
Tidewater glaciers currently discharge around half of Greenland’s 
ice loss to the ocean, and can change rapidly.

Certain positions of the ice front act as ‘pinning points’, at which the 
glacier achieves a roughly steady balance (accumulation≈discharge). 

Changes in forcing can cause such points to disappear or lose stability.

Central question: what controls ice discharge?  and, related to 
that, what determines the location of the ice front? 

The highly non-linear response is inherent to the dynamics of tidewater 
glaciers, whether forcing is from the ocean or from upstream.

Summary

Upstream Forcing of Tidewater Glacier Retreat
Ian Hewitt, University of Oxford

 I’ll describe a simplified model that helps elucidate this.



Motivation: impact of subglacial lubrication 

Drainage of surface meltwater to the bed affects ice speed 
(due to influence on water pressure).

Tedstone et al 2015

a mean diurnal fluctuation of approximately 95 6 47 m (about 17% of
overburden) during 2012 and minimum values (about 70% of over-
burden) well below the ice surface. In addition, hydraulic heads in
moulins 3 and 4 are synchronous, despite being located in different
supraglacial drainage basins and 1.5 km apart (Extended Data Table 2).
This similarity in hydraulic heads suggests pressure equalization within

an efficient system23 that connects these moulins at the bed3,4. Further,
numerical analysis supports the existence of subglacial channels in our
study area (Methods; Extended Data Fig. 3). During periods of steady
supraglacial input channel development via meltback may be limited;
however, observed melt-event perturbations temporarily increase chan-
nel volume, allowing greater transmission of water. From these observa-
tions, we infer that moulin hydraulic head reflects subglacial water pressure
within a moulin-connected channel system4,17,18, which appears to increase
in efficiency only over short timescales.

In contrast, our boreholes display high mean hydraulic head (close
to or above overburden) and low-amplitude diurnal variability (less than
25 m or ,5% of overburden). Borehole hydraulic heads are anti-correlated
with ice velocity (Fig. 3a, b; Extended Data Table 2). These systematic
differences between moulins and boreholes further suggest that moulins
connect to a channelized component of the drainage system, while bore-
holes monitor an isolated region of the bed unconnected to the chan-
nelized system17,18,21,22 (Methods).

Strong correlations between diurnal peaks in moulin hydraulic heads
and ice velocity suggest that pressure variability in the channelized drain-
age system reduces basal friction in an adjacent active but unchannelized
component of the hydraulic system and drives diurnal ice acceleration,
as observed in alpine glaciers14. However, on longer timescales the rela-
tionship between moulin hydraulic head and ice velocity is characterized
by hysteresis. In both 2011 and 2012, ice velocity decreases as the melt
season progresses, despite relatively constant moulin hydraulic heads
(Fig. 3c; Extended Data Fig. 4). Further, neither the minimum nor max-
imum daily moulin head decreases over the observation period, as would
be expected with increasing efficiency, suggesting that pressure decreases
in the efficient, channelized system do not control decreases in ice velo-
city during the latter portion of the melt season (Fig. 3d). Therefore, while
variability in moulin head appears to drive diurnal and multi-day velocity
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Figure 2 | Borehole and moulin hydraulic head and ice-surface velocity
during 2011 and 2012. a, 2011 hydraulic head measurements from the FOXX
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Figure 1 | Study area in the ablation zone of the western Greenland Ice
Sheet. a, Landsat-7 image of Sermeq Avannarleq. Ice-surface contours (marked
in metres; brown) are derived from the Greenland Ice Mapping Project (GIMP)
surface DEM29. Site symbols are indicated in the key. The black box
indicates the area in b. A 2012 Center for Remote Sensing of Ice Sheets (CReSIS)
flight line30 (green) provides the cross-section in c. b, 2009 Worldview-2 image
of the study area with site locations indicated. c, Bed and surface elevations
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Zwally et al 2002

began around 2002, and, despite interannual variability, there was a
robust overall trend of 21.5 m yr22 during 2002–14 (P , 0.01).
Meanwhile, we can divide surface meltwater production (Fig. 2a) into
three statistically significant periods (see Methods): a sustained ‘low’
melt of 2.1 water equivalent (w.e.) m yr21 during 1985–93; a rising
melt during 1993–2002; and a sustained high melt of 3.2 w.e. m yr21

during 2002–14, coincident with the slowdown in ice motion. Overall
there was a 49.8% rise in surface meltwater production across our
study area between 1985–94 and 2007–14.

