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I.    What do models tell us about how subglacial discharge is delivered at grounding lines?

II.   How does the spatial distribution of subglacial discharge affect the shape of ice shelves?
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Hydraulic potential

Discharge (turbulent flow)
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Channel dynamics
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Ice creep

Melting
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Cross-sectional area
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Röthlisberger 1972, Nye 1976
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- Most of the potential energy dissipated by turbulence is converted to latent heat
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Steady-state channel with constant discharge
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= ÃNn

"̇ = A⌧n

@S

@t
=

⇢w
⇢i

M � ÃSNn
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- Melting rate and creep closure rate are reduced near grounding line. 

- Results in trumpet-like shape of channels, and relatively low water speed at outlet.

Channel dynamics
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General comments

- Routing of subglacial water controlled primarily by topography 
(probably largest factor in determining portal locations).

- Subglacial drainage system exhibits instabilities that likely lead to 
episodic discharge (in addition to weather-driven episodes).

- Expect large seasonal signal of subglacial discharge when 
surface meltwater present.



I.    What do models tell us about how subglacial discharge is delivered at grounding lines?

II.   How does the spatial distribution of subglacial discharge affect the shape of ice shelves?
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Fig. 1. Relative surface elevation of the Petermann Ice Shelf derived
from stereoscopic ASTER imagery, which gives an impression of
the basal topography since the ice hs been floating (personal
communication from T. Millgate, 2011).

tendency of melting is primarily offset by the down-glacier
advection of ice by the nearly spatially uniform background
velocity of the ice shelf. Other questions we address in the
following are the sensitivity of the coupled ice/ocean system
to changes in ambient water temperature, changes in rates
of subglacial freshwater discharge, changes in glacier speed
and various changes to model parameterizations related to
ocean turbulence and mixing.

PETERMANN GLETSCHER
Although it is not observed to be unsteady to any significant
extent (Thomas and others, 2009), we chose to investigate
Petermann Gletscher with the expectation that a better
understanding of ocean-induced basal melting in this case
will shed light on ice-shelf basal channels more generally.
In the rest of the paper we therefore restrict our discussion
to this 60 km long ice shelf, which is the ocean outlet for
∼6% of the Greenland ice sheet (Rignot and Kanagaratnam,
2006).
In Figure 1 a surface elevation map of the Petermann Ice

Shelf derived from Advanced Spaceborne Thermal Emission
and Reflection Radiometer (ASTER) imagery confirms that
the basal undulations measured by Rignot and Steffen (2008)
constitute a system of channels running along the ice base,
which intensify just seaward of the grounding line and
then decay in amplitude at distances >20 km from the
grounding line. If we refer to the ice which protrudes to
the greatest depths as ‘keels’ and the base of the thinnest
ice as ‘channel crests’ then we may observe that the typical
keel-to-crest ‘channel amplitude’ is ∼300m within 20km
of the grounding line. These deep longitudinal channels
are incised into ice which would otherwise be at most
500m thick. Across-shelf sections of ice basal elevation
presented by Rignot and Steffen (2008) show that channel
amplitudes well exceed the scale of any bedrock topographic
irregularities just upstream of the grounding line and the
characteristic width of the channels of ∼3 km does not
correspond directly to any obvious features in the grounded
ice. Ocean observations both under the ice shelf (Rignot and
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Steffen, 2008) and at the mouth of the fjord seaward of the
ice shelf’s terminus (Johnson and others, 2011) show that,
below ∼200m depth, the ice shelf is immersed in relatively
warm Atlantic waters which reach Petermann via the Arctic
Ocean.

ICE/OCEAN MODEL
In order to investigate basal channel formation we have
created a numerical model with which we compute the
evolution of an idealized but Petermann-like floating ice
mass in contact with a buoyancy-driven ocean mixed
layer (an extended plume model) at the top of the water
column (Fig. 2). The model was obtained by coupling the
Glimmer Community Ice-Sheet Model (Glimmer-CISM) (Rutt
and others, 2009; Lemieux and others, 2011; Price and
others, 2011) to a buoyancy-driven ocean mixed-layer model
(Holland and Feltham, 2006; Holland and others, 2007,
2009).

