which the ribbon geometry reached a constant configuration. The
effect on ribbon curling of the pulling speed was investigated for
R* = 1 mm and two applied loads (m* = 960 and 689 g). Experi-
mental data shown with symbols in Fig. 2B indicate that the cur-
vature of the ribbon curl decreases monotonically with linear
pulling speed.
To inform comparison with the theoretical model, the material

properties of the PVC ribbon were measured with uniaxial ten-
sile tests performed using an Instron 3345 (L2957) universal
testing system. The Young’s modulus E* was determined by
linear least-square fit of average stress-strain curves measured in
the elastic regime to take a value of E* = 2.5± 0.4 GPa. The
viscoplastic behavior of the material was investigated with creep
experiments, where stress was applied to six different ribbon sam-
ples in successive step changes of variable magnitude. The aver-
age rate of plastic strain creep was determined with a linear fit to
the time variation of strain data following each step change in
applied stress. The average strain rate is shown in Fig. 2C as a
function of applied stress, where each symbol indicates experi-
ments performed on an individual ribbon sample. The strain rate
is approximately zero below a critical yield stress and increases
approximately linearly above this threshold. A linear fit to the
data above the plastic yield threshold in Fig. 2C gave a viscosity
coefficient of Φ* = 92± 4 GPa·s, and extrapolation of the curve to
zero average strain rate provided an estimate of a yield stress of

A B

C

Fig. 1. Experimental setup for ribbon curling. (A) Side-view schematic diagram of the experimental apparatus. (B) Side-view photographs of the experi-
mental ribbon shapes bending over the blade for different ribbon tensions imposed by hanging weights m* = 50 g (gray), 265 g (yellow), 510 g (green), 1,030 g
(blue), and 1,530 g (red) as shown in A. From top left to bottom right: sharp blade, blade radius R* = 1 mm, R* = 1.5 mm, and R* =2 mm. In all cases except for
R* = 1 mm, the rotating cylinder and top edge of the blade are positioned at the same height. For R* = 1 mm (top right image), the cylinder position is higher than
the blade so that the ribbon under tension is oriented with an angle of 14° with respect to the horizontal direction, and the contact area of the ribbon with the
blade is reduced. (C) Measurement of the curl radius: top-view photograph of a single curl where the edge of the ribbon rests on a perspex sheet, and superposition
of the ribbon outline obtained using edge-finding and the Hough transform onto the curled ribbon.
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instantaneous curvature, stretching the ribbon on its outer surface
and compressing it (relatively) at its inner surface. Thus, upstream
of the blade (i), the curvature-induced strain induces a transverse
gradient of stress through an initial elastic response, which acts in
addition to the axial loading on the ribbon. Where the stress ex-
ceeds Y *, however, the ribbon starts to yield irreversibly (i and ii in
Fig. 3); initially, this takes place close to the ribbon’s outer surface.
As the stress in the yielded region relaxes, the yielded region
widens in order that the ribbon element can support a constant net
axial load. Passing off the blade, the stress in the yielded region
relaxes toward Y *, leaving the ribbon irreversibly elongated at its
outer surface (iii in Fig. 3).
Passage of the element further off the blade leads to a reduction

in curvature and hence in the transverse strain gradient. Thus, via
an initial elastic response, there is a corresponding reduction in
the transverse stress gradient; this may be visualized as counter-
clockwise pivoting of the stress distribution about the ribbon’s
midline. If the yielded region remains confined to the upper half
of the ribbon (iv and v in case A, Fig. 3), then no further yielding
occurs. However, if the yielded region penetrates into the lower
half of the ribbon, pivoting of the stress lowers the stress near the
outer wall but creates a new zone near the ribbon’s midline where
the stress exceeds Y *, (iv in case B, Fig. 3). This, in turn, induces a
second phase of stress relaxation, involving widening of the cen-
tral yielded region (v in case B, Fig. 3), and further irreversible
elongation of the ribbon; this process is promoted by further
curvature reduction as the ribbon element straightens out. Ulti-
mately, the yielded region extends to the inner surface of the ribbon,

reducing the gradient of irreversible strain. When unloaded, the
curvature of the ribbon element is determined by the overall gra-
dient of the net plastic strain; this gradient grows as the ribbon
yields near its outer surface (v in case A, Fig. 3) but falls if there is
additional yielding near the inner surface (v in case B, Fig. 3).
The minimal load required to induce a curl (Fig. 2A) can there-

fore be associated with the threshold required to induce yield at the
ribbon’s outer surface; the increase of curvature with load is as-
sociated with thickening of this yielded region (i–iii in case A, Fig.
3), and the reduction of curvature with load at higher load is due to
the compensating yield near the inner surface (iv and v in case B,
Fig. 3). The reduction of curvature with pulling speed (Fig. 2B)
arises because the ribbon element has limited time in which to
undergo stress relaxation while on the blade. Curling is maximized
by driving the on-blade yield surface to the ribbon centerline (but
not beyond), and by ensuring the ribbon moves slowly enough for
the stress to relax fully before leaving the blade.
We can use experimentally measured parameters to estimate

the load required to induce curling. We represent the load as an
axial stress Σ* and define the ratio of the ribbon’s thickness H* to
the blade radius of curvature as e≡H*=R*, where e ! 1. The
ribbon will conform tightly to the blade if the bending length
L*
b ≡ ðE*H*2=Σ*Þ1=2 (treating the ribbon as a loaded elastic

beam) is small compared with R*, that is, Σ* $ e2E*. Preblade,
we require Σ* <Y * (to avoid large-scale yielding) and the mean
axial strain is OðΣ*=E*Þ. The additional strain at the outer ribbon
surface induced by curving the ribbon over the blade is OðeÞ,
inducing an elastic stress OðeE*Þ. For yielding to take place, we

Fig. 3. Diagram illustrating the evolution of curvature, stress and plastic deformation of the ribbon for two parameter sets A and B, corresponding to
the distinct regimes of behavior identified in the model. The parameters used in the calculations are tp*= 0.35 s, Y* =35 Mpa, E* = 2.5 GPa, H* = 100 μm, and
R* = 1mm, with applied loads Σ* = 10MPa in A and Σ* = 30MPa in B. (Top) Depiction of the curvature κ of a material element of ribbon as a function of time
as the element passes over the blade showing (i) preblade, (ii) on-blade, and (iii–v) postblade states. In these examples the ribbon comes into line contact with
the blade, with its maximum curvature 1=R* matching that of the blade. Increasing the axial load on the ribbon (going from A to B) reduces the lengthscale L*b
over which the curvature decays off the blade and increases the width of the contact region. (A and B) Depictions of profiles across the ribbon cross-section of
the axial stress distribution σ (blue) and the axial plastic strain ep (red). Black lines show σe, the total axial strain times Young’s modulus; its transverse gradient
is determined by the instantaneous curvature of the ribbon element. The shaded regions indicate the yielding domain, denoting regions where σ exceeds the
yield stress (indicated with a dashed line). In i, the increasing curvature raises σ above yield close to the outer surface of the ribbon; the material begins to
relax, decreasing σ below σe and promoting a gradient in ep. (ii) The stress integrated across the ribbon supports the constant imposed load, moving the yield
surface toward the inner surface of the ribbon as the stress field relaxes. (iii) Just after leaving the blade, the yielded region is confined to the upper half of
the ribbon under lower loads (A), but extends into the lower half of the ribbon under higher loads (B). (iv) The lowering curvature pivots the stress distri-
bution around the ribbon midline: In A this lowers σ below the yield threshold, whereas in B the yielding region propagates further into the lower half of the
ribbon. (v) As the ribbon element straightens, in A the final plastic strain is confined to the upper half of the ribbon, whereas in B the entire ribbon cross-
section has undergone yield, leading to net axial stretch (see Movies S1 and S2).
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finally collapsing towards the vertical.
Notable features of the solutions are the ‘kinks’ that become fro-

zen into the shape of the beam, particularly near the free end.
These kinks emerge when the gravitational moment, jMj, acting
on previously yielded sections declines below 1

