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Arctic and Indian Oceans, but decrease in the North and Equatorial 
Atlantic and in the Pacific. In addition to wind changes, the project-
ed loss of summer sea ice extent in the Arctic Ocean is very likely to 
increase overall wave activity there (Manson and Solomon, 2007; 
Overeem et al., 2011).

Model intercomparisons are starting to identify common features of 
global wave projections but in general there is low confidence in wave 
model projections because of uncertainties regarding future wind 
states, particularly storm geography, the limited number of model sim-
ulations used in the ensemble averages, and the different methodolo-
gies used to downscale climate model results to regional scales (Hemer 
et al., 2012a). Despite these uncertainties, it appears likely (medium 
confidence) that enhanced westerly surface winds in the SH (discussed 
in Chapter 12) will lead to enhanced wave generation in that region by 
the end of the 21st century.

A number of dynamical wave projection studies have been carried out 
with a regional focus. For the Mediterranean Sea, Lionello et al. (2008; 
2010) projected a widespread shift of the wave height distribution to 
lower values by the mid-21st century under an SRES A1B scenario, 
implying a decrease in mean and extreme wave heights. Caires et al. 
(2008) and Debernard and Røed (2008) reported a decrease (4 to 6% 
of present values) in the annual 99th percentile SWH south of Iceland 
by the end of the 21st century, and an increase (6 to 8%) along the 
North Sea east coast (SRES A2, B2, A1B scenarios). Grabemann and 
Weisse (2008) found increases (up to 18% of present values) in annual 
99th percentile SWH in the North Sea by the end of the 21st century, 
with an increase in the frequency of extreme wave events over large 
areas of the southern and eastern North Sea (SRES A2, B2 scenarios). 
Charles et al. (2012) projected a general decrease in wave heights in 
the Bay of Biscay by the end of the 21st century (SRES A2, A1B, B1 
scenarios), accompanied by clockwise rotations in winter swell (attrib-
uted to a projected northward shift in North Atlantic storm tracks) and 
summer sea and intermediate waves (attributed to a projected slack-
ening of westerly winds). Along the Portuguese coast, Andrade et al. 
(2007) found little projected change in SWH and a tendency for a more 
northerly wave direction than present (SRES A2 scenario).

In the Pacific, multi-model projections by Graham et al. (2013) (SRES 
A2 scenario) indicate a decrease in boreal winter upper-quantile SWHs 
over the mid-latitude North Pacific by the end of the 21st century asso-
ciated with a projected decrease in wind speeds along the southern 
flank of the main westerlies. There is a less robust tendency for higher 
extreme waves at higher latitudes. On the southeastern Australian 
coast, Hemer et al. (2012b) used multi-model projections (SRES A2 and 
B1 scenarios) to identify a decrease in mean SWH (<0.2 m) by the end 
of the 21st century compared to present due to a projected decrease 
in regional storm wave energy, and a shift to a more southerly wave 
direction, consistent with a projected southward shift of the subtropi-
cal ridge in the forcing fields.

13.8 Synthesis and Key Uncertainties

There has been significant progress in our understanding of sea level 
change since the AR4. Paleo data now provide high confidence that 
sea levels were substantially higher when GHG concentrations were 
higher or surface temperatures were warmer than pre-industrial. The 
combination of paleo sea level data and long tide gauge records 
confirms that the rate of rise has increased from low rates of change 
during the late Holocene (order tenths of mm yr–1) to rates of almost 
2 mm yr–1 averaged over the 20th century, with a likely continuing 
acceleration during the 20th century (Figure 13.27). Since 1993, the 
sum of observed contributions to sea level rise is in good agreement 
with the observed rise. 

Understanding of the components that contribute to total sea level 
rise has improved significantly. For the 20th century, the range from 
an ensemble of such process-based models encompasses the observed 
rise when allowances are made for lack of inclusion of volcanic forcing 
in AOGCM control simulations, natural climate variability, and a pos-
sible small long-term ice-sheet contribution. Ice-sheet contributions to 
the 20th century sea level rise were small, however, and this agreement 
is thus not an evaluation of ice-sheet models. Nevertheless, there has 
been significant improvement in accounting for important physical 
processes in ice-sheet models, particularly of the dynamical response 
of individual glacier systems to warmer ocean waters in the immediate 
vicinity of the outlet glaciers. Although there are as yet no complete 
simulations of regional ocean temperature changes near ice sheets 
and of the ice-sheet response to realistic climate change forcing, the 
publications to date have allowed an assessment of the likely range of 
sea level rise for the 21st century (Figure 13.27). 