Relation to prior models
At present, several ocean models have been modified
to include appropriate ocean boundary conditions and
thermodynamic interactions between ice and ocean in sub-
ice-shelf environments. For instance, Jenkins and Holland
(2002) used an isopycnal coordinate model to investigate
the buoyancy-driven ocean circulation under the Filchner–
Ronne Ice Shelf, and Holland and others (2003) considered
the regional significance of the circulation under the Ross
Ice Shelf. Thoma and others (2008) used the same ocean
model to investigate the variability of warm circumpolar
deep water intrusions into Pine Island Bay in the Amundsen
Sea. Mueller and others (2012) used a σ-coordinate model to
investigate the effect of tides on melting beneath the Larsen C
ice shelf. Heimbach and Losch (2012) used the automatically
generated adjoint of the z-coordinate MITgcm model to
determine the sensitivities of melt rates under the Pine Island
Ice Shelf to ocean temperature. All of these models shed new
light on ocean circulation in sub-ice-shelf environments,
but none attempted to investigate the feedback arising from
the mutual influence of ocean circulation, melt rates, ice
dynamics and ice geometry, since they did not include
dynamic ice shelves. Initial progress in coupling dynamic ice
models with dynamic ocean models was made by Grosfeld
and Sandhäger (2004) who coupled three-dimensional (3-D)
ice and ocean models on a 50 year coupling cycle, enabling
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ambient water in the ocean model. The blue curve is temperature
and the red curve is salinity. Density is uniform throughout the
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For k > 7 the model fails to produce the strikingly deep
(200–300m) channels found under the Petermann Ice Shelf.
Using k = 6 or 7 would be a reasonable control case, but
the resulting steady states bear somewhat less resemblance
to observations than the ‘4 plus 12’ choice, given that three
or four major channels appear to emerge in the Petermann
Ice Shelf once the shorter-wavelength variations die away
(Fig. 1). CReSIS (Center for Remote Sensing of the Ice
Sheets, University of Kansas) bed elevation data compiled
from 1995 to 2011 show that, upstream of the grounding
line, undulations in the bed shape ∼50m in depth with
wavelengths of 2–6 km are typical (data downloaded from
https://cms.cresis.ku.edu/node/5351 in November 2011).
We therefore proceed with the ‘4 plus 12’ thickness profile,
as a case which exhibits a degree of realism.

Spin-up procedure
To spin-up the control case we imposed the inflow ice
thickness profile, H0(x), described above, and ran the ice
component to a steady state with an imposed basal melt
field uniform in the x-direction and given by a piecewise
linear function in the y-direction approximating melt rates
inferred from observations by Rignot and Steffen (2008). The
resulting steady-state ice draft and the imposed basal melt
rates are shown in Figure 3. We refer to this ice geometry as
the ‘pre-control’ case. The absence of deep basal channels in
this steady state allows us to rule out a purely glaciological
origin for the observed basal channels. On the contrary, ice
deformation tends to very slightly smooth out the cross-shelf
irregularities as the ice moves north, if only by a few tens of
centimeters per year (i.e. not enough to remove the incipient
channels already present in the inflow profile). The artificial
thickness diffusivity, κ, was set to zero for this phase of the
spin-up.
Next, coupling of the ice to the ocean model was activated

and the fully coupled model was allowed to run from the
pre-control state until a coupled steady state was obtained.
The ambient ocean temperature and salinity profiles used
in the control case are shown in Figure 4. The temperature
profile is a piecewise linear function approximating the
ocean temperatures measured below the Petermann Ice Shelf
(Rignot and Steffen, 2008). The salinity profile was chosen to
match the observed salinity at depth in the ice-shelf cavity
(34.75psu) and, to prevent mixed-layer separation as ex-
plained above, has vertical variations tied to the temperature
variations so as to yield a water column of uniform density.

Overview of the control case results
Figures 5 and 6 give an overview of the model results
and show the essential relationship between ice and ocean
that maintains deep basal channels in the steady state. In
Figure 5, velocity vectors for the ocean layer show that
water circulates especially vigorously near the southern
edge, where it banks against and flows up the steep channel
flanks and headwalls. The areas where the ocean layer flows
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Fig. 1. Relative surface elevation of the Petermann Ice Shelf derived
from stereoscopic ASTER imagery, which gives an impression of
the basal topography since the ice hs been floating (personal
communication from T. Millgate, 2011).

tendency of melting is primarily offset by the down-glacier
advection of ice by the nearly spatially uniform background
velocity of the ice shelf. Other questions we address in the
following are the sensitivity of the coupled ice/ocean system
to changes in ambient water temperature, changes in rates
of subglacial freshwater discharge, changes in glacier speed
and various changes to model parameterizations related to
ocean turbulence and mixing.