2 B, once those sec-
tions bend and rotate underneath the point of extrusion. This effect
is countered by the continued horizontal extrusion which builds
the moment back up, and by the swinging of the free end to posi-
tions to the left of the extrusion point, which generates negative

moments. The result is a relatively complicated spatio-temporal
pattern of intertwined plugs and yielded regions, as seen in panel
(c) of Fig. 11.

4. A higher-order model

The models presented above are complementary, but different
versions of slender sheet theory for a viscoplastic fluid. In particu-
lar, if one adopts the second model, and then takes the limit that
the curvature becomes small, one only recovers the small-curva-
ture theory if, in that theory, the stretching rate, D, vanishes to
leading order (compare (42) and (100); if D! 0, then N! 0 and
the two formulae coincide). The key point is that the degree of cur-
vature exerts a critical control on the extensional stresses and rate
of stretching within the sheet via the main balance of forces: when
the curvature is relatively small, higher extensional stresses are
permitted in comparison to bending forces, allowing for greater
stretching rates. With order-one curvatures, however, the bending
stresses can only balance much lower extensional stresses, and the
corresponding stretching rates are necessarily smaller. These phys-
ical ingredients are incorporated using different asymptotic sca-
lings in the two models (in the small curvature model,R
rxx dz ¼ R, whereas the order-one curvature theory takesR
rss dn ¼ !N).

To avoid an unsatisfying division of the dynamical behaviour
into two different models we must therefore mix the asymptotic
orderings. In particular, the key is to proceed to higher order in
the order-one curvature theory and retain the next-order terms.
Important milestones of this construction are relegated to Appen-
dix A, as it amounts to a longer-winded version of the derivation of
Section 3. Here, we simply quote the combined, higher-order for-
mulation that results, and apply this theory to the problem of
the Euler buckling of a viscoplastic column.

Without surface tension and inertia, the equations of force bal-
ance remain

@R
@s
" !jM ¼ !GH sin h; ð116Þ

!
@2M
@s2 þ jR ¼ !GH cos h: ð117Þ

The sheet thickness and inclination evolve according to
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Viscoplastic beams

@H
@t
þ @

@s
ðHUÞ ¼ 0;

@U
@s
¼ @U
@s
% jW ; ð118Þ

@h
@t
þ U

@h
@s
¼ @W

@s
þ jU: ð119Þ

Where the fluid is yielded, the constitutive law demands

R ¼ 4HDþ 2BHNsgnðDÞ %
5
6
!jH3X%

1
2
!jBH2ð1% N2ÞsgnðXÞ; ð120Þ

M ¼ %1
3

H3X% 1
2

BH2ð1% N2ÞsgnðXÞ: ð121Þ

Here, as in Section 3,

D ¼ Us % jW
!

; X ¼ ðWs þ jUÞs; N ¼Min 1;
2D
HX

!!!!

!!!!

" #
:

Alternatively, if the fluid is rigid, D ¼ X ¼ 0.

4.1. Yield conditions

Fluid first yields when the extensional stress and moment ex-
ceed a threshold determined by the constitutive relations in
(120) and (121). Those relations may be re-organized into the
inequalities,

R% !jM þ
1
2

H2X
!!!!

!!!!P 2BHN ð122Þ

and

jMjP 1
2

BH2ð1% N2Þ: ð123Þ

Hence, the fluid cannot flow if

jMj < 1
2 Max BH2 % 1

4B jR% !jM þ 1
2 H2Xj2;0

$ %

! 1
2 Max BH2 % 1

4B jR% !jMj2;0
$ % ð124Þ

since X ¼ 0 where the fluid is rigid. The failure of (124) corresponds
to a yield condition on the moment and extensional stress, given
force and torque balance (which determine R and M) and the geom-
etry (i.e. ! and j).

Fig. 12 sketches the location of the yield condition on the
jR% !jMj; jMjð Þ-plane. The condition corresponds to a locus

parameterized by N that is the union of a parabola (for N < 1)
and a piece of the jR% !jMj-axis (with N ¼ 1). Below this locus,
in the shaded region, the fluid sheet is rigid. Thus, if one envisions
a situation in which the stress on the sheet is slowly ramped up
from zero, force and torque balance on each section of the rigid
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Figure 1. Defintion sketch.

and makes an angle ✓(s, t) with the horizontal (directed along x̂). The tangent and normal
directions are given by

ŝ =
@rc
@s

= x̂ cos ✓ + ŷ sin ✓, n̂ = �x̂ sin ✓ + ŷ cos ✓. (2.2)

Points close to the centreline are described by the local Cartesian coordinates, (s, n),
where n is the normal distance from the centreline. Note that rc(s, t) and (s, t) can be
constructed from ✓(s, t) which is therefore used as the primary variable describing the
geometry.
We denote the velocity of the centreline by @rc/@t = ucŝ + vcn̂. Di↵erentiating with

respect to s provides the geometric relations,
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=
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+ uc,
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= vc, (2.3)

where

 =
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(2.4)

is the curvature. The velocity of the centerline is not necessarily equal to the local fluid
velocity; relative to the (moving) centreline, we take the fluid velocity to be u(s, n, t) =
uŝ+ vn̂. We then define ⇠(s, n, t) = ⇠ŝ+ ⇣n̂ as the corresponding displacements relative
to the centreline, which satisfy

D⇠

Dt
= u. (2.5)

The material velocity components are @rc/@t+ u, and the material derivative is
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2.2. Full equations in curvilinear coordinates

Ignoring inertia, we write the equations of force balance for a fluid sheet as
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+ (�ss � �nn) = �(1� n)f̂n, (2.8)

where the stress tensor is �ij and

f̂s = f̂x cos ✓ + f̂y sin ✓ and f̂n = f̂y cos ✓ � f̂x sin ✓, (2.9)

" =
H

L

T M ⌃ N

 =
@✓

@s
@u

@s
+ (1� n)

@v

@n
� v = 0

M = �
EH3

3


M = �
⌘H3

3

@

@t

T =
4⌘H

"

@U

@s

T =
4EH

"