Figure 13.27 |  Compilation of paleo sea level data, tide gauge data, altimeter 
data (from Figure 13.3), and central estimates and likely ranges for projections of global 
mean sea level rise for RCP2.6 (blue) and RCP8.5 (red) scenarios (Section 13.5.1), all 
relative to pre-industrial values.
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NASA - Satellite-derived surface velocity

Greenland ice sheet
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ms � as

⇢i
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Re =
⇢UL

⌘
⇡ 10�13

Re =
⇢UL

⌘
⌧ 1

wc

r

2m 2
p
3 ⇡ 3.46 m2

⇢c

✓
@T

@t
+ u ·rT

◆
= k

@
2
T

@z2
+ ⌧ij "̇ij

⌧xz � ⌧xx

⌧b =
1

`

Z `

0
pn

@Zb

@X
dX

⌧b =
8⇡3

⌘A
2

�3
ub if Zb = A sin

✓
2⇡X

�

◆

⌧b = f(ub)

⌧b = µN

|⇢ghrh| = ⌧b

|r(h2)| = const.

@h

@t
+r · q = m� r

0 = �⇢ghrs� ⌧ b +r · (hT )

0 = �⇢ghrs� Cub +r · (hT )

⌧ b = f(ub)

⌧ b = Cub

q = hub

0 = �@p

@x
+

@⌧xx

@x
+

@⌧xz

@z

0 = �@p

@z
+

@⌧xz

@x
+

@⌧zz

@z
� ⇢g

⌧ij = ⌘

✓
@ui

@xj
+

@uj

@xi

◆

p = ⇢g(s� z)

12

h = hm q � hẋm = qc
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Sliding speed
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Mass conservation



Soft-bed sliding

?

τb = μN

Hard-bed sliding

τb = Cum
b

Sliding with cavitation

τb = μN ( ub

ub + λNn )
1/n

τb

ubSliding speed

Shear stress

Friction law

ub

⌧xz = �⇢g(s� z)
@s

@x

⌧b = �⇢gh
@s

@x

⌧b = Cub

u = ub �
⇢g

2⌘

⇥
h
2 � (s� z)2

⇤ @s
@x

⌧b = f(ub, . . .)

13



Changes in glacier sliding 

Introduction to modelling ice sheets

Outline

Modulation of slip due to water-filled cavities

A simplified model of marine ice-sheet dynamics



A

A’

A A’

Marine ice sheets



Marine ice sheets



studies reveal that some ice shelves in East
Antarctica, once thought to be stable, are also
exposed to ocean heat and are experiencing
high rates of basal melt (10); hence, the dis-
charge of the EAIS may increase if the atmo-
spheric and oceanic conditions change.
Antarctic surfacemass balance derived from

reconstructions of ice core records show large
but opposing trends across West Antarctica,
especially for recent decades, whereas pre-
cipitation changes are less pronounced in East
Antarctica (11). A key attribute of precipitation

events is the penetration of warm, moist air
masses over the ice sheet, which may domi-
nate the annual total precipitation andmake
such events primarily responsible for most in-
terannual variations in precipitation (12).

Dynamics of the marine ice sheet

The mass balance of the Antarctic Ice Sheet,
and therefore its contribution to sea level, is
determined by the balance betweenmass gain
and mass loss. The ice sheet gains mass from
snowfall on its surface and losesmass primarily

by ocean-induced melting beneath its float-
ing ice shelves along the coast and by calving
icebergs that drift away andmelt in the ocean.
Although the surface mass balance has been
relatively stable over the past decades, ice flow
in several sectors of the ice sheet has accelerated,
thereby increasing ice discharge. The dominant
process triggering these large, rapid changes is
the loss of ice shelf buttressing. This is initiated
by changes in ocean circulation and, to a lesser
extent, atmospheric drivers that control sum-
mer surface-melt rates (13, 14). In particular, the
warmer waters of the CDW move toward the
ice fronts and ice shelf grounding zones along
troughs in the bathymetry, causing increased
melting at the ice-ocean interface. This process
thins the ice shelves, reducing drag along their
sides and at local pinning points on seafloor
highs, which in turn reduces the buttressing,
that is, the resistive stress that the ice shelves
exert on the grounded ice (8). Thinning ice
shelves lead to faster grounded-ice flow, which
in turn leads to further thinning, causing pre-
viously grounded ice to float as the grounding
zone retreats farther inland. This process can
be particularly fast and unstable along retro-
grade slopes (i.e., the bed deepens inland), be-
causemore ice crossing the grounding zone and
a smaller accumulation area (15, 16) create a
positive-feedback process known as the marine
ice sheet instability (MISI; Fig. 3). The process
may halt when the bedrock rises upward—that
is, when a prograde bed slope or pronounced
ridge at the bed is encountered—or when ice
shelves exert enough buttressing to stop further
grounding-line retreat.
The retreat until 2010 of Pine Island Glacier