PETERMANN GLETSCHER
Although it is not observed to be unsteady to any significant
extent (Thomas and others, 2009), we chose to investigate
Petermann Gletscher with the expectation that a better
understanding of ocean-induced basal melting in this case
will shed light on ice-shelf basal channels more generally.
In the rest of the paper we therefore restrict our discussion
to this 60 km long ice shelf, which is the ocean outlet for
∼6% of the Greenland ice sheet (Rignot and Kanagaratnam,
2006).
In Figure 1 a surface elevation map of the Petermann Ice

Shelf derived from Advanced Spaceborne Thermal Emission
and Reflection Radiometer (ASTER) imagery confirms that
the basal undulations measured by Rignot and Steffen (2008)
constitute a system of channels running along the ice base,
which intensify just seaward of the grounding line and
then decay in amplitude at distances >20 km from the
grounding line. If we refer to the ice which protrudes to
the greatest depths as ‘keels’ and the base of the thinnest
ice as ‘channel crests’ then we may observe that the typical
keel-to-crest ‘channel amplitude’ is ∼300m within 20km
of the grounding line. These deep longitudinal channels
are incised into ice which would otherwise be at most
500m thick. Across-shelf sections of ice basal elevation
presented by Rignot and Steffen (2008) show that channel
amplitudes well exceed the scale of any bedrock topographic
irregularities just upstream of the grounding line and the
characteristic width of the channels of ∼3 km does not
correspond directly to any obvious features in the grounded
ice. Ocean observations both under the ice shelf (Rignot and
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Steffen, 2008) and at the mouth of the fjord seaward of the
ice shelf’s terminus (Johnson and others, 2011) show that,
below ∼200m depth, the ice shelf is immersed in relatively
warm Atlantic waters which reach Petermann via the Arctic
Ocean.

ICE/OCEAN MODEL
In order to investigate basal channel formation we have
created a numerical model with which we compute the
evolution of an idealized but Petermann-like floating ice
mass in contact with a buoyancy-driven ocean mixed
layer (an extended plume model) at the top of the water
column (Fig. 2). The model was obtained by coupling the
Glimmer Community Ice-Sheet Model (Glimmer-CISM) (Rutt
and others, 2009; Lemieux and others, 2011; Price and
others, 2011) to a buoyancy-driven ocean mixed-layer model
(Holland and Feltham, 2006; Holland and others, 2007,
2009).

Relation to prior models
At present, several ocean models have been modified
to include appropriate ocean boundary conditions and
thermodynamic interactions between ice and ocean in sub-
ice-shelf environments. For instance, Jenkins and Holland
(2002) used an isopycnal coordinate model to investigate
the buoyancy-driven ocean circulation under the Filchner–
Ronne Ice Shelf, and Holland and others (2003) considered
the regional significance of the circulation under the Ross
Ice Shelf. Thoma and others (2008) used the same ocean
model to investigate the variability of warm circumpolar
deep water intrusions into Pine Island Bay in the Amundsen
Sea. Mueller and others (2012) used a σ-coordinate model to
investigate the effect of tides on melting beneath the Larsen C
ice shelf. Heimbach and Losch (2012) used the automatically
generated adjoint of the z-coordinate MITgcm model to
determine the sensitivities of melt rates under the Pine Island
Ice Shelf to ocean temperature. All of these models shed new
light on ocean circulation in sub-ice-shelf environments,
but none attempted to investigate the feedback arising from
the mutual influence of ocean circulation, melt rates, ice
dynamics and ice geometry, since they did not include
dynamic ice shelves. Initial progress in coupling dynamic ice
models with dynamic ocean models was made by Grosfeld
and Sandhäger (2004) who coupled three-dimensional (3-D)
ice and ocean models on a 50 year coupling cycle, enabling
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(a) (b)

Figure 7. Plume flow at t = 700 years: (a) plume speed, | EV| (m s–1); (b) plume thickness, D, (m).

the transverse variability in the ice shelf caused by partial
slip at the lateral boundaries is not as strong as in the no-slip
case, and the ice-shelf/sub-ice-shelf cavity system is capable
of achieving its time-independent steady state after approx-
imately 100 years (see Appendix A for details). In the case
of partial slip at the lateral boundaries, melt channels trans-
verse to the direction of ice-shelf flow do not form. In this
case, magnitudes of the transverse velocity of ice-shelf flow
are at most half of those in the no-slip case (Figure 6).
3.2.2. Sensitivity to Ocean-Bottom Temperature

[28] In order to test whether melt channels can form when
the bottom ocean layer is colder, two additional simula-
tions have been done with Tbw=–1.3ıC and Tbw=–1.7ıC.
Figures 9a–9c show that melt channels still form in the
Tbw=–1.3ıC simulations, with average melt rates of !5–