@⇠

@s

@N

@s
� M = GH sin ✓

@2M

@s2
+ N = GH cos ✓

@T

@s
� M = GH sin ✓

@2M

@s2
+ T = GH cos ✓

T =
1

"

Z 1
2H

�1
2H

�ss dn

N =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

@�ss

@s
+

1

"
(1� "n)

@�sn

@n
� 2�sn = �"(1� "n)fs

@�sn

@s
+

1

"
(1� "n)

@�nn

@n
+ (�ss � �nn) = �"(1� "n)fn

�ij = �p�ij + ⌘s�̇ij + ⌧ij,

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij,

1

Visco-elastica
Aim: consider the equivalent model for a viscoelastic fluid

" =
H

L

T M ⌃ N

 =
@✓

@s
@u

@s
+ (1� n)

@v

@n
� v = 0

M = �
EH3

3


M = �
⌘H3

3

@

@t

T =
4⌘H

"

@U

@s

T =
4EH

"

@⇠

@s

@N

@s
� M = GH sin ✓

@2M

@s2
+ N = GH cos ✓

@T

@s
� M = GH sin ✓

@2M

@s2
+ T = GH cos ✓

T =
1

"

Z 1
2H

�1
2H

�ss dn

N =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

@�ss

@s
+

1

"
(1� "n)

@�sn

@n
� 2�sn = �"(1� "n)fs

@�sn

@s
+

1

"
(1� "n)

@�nn

@n
+ (�ss � �nn) = �"(1� "n)fn

�ij = �p�ij + ⌘s�̇ij + ⌧ij,

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij,

1

" =
H

L

T M ⌃ N

 =
@✓

@s

M = �
EH3

3


M = �
⌘H3

3

@

@t

T =
4⌘H

"

@U

@s

T =
4EH

"

@⇠

@s

@N

@s
� M = GH sin ✓

@2M

@s2
+ N = GH cos ✓

@T

@s
� M = GH sin ✓

@2M

@s2
+ T = GH cos ✓

T =
1

"

Z 1
2H

�1
2H

�ss dn

N =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

@�ss

@s
+

1

"
(1� "n)

@�sn

@n
� 2�sn = �"(1� "n)fs

@�sn

@s
+

1

"
(1� "n)

@�nn

@n
+ (�ss � �nn) = �"(1� "n)fn

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

1

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij,

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij,

�̇ij =
@ui

@xj

+
@uj

@xi

.

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj,

@u

@s
+ (1� n)

@v

@n
� v = 0

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

⌧ss =
2⌘

1� "n

✓
@u

@s
� v

◆

⌧sn =
⌘

1� "n

✓
@v

@s
+ u+

1

"

@✓

@t

◆
+

⌘

"

@u

@n

�̇ss =
2

1� "n

✓
@u

@s
� v

◆

�̇sn =
1

1� "n

✓
@v

@s
+ u+

1

"

@✓

@t

◆
+

1

"

@u

@n

⌧ss = ⌘�̇ss

2

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij,

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij,

�̇ij =
@ui

@xj

+
@uj

@xi

.

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj,

@u

@s
+ (1� n)

@v

@n
� v = 0

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

⌧ss =
2⌘

1� "n

✓
@u

@s
� v

◆

⌧sn =
⌘

1� "n

✓
@v

@s
+ u+

1

"

@✓

@t

◆
+

⌘

"

@u

@n

�̇ss =
2

1� "n

✓
@u

@s
� v

◆

�̇sn =
1

1� "n

✓
@v

@s
+ u+

1

"

@✓

@t

◆
+

1

"

@u

@n

⌧ss = ⌘�̇ss

2

Force balance equations 
in curvilinear coordinates 
(ignore inertia)

" =
H

L

T M ⌃ N

 =
@✓

@s

M = �
EH3

3


M = �
⌘H3

3

@

@t

T =
4⌘H

"

@U

@s

T =
4EH

"

@⇠

@s

@N

@s
� M = GH sin ✓

@2M

@s2
+ N = GH cos ✓

@T

@s
� M = GH sin ✓

@2M

@s2
+ T = GH cos ✓

T =
1

"

Z 1
2H

�1
2H

�ss dn

N =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

@�ss

@s
+

1

"
(1� "n)

@�sn

@n
� 2�sn = �"(1� "n)fs

@�sn

@s
+

1

"
(1� "n)

@�nn

@n
+ (�ss � �nn) = �"(1� "n)fn

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

1

" =
H

L

T M ⌃ N

 =
@✓

@s

M = �
EH3

3


M = �
⌘H3

3

@

@t

T =
4⌘H

"

@U

@s

T =
4EH

"

@⇠

@s

@N

@s
� M = GH sin ✓

@2M

@s2
+ N = GH cos ✓

@T

@s
� M = GH sin ✓

@2M

@s2
+ T = GH cos ✓

T =
1

"

Z 1
2H

�1
2H

�ss dn

N =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

@�ss

@s
+

1

"
(1� "n)

@�sn

@n
� 2�sn = �"(1� "n)fs

@�sn

@s
+

1

"
(1� "n)

@�nn

@n
+ (�ss � �nn) = �"(1� "n)fn

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

1

Curvature

" =
H

L

T M ⌃ N

 =
@✓

@s
@X

@s
= cos ✓

@Y

@s
= sin ✓

M = �
EH3

3


M = �
⌘H3

3

@

@t

T =
4⌘H

"

@U

@s

T =
4EH

"

@⇠

@s

@N

@s
� M = GH sin ✓

@2M

@s2
+ N = GH cos ✓

@T

@s
� M = GH sin ✓

@2M

@s2
+ T = GH cos ✓

T =
1

"

Z 1
2H

�1
2H

�ss dn

N =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

@�ss

@s
+

1

"
(1� "n)

@�sn

@n
� 2�sn = �"(1� "n)fs

@�sn

@s
+

1

"
(1� "n)

@�nn

@n
+ (�ss � �nn) = �"(1� "n)fn

1

" =
H

L

T M ⌃ N

 =
@✓

@s
@X

@s
= cos ✓

@Y

@s
= sin ✓

M = �
EH3

3


M = �
⌘H3

3

@

@t

T =
4⌘H

"

@U

@s

T =
4EH

"

@⇠

@s

@N

@s
� M = GH sin ✓

@2M

@s2
+ N = GH cos ✓

@T

@s
� M = GH sin ✓

@2M

@s2
+ T = GH cos ✓

T =
1

"

Z 1
2H

�1
2H

�ss dn

N =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

@�ss

@s
+

1

"
(1� "n)

@�sn

@n
� 2�sn = �"(1� "n)fs

@�sn

@s
+

1

"
(1� "n)

@�nn

@n
+ (�ss � �nn) = �"(1� "n)fn

1

Integrate over width 
(with stress-free sides)

(independent of rheology)
Also note

Tension

Moment

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij,

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij,

�̇ij =
@ui

@xj

+
@uj

@xi

.