We explored temporal variability in ice motion along three transects
(Fig. 1), selected to represent different ice-marginal conditions.
Transect A extends 80 km inland from the Nordenskjöld glacier, which
has a lacustrine-terminating margin; transect B extends about 30 km
inland from a land-terminating margin; and transect C extends about
30 km inland from the marine-terminating Alangordliup sermia.
Transects A and B slowed down during 2000–14 to attain velocities,
averaged along the transect, that were respectively 19% and 18% slower
in 2013–14 than during 1985–94 (Fig. 3a, b). Ice-motion characteristics
at the marine-terminating transect C were more complex (Fig. 3c). The
transect slowed on average from the mid-2000s to 2014, although ice
motion within 10 km of the margin sped up in the late 2000s following
earlier slowdown, and by 2013–14 was flowing up to about 50 m yr21

faster than during the 1985–94 reference period. Such behaviour is in
line with other tidewater glaciers that have recently accelerated5.

The slowdown signal across our predominantly land-terminating
region extends up to about 1,100 m.a.s.l. (Fig. 1), where the mean ice
thickness is roughly 850 m (ref. 24). The clear deceleration in ice
motion requires a decrease in rates of either internal ice deformation,
or basal motion, or both. Melting has caused marginal thinning of the
GIS25–27. During 1993–98, land-terminating glaciers on the west GIS
margin thinned by 0.02–0.23 m yr21 below 1,000 m.a.s.l. (ref. 25). Our
study area thinned by about 0.2 m yr21 during 2003–07 (ref. 26) and
this rate increased to 1–1.5 m yr21 during 2011–14 (ref. 27). We mod-
elled the velocity change that would be caused by 10–20 m of ice
thinning (and the associated gradient changes) along transect A over
the 1985–2014 study period (see Methods), corresponding to a max-
imum thinning rate of about 0.6 m yr21. The resulting change in driv-
ing stress can explain only around 17–33% of the observed overall 12%
slowdown signal beyond 10 km from the ice-sheet margin, and can
explain none of the slowdown beyond 50 km from the margin
(Extended Data Fig. 5c). Thus, while a component of the observed
slowdown can be explained by changes in driving stress through
ice thinning, the majority of the slowdown (that is, the remaining
67–83%) must be the result of processes operating at the ice–bed
interface that cause a reduction in basal motion.

Previous studies have suggested that the coupling between surface
melting and basal motion is self-regulating, such that there is no stat-
istically significant relationship between melting and ice motion over
annual timescales2,20. In agreement with these studies, we find no
relationship between annual melt volume and annual ice motion
(R2 5 0.08). There is, however, a significant relationship between ante-
cedent melt volumes and ice motion (Extended Data Table 1). The
mean melt volume from each observation period and the previous year
combined explain 23% of ice motion (P , 0.05), increasing to 44%
when the previous four years of melt are included. Moreover, melt
volumes explain 50% of ice motion when the mean melt volume is
calculated using only the previous three years’ data (P , 0.01).

We therefore suggest that sustained high production of surface
meltwater (Fig. 2a) is responsible for the slowdown. Observations from
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Figure 1 | Study area in the ablation zone of the western GIS. In the main
figure, the colour scale shows the percentage change in ice velocities during the
2007–14 reference period compared with the 1985–94 reference period (see
main text). Transects A, B and C correspond to data in Fig. 3. Ice surface
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Possibility that increased surface melt could cause increased ice 
speeds, and consequently (perhaps?) ice loss.

Some recent studies suggest increased surface melt may 
have caused a slight decrease in average ice speeds 
(due to more efficient subglacial drainage).

What impact do we expect such changes to have 
on a tidewater glacier?