has been attributed to enhanced ocean-induced
melt, although its recent slowdown may be
due to a combination of reduced forcing and a
concomitant increase in glacier buttressing (17).
It is possible that some glaciers, such as Pine
Island Glacier and Thwaites Glacier, may al-
ready be undergoingMISI (9). Thwaites Glacier
is now in a less-buttressed state because its ice
shelf is mostly unconfined, and several simu-
lations using state-of-the-art ice sheet models
indicate continuedmass loss and possiblyMISI
or MISI-like behavior, even under present cli-
matic conditions (18–20).
More recently, the hypothesis of marine ice

cliff instability (MICI) has emerged (14, 21),
postulating that ice cliffs become unstable and
collapse if higher than ~90 m above sea level,
facilitating the rapid retreat of ice sheets. This
process may have been important in Antarctica
during past warms periods (14) by enhancing
MISI (Fig. 3). During Pliocene warm periods,
sea level was 10 to 20m higher than it is now
(22), requiring extensive retreat or collapse of
the Greenland, West Antarctic, and marine-
based sectors of the East Antarctic ice sheets.
TheMICI mechanism allows for increasing the
model sensitivity such that the high sea level
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Fig. 1. Bed topography (bathymetry) of Antarctica. Blue areas are marine based (below sea level). The ice
sheet grounding line is plotted in white, and the ice front is plotted in black. The area enclosed by the red
square indicates the Amundsen Sea Embayment, shown in Fig. 2. Image modified from (2).
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Fig. 2. Bed topography and ice elevation change in the Amundsen Sea Embayment. (A) Bed
topography (bathymetry) of the Amundsen Sea Embayment. Image modified from (2). (B) Rate of ice
sheet elevation change (from 2003 to 2009) from Ice, Cloud and land Elevation Satellite (ICESat)
Geoscience Laser Altimeter System (GLAS) laser altimetry (45).
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studies reveal that some ice shelves in East
Antarctica, once thought to be stable, are also
exposed to ocean heat and are experiencing
high rates of basal melt (10); hence, the dis-
charge of the EAIS may increase if the atmo-
spheric and oceanic conditions change.
Antarctic surfacemass balance derived from

reconstructions of ice core records show large
but opposing trends across West Antarctica,
especially for recent decades, whereas pre-
cipitation changes are less pronounced in East
Antarctica (11). A key attribute of precipitation

events is the penetration of warm, moist air
masses over the ice sheet, which may domi-
nate the annual total precipitation andmake
such events primarily responsible for most in-
terannual variations in precipitation (12).

Dynamics of the marine ice sheet

The mass balance of the Antarctic Ice Sheet,
and therefore its contribution to sea level, is
determined by the balance betweenmass gain
and mass loss. The ice sheet gains mass from
snowfall on its surface and losesmass primarily

by ocean-induced melting beneath its float-
ing ice shelves along the coast and by calving
icebergs that drift away andmelt in the ocean.
Although the surface mass balance has been
relatively stable over the past decades, ice flow
in several sectors of the ice sheet has accelerated,
thereby increasing ice discharge. The dominant
process triggering these large, rapid changes is
the loss of ice shelf buttressing. This is initiated
by changes in ocean circulation and, to a lesser
extent, atmospheric drivers that control sum-
mer surface-melt rates (13, 14). In particular, the
warmer waters of the CDW move toward the
ice fronts and ice shelf grounding zones along
troughs in the bathymetry, causing increased
melting at the ice-ocean interface. This process
thins the ice shelves, reducing drag along their
sides and at local pinning points on seafloor
highs, which in turn reduces the buttressing,
that is, the resistive stress that the ice shelves
exert on the grounded ice (8). Thinning ice
shelves lead to faster grounded-ice flow, which
in turn leads to further thinning, causing pre-
viously grounded ice to float as the grounding
zone retreats farther inland. This process can
be particularly fast and unstable along retro-
grade slopes (i.e., the bed deepens inland), be-
causemore ice crossing the grounding zone and
a smaller accumulation area (15, 16) create a
positive-feedback process known as the marine
ice sheet instability (MISI; Fig. 3). The process
may halt when the bedrock rises upward—that
is, when a prograde bed slope or pronounced
ridge at the bed is encountered—or when ice
shelves exert enough buttressing to stop further
grounding-line retreat.
The retreat until 2010 of Pine Island Glacier

has been attributed to enhanced ocean-induced
melt, although its recent slowdown may be
due to a combination of reduced forcing and a
concomitant increase in glacier buttressing (17).
It is possible that some glaciers, such as Pine
Island Glacier and Thwaites Glacier, may al-
ready be undergoingMISI (9). Thwaites Glacier
is now in a less-buttressed state because its ice
shelf is mostly unconfined, and several simu-
lations using state-of-the-art ice sheet models
indicate continuedmass loss and possiblyMISI
or MISI-like behavior, even under present cli-
matic conditions (18–20).
More recently, the hypothesis of marine ice