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj,

@u

@s
+ (1� n)

@v

@n
� v = 0

�sn = O(")

�nn = O(")

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

⌧ss =
2⌘

1� "n

✓
@u

@s
� v

◆

2

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij,

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij,

�̇ij =
@ui

@xj

+
@uj

@xi

.

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj,

@u

@s
+ (1� n)

@v

@n
� v = 0

�sn = O(")

�nn = O(")

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

⌧ss =
2⌘

1� "n

✓
@u

@s
� v

◆

2



Oldroyd B constitutive model

A common rheological model for viscoelastic fluids

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij

�̇ij =
@ui

@xj

+
@uj

@xi

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj

@u

@s
+ (1� n)

@v

@n
� v = 0

�sn = O(")

�nn = O(")

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

⌧ss =
2⌘

1� "n

✓
@u

@s
� v

◆

2

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij

�̇ij =
@ui

@xj

+
@uj

@xi

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj

@u

@s
+ (1� n)

@v

@n
� v = 0

�sn = O(")

�nn = O(")

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

⌧ss =
2⌘

1� "n

✓
@u

@s
� v

◆

2

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij

�̇ij =
@ui

@xj

+
@uj

@xi

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj

@u

@s
+ (1� n)

@v

@n
� v = 0

�sn = O(")

�nn = O(")

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

⌧ss =
2⌘

1� "n

✓
@u

@s
� v

◆

2

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij

�̇ij =
@ui

@xj

+
@uj

@xi

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj

E ⌘ ⌘s

@u

@s
+ (1� n)

@v

@n
� v = 0

�sn = O(")

�nn = O(")

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

2

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij

�̇ij =
@ui

@xj

+
@uj

@xi

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj

E ⌘ ⌘s

@u

@s
+ (1� n)

@v

@n
� v = 0

�sn = O(")

�nn = O(")

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

2

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij

�̇ij =
@ui

@xj

+
@uj

@xi

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj

E ⌘ ⌘s

@u

@s
+ (1� n)

@v

@n
� v = 0

�sn = O(")

�nn = O(")

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

2

solvent viscosity

‘polymer’ stress

creep viscosity
elastic shear modulus

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij

�̇ij =
@ui

@xj

+
@uj

@xi

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj

E ⌘ ⌘s

⌘s ! 0

⌘ ! 1

@u

@s
+ (1� n)

@v

@n
� v = 0

�sn = O(")

�nn = O(")

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

2

@T

@s
� 

@M

@s
= �fs

@2M

@s2
+ T = �fn

T =
1

"

Z 1
2H

�1
2H

�ss dn

M =

Z 1
2H

�1
2H

n�ss dn

�ij = �p�ij + ⌘s�̇ij + ⌧ij

1

E
O

⌧ ij +
1

⌘
⌧ij = �̇ij

�̇ij =
@ui

@xj

+
@uj

@xi

O

⌧ ij =

✓
@

@t
+ uk

@

@xk

◆
⌧ij � ⌧ik

@uj

@xk

�
@ui

@xk

⌧kj

E ⌘ ⌘s

⌘s ! 0

⌘ ! 1

@u

@s
+ (1� n)

@v

@n
� v = 0

�sn = O(")

�nn = O(")

�ij = �p�ij + ⌧ij

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

2

Maxwell fluid Kelvin fluid

�ss = 2⌧ss +O(")

�̇ss = 0

⌧ss = ⌘�̇ss +Bsgn(�̇ss)

|⌧ss| < B

|⌧ss| > B

@

@t
= 0

M = �
⌘H3

3

@

@t
�

1
2BH2sgn

✓
@

@t

◆

"
@u

@s
+ (1� "n)

@v

@n
� "v = 0.

⌧ss =
2⌘

1� "n

✓
@u

@s
� v

◆

⌧sn =
⌘

1� "n

✓
@v

@s
+ u+

1

"

@✓

@t

◆
+

⌘

"

@u

@n

�̇ss =
2

1� "n

✓
@u

@s
� v

◆

�̇sn =
1

1� "n

✓
@v

@s
+ u+

1

"

@✓

@t

◆
+

1

"

@u

@n

⌧ss = ⌘�̇ss

⌧sn = ⌘�̇sn

�ss = 2⌘�̇ss

@

@t
= ⌦

�nn = O(")

p = �
1
2�ss +

1
2⌧ss +

1
2⌧nn +O(")

�ss = ⌧ss � ⌧nn + 2⌘s�̇ss +O(")

v(s, n, t) = O(")

u(s, n, t) = U(s, t)�
@✓

@t
(s, t)n+O(")

�̇ss = 2

✓
@U

@s
�

@

@t
n

◆
+O(")

1

E

@⌧ss
@t

+
1

⌘
⌧ss = 2

✓
@U

@s
�

@

@t
n

◆

3

In our case the important quantity is the stress component
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In our case the important quantity is the stress component
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Strain-rate components

Asymptotic derivation
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Figure 1. Defintion sketch.

and makes an angle ✓(s, t) with the horizontal (directed along x̂). The tangent and normal
directions are given by

ŝ =
@rc
@s

= x̂ cos ✓ + ŷ sin ✓, n̂ = �x̂ sin ✓ + ŷ cos ✓. (2.2)

Points close to the centreline are described by the local Cartesian coordinates, (s, n),
where n is the normal distance from the centreline. Note that rc(s, t) and (s, t) can be
constructed from ✓(s, t) which is therefore used as the primary variable describing the
geometry.
We denote the velocity of the centreline by @rc/@t = ucŝ + vcn̂. Di↵erentiating with

respect to s provides the geometric relations,
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is the curvature. The velocity of the centerline is not necessarily equal to the local fluid
velocity; relative to the (moving) centreline, we take the fluid velocity to be u(s, n, t) =
uŝ+ vn̂. We then define ⇠(s, n, t) = ⇠ŝ+ ⇣n̂ as the corresponding displacements relative
to the centreline, which satisfy
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The material velocity components are @rc/@t+ u, and the material derivative is
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2.2. Full equations in curvilinear coordinates

Ignoring inertia, we write the equations of force balance for a fluid sheet as
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where the stress tensor is �ij and

f̂s = f̂x cos ✓ + f̂y sin ✓ and f̂n = f̂y cos ✓ � f̂x sin ✓, (2.9)
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The axial and transverse force balance equations are (2.38)-(2.39), and we may set H = 1
in view of the negligible changes to the thickness. The constitutive equation in (2.41) is
no longer needed (constraining the higher-order corrections to ⇠ = O(")), while that in
(2.42) provides the relationship between bending moment and curvature. The remaining
equations are therefore
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The boundary conditions to be imposed on the system depend on the detailed configura-
tion to be explored. Below, we give specific examples, and quote the relevant boundary
conditions there.

2.8. Discussion

Note that for E = 0, or E ! 1 with ⌘s = 0, the model has only solvent or polymer
viscosity, and M = 1

3⌘s
@

@t
(after an integral in time) or M = 1

3⌘
@

@t
, recovering the

constitutive law for a viscous ribbon without significant in-plane stretching (Buckmaster
et al. 1975; Ribe 2002; Ribe et al. 2012). If, on the other hand, ⌘s ! 0, we recover a
Maxwell ribbon model, which demands that the elastic stress (or moment M) relax to
zero in any final state. For ⌘ ! 1, the law has a Kelvin form, which permits the beam
to reach equilibrium states with finite elastic stress (bending moment).