Ice front evolution
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calving + frontal melting
margin ice flux
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Primary control on discharge is ice depth at the margin.
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Kinematic condition

It is typically observed that
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ice volume



calving + frontal melting

margin ice flux
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Primary control on discharge is ice depth at the margin.
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Primary control on discharge is ice depth at the margin.

It is typically observed that

h

bm

hm = fhf

hm = f(�⇢i/⇢o)bm

hm = f

✓
� ⇢i

⇢o
bm

◆

V

x = xm

pi = ⇢igh

⌧d = �⇢ighrs

⌧d = �⇢igh
@s

@x

⌧b ⇡ �⇢ighrs

⌧b ⇡ �⇢igh
@s

@x

⌧b = Cu
1/m
b

⌧b = C(N)u1/mb

N = ⇢igh� pw

⌧b = µN

⌧b = Cub

�r� ⇡ �⇢igrs� (⇢w � ⇢i)grb

a�m = �(s� se)

m = �(se � s)

h
dxm
dt

= qm � qc

qm ⇡ qc

dV

dt
=

Z xm

0
(a�m) dx� qc

dV

dt
=

Z

A
(a�m) dx� qc

dV

dt
= qb � qc

V =

Z xm

0
h dx

qb =

Z xm

0
(a�m) dx

qc = hm

✓
u� dxm

dt

◆

⌧0 = µN ⇡ �⇢igh
@s

@x

⌧0 ⇡ �⇢igh
@s

@x

9

Ice front evolution



Extreme Ice Survey - Time-lapse camera 
Columbia Glacier, Alaska

Time-lapse movie
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and since ⌧xx = �⌧zz, the horizontal momentum equation gives
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1 Grounding lines

Re =
⇢i[u][x]

⌘i
⇠ 10

�8
(1)

[h]

[x]
⇠ 10

�3
(2)

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)

h = s� b (4)

z = 0 z = hf (x) = �⇢o
⇢i
b(x) xm (5)

Mass conservation for incompressible fluid
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+
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= 0 (6)

kinematic boundary conditions at the upper and lower surfaces
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= w +m (8)

where a is net surface accumulation (negative for melting), and m is net basal melting

(positive for refreezing).

Stokes equations
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� ⇢ig (10)

with stress free boundary conditions at upper surface, and either a no-slip condition

or a friction law at the bed b.
Ignoring the small vertical shear component, the vertical momentum equation

imply that the vertical stress is hydrostatic

p� ⌧zz = ⇢ig(s� z) (11)
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A simplified model of a tidewater glacier

Mass conservation

Force balance

Two-dimensional.  Ice motion dominated by basal sliding.
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At ice front
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(stress balance)

(calving criteria)

A plastic (rate-independent) friction law.
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r2T = 0 (168)

T ! Tm as Y ! �1 (169)

T = Tm � � (P � 2⌘iVY ) on Y = 0 (170)
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and since ⌧xx = �⌧zz, the horizontal momentum equation gives
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(50)

Integrating this equation over the depth of the ice gives
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@
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(51)

and the depth-integrated extensional stress is
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�p+ ⌧xx dx =
1

2
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2 + 2h⌧xx (52)
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boundary conditions gives

@H

@t
+

@Q

@x
= a (53)

Q = hu u ⇡ ub

q(x, t) = hu =

Z s

b

u dz (54)
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h � 0 (56)
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1 Grounding lines

Re =
⇢i[u][x]

⌘i
⇠ 10

�8
(1)

[h]

[x]
⇠ 10

�3
(2)

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)

h = s� b (4)

z = 0 z = hf (x) = �⇢o
⇢i
b(x) xm (5)

Mass conservation for incompressible fluid
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with stress free boundary conditions at upper surface, and either a no-slip condition

or a friction law at the bed b.
Ignoring the small vertical shear component, the vertical momentum equation

imply that the vertical stress is hydrostatic

p� ⌧zz = ⇢ig(s� z) (11)
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A simplified model of a tidewater glacier

Mass conservation

Force balance

Two-dimensional.  Ice motion dominated by basal sliding.
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At ice front
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(stress balance)

(calving criteria)

A plastic (rate-independent) friction law.