6 m yr–1; but do not form in the Tbw=–1.7ıC case, where
melt rates are significantly less, !2–3 m yr–1. Therefore,
in addition to the transverse nonuniformity of the ice-shelf
draft, a necessary condition for the channel formation is
“sufficiently strong” basal melting, or sufficiently warm
ocean temperatures that allow to produce such melt rates.
In order to quantify the level of “sufficiently strong,” we
estimate magnitudes of different terms in the ice-shelf mass
balance, equation (3). Figures 9d–9i show the magnitudes
of the advection term, uHx + vHy, and the deformation term,
H(ux + vy). In the Tbw=–1.7ıC simulation, these two terms
are of the same order of magnitude and balance each other,
while melt rates are significantly smaller compared to them.
In contrast, in the Tbw=1.2ıC simulation, the deformation
contribution to the mass balance is negligible compared to

(a) (b)

(c) (d)

Figure 8. Melt channel configurations for different slip conditions at the lateral boundaries (a and c)
no slip, at t = 700 years; (b and d) partial slip with velocity 60% of the centerline velocity, steady state.
(a and b) the color shows melt rates (m yr–1), contour lines show ice thickness with 50 m intervals. Arrows
show plume velocity vectors. (c and d) color shows plume flux (m2 s–1) contour lines show ice thickness
with 50 m intervals.
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Figure 1. Model geometry. Ice flows from the grounding
line toward ice front (indicated by the red arrow).

observational techniques in oceanography cannot be under-
taken below hundreds of meters of ice to give a consistent,
comprehensive picture of ocean circulation conditions. As
a result of this inaccessibility, exploratory numerical mod-
eling has become a necessary tool in the investigation of
ice-shelf ocean interaction. Numerical modeling provides
a relatively well-defined platform, albeit one not without
flaws, for experiments that can delineate ranges of behavior
and explore parameter spaces that guide and inspire more
refined specific observations and focussed theoretical analy-
sis. It is in this spirit that the coupled ice-shelf/sub-ice-shelf
cavity model presented here will be used to explore possible
interactions between processes that governs coevolution of
ice shelf and ocean flows.

[6] The manuscript is organized into six sections and
an Appendix: It starts with the coupled model description,
followed by the investigation of the ice-shelf/sub-ice-shelf
cavity system behavior in the absence of the Coriolis force
under different glaciological and oceanic conditions. The
effects of the Coriolis force are investigated next. The fol-
lowing section presents results of analysis of the effects
of melt channels on the ice-shelf stress regime. The major
results and their implication are summarized in the last two
sections. Numerical aspects of this study are discussed in
Appendix A.

2. Model Description
[7] The idealized model geometry is shown in Figure 1.

The dimensions of the domain are 80 km long, 50 km wide,
and chosen to be similar to those of the PIG floating ice shelf.
All boundaries are fixed during simulations.

2.1. Ice-Flow Model
[8] The ice-shelf flow model is a widely used Shallow

Shelf Approximation model [e.g., MacAyeal, 1989]. Ice
velocity, Ev, with components u along and v across the flow,

respectively, is independent of the vertical coordinate z and
obey the vertically integrated momentum-balance equations
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1
2

"ig
!"

1 –
"i

"w

#
H2

$
x

(1a)

[!H(uy + vx)]x + [2!H(ux + 2vy)]y =
1
2

"ig
!"

1 –
"i

"w

#
H2

$
y
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where H is ice thickness, ! is ice viscosity, "i is ice den-
sity, "w is sea-water density (assumed to be constant in the
ice model), g is acceleration due to gravity, and subscripts
x and y denote partial derivatives with respect to x and y.
The ice viscosity ! is assumed to be strain-rate dependent in
accordance with Glen’s flow law

! =
NB

2Pe
n–1

n
II

, (2)

where NB is the vertically-averaged ice stiffness (assumed
to be constant 1.68!108 Pa s 1

3 , that corresponds to –15ıC,
MacAyeal [1989]), PeII is the second invariant of the strain-
rate tensor, and n is Glen’s flow law exponent (assumed
to be 3).

[9] Ice thickness evolution is governed by the mass-
balance equation

Ht + Er ! (EvH) = – Pm, (3)

where Pm is melting/freezing rate at the base of the ice
shelf (positive for melting). In this study, we disregard abla-
tion/accumulation at the upper ice-shelf surface due to the
fact that its characteristic magnitude is much less than that
of basal melting.
2.1.1. Boundary Conditions

[10] As shown in Figure 1, ice flows from left to right.
At the upstream (left) boundary, a uniform ice thickness
H0 = 1400 m is prescribed (unless specified otherwise).
The velocity at this boundary is prescribed as well, with
components given by

u = u0 + (uc – u0)
"

1 –
% y – Ly

Ly

&4
#

(4a)

v = 0, (4b)
where u0 is the velocity magnitude at the corners of the
grounding line, uc is the velocity magnitude at the center of
the grounding line, taken to be 1000 m yr–1, and Ly is the
half width of the domain (25 km). The shape of this profile is
chosen to be similar to the velocity distribution in confined
ice streams [Raymond, 1996]. The constant u0 specifies slip
conditions at the lateral boundaries: it is zero for no-slip con-
ditions, 610 m yr–1 for partial-slip conditions with the lateral
shear, #s ¤0. In the case of free slip (described below), #s = 0
and u = u0 = 1000 m yr–1.