We have expressed the constitutive relation (2.46) in di↵erential form, but it is also
possible to integrate with respect to time and express it in integro-di↵erential form,
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(2.47)
Although we have derived the model for a viscoelastic liquid described by (2.15) using

an asymptotic reduction of the governing equations, there are similarities with models for
viscoelastic beams proposed previously in the solid mechanics literature (Kempner 1954;
Minahen & Knauss 1993). Those models are typically written down for relatively small
deflections (whereas ours applies when the curvature is order one), and invariably ignore
bending-induced tensions (i.e. fixing N and ignoring (2.38)). They do however allow
for richer viscoelastic behaviour, in particular allowing for both instantaneous elastic
response and relaxation towards a static equilibrium with finite stress. Such behaviour
would never emerge from the more fluid-like Oldroyd-B constitutive law (2.15), which
can only encompass one of those (for ⌘s ! 0 or ⌘ ! 1, respectively) and not both. It
is more consistent with the standard linear solid model, and a generalisation of (2.46) to
include such behaviour would come from adding an additional strain to the right hand
side of (2.37). This would result in
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where E1 is a second elastic modulus corresponding to the long-term relaxed elastic state
(cf. Kempner (1954)).

The moment can alternatively be expressed in integral form
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Figure 3. Snapshots of viscoelastic cantilevers for E = 1, ⌘s = 10�2 and (a) ⌘ = 1 and (b)
⌘ = 10. The dotted line shows the locus of the ends. On the right, we plot the maxima in (c)
|Y |, (d) ||, (e) |M | and (d) |N |. The points indicate the times of the shapshots in (a)–(b);
the circles show the ⌘ ! 1 solution. The dashed (red) lines show the expected, low-curvature,
elastic solution Y (x) = �x2(x2 � 4x+ 6)/8.

a final state after the initial period of bending. Instead, the relaxation of the stress
(and therefore the bending moment) implies that the beam cannot support itself against
gravity over longer times, and continues to creep downwards until it becomes vertical (see
figure 3(b)). Had the model incorporated changes in thickness, the long-time dynamics
would then be dominated by a gradual thinning and extension. The initial arrest of the
fall and subsequent long-time creep is shown for a variety of values of ⌘ in figure 3(c)–(f);
over long times, evident are the increase of the curvature near the hinge, the relaxation
of the bending moment and the emergence of a dominant tension as the beam becomes
vertical and the tension balances its weight.

3.3. Classical buckling

Without gravity or other body forces (fn = fs = 0), the model system (2.43)–(2.46)
admits an equilibrium solution corresponding to a straight viscoelastic beam subject to
a compressive load, such that  = M = 0 and N = N(t). Linear perturbations to this
state satisfy
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where Y (s, t) is the small transverse displacement of the centreline (with s ⌘ x here).
For a constant load, N = N0, with clamped edge conditions, Y = ✓ = 0 at s = ±
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|Y |, (d) ||, (e) |M | and (d) |N |. The points indicate the times of the shapshots in (a)–(b);
the circles show the ⌘ ! 1 solution. The dashed (red) lines show the expected, low-curvature,
elastic solution Y (x) = �x2(x2 � 4x+ 6)/8.

a final state after the initial period of bending. Instead, the relaxation of the stress
(and therefore the bending moment) implies that the beam cannot support itself against
gravity over longer times, and continues to creep downwards until it becomes vertical (see
figure 3(b)). Had the model incorporated changes in thickness, the long-time dynamics
would then be dominated by a gradual thinning and extension. The initial arrest of the
fall and subsequent long-time creep is shown for a variety of values of ⌘ in figure 3(c)–(f);
over long times, evident are the increase of the curvature near the hinge, the relaxation
of the bending moment and the emergence of a dominant tension as the beam becomes
vertical and the tension balances its weight.

3.3. Classical buckling

Without gravity or other body forces (fn = fs = 0), the model system (2.43)–(2.46)
admits an equilibrium solution corresponding to a straight viscoelastic beam subject to
a compressive load, such that  = M = 0 and N = N(t). Linear perturbations to this
state satisfy
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where Y (s, t) is the small transverse displacement of the centreline (with s ⌘ x here).
For a constant load, N = N0, with clamped edge conditions, Y = ✓ = 0 at s = ±
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Figure 3. Snapshots of viscoelastic cantilevers for E = 1, ⌘s = 10�2 and (a) ⌘ = 1 and (b)
⌘ = 10. The dotted line shows the locus of the ends. On the right, we plot the maxima in (c)
|Y |, (d) ||, (e) |M | and (d) |N |. The points indicate the times of the shapshots in (a)–(b);
the circles show the ⌘ ! 1 solution. The dashed (red) lines show the expected, low-curvature,
elastic solution Y (x) = �x2(x2 � 4x+ 6)/8.

a final state after the initial period of bending. Instead, the relaxation of the stress
(and therefore the bending moment) implies that the beam cannot support itself against
gravity over longer times, and continues to creep downwards until it becomes vertical (see
figure 3(b)). Had the model incorporated changes in thickness, the long-time dynamics
would then be dominated by a gradual thinning and extension. The initial arrest of the
fall and subsequent long-time creep is shown for a variety of values of ⌘ in figure 3(c)–(f);
over long times, evident are the increase of the curvature near the hinge, the relaxation
of the bending moment and the emergence of a dominant tension as the beam becomes
vertical and the tension balances its weight.

3.3. Classical buckling

Without gravity or other body forces (fn = fs = 0), the model system (2.43)–(2.46)
admits an equilibrium solution corresponding to a straight viscoelastic beam subject to
a compressive load, such that  = M = 0 and N = N(t). Linear perturbations to this
state satisfy
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where Y (s, t) is the small transverse displacement of the centreline (with s ⌘ x here).
For a constant load, N = N0, with clamped edge conditions, Y = ✓ = 0 at s = ±

1
2 ,

with long-term creep

Vertical end displacement
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Figure 2. (a) Snapshots of a curling experiment in which a viscoelastic sheet is first curled up
into a circle by controlling the angle of its ends, and then suddenly released (only half of the
sheet is shown: the midpoint is fixed on the axis and the dotted line shows the locus of one of
the controlled or free ends); E = ⌘ = 1 and ⌘s = 0.1. In (b), we plot the time series of (t)
and M(t) for the experiment, along with four others in which the end is released earlier or held
longer before release.