ice thickness and volume determined purely by margin position and basal friction  
cf. Nye 1951, Weertman 1961, Ultee & Bassis 2016

Model reduction Away from the front, force balance
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�S(wi � żs) + q = �ms � rs

⇢w

z = se

a

qc

m

z = s

z = b

u ⇡ ub

h

pi = ⇢igh

⌧d = �⇢ighrs

⌧d = �⇢igh
@s

@x

⌧b ⇡ �⇢ighrs

⌧b ⇡ �⇢igh
@s

@x

⌧b = Cu
1/m
b

⌧b = C(N)u1/mb

N = ⇢igh� pw

⌧b = µN

⌧b = Cub

�r� ⇡ �⇢igrs� (⇢w � ⇢i)grb

8

⌧b = cNu
1/m
b

qc =
A(2⇢ig)n

µ
Q̂(f)

✓
� ⇢i

⇢o
bm

◆n+2

f

dV

dt
=

Z xm

0
(a�m) dx� qc = F (V ; N, se, f)

dV

dt
= F (V ; N, se, f)

h = f(N)

h = h0 (1� log(N/N0))

N = pi � p

⌧b = µNu
1/m
b

h

z = b

@h

@t
+

@

@x

✓Z
u dz

◆
= a�m

@h

@t
+

@q

@x
= a�m

q = hu

@

@x

✓
4⌘ih

@u

@x

◆
� ⇢igh

@

@x
(b+ h)� ⌧b = 0

⌧b = µN

h = f

✓
�⇢o

⇢i
b

◆
at x = xm

4⌘ih
@u

@x
=

1

2
⇢igh

2 � 1

2
⇢ogb

2 at x = xm

h = fhf at x = xm

4⌘ih
@u

@x
=

1

2
⇢ig

✓
h
2 � ⇢i

⇢o
h
2
f

◆
at x = xm

hf = �⇢o

⇢i
b

@h

@t
+

@q

@x
= a�m

�⇢igh
@

@x
(b+ h) ⇡ ⌧b

s = h

@h

@t
=

@

@x

 
h
n+2

����
@h

@x

����
n�1

@h

@x

!
+ a�m

10



r2T = 0 (168)

T ! Tm as Y ! �1 (169)

T = Tm � � (P � 2⌘iVY ) on Y = 0 (170)

kTY = mL on Y = 0 (171)
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and since ⌧xx = �⌧zz, the horizontal momentum equation gives

0 = 2
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(50)

Integrating this equation over the depth of the ice gives
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(51)

and the depth-integrated extensional stress is
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1 Grounding lines

Re =
⇢i[u][x]

⌘i
⇠ 10

�8
(1)

[h]

[x]
⇠ 10

�3
(2)

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)

h = s� b (4)

z = 0 z = hf (x) = �⇢o
⇢i
b(x) xm (5)

Mass conservation for incompressible fluid
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+
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= 0 (6)

kinematic boundary conditions at the upper and lower surfaces
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+ u
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= w + a (7)
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= w +m (8)

where a is net surface accumulation (negative for melting), and m is net basal melting

(positive for refreezing).
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with stress free boundary conditions at upper surface, and either a no-slip condition

or a friction law at the bed b.
Ignoring the small vertical shear component, the vertical momentum equation

imply that the vertical stress is hydrostatic

p� ⌧zz = ⇢ig(s� z) (11)

and since ⌧xx = �⌧zz, the horizontal momentum equation gives
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A simplified model of a tidewater glacier

Mass conservation

Force balance

Two-dimensional.  Ice motion dominated by basal sliding.
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At ice front
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(stress balance)

(calving criteria)

A plastic (rate-independent) friction law.

ice thickness and volume determined purely by margin position and basal friction  
cf. Nye 1951, Weertman 1961, Ultee & Bassis 2016

Model reduction Away from the front, force balance
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flotation factor flotation depth

Near the front, a boundary-layer analysis relates calving flux to local water depth      
cf. Schoof 2007, Tsai et al 2015
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Figure 1: Dimensionless margin flux factors Q̃ and Q̂ as a function of flotation frac-
tion f for the constant yield stress model and Coulomb model respectively. These
calculations are for r = ⇢i/⇢o = 0.89.