cliff instability (MICI) has emerged (14, 21),
postulating that ice cliffs become unstable and
collapse if higher than ~90 m above sea level,
facilitating the rapid retreat of ice sheets. This
process may have been important in Antarctica
during past warms periods (14) by enhancing
MISI (Fig. 3). During Pliocene warm periods,
sea level was 10 to 20m higher than it is now
(22), requiring extensive retreat or collapse of
the Greenland, West Antarctic, and marine-
based sectors of the East Antarctic ice sheets.
TheMICI mechanism allows for increasing the
model sensitivity such that the high sea level
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boundary conditions such as climate forcing
can cause the current ice sheet configuration
to become unstable through, for instance,MISI.
Crossing these tipping points leads the system
to equilibrate to a qualitatively different state
(a complete collapse of theWAIS, for example).
The existence of a tipping point implies that ice
sheet changes are potentially irreversible. In
other words, returning to a preindustrial cli-
matemay not necessarily stabilize the ice sheet
once the tipping point has been crossed. Rever-
sibility, however, may be possible over large cli-
mate cycles, such as a glacial-interglacial cycle.
The projected long-term sea level rise contri-

bution of the Antarctic Ice Sheet for warming
levels associated with the high-mitigation
RCP2.6 scenario is limited to well below 1 m,
althoughwith a probability distribution that
is not Gaussian but skewed with a long tail
toward high values owing to potential MICI
(1). However, substantial future retreat in some
basins (such as Thwaites Glacier) cannot be
ruled out, because grounding-line retreat
may continue evenwith no additional forcing
(18–20, 32). The long-term sea level rise
contribution of the Antarctic Ice Sheet
therefore crucially depends on the be-
havior of individual ice shelves and
outlet glacier systems and whether they
enter MISI for a given level of warming.
Under sustained warming, a threshold
for the survival of Antarctic ice shelves,
and thus the stability of the ice sheet,
seems to lie between 1.5° and 2°C above
the present mean annual air temper-
ature (28). Crossing these thresholds
implies commitment to large ice sheet
changes and sea level rise that may take
thousands of years to be fully realized
and may be irreversible on longer time
scales (1).

Understanding key physical processes

Considerable progress has been made
over the past decade with respect to
understanding fundamental processes
at the interface between ice sheets, at-
mosphere, and ocean and mechanisms
of ice sheet instability. However, along
with missing knowledge on the drivers
of change, some key physical processes
inherent to the dynamics of retreat-
ing marine ice sheets are still poorly
understood. These processes include
(i) ice-ocean interface processes re-
sponsible for subshelf melt, (ii) calving
and (hydro)fracture processes, (iii) ice
sheet basal sliding and subglacial sedi-
ment deformation, and (iv) GIA. This
missing knowledge reduces our capa-
bility to accurately predict the timing
andmagnitude of the onset of enhanced
mass loss or define potential tipping
points of the Antarctic Ice Sheet.

Asdiscussedabove, increased subshelfmelting
(i) has triggered the observed acceleration of
large Antarctic outlet glaciers in the Amundsen
Sea sector during the past decade (3, 4, 8), and
it is therefore critical that numerical ice sheet
models represent the processes governing sub-
shelf melt accurately. Subshelf melting is either
parameterized or computed through coupling
with an ocean model. Parameterizations typ-
ically relate subshelf melting to ocean temper-
ature and/or ice shelf depth, in either a linear
or a quadratic fashion, which leads to higher
melting close to the grounding line (35). Other
parameterizations relate subshelf melting to
the distance to the grounding line, to the ice
shelf and cavity depths, or, more recently, by
using melt rates from a plume model that are
extended spatially using physically motivated
scalings that depend on local slope and ice
draft (35). More accurate representations of
subshelf melting can be achieved through
coupling to an ocean model, which should lead
to considerable improvements compared with
simple parameterizations, because it accounts

for the transfer of heat, freshwater, and mo-
mentum between the two bodies.
Iceberg calving (ii) is responsible for the

other part of the ice mass loss at the margins
of the Antarctic Ice Sheet. Calving occurs when
ice chunks break off from the edge of floating
ice shelves in Antarctica. The rate at which
icebergs detach from the ice shelf, or calving
rate, determines the dynamics of the ice front.
When the ice front is stationery, the calving
rate is equal to the flow velocity of the ice. The
calving rate therefore modulates buttressing
induced by ice shelves and hence indirectly
controls upstream grounded ice speed and sub-
sequent sea level rise contribution. The large
amount of ice lost through calving is common
for Antarctica, but its representation andquan-
tification inmodels are hampered by the diffi-
cult access to field sites, a high variability in
time and space, and its inherent discontinuous
nature, as opposed to the continuumapproach
used in most models. Until recently, calving
rates were essentially either assumed to be
equal to ice velocity (i.e., by keeping the ice