[11] At the ice-front boundary, stress conditions are pre-
scribed. The vertically integrated normal stress balances
vertically integrated sea-water hydrostatic pressure, and the
shear stress is absent, i.e.,

2!H(2ux + vy) =
"igH2

2

%
1 –

"i

"w

&
(5a)

!(uy + vx) = 0. (5b)
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(see (2.5) below). To simplify the thermodynamics, we also take the melting temperature
T
m

to be constant, ignoring both pressure and salinity dependence, and assume that
the ambient ocean’s temperature and salinity are spatially uniform. Coriolis forces are
ignored. Evidently these are significant simplifications of the real problem, as they ignore
changes in e↵ective buoyancy flux that eventually lead to detrainment further out along
the shelf, and refreezing due to change in melting temperature, but we believe they do
not detract from the essential dynamics of channelization under consideration, and they
allow for a much more transparent analysis. The possibility of including such features in
future work is discussed in section 7.

2.1. Ice shelf model

With z = 0 corresponding to sea level, the base of the ice shelf is at z = b(x, y, t) < 0,
and its thickness is h(x, y, t) > 0. Assuming hydrostatic equilibrium, the base elevation
and the thickness are related by

b = �(⇢
i

/⇢
o

)h, (2.1a)

where ⇢
o

is the reference ocean density, and ⇢
i

the ice density. Mass balance and horizontal
force balance are expressed as
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)m, (2.1b)
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(see MacAyeal 1989, for example), where u(x, y, t) = (u, v) is the vertically uniform ice
velocity, ⌘ the e↵ective viscosity, g the gravitational acceleration, and m is the basal
melt rate (volume of water per unit surface area), to be determined below. The gradient
r = (@/@x, @/@y) is a two-dimensional operator. For the commonly used Glen’s law ice
rheology, ⌘ is a function of the strain rate, but for this paper, we treat the viscosity as
constant; this is a quite reasonable simplification for the current purposes. In any case,
we will see that ice deformation does not play a large role in the channelizing instability.

The ice depth and velocity are assumed known at the grounding line and, as mentioned
previously, the ice depth is zero at the front, so boundary conditions are

h = h
g

, u = u
g

e
x

, at x = 0, (2.2)

h = 0, at x = X, (2.3)

where h
g

(y) and u
g

(y) may in general vary with the transverse coordinate y. Aside from
requiring the velocity to be bounded, right hand boundary conditions on the velocity
components are not required due to the degeneracy of the stress components as h = 0
there.

2.2. Melting

Melting is determined through the balance of heat transferred to and from the ice-
ocean interface. Following previous authors (eg. Jenkins et al. 2010), we parameterize
the turbulent heat transfer as proportional to the temperature di↵erence and velocity of
the plume,

mL = c�
T

|U |(T � T
m

). (2.4)
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2.2. Melting

Melting is determined through the balance of heat transferred to and from the ice-
ocean interface. Assuming that the ice-shelf temperature is already close to the melting
temperature Tm, we ignore conduction into the ice and equate the latent heat of phase
change with the turbulent heat transfer from the plume; thus,

mL = c⇥T |U |(T � Tm). (2.4)

Here L is the latent heat of fusion, c is the specific heat capacity, ⇥T is a dimensionless
heat transfer coe⇧cient, and U and T are the velocity and temperature of the plume
(i.e. outside an interfacial boundary layer). The e⇥ect of colder ice could be e⇥ectively
parameterized as a (small) correction to the latent heat.

If the salinity dependence of the melting point were included one would need, in addi-
tion to (2.4), to model the salinity at the interface; a number of parameterizations have
been developed for this in the context of both ice shelves and sea ice (Jenkins et al. 2010;
McPhee et al. 2008).

2.3. Plume

For typical temperature and salinity variations near an ice shelf the primary control on
density is the salinity, so we take the density di⇥erence between the ambient ocean and
the plume as

⌅a � ⌅ = ⌅o�S�S, �S = Sa � S, (2.5)

where ⌅a and ⌅ are the density of the ambient ocean and plume water, ⌅o is the reference
density, �S the haline contraction coe⇧cient, and Sa the ambient salinity.