The leading order equations in the boundary layer become132

Q̂X̂ = 0, (4Ĥ|ÛX̂ |
1/n�1ÛX̂)X̂ � (Ĥ � 1) + ĤĤX̂ = 0, Q̂ = ĤÛ , (30)

with133

Ĥ = f, Ĥ|ÛX̂ |
1/n�1ÛX̂ =

Ĥ2

8
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r

f 2

◆
, Q̂ = Q̂c at X̂ = 0. (31)

As before, we have Q̂ = ĤÛ = Q̂c is constant, and we put Ŵ = �|ÛX̂ |
1/n�1ÛX̂ , to134

rewrite the equations as a first order system,135

ĤX̂ =
Ĥ2

|Ŵ |
n�1Ŵ

Q̂
, ŴX̂ = �

Ĥ|Ŵ |
n+1

Q̂
�

Ĥ � 1

4Ĥ
+

Ĥ2
|Ŵ |

n�1Ŵ

4Q̂
, (32)

with136

Ĥ = f Ŵ =
f

8

✓
1�

r

f 2

◆
at X̂ = 0, (33)

and Ŵ ! 0, ĤĤX̂ ⇠ (Ĥ � 1) as X̂ ! 1.137

There is a unique value of Q̂ that allows matching with the correct far field behaviour.138

This is computed numerically for di↵erent flotation factors, and is found to be a139

monotonically increasing function that we write as Q̂(f). For f = 1 (ice at flotation)140

and small � = 1� r, it is found to be approximately Q̂(1) ⇡ 0.0096 �n�1.141

To summarise, the result of this alternative boundary layer solution is to find that142

the flux q = qc and flotation thickness hf are related by143

qc =
⌫

"n
Q̂(f)hn+2

f . (34)

Dimensionally, this is144

qc =
A(2⇢ig)n

µ
Q̂(f)hn+2

f . (35)

For f = 1, this is equivalent to the expression for grounding line flux derived by Tsai145

et al.6146
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r2T = 0 (168)

T ! Tm as Y ! �1 (169)

T = Tm � � (P � 2⌘iVY ) on Y = 0 (170)

kTY = mL on Y = 0 (171)

⌧b = Cu C =
⌘i
2⇡

Z 1
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k2
⇤k

3B̂(k)2

k2
⇤ + k2

dk (172)

k⇤ =

✓
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4k�⌘i

◆1/2

(173)

dV

dt
= A�M �Q

h � hf ⌘ �⇢o
⇢i
b (174)

x

z

Q

Qc

Qm

Qin

V

xm
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wm

q

qc

qm

qin

Hm
dxm

dt
= Qm �Qc

hm
dxm

dt
= qm � qc

Qc ⇡ Qm = Qm(Hm)

Qc ⇡ Qm = Qm(Hm, Hf )

Hm = Hf
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@s
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⌧b ⇡ �⇢ighrs

q(x, t)

q(x, t) =
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u dz

11

1 Grounding lines

Re =
⇢i[u][x]

⌘i
⇠ 10

�8
(1)

[h]

[x]
⇠ 10

�3
(2)

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)

h = s� b (4)

z = 0 z = hf (x) = �⇢o
⇢i
b(x) xm (5)

Mass conservation for incompressible fluid

@u

@x
+

@w

@z
= 0 (6)

kinematic boundary conditions at the upper and lower surfaces

@s

@t
+ u

@s

@x
= w + a (7)

@b

@t
+ u

@b

@x
= w +m (8)

where a is net surface accumulation (negative for melting), and m is net basal melting

(positive for refreezing).