front fixed in space) or based on em-
pirical relationships that are not well
constrained by observations. Recent
studies apply continuum damage me-
chanics to simulate crevasse forma-
tion. This approach represents initial
ice microfractures and their vertical
development as crevasses, which in
turn weakens the ice through damage
and decreases ice viscosity and which
can be advectedwith the ice flow (36).
Hydrofracturing, based on the surface
meltwater widening and deepening
crevasses, is also ubiquitously param-
eterized in ice sheet models and forms
the precursor for MICI (21, 24). Calv-
ing remains one of the grand chal-
lenges of ice sheet modeling, and no
general calving law exists yet, which
profoundly limits our ability to model
catastrophic calving events.
Basal conditions (iii) and GIA (iv)

both have an impact on how ice sheets
respond to forcing. Although the physics
of GIA is well understood, the upper
mantle viscosity under the Antarctic
Ice Sheet is poorly constrained. Sim-
ilarly, the mechanics of basal friction
and how it varies spatially remain
largely unknown.Models typically rely
on simple friction laws that depend on
the basal velocity linearly or nonlinearly
(37), which is generally a good approx-
imation for a hard bedrock. Many
Antarctic ice streams, however, are
known to be lying on soft beds that
have a layer of deformable till. Recent
studies and laboratory experiments
suggest that the rheology of the till
is plastic at large strain, and new
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Fig. 4. Projections of Antarctic sea level contribution.
(A and B) Projections of Antarctic sea level contribution in 2100
(A) and 2300 (B) for different studies performed under RCP8.5.
Boxes and whiskers show the 5th, 25th, 50th, 75th, and 95th
percentiles. (C) Median projections of Antarctic sea level contribution
from 2000 to 2300 (RCP8.5). The studies plotted are L14 (46);
G15 (28); DP16 (14); DP16BC, bias-corrected simulations (14); B19S,
simulations with Schoof’s parameterization (30); B19T, simulations
with Tsai’s parameterization (30); E19, simulations without MICI
(31); E19MICI, simulations with MICI (31); and G19 (32). Figure
modified with permission from Elsevier (47).
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Marine ice sheet instability

stands present during that period can be reached
(14).However, contrary to theMISI hypothesis,
MICI is not supported by a formal linear sta-
bility analysis (16), which hampers an adequate
representation inmarine ice sheetmodels. Fur-
thermore, MICI has not been observed at such
a scale in Antarctica, and so it remains unclear
how rapidly an ice cliff would retreat as a func-
tion of its height (23). So far, models including
MICI parameterized the rate of retreat based
on the observed retreat rate of Jakobshavn Isbræ
in West Greenland, which reached 3 km/year
when its ice shelf collapsed in the early 2000s.
Cliff instability requires an a priori collapse

of ice shelves and is favored by, among others,
hydrofracturing through the increase of water
pressure in surface crevasses, which widens
and deepens them (21, 24, 25). Contrary toMISI,
MICI could also occur on prograde bed slopes.
Evidence from the Larsen B collapse, and rapid
front retreat of Jakobshavn Isbræ, suggests that
hydrofracturing could lead to the rapid collapse
of ice shelves and potentially produce high,
mechanically unsustainable ice cliffs (21, 24).
However, its current impact is limited, because
only a few Antarctic ice shelves have collapsed
as of now. Moreover, recent work shows that
the critical cliff height increases with time scale
(i.e., the longer the time scale, the taller the
cliff needs to be before collapse is possible), and
therefore, ice shelf buttressingmust be removed
on time scales of less than 1 day to produce rapid
brittle fracturing of a subaerial ice cliff at heights

attainable in ice sheets (23). Compelling evi-
dence fromobservations at the Ross Sea shows
that there has been no immediate grounding-
line retreat after cliff collapse in the past (26).
More research into the dynamics of ice cliffs is
needed, and the existence ofMICI remains con-
troversial today.

Projecting the future of the Antarctic Ice Sheet

A major factor that limits reliable projections
of the future Antarctic Ice Sheet response is
how global warming relates to ocean dynamics
that bring CDW onto and across the continen-
tal shelf, potentially increasing subshelf melt.
Because of this uncertainty, several studies
apply linear extrapolations of present-day ob-
servedmelt rates or simple parameterizations
of ice-ocean melting rates, mostly focusing on
unmitigated climate scenarios, such as Repre-
sentative Concentration Pathway (RCP) 8.5.
Numerous large-scale modeling studies con-
ducted in the past decade have simulated future
collapse of the WAIS under various climate-
warming scenarios (13, 14, 27–30). These studies
found that future grounding-zone retreat into
the central WAIS region is expected on time
scales of a few centuries to a millennium, con-
tributing several meters to global mean sea
level rise. However, although the time of onset
of collapse is quite different acrossmodels and
scenarios, all models produce WAIS collapse
under unmitigated emission scenarios onmulti-
centennial time scales.