Conservation of mass, momentum, salt and heat in the plume are expressed as

⌅ · (DU) = e, (2.6a)

⌅ · (DUU) = Dg�S�S

�
�b

�x
� �D

�x

⇥
+⌅ · (⇤D⌅U), (2.6b)

⌅ · (DUV ) = Dg�S�S

�
�b

�y
� �D

�y

⇥
+⌅ · (⇤D⌅V ), (2.6c)

⌅ · (DUS) = eSa +⌅ · (⇤D⌅S), (2.6d)

⌅ · (DUT ) = eTa +⌅ · (⇤D⌅T ). (2.6e)

Here e is the rate of entrainment of ambient water into the plume, ⇤ is the turbulent eddy
di⇥usivity and kinematic viscosity (assumed equal for simplicity), and Ta is the ambient
ocean temperature. Entrainment is parameterised as

e = E0|U ||⌅b|, (2.7)

where E0 is a dimensionless entrainment constant.
Source terms due to the addition of the freshly melted water from the ice shelf are

small for the case of interest, so are neglected. In addition, the heat sink due to turbulent
transfer to the ice interface is neglected; it can be shown to be relatively small, although
not always. Discuss later. The buoyancy forcing in the momentum equations includes
the hydrostatic correction due to horizontal gradients in the plume thickness, which are
small but included for their possible role in stabilising transverse perturbations. Turbulent
drag is ignored because it is estimated to have negligible e⇥ect.

Turbulent di⇥usion in the x direction will shortly be neglected and we therefore impose
boundary conditions only at the grounding line x = 0 (we make the implicit assumption
that U2 > Dg�S�S so that the plume flow is supercritical in the language of shallow
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Q̂ = �K̂Ŝ�Ĝ1/2
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A simplified model - plume

Channelization of plumes beneath ice shelves 5

Here L is the latent heat of fusion, c is the specific heat capacity of the ocean water, �
T

is
a dimensionless heat transfer coe�cient, and U and T are the velocity and temperature
of the plume (i.e. outside an interfacial viscous boundary layer). In (2.4) we have assumed
that the ice-shelf temperature is already close to the melting temperature T

m

, and so
ignore conduction into the ice; the e↵ect of colder ice can be e↵ectively included in (2.4)
as a small correction to the latent heat (eg Wells & Worster 2011; Jenkins 2011).

If the salinity dependence of the melting point were included one would need, in addi-
tion to (2.4), to model the salinity at the interface; a number of parameterizations have
been developed for this in the context of both ice shelves and sea ice (Jenkins et al. 2010;
McPhee et al. 2008).

2.3. Plume model

For typical temperature and salinity variations near an ice shelf the primary control on
density is the salinity†, so we ignore thermal expansion and take the density di↵erence
between the ambient ocean and the plume as

⇢
a

� ⇢ = ⇢
o

�
S

S
�

, S
�

= S
a

� S. (2.5)

Here ⇢
a

and ⇢ are the density of the ambient ocean and plume water, ⇢
o

is the reference
density, �

S

the haline contraction coe�cient, and S
a

the ambient salinity.
Conservation of mass, momentum, salt and heat in the plume are expressed as

r · (DU) = e+m, (2.6a)

r · (DUU) = Dg�
S

S
�
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r · (DUS) = eS
a

+r · (DrS) +mS
i

, (2.6d)

r · (DUT ) = eT
a

+r · (DrT ) +mT
m

�

mL

c
. (2.6e)

Here e is the rate of entrainment of ambient water into the plume,  is the turbulent
eddy di↵usivity and eddy viscosity (assumed equal for simplicity), C

d

is a turbulent drag
coe�cient, S

i

(⇡ 0) is the salinity of the ice, and T
a

is the ambient ocean temperature.
The volume flux increases downstream due to entrainment of ambient fluid and addition
of meltwater according to (2.6a), with similar balances describing conservation of salt
in (2.6d) and conservation of heat in (2.6e) but with the addition of a thickness-weighted
eddy di↵usion. The turbulent heat flux from the plume to the ice has been eliminated
using (2.4) giving rise to the final term in (2.6e). The acceleration terms on the right
hand side of (2.6b) and (2.6c) are due to the action of buoyancy forces, thickness-weighted
eddy viscosity, and basal drag. The buoyancy forcing in the momentum equations includes
both the component of gravitational force acting parallel to the slope and the hydrostatic
correction due to horizontal gradients in the plume thickness. The hydrostatic corrections
are small but included for their possible role in stabilizing transverse perturbations.
Entrainment is parameterized as proportional to velocity and basal slope, (eg. Jenkins
2011):

e = E
0

|U||rb|, (2.7)

† For thermal expansion coe�cient �
T

= 3.87⇥10�5 K�1 (Jenkins 2011), and salinity contrac-
tion coe�cient and typical salinity and temperature di↵erences given in table 1, the percentage
change in density due to salinity and temperature changes are ⇠ 3% and < .01%, respectively.