3. Viscoelastic curling, drooping and buckling

3.1. Curling

We begin our exploration of the dynamics captured by the model in (2.43)–(2.46),
by considering a simple curling problem. A viscoelastic sheet, clamped at both ends, is
deformed into an arc of a circle by rotating the angle of its ends. The ends are then
released, allowing the sheet to uncurl in the absence of any body forces. If the ends
are held such that no tension is induced, the sheet curls up uniformly:  = (t) and
M = M(t). Thus, the entire ribbon evolves according to the constitutive law,
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with (t) either fixed by the rotation of the end, or evolving freely such that M(t) = 0.
Figure 2(a) shows snapshots of a curled ribbon bent into a circle before being released,
with (t) = 2⇡t for 0 < t < 1. Figure 2(b) plots the time series of (t) and M(t) both for
this experiment, and for four others in which the end is either released earlier, or held
fixed for a period before the release.
The controlled curl of the ribbon induces a bending moment that relaxes viscoelas-

tically; the longer the curl develops or is maintained, the further the bending moment
relaxes. As a consequence, when the ribbon is relased, it uncurls for a period, but does
not return to its original state and converges to a shape with finite curvature.

3.2. The viscoelastic cantilever

A more interesting example of the dynamics captured by the model in (2.43)–(2.46)
is the viscoelastic version of Galileo’s cantilever. In this case, we impose a clamped end
condition at s = 0 (so that X(0, t) = Y (0, t) = ✓(0, t) = 0) and demand that the other
end remain free (so that M = @M

@s
= N = 0 at s = 1). The cantilever then bends under a

constant vertical gravity force with fs = � sin ✓ and fn = � cos ✓, on selecting the stress
scale P to scale the gravitational force to unit amplitude.

A numerical solution to the model is shown in figure 3 for the relatively low value
of the solvent viscosity ⌘s = 0.01. In the limit ⌘ ! 1, the model reduces to that for a
Kelvin material, with the solvent viscosity controlling the time-dependent behaviour. For
the current problem, the corresponding cantilever bends under gravity until the elastic
stresses bring the beam to rest, as shown in figure 3(a). When ⌘ is finite, however, the
material creeps. For the cantilever, the consequence is that the beam does not reach
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with (t) either fixed by the rotation of the end, or evolving freely such that M(t) = 0.
Figure 2(a) shows snapshots of a curled ribbon bent into a circle before being released,
with (t) = 2⇡t for 0 < t < 1. Figure 2(b) plots the time series of (t) and M(t) both for
this experiment, and for four others in which the end is either released earlier, or held
fixed for a period before the release.
The controlled curl of the ribbon induces a bending moment that relaxes viscoelas-

tically; the longer the curl develops or is maintained, the further the bending moment
relaxes. As a consequence, when the ribbon is relased, it uncurls for a period, but does
not return to its original state and converges to a shape with finite curvature.

3.2. The viscoelastic cantilever

A more interesting example of the dynamics captured by the model in (2.43)–(2.46)
is the viscoelastic version of Galileo’s cantilever. In this case, we impose a clamped end
condition at s = 0 (so that X(0, t) = Y (0, t) = ✓(0, t) = 0) and demand that the other
end remain free (so that M = @M

@s
= N = 0 at s = 1). The cantilever then bends under a

constant vertical gravity force with fs = � sin ✓ and fn = � cos ✓, on selecting the stress
scale P to scale the gravitational force to unit amplitude.

A numerical solution to the model is shown in figure 3 for the relatively low value
of the solvent viscosity ⌘s = 0.01. In the limit ⌘ ! 1, the model reduces to that for a
Kelvin material, with the solvent viscosity controlling the time-dependent behaviour. For
the current problem, the corresponding cantilever bends under gravity until the elastic
stresses bring the beam to rest, as shown in figure 3(a). When ⌘ is finite, however, the
material creeps. For the cantilever, the consequence is that the beam does not reach
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by considering a simple curling problem. A viscoelastic sheet, clamped at both ends, is
deformed into an arc of a circle by rotating the angle of its ends. The ends are then
released, allowing the sheet to uncurl in the absence of any body forces. If the ends
are held such that no tension is induced, the sheet curls up uniformly:  = (t) and
M = M(t). Thus, the entire ribbon evolves according to the constitutive law,
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with (t) either fixed by the rotation of the end, or evolving freely such that M(t) = 0.
Figure 2(a) shows snapshots of a curled ribbon bent into a circle before being released,
with (t) = 2⇡t for 0 < t < 1. Figure 2(b) plots the time series of (t) and M(t) both for
this experiment, and for four others in which the end is either released earlier, or held
fixed for a period before the release.
The controlled curl of the ribbon induces a bending moment that relaxes viscoelas-

tically; the longer the curl develops or is maintained, the further the bending moment
relaxes. As a consequence, when the ribbon is relased, it uncurls for a period, but does
not return to its original state and converges to a shape with finite curvature.

3.2. The viscoelastic cantilever

A more interesting example of the dynamics captured by the model in (2.43)–(2.46)
is the viscoelastic version of Galileo’s cantilever. In this case, we impose a clamped end
condition at s = 0 (so that X(0, t) = Y (0, t) = ✓(0, t) = 0) and demand that the other
end remain free (so that M = @M

@s
= N = 0 at s = 1). The cantilever then bends under a

constant vertical gravity force with fs = � sin ✓ and fn = � cos ✓, on selecting the stress
scale P to scale the gravitational force to unit amplitude.

A numerical solution to the model is shown in figure 3 for the relatively low value
of the solvent viscosity ⌘s = 0.01. In the limit ⌘ ! 1, the model reduces to that for a
Kelvin material, with the solvent viscosity controlling the time-dependent behaviour. For
the current problem, the corresponding cantilever bends under gravity until the elastic
stresses bring the beam to rest, as shown in figure 3(a). When ⌘ is finite, however, the
material creeps. For the cantilever, the consequence is that the beam does not reach
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We begin our exploration of the dynamics captured by the model in (2.43)–(2.46),
by considering a simple curling problem. A viscoelastic sheet, clamped at both ends, is
deformed into an arc of a circle by rotating the angle of its ends. The ends are then
released, allowing the sheet to uncurl in the absence of any body forces. If the ends
are held such that no tension is induced, the sheet curls up uniformly:  = (t) and
M = M(t). Thus, the entire ribbon evolves according to the constitutive law,
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with (t) either fixed by the rotation of the end, or evolving freely such that M(t) = 0.
Figure 2(a) shows snapshots of a curled ribbon bent into a circle before being released,
with (t) = 2⇡t for 0 < t < 1. Figure 2(b) plots the time series of (t) and M(t) both for
this experiment, and for four others in which the end is either released earlier, or held
fixed for a period before the release.
The controlled curl of the ribbon induces a bending moment that relaxes viscoelas-

tically; the longer the curl develops or is maintained, the further the bending moment
relaxes. As a consequence, when the ribbon is relased, it uncurls for a period, but does
not return to its original state and converges to a shape with finite curvature.

3.2. The viscoelastic cantilever

A more interesting example of the dynamics captured by the model in (2.43)–(2.46)
is the viscoelastic version of Galileo’s cantilever. In this case, we impose a clamped end
condition at s = 0 (so that X(0, t) = Y (0, t) = ✓(0, t) = 0) and demand that the other
end remain free (so that M = @M
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= N = 0 at s = 1). The cantilever then bends under a

constant vertical gravity force with fs = � sin ✓ and fn = � cos ✓, on selecting the stress
scale P to scale the gravitational force to unit amplitude.