Whole Antarctic simulations for unmitigated
emission scenarios (RCP8.5) show a large scatter
on centennial and multicentennial time scales
(Fig. 4). However, the introduction of MICI
in one ice sheet model (14) results in future
sea level rise estimates almost one order of
magnitude larger than those of other studies
(Fig. 4). Although projected contributions of
the Antarctic Ice Sheet to sea level rise by the
end of this century for recent studies hover
between 0 and 0.45 m (5 to 95% probability
range), the MICI model occupies a range of
0.2 to 1.7 m (Fig. 4). The discrepancy is even
more pronounced for 2300, at which point the
MICI results and other model estimates no
longer agreewithin uncertainty bounds. Given
the uncertainty range on Pliocene sea level
stands, MICI is not necessarily required to
lead to rapidmultimeter sea level rise (31), and
other mechanisms related to basal conditions
may well be able to accelerate mass loss on
shorter time scales (30, 32).
Not all feedbacks inmarine ice sheets enhance

ice loss and collapse. Several mechanismsmay
slow down rapid ice retreat. For instance, as
glaciers thin, the pressure that they exert on
Earth’s crust decreases, and so the bed rises
in response to the reduction in ice mass. The
lithosphere is a viscoelastic material, and the
rate of uplift has two distinct response times:
The elastic response is instantaneousbut limited
in magnitude, whereas the viscous response is
slow but larger in magnitude. A low-viscosity
asthenosphere and a thin lithosphere (known
as a weak Earth structure), as observed under
WAIS, will produce a faster andmore localized
viscoelastic response of solid Earth on decadal
rather thanmillennial time scales (33). When
the bedrock rises, the grounding-line retreat
may slow down as the height above hydrostatic
equilibrium increases inland. Simulations that
account for this negative feedback show that
bedrock uplift delays the collapse of theWAIS,
leading to slowermass loss (34) compared with
models that keep a fixed bedrock geometry.
Although this mechanism has a strong impact
on model simulations on multicentennial to
millennial time scales, it is not yet clear whether
it is important on the scale of decades.

Sea level commitment and tipping points

On multicentennial to multimillennial time
scales, feedbacks with the atmosphere and
ocean increase in importance.When subjected
to perturbed climatic forcing over these time
scales, ice sheets manifest large changes in
their volume and distribution. These changes
typically occur with a considerable lag in re-
sponse to the forcing applied, which leads to
the concept of sea level commitment, that is,
ice mass losses that will occur in the long-term
future are committed to that loss at a much
earlier stage. Ice sheets are subject to threshold
behaviors in their stability, because a change in
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Weertman (1974) hypothesised that a marine ice sheet with a ‘retrograde’ bed at its 
grounding line would be inherently unstable.
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Simplifications: Newtonian ice rheology, plastic basal friction law
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A simplified model of a marine ice sheet
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Aside - plastic bed model for Antarctica
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Ice shelf
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Floating ice shelf
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Ensuring continuity of ice thickness, velocity, and extensional stress, determines 
a relationship between grounding line ice flux  and ice thicknessqg

@h

@t
+

@

@x
(hu) = a

�⇢igh
@h

@x
= ⌧b

h =

r
2⌧b
⇢ig

(xg � x)1/2

qg = hu
��
g
= axg �

r
2⌧b
⇢ig

x
1/2
g ẋg
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Extensional stress
Horizontal ‘pull’ due to buoyancy

Buttressing

Schoof 2007, Pegler 2018, Haseloff & Sergienko 2018

Boundary layer

b
h

w

u

xg

qg

a

m
x

z

xc

@h

@t
+

@

@x
(hu) = a

�⇢igh
@h

@x
= ⌧b

h =

r
2⌧b
⇢ig

(xg � x)1/2

qg = hu
��
g
= axg �

r
2⌧b
⇢ig

x
1/2
g ẋg
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Un-buttressed

Transition region
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g ẋg

r
2⌧b
⇢ig

x
1/2
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g ẋg = axg � qg

r
2⌧b
⇢ig

x
1/2
g

dxg
dt

= axg � qg

r
2⌧bxg
⇢ig

dxg
dt

= axg � qg

✓
2⌧bxg
⇢ig

◆1/2 dxg
dt

= axg � qg

dxg
dt

= F (xg)

dxg
dt

= F (xg; . . .)