Stokes equations
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� ⇢ig (10)

with stress free boundary conditions at upper surface, and either a no-slip condition

or a friction law at the bed b.
Ignoring the small vertical shear component, the vertical momentum equation

imply that the vertical stress is hydrostatic

p� ⌧zz = ⇢ig(s� z) (11)

and since ⌧xx = �⌧zz, the horizontal momentum equation gives

0 = 2
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@⌧xz
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� ⇢ig
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(12)

Integrating this equation over the depth of the ice gives

0 =
@

@x
(2h⌧xx)� ⌧b � ⇢igh
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and the depth-integrated extensional stress is
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2
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2
+ 2h⌧xx (14)
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Stable equilibria
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Global mass balance

A simplified model of a tidewater glacier
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r2T = 0 (168)

T ! Tm as Y ! �1 (169)

T = Tm � � (P � 2⌘iVY ) on Y = 0 (170)
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Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)
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Mass conservation for incompressible fluid
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Stable equilibria

Bed strengthForcing parameters:
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Equilibrium line altitude (ELA)

Calving parameter
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Global mass balance

A simplified model of a tidewater glacier
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r2T = 0 (168)

T ! Tm as Y ! �1 (169)

T = Tm � � (P � 2⌘iVY ) on Y = 0 (170)

kTY = mL on Y = 0 (171)
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1 Grounding lines
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(2)

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)
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Mass conservation for incompressible fluid
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with stress free boundary conditions at upper surface, and either a no-slip condition

or a friction law at the bed b.
Ignoring the small vertical shear component, the vertical momentum equation
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p� ⌧zz = ⇢ig(s� z) (11)

and since ⌧xx = �⌧zz, the horizontal momentum equation gives

0 = 2
@⌧xx
@x

+
@⌧xz
@z

� ⇢ig
@s

@x
(12)

Integrating this equation over the depth of the ice gives

0 =
@

@x
(2h⌧xx)� ⌧b � ⇢igh

@s

@x
(13)

and the depth-integrated extensional stress is

Z s

b

�p+ ⌧xx dx =
1

2
⇢igh

2
+ 2h⌧xx (14)

1

⌧b = cNu
1/m
b

qc =
A(2⇢ig)n

µ
Q̂(f)

✓
� ⇢i

⇢o
bm

◆n+2

qc =
A(2⇢ig)n

µ
Q̂(f)

✓
� ⇢i

⇢o
b

◆n+2

f

dV

dt
=

Z xm

0
(a�m) dx� qc = F (V ; N, se, f)

dV

dt
= qb � qc = F (V ; N, se, f)

dV

dt
= F (V ; N, se, f)

dxm
dt

= F̃ (xm ; N, se, f)

h = f(N)

h = h0 (1� log(N/N0))

N = pi � p

⌧b = µNu
1/m
b

h

z = b

@h

@t
+

@

@x

✓Z
u dz

◆
= a�m

@h

@t
+

@q

@x
= a�m

q = hu

@

@x

✓
4⌘ih

@u

@x

◆
� ⇢igh

@

@x
(b+ h)� ⌧b = 0

⌧b = µN

h = f

✓
�⇢o

⇢i
b

◆
at x = xm

4⌘ih
@u

@x
=

1

2

�
⇢igh

2 � ⇢ogb
2
�

at x = xm

h = fhf at x = xm

4⌘ih
@u

@x
=

1

2
⇢ig

✓
h
2 � ⇢i

⇢o
h
2
f

◆
at x = xm

hf = �⇢o

⇢i
b

@h

@t
+

@q

@x
= a�m

qm = qb �
Z xm

0

@h

@t
dx

10

(1� �)(wi � żs) =
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Equilibrium line altitude (ELA)

Calving parameter
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Global mass balance

A simplified model of a tidewater glacier
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r2T = 0 (168)

T ! Tm as Y ! �1 (169)

T = Tm � � (P � 2⌘iVY ) on Y = 0 (170)

kTY = mL on Y = 0 (171)

⌧b = Cu C =
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Z 1
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⇤k

3B̂(k)2
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dk (172)

k⇤ =
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= A�M �Q

h � hf ⌘ �⇢o
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Qc ⇡ Qm = Qm(Hm)
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q(x, t)

q(x, t) =

Z s
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u dz
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1 Grounding lines

Re =
⇢i[u][x]

⌘i
⇠ 10

�8
(1)

[h]

[x]
⇠ 10

�3
(2)

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)

h = s� b (4)

z = 0 z = hf (x) = �⇢o
⇢i
b(x) xm (5)

Mass conservation for incompressible fluid
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+
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kinematic boundary conditions at the upper and lower surfaces
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+ u

@s

@x
= w + a (7)
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= w +m (8)

where a is net surface accumulation (negative for melting), and m is net basal melting

(positive for refreezing).