Simplified plume model (conservation laws)

Parameterised entraiment

4 M. C. Dallaston and I. J. Hewitt

2.2. Melting

Melting is determined through the balance of heat transferred to and from the ice-
ocean interface. Assuming that the ice-shelf temperature is already close to the melting
temperature Tm, we ignore conduction into the ice and equate the latent heat of phase
change with the turbulent heat transfer from the plume; thus,

mL = c⇥T |U |(T � Tm). (2.4)

Here L is the latent heat of fusion, c is the specific heat capacity, ⇥T is a dimensionless
heat transfer coe⇧cient, and U and T are the velocity and temperature of the plume
(i.e. outside an interfacial boundary layer). The e⇥ect of colder ice could be e⇥ectively
parameterized as a (small) correction to the latent heat.

If the salinity dependence of the melting point were included one would need, in addi-
tion to (2.4), to model the salinity at the interface; a number of parameterizations have
been developed for this in the context of both ice shelves and sea ice (Jenkins et al. 2010;
McPhee et al. 2008).

2.3. Plume

For typical temperature and salinity variations near an ice shelf the primary control on
density is the salinity, so we take the density di⇥erence between the ambient ocean and
the plume as

⌅a � ⌅ = ⌅o�S�S, �S = Sa � S, (2.5)

where ⌅a and ⌅ are the density of the ambient ocean and plume water, ⌅o is the reference
density, �S the haline contraction coe⇧cient, and Sa the ambient salinity.

Conservation of mass, momentum, salt and heat in the plume are expressed as

⌅ · (DU) = e, (2.6a)

⌅ · (DUU) = Dg�S�S

�
�b

�x
� �D

�x

⇥
+⌅ · (⇤D⌅U), (2.6b)

⌅ · (DUV ) = Dg�S�S

�
�b

�y
� �D

�y

⇥
+⌅ · (⇤D⌅V ), (2.6c)

⌅ · (DUS) = eSa +⌅ · (⇤D⌅S), (2.6d)

⌅ · (DUT ) = eTa +⌅ · (⇤D⌅T ). (2.6e)

Here e is the rate of entrainment of ambient water into the plume, ⇤ is the turbulent eddy
di⇥usivity and kinematic viscosity (assumed equal for simplicity), and Ta is the ambient
ocean temperature. Entrainment is parameterised as

e = E0|U ||⌅b|, (2.7)

where E0 is a dimensionless entrainment constant.
Source terms due to the addition of the freshly melted water from the ice shelf are

small for the case of interest, so are neglected. In addition, the heat sink due to turbulent
transfer to the ice interface is neglected; it can be shown to be relatively small, although
not always. Discuss later. The buoyancy forcing in the momentum equations includes
the hydrostatic correction due to horizontal gradients in the plume thickness, which are
small but included for their possible role in stabilising transverse perturbations. Turbulent
drag is ignored because it is estimated to have negligible e⇥ect.

Turbulent di⇥usion in the x direction will shortly be neglected and we therefore impose
boundary conditions only at the grounding line x = 0 (we make the implicit assumption
that U2 > Dg�S�S so that the plume flow is supercritical in the language of shallow
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12

U

T

Ta

Tm

S

Sa

m

⇧b = �2Ub

�2(x, y)

�2

p = q = 1
3

⇧b
N

= µ

�
Ub

Ub + ⇤ANn

⇥1/n

⇧b = µN

�
Ub

Ub + ⇤ANn

⇥1/n

⇧b
N

= f(⌃)

⌃ =
Ub

⇤ANn

f(⌃) = µ

�
⌃

⌃0 + ⌃

⇥1/n

f(⌃) = µq

�
⌃

⌃q
0 + ⌃q

⇥1/n

⇧b
N

= µ

�
⌃

⌃0 + ⌃

⇥1/n

⇧b
N

= µq

�
⌃

⌃q
0 + ⌃q

⇥1/n

M̂ = �1� ⌅wcw⇥

⌅wL
Q̂Ĝ
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One-dimensional steady-state ice-shelf shape (melting rate approximately uniform)

- Small transverse perturbation of arbitrary wavenumber

Larger subglacial discharge
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h̃(x)

y
z

Figure 1. (a) A schematic of a steady-state one-dimensional ice shelf, with ice speed ug, ice
depth hg, and subglacial discharge Qg imposed at the grounding line (the left edge of the
domain). melt under the ice shelf is controlled by buoyant flow of water up the shelf underside.
(b) A perturbation in thickness in the transverse (y) direction of will grow or decay from its
grounding line magnitude h̃g to h̃(x), depending on the e�ects of ice deformation and plume
dynamics.