��r(h2)
�� = c

��r(h2)
�� = 2⌧b

⇢ig

⌧b = C

⌧b = ⌧0

@

@x
(hu) = a�m

�(1� ⇢i/⇢o)⇢igh
@h

@x
=

3µhu

w2

q = qg � (m� a)(x� xg)

h =

s
3µ

(1� ⇢i/⇢o)⇢igw2(m� a)
[qg � (m� a)(x� xg)]

h =

s
3µ

(1� ⇢i/⇢o)⇢igw2(m� a)
q

h = . . .

4µ⌧b
⇢ig

qg

h2g
=

1

2
(1� ⇢i/⇢o)⇢igh

2
g �

3µ

2w2(m� a)
q
2
g

hg = hf (xg)

hg = � ⇢i

⇢o
b(xg)

14

b
h

w

u

xg

qg

a

m
x

z

xc

Reduced model



qg

hg

xg

m "

15

Example: a linearly sloping bed below sea level



qg

hg

xg

m "

15

Example: a linearly sloping bed below sea level



qg

hg

xg

m "

15

Example: a linearly sloping bed below sea level



qg

hg

xg

m "

15

qg

hg

xg

m "

15

Example: a linearly sloping bed below sea level



qg

hg

xg

m "

15

qg

hg

xg

m "

15

Example: a linearly sloping bed below sea level

qg

hg

xg

m "

15

qg

hg

xg

m "

15

Changing melt rate can cause steady-state bifurcations, but 
time-dependence is crucially important.
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by assuming an ice density of 900 kgm�3 and a latent heat
of fusion of 335 kJ kg�1. Estimated standard deviations for
errors in the daily totals of turbulent and radiation fluxes are
about 6 and 2%. As radiation usually dominates melt rates,
daily mean errors are estimated to be 5%. As the region stud-
ied is an ablation zone with low accumulation rates and the
period of interest is mainly summer, we do not distinguish
between melt rates and run-off. Refreezing is only a small
fraction in this area.

4 Velocities, melt and water pressures on short time
scales

Year-round basal water pressure measurements are obtained
from a pair of boreholes near SHR (Smeets et al., 2012). The
two boreholes, located 5m apart, yielded almost identical
records over the first year of measurements, and data indicate
a connection to the subglacial system. Further proof of an im-
mediate connection to the active subglacial system was the
sudden drop in water level when drilling the first bore hole.
Previous observations of water pressure variations in combi-
nation with velocity measurements in Alpine glacier environ-
ments (e.g. Iken and Bindschadler, 1986) and in Jakobshavn
Isbræ (Iken et al., 1993) revealed insight into the relation
between sliding velocity and water pressure. For Greenland,
first data by Meierbachtol et al. (2013) indicated a very vari-
able pattern in time and space in the ablation zone over sum-
mer. Here, we provide the first year-round record of water
pressure variations beneath the Greenland ice sheet, which
in combination with detailed ablation information and GPS
data help to constrain hypotheses about the links between
surface meltwater production and dynamic response.
Results presented in Fig. 5 show that at the onset of the

ablation season at the beginning of July, there is a short-lived
peak in subglacial water pressure above the slowly increasing
late-winter values, associated with a sharp rise in ice velocity.
This is interpreted as the result of a strong imbalance between
melt water supply and drainage capacity, leading to a water
pressure higher than the overburden pressure and reduction
of bed traction, called the spring event (Bartholomew et al.,
2011; Fitzpatrick et al., 2013; Sundal et al., 2011; Cowton
et al., 2013; Iken et al., 1983). Following the spring event,
the simultaneous drop in ice velocity and pressure clearly in-
dicates the transition of the drainage system into an efficient
network of channels. The rapid increase of melt water supply
during early summer enlarges conduits due to wall melting
that develop into efficient channels. The increasing transport
capacity leads to lowering of the pressure in the hydraulic
system in the vicinity of the channels (Schoof, 2010). This
is in agreement with our observations in Fig. 5 and confirms
that our pressure probes are connected to an active part of the
hydrological system in the vicinity of a channel.
During the period dominated by channels, there is a clear

relation between melt, water pressure and velocities on daily

Figure 5. Seasonal cycle of water pressure, melt and velocity at
SHR starting in January 2011. Note how the onset of significant
melt leads to high magnitude acceleration and a short period of wa-
ter pressure in excess of the overburden pressure (horizontal grey
line), which implies floatation. Later, the ablation season variability
in the water pressure remains visible but the amplitude is dimin-
ished. During the ablation season the hydraulic system of channels
develops (phase 1 in the figure) and closes once the melt decreases
(phase 3). Note that even in autumn and early winter, single melt
events affect water pressure and ice velocity. Ablation rates are lin-
early from 0 to 8.5 cm w.e. per day. The percentages indicate the
pressure scaled by the overburden pressure.