Stokes equations

0 = �@p

@x
+

@⌧xx
@x

+
@⌧xz
@z

(9)

0 = �@p

@z
+

@⌧xz
@x

+
@⌧zz
@z

� ⇢ig (10)

with stress free boundary conditions at upper surface, and either a no-slip condition

or a friction law at the bed b.
Ignoring the small vertical shear component, the vertical momentum equation

imply that the vertical stress is hydrostatic
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and the depth-integrated extensional stress is
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Stable equilibria
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Equilibrium line altitude (ELA)

Calving parameter
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Global mass balance

Decrease basal friction

A simplified model of a tidewater glacier
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r2T = 0 (168)

T ! Tm as Y ! �1 (169)

T = Tm � � (P � 2⌘iVY ) on Y = 0 (170)

kTY = mL on Y = 0 (171)

⌧b = Cu C =
⌘i
2⇡

Z 1

�1

k2
⇤k

3B̂(k)2

k2
⇤ + k2

dk (172)

k⇤ =
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⇢iL

4k�⌘i

◆1/2

(173)

dV

dt
= A�M �Q

h � hf ⌘ �⇢o
⇢i
b (174)

x

z

Q

Qc
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Qin

V
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hm

wm

q

qc

qm

qin

Hm
dxm
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= Qm �Qc
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= qm � qc

Qc ⇡ Qm = Qm(Hm)

Qc ⇡ Qm = Qm(Hm, Hf )

Hm = Hf

⌧b ⇡ �⇢igh
@s
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q(x, t)

q(x, t) =

Z s

b

u dz
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1 Grounding lines

Re =
⇢i[u][x]

⌘i
⇠ 10

�8
(1)

[h]

[x]
⇠ 10

�3
(2)

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)

h = s� b (4)

z = 0 z = hf (x) = �⇢o
⇢i
b(x) xm (5)

Mass conservation for incompressible fluid
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+
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= 0 (6)

kinematic boundary conditions at the upper and lower surfaces
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@t
+ u
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= w + a (7)
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= w +m (8)

where a is net surface accumulation (negative for melting), and m is net basal melting

(positive for refreezing).

Stokes equations
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� ⇢ig (10)

with stress free boundary conditions at upper surface, and either a no-slip condition

or a friction law at the bed b.
Ignoring the small vertical shear component, the vertical momentum equation

imply that the vertical stress is hydrostatic

p� ⌧zz = ⇢ig(s� z) (11)

and since ⌧xx = �⌧zz, the horizontal momentum equation gives
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Integrating this equation over the depth of the ice gives
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(13)

and the depth-integrated extensional stress is
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Stable equilibria
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Equilibrium line altitude (ELA)

Calving parameter
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Global mass balance

A simplified model of a tidewater glacier
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r2T = 0 (168)

T ! Tm as Y ! �1 (169)

T = Tm � � (P � 2⌘iVY ) on Y = 0 (170)

kTY = mL on Y = 0 (171)
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1 Grounding lines
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⇢i[u][x]
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�8
(1)

[h]
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⇠ 10

�3
(2)

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)
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Mass conservation for incompressible fluid
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kinematic boundary conditions at the upper and lower surfaces

@s

@t
+ u

@s

@x
= w + a (7)

@b

@t
+ u

@b

@x
= w +m (8)

where a is net surface accumulation (negative for melting), and m is net basal melting

(positive for refreezing).