A numerical solution to the model is shown in figure 3 for the relatively low value
of the solvent viscosity ⌘s = 0.01. In the limit ⌘ ! 1, the model reduces to that for a
Kelvin material, with the solvent viscosity controlling the time-dependent behaviour. For
the current problem, the corresponding cantilever bends under gravity until the elastic
stresses bring the beam to rest, as shown in figure 3(a). When ⌘ is finite, however, the
material creeps. For the cantilever, the consequence is that the beam does not reach
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Reintroduce the yield stress (Saramito 2007)
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Instead, split the strain into elastic and plastic components
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… the moment is given by

The non-linearity means a fully width-integrated model is not possible. 

where
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Figure 8. Curled elasto-viscoplastic ribbon solutions, showing (a) curvature and (b) bending
moment with B = 0, 1, 3 or 7, E = 1, ⌘ = 1

2 and ⌘s = 1
3 . Here  = 2⇡min(t, 1) is imposed for

0 < t 6 2, and M = 0 for t > 2. The stars in (a) mark the prediction from (5.14). Panels (c)
and (d) show the plastic strain �p(n, t), and the axial stress ⌧ss(n, t) for the case B = 1, with
the lines marking the position of the yield surfaces.

increases past B/E (the value at which the surfaces n = ±
1
2 yield), whilst the central

region |n| < B/2E remains unyielded. When the sheet is released and the curvature
decreases, the yielded region shrinks again. At this stage, the yield surfaces are no longer
related directly to the curvature, but depend on the extent to which the plastic strain
has accommodated the excess stress. Eventually the stress falls below the yield stress
everywhere, and the sheet then relaxes towards a new elastic equilibrium.

As is clear from (5.7), the final state has curvature f given by

f = �12

Z 1
2

� 1
2

n�p dn. (5.12)

Moreover, if the curled sheet is held at its maximum curvature m for su�cient time
that the stress fully relaxes over the yielded region, the plastic strain from (5.5) is given
by

�p = �nmmax

✓
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B

2E|n|m

◆
. (5.13)

In this case (provided m > B/E), the final state has curvature

f = m �

✓
3�
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E22
m

◆
B

2E
. (5.14)

5.3. Expanding yielded regions and the viscoplastic cantilever

When the yielded region does not shrink, the unyielded sections remain free of any
plastic strains if there are none at the outset and the elastic stress there is given by
⌧ss = �2En. The yield surfaces are therefore given by |⌧ss| = B, or n = ±Y(s, t) with

Y = 1
2min

✓
1,

B

E||

◆
. (5.15)
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Figure 2. (a) Snapshots of a curling experiment in which a viscoelastic sheet is first curled up
into a circle by controlling the angle of its ends, and then suddenly released (only half of the
sheet is shown: the midpoint is fixed on the axis and the dotted line shows the locus of one of
the controlled or free ends); E = ⌘ = 1 and ⌘s = 0.1. In (b), we plot the time series of (t)
and M(t) for the experiment, along with four others in which the end is released earlier or held
longer before release.

3. Viscoelastic curling, drooping and buckling

3.1. Curling

We begin our exploration of the dynamics captured by the model in (2.43)–(2.46),
by considering a simple curling problem. A viscoelastic sheet, clamped at both ends, is
deformed into an arc of a circle by rotating the angle of its ends. The ends are then
released, allowing the sheet to uncurl in the absence of any body forces. If the ends
are held such that no tension is induced, the sheet curls up uniformly:  = (t) and
M = M(t). Thus, the entire ribbon evolves according to the constitutive law,

dM

dt
+

E

⌘
M = �

1

3


E

✓
1 +

⌘s
⌘

◆
d

dt
+ ⌘s

d2

dt2

�
, (3.1)

with (t) either fixed by the rotation of the end, or evolving freely such that M(t) = 0.
Figure 2(a) shows snapshots of a curled ribbon bent into a circle before being released,
with (t) = 2⇡t for 0 < t < 1. Figure 2(b) plots the time series of (t) and M(t) both for
this experiment, and for four others in which the end is either released earlier, or held
fixed for a period before the release.
The controlled curl of the ribbon induces a bending moment that relaxes viscoelas-

tically; the longer the curl develops or is maintained, the further the bending moment
relaxes. As a consequence, when the ribbon is relased, it uncurls for a period, but does
not return to its original state and converges to a shape with finite curvature.

3.2. The viscoelastic cantilever

A more interesting example of the dynamics captured by the model in (2.43)–(2.46)
is the viscoelastic version of Galileo’s cantilever. In this case, we impose a clamped end
condition at s = 0 (so that X(0, t) = Y (0, t) = ✓(0, t) = 0) and demand that the other
end remain free (so that M = @M

@s
= N = 0 at s = 1). The cantilever then bends under a

constant vertical gravity force with fs = � sin ✓ and fn = � cos ✓, on selecting the stress
scale P to scale the gravitational force to unit amplitude.

A numerical solution to the model is shown in figure 3 for the relatively low value
of the solvent viscosity ⌘s = 0.01. In the limit ⌘ ! 1, the model reduces to that for a
Kelvin material, with the solvent viscosity controlling the time-dependent behaviour. For
the current problem, the corresponding cantilever bends under gravity until the elastic
stresses bring the beam to rest, as shown in figure 3(a). When ⌘ is finite, however, the
material creeps. For the cantilever, the consequence is that the beam does not reach
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Figure 9. Droop of an elasto-visco-plastic cantilever with E = 1, ⌘s = 0.1 and ⌘ = 10. Shown
are snapshots of the centerline for (a) B = 2, (b) B = 1.02 and (c) B = 0.9. The red dashed lines
show the purely elastic equilibrium. In (b), the darker solid line is the final elasto-viscoplastic
state. The insets in (b) and (c) show snapshots of the evolving yield surface Y(s, t), with darker
solid lines showing (5.20). In (d), we plot Y (1, t) for the three solutions; the dots indicate the
times of the snapshots in (a)–(c).

reach an elasto-plastic equilibrium near s = 0, the cantilever continues to bend there,
with the elastic core of the ribbon continuing to thin with time and the yield surfaces
converging to the centerline, Y ! 0. Again the choice of viscosities permit the ribbon to
pause close to the elastic equilibrium, before unrestricted creep bending accelerates the
fall of the free end (cf. figure 3(a)). Thus, if the yield stress is too small, the drooping of
the cantilever cannot be halted, at least until much more significant drooping takes place
(when the geometry change and induced tension are taken into account, the bending
moment can be reduced and the yield stress may eventually halt the fall; cf. Balmforth
& Hewitt (2013)).