time scales. To highlight this we selected a 3-week period in
July 2010 to study the diurnal cycle in detail (Fig. 6). Wa-
ter pressure and ice velocity are direct measurements, and
melt is calculated from weather station data. All data are
from the site SHR. Melt rates attain their maximum during
mid-afternoon, coinciding with the temperature maximum
and just after the maximum in shortwave radiation. This is
followed by a maximum in water pressure 2 h later as the hy-
draulic system is not capable of handling the maximum melt
peak immediately. Coinciding with the maximumwater pres-
sure, we observe that the velocity increases to 50% above
the mean for a short period, subsequently followed by more
or less constant values overnight until 10 a.m. (Local Time),
where after the increase in water pressure and melt leads to
a decrease in friction and an acceleration of the ice veloc-
ity. Water pressure keeps decreasing overnight as the water
input decreases due to melt but picks up a little later than
the onset of the melt in the early morning again once the
system is filled again. Hence the capacity of the subglacial
drainage system continuously adapts to time-varying water
inputs (Schoof, 2010; Bartholomew et al., 2012). Later in the
season, when melt ceases, the channels close and the clear
relation between melt, water pressure and velocity becomes
less distinct as the system returns to an inefficient, distributed
system in autumn (Schoof, 2010).
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Sliding is strongly affected by the presence of water at the ice-bed interface.

Existing models relate shear stress to sliding speed and effective pressure  

- the relationship does not agree all that well with observations  
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Basal sliding



Water-filled cavities form downstream of bedrock bumps, where local normal stress is low

Previous modelling work: Lliboutry 1968, Iken 1981, Kamb 1987, Fowler 1986, 1987, 
Schoof 2005, Gagliardini et al 2007, Helanow et al 2019

Existing models assume a steady state, and uniform effective pressure

Laboratory-based experimental work: Zoet & Iverson 2015

Subglacial cavitation
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Sliding law
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Assume zero shear stress microscopically 

Macroscopic shear stress arises from 
local variations of normal stress:
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Finite-element calculations

Formulate viscous contact problem as a variational inequality. 
Contact conditions enforced using a Lagrange multiplier.  
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Figure 5.5: (Left) The results obtained with Algorithm 1 are presented. In the top figure shows the friction law for a sinusoidal bed of
amplitude 0.08 and a linear rheology. In the middle figure, cavity shapes are shown for some points in the friction law and, in the lower
figure, the basal stresses � = �nn are plotted for those points. (Right) The analogous results obtained in [24].
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Figure 4. (a) Computed sliding law for steady glacial sliding with cavitation. (b) Cavity endpoints. The
parameter n in Glen’s law (2.2) is set to n = 1 (green), 3 (blue) and 5 (red). For each n, we compute the
sliding law for beds of amplitude r = 0.01 (circles, light), 0.04 (squares) and 0.08 (triangles, dark). For these
computations, we set the scaled velocity at the top of the domain to ui = 1 and the scaled viscosity parameter
to A = 0.5. We use a mesh with 192 cells along the lower boundary. The parameter α(n) is computed from the
slope of the curve near the origin for the lowest r.

r and n. For example, when n = 5, one can observe that the linear segment of the sliding
law for r = 0.08 clearly does not collapse onto the corresponding linear segment for
r = 0.01. As soon as the cavity size increases and the sliding laws cease to be linear,
the aspects of these curves largely differ for different values of n.

In figure 4, we use a scaling different to the one used in Gagliardini et al. (2007). In
Gagliardini et al. (2007), the computed maximum value reached by τb/N is included in
the scaling for the sliding law. In this way, the maximum value reached by the scaled
sliding law equals 1 by design. However, we preferred the scaling based on (3.3) because
it contains fewer terms that are unknown a priori. It is also worth mentioning that for
different values of n, the curves in figure 4 do not collapse into a single curve when plotted
with the scaling from Gagliardini et al. (2007).

For the linear case with n = 1, the numerical results computed with the finite element
solver highly resemble those obtained with the linearised solution. For r = 0.08, a slight
difference from the linearised solution can be seen near the peak of the sliding law.
This difference is probably a consequence of nonlinear effects that are accentuated with
increasing amplitudes of bedrock roughness.

4. Unsteady sliding
In the previous section, the sliding law was constructed by computing steady cavity states.
However, field measurements from alpine glaciers and from the Greenland Ice Sheet
have found short-term variations in the water pressure, on time scales down to hours
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Forced periodic oscillations of effective pressure. Shear stress held constant.
Both pressure-constrained and volume-constrained cavities.

Fixed Prescribed N(t) VFixed τb ub(t)

0 5 10
0

0.005

0.01

0.015

0.02

Solved for

0

50

100

1

1.5

2

0 0.5 1
0

0.5

1

Time-dependent fluctuations



Modelling ice sheet evolution 

Summary

Modulation of slip due to water-filled cavities

A simplified model of marine ice-sheet dynamics