Stokes equations

0 = �@p

@x
+

@⌧xx
@x

+
@⌧xz
@z

(9)

0 = �@p

@z
+

@⌧xz
@x

+
@⌧zz
@z

� ⇢ig (10)

with stress free boundary conditions at upper surface, and either a no-slip condition
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Stable equilibria
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Global mass balance

A simplified model of a tidewater glacier
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Increase basal friction



r2T = 0 (168)

T ! Tm as Y ! �1 (169)

T = Tm � � (P � 2⌘iVY ) on Y = 0 (170)

kTY = mL on Y = 0 (171)

⌧b = Cu C =
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dk (172)
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1 Grounding lines

Re =
⇢i[u][x]
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(1)

[h]

[x]
⇠ 10

�3
(2)

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)

h = s� b (4)

z = 0 z = hf (x) = �⇢o
⇢i
b(x) xm (5)

Mass conservation for incompressible fluid
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+
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kinematic boundary conditions at the upper and lower surfaces
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Stable equilibria
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Equilibrium line altitude (ELA)

Calving parameter
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Global mass balance

A simplified model of a tidewater glacier
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r2T = 0 (168)

T ! Tm as Y ! �1 (169)

T = Tm � � (P � 2⌘iVY ) on Y = 0 (170)

kTY = mL on Y = 0 (171)

⌧b = Cu C =
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k2
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dk (172)

k⇤ =
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1 Grounding lines

Re =
⇢i[u][x]
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�8
(1)

[h]

[x]
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�3
(2)

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)

h = s� b (4)

z = 0 z = hf (x) = �⇢o
⇢i
b(x) xm (5)

Mass conservation for incompressible fluid
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= 0 (6)

kinematic boundary conditions at the upper and lower surfaces
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where a is net surface accumulation (negative for melting), and m is net basal melting

(positive for refreezing).
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with stress free boundary conditions at upper surface, and either a no-slip condition

or a friction law at the bed b.
Ignoring the small vertical shear component, the vertical momentum equation

imply that the vertical stress is hydrostatic
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Equilibrium line altitude (ELA)

Calving parameter
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Global mass balance

Increase calving or increase ELA

A simplified model of a tidewater glacier
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Surface and basal elevations are given by s and b respectively, with ice thickness
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Stable equilibria

Bed strengthForcing parameters:

⌧b = cNu
1/m
b

qc =
A(2⇢ig)n

µ
Q̂(f)

✓
� ⇢i

⇢o
bm

◆n+2

qc =
A(2⇢ig)n

µ
Q̂(f)

✓
� ⇢i

⇢o
b

◆n+2

f

dV

dt
=

Z xm

0
(a�m) dx� qc = F (V ; N, se, f)

dV

dt
= qb � qc = F (V ; N, se, f)

dV

dt
= F (V ; N, se, f)

dxm
dt

= F̃ (xm ; N, se, f)

h = f(N)

h = h0 (1� log(N/N0))

N = pi � p

⌧b = µNu
1/m
b

h

z = b

@h

@t
+

@

@x

✓Z
u dz

◆
= a�m

@h

@t
+

@q

@x
= a�m

q = hu

@

@x

✓
4⌘ih

@u

@x

◆
� ⇢igh

@

@x
(b+ h)� ⌧b = 0

⌧b = µN

h = f

✓
�⇢o

⇢i
b

◆
at x = xm

4⌘ih
@u

@x
=

1

2

�
⇢igh

2 � ⇢ogb
2
�

at x = xm

h = fhf at x = xm

4⌘ih
@u

@x
=

1

2
⇢ig

✓
h
2 � ⇢i

⇢o
h
2
f

◆
at x = xm

hf = �⇢o

⇢i
b

@h

@t
+

@q

@x
= a�m

qm = qb �
Z xm

0

@h

@t
dx

10

Equilibrium line altitude (ELA)

Calving parameter
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Global mass balance

A simplified model of a tidewater glacier
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Summary

Episodic acceleration and deceleration of a tidewater glacier is generic, 
in response to changes in both oceanic and upstream forcing.

Tidewater glaciers can be described as a forced dynamical system.
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Episodic acceleration and deceleration of a tidewater glacier is generic, 
in response to changes in both oceanic and upstream forcing.

Tidewater glaciers can be described as a forced dynamical system.
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Episodic acceleration and deceleration of a tidewater glacier is generic, 
in response to changes in both oceanic and upstream forcing.

Tidewater glaciers can be described as a forced dynamical system.