6. Discussion

In this article we have presented a reduced model for the curling, bending and
buckling of a viscoelastica. We employed the standard Oldyroyd-B model to describe
the viscoelastic relaxation of the fluid, which leads to a model similar to beam theory
for viscoelastic solids. We used the model to explore the creation of permanent curls,
the e↵ect of creep on elastic buckling and snap-through, and the fall under gravity of
cantilevers and catenaries. In the Appendix, we add a further problem, the steady rolling
of a viscoelastic ruck down an incline (cf. Kolinski et al. (2009); Balmforth et al. (2015)).
Although we have used a rather simple constitutive law for viscoelasticity, the stretch-

ing rates of the sheet are relatively weak when motions are primarily due to bending.
Thus many of the generalizations of Oldroyd-B to incorporate nonlinear viscoelastic
e↵ects related to polymer elongation (such as the FENE-type extensions) are unlikely
to be significant. Elasto-viscoplastic plastic fluids, on the other hand, present a more
significant variation on the model, in which plastic deformation may arise beyond a yield

High yield stress - sags to elastic solution

Low yield stress - continues to creep 

Intermediate yield stress - creeps 
towards an elasto-plastic equilibrium 
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Figure 9. Droop of an elasto-visco-plastic cantilever with E = 1, ⌘s = 0.1 and ⌘ = 10. Shown
are snapshots of the centerline for (a) B = 2, (b) B = 1.02 and (c) B = 0.9. The red dashed lines
show the purely elastic equilibrium. In (b), the darker solid line is the final elasto-viscoplastic
state. The insets in (b) and (c) show snapshots of the evolving yield surface Y(s, t), with darker
solid lines showing (5.20). In (d), we plot Y (1, t) for the three solutions; the dots indicate the
times of the snapshots in (a)–(c).

reach an elasto-plastic equilibrium near s = 0, the cantilever continues to bend there,
with the elastic core of the ribbon continuing to thin with time and the yield surfaces
converging to the centerline, Y ! 0. Again the choice of viscosities permit the ribbon to
pause close to the elastic equilibrium, before unrestricted creep bending accelerates the
fall of the free end (cf. figure 3(a)). Thus, if the yield stress is too small, the drooping of
the cantilever cannot be halted, at least until much more significant drooping takes place
(when the geometry change and induced tension are taken into account, the bending
moment can be reduced and the yield stress may eventually halt the fall; cf. Balmforth
& Hewitt (2013)).

6. Discussion

In this article we have presented a reduced model for the curling, bending and
buckling of a viscoelastica. We employed the standard Oldyroyd-B model to describe
the viscoelastic relaxation of the fluid, which leads to a model similar to beam theory
for viscoelastic solids. We used the model to explore the creation of permanent curls,
the e↵ect of creep on elastic buckling and snap-through, and the fall under gravity of
cantilevers and catenaries. In the Appendix, we add a further problem, the steady rolling
of a viscoelastic ruck down an incline (cf. Kolinski et al. (2009); Balmforth et al. (2015)).
Although we have used a rather simple constitutive law for viscoelasticity, the stretch-

ing rates of the sheet are relatively weak when motions are primarily due to bending.
Thus many of the generalizations of Oldroyd-B to incorporate nonlinear viscoelastic
e↵ects related to polymer elongation (such as the FENE-type extensions) are unlikely
to be significant. Elasto-viscoplastic plastic fluids, on the other hand, present a more
significant variation on the model, in which plastic deformation may arise beyond a yield
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Summary

We can derive beam-like models using a variety of microscopic fluid rheologies.

The models reduce to standard equations for an elastica or viscida in the appropriate limits. 

The visco-elastic model allows for a simple description of curling and sagging.

The visco-elasto-plastic model generalises previous visco-elastic and visco-plastic models that 
have been used to explain the curling of ribbons.
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Abstract

A theory is presented for the dynamics of slender sheets of viscoplastic fluid. First a model suitable for relatively small
curvature is presented and applied to the fall of a liquid bridge supported at its two ends. Second, order-one curvatures
are considered, along with the sagging of a beam with a free end that is either emplaced or extruded horizontally.
We then present a theory combining both limits of curvature, and consider the buckling of a nearly vertical column.
Analogous models for a circular viscoplastic thread are also discussed.

1. Introduction

An everyday vision of viscoplastic fluid dynamics is af-
forded whenever one squeezes toothpaste out of a tube in
the efforts to maintain dental hygiene. The paste initially
emerges from the tube’s orifice as a solid cylinder, before
succumbing to gravity and yielding to fluidly bend down-
wards; eventually the paste forms a distinctively curved
thread. Alternatively, squeezing a vertical tube extrudes
an upright column that succumbs to a form of Euler’s
buckling once the length exceeds some limit. Examples
of both flow problems are shown in figure 1. In less aes-
thetic settings, viscoplastic extrusions feature in a num-
ber of other household or industrial fluid problems ranging
from the caulking gun to manufacturing and food process-
ing.
In solid mechanics, the problem of a sagging or dangling

elastic thread has a rich history dating back to Galileo, and
theory for bending of beams and rods is well developed [5].
The essential premise of the theory is that the slenderness
of the geometry of the sheet or thread can be exploited
to simplify the governing equations of linear (or even non-
linear) elasticity and furnish a reduced model determining
the deflection as a function of time and arc length along
the central axis. The extension of this theory to perfectly
plastic sheets and rods was popular in the mid 1900s [8, 6],
although most attention seems to have been directed at the
contained (i.e. spatially confined) plastic deformation of
elastic-plastic beams and the determination of the limit for
failure (the onset of unconfined plastic flow). A relevant
exception is the body of work on the impact loading of
plastic beams by a suddenly applied force, and the deter-
mination of the degree of permanent deformation thereby
suffered (see [6], section 7).
The analogous theory for viscous sheets and threads was

presented only much more recently, and catalyzed in part
by the analogy between Stokes flow and elasticity (e.g.
[12, 4, 9, 13]). In this context, flow problems much like

Figure 1: Top row: a horizontal extrusion of “Sensodyne Whitening”
toothpaste. The photographs are four seconds apart. Lower left:
an extrusion of “Neosporin” in air (images are 2, 2 and 3 seconds
apart). Lower right: extruding the Sensodyne toothpaste vertically,
with images 1 and 0.5 seconds apart.

the bending of extruded toothpaste have been considered.
Notable examples include the sagging and extrusion of vis-
cous beams ([9]; the analogues of Galileo’s cantilever and
the “reverse spaghetti problem”), the falling viscous cate-
nary [13], the folding of viscous sheets [7, 10], and the
coiling of syrup [11].

Our goal in the current work is to provide the equivalent
of these solid and fluid mechanical theories for a slender
viscoplastic sheet or thread. In section 2, we begin the
mathematical discussion by formulating a theory for a two-
dimensional beam of Herschel-Bulkley fluid with relatively
small curvature. We then apply this theory to the prob-
lem of the viscoplastic catenary – our version of the solid
mechanical problem posed by Bernoulli centuries ago, and
solved only recently for a viscous fluid [13]. In section 3,
we continue on to explore larger deflections of the beam,
focussing on the Bingham fluid. The order-one curvature
theory is then applied to study the sagging of a viscoplas-
tic beam with a free end, with the beam either emplaced
horizontally to begin with (i.e. the viscoplastic counter-
part of Galileo’s problem), or extruded horizontally (as in
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The models behave quite differently for small curvature, when tension becomes more important.