1956; Ellison & Turner 1959). General circulation models have also more recently been
used to study the e�ect of patterned ice shelf topography or subglacial discharge on the
melt rate (Sciascia et al. 2013; Millgate et al. 2013). Until recently, these models have
assumed a fixed ice shelf geometry. However, two recent numerical studies have studied
the genuinely coupled problem in which melting feeds back on the ice shelf (Gladish et al.
2012; Sergienko 2013). Add a bit more about these.

The paper is structured as follows. In section 2 we describe the di�erent elements of the
model and perform non-dimensionalization so as to obtain a minimal set of parameters
and facilitate the subsequent analysis. In section 3 we consider simple one-dimensional
solutions for a steady ice shelf with plume beneath, finding that the melting rate is
approximately uniform. In section 4, the model equations are perturbed from the steady
state to allow lateral variations, and in section 5 we solve for such perturbations forced by
topographical or discharge perturbations at the grounding line. In section 6 we examine
the possibility of global instability to perturbations in the initial ice shape, and in section
7 we discuss the results.

2. Model

We first outline the basic ingredients of the model, before stating the equations and
then non-dimensionalizing. The problem is posed in two horizontal dimensions, with x
in the direction of ice flow and y transverse to the flow. A schematic with the transverse
coordinate suppressed is shown in figure 1.

The ice shelf extends from the grounding line at x = 0 to the front at x = X(y, t), and
is modelled as an extensional thin-film flow, characterized by its thickness h(x, y, t) and
depth-averaged velocity u(x, y, t) = (u, v) (the model is referred to in the glaciological
literature as the ‘shallow shelf approximation’ (MacAyeal 1989)). The front position must

Reduced model results
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Figure 3. Explicit solutions (3.7) for the nondimensional base-state surface s and basal elevation
b = �h/r (ice thickness h = h(x) = s � b) and ice velocity u = u(x), for dimensionless melt
rates � = 0.5, 1, 2.

h(X) = 0. These are readily integrated to find (e.g. MacAyeal 1989)

X =
1

�
, u =

�
1 +X �X(1� x/X)2

�
1/2

, h =

✓
(1� x/X)2

1 +X �X(1� x/X)2

◆
1/2

,

(3.7)
which are plotted in figure 3. The nondimensional length of the ice shelf is controlled by
the parameter � which measures the importance of basal melting relative to stretching.

4. Linearized perturbations

4.1. Perturbed equations

We now re-introduce the transverse coordinate y and study two-dimensional perturba-
tions from the one-dimensional state found above. Assuming small amplitude perturba-
tions, we derive a linear system of equations and boundary conditions for their ampli-
tude and use this to analyse the downstream development of transverse variability at the
grounding line (section 5), and to determine the stability to global perturbations in the
initial condition (section 6).

We first look for steady solutions to (2.13) and (2.15) in the form

h(x, y) = h(x) + h̃(x)eiky, (4.1)

with a similar expansion for each of the variables. Here, h(x) denotes the steady solution
from section 3, h̃(x) the x dependence of the perturbation, and k is the transverse wave
number. Similar notation is used for the other variables.

The equations are again simplified by treating buoyancy B = DS
�

as a single variable.
We also subtract the linearized version of the equation for mass (2.15a) from that for
momentum (2.15b). From (2.13) and (2.15) the linearized correction to the base state
satisfy

(h̃u+ hũ)0 + ikhṽ = ��Ũ (4.2a)

2[h(2ũ0 + ikṽ) + 2h̃u0]0 + ikh(ikũ+ ṽ0)� 8(hh̃)0 = 0, (4.2b)

[h(ikũ+ ṽ0)]0 + 2ikh(ũ0 + 2kiṽ) + 2ikh̃u0
� 8ikhh̃ = 0, (4.2c)

Linear stability analysis

(due to variable grounding-line ice depth or variable subglacial discharge) 
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Figure 4. (a) The numerical solution for the magnitude of perturbations to ice thickness h̃, ice
velocity components (ũ, ṽ), plume velocity components (Ũ , Ṽ ) and buoyancy B̃ for transverse
wavenumber k = 10 and other parameters given in table 1, given an initial perturbation h̃

g

= 1,
B̃

g

= 0. (b) The same ice thickness perturbation in the (x, y) plane, with the plume velocity
perturbation overlaid as directed streamlines . The flow is concentrated into the channels (darker
regions).

transverse wavenumber k is important, so we plot the x dependence for a given wavelength
(k = 10), and the k dependence (that is, the power spectrum) for a given position x.
The midway point x = X/2 ⇡ 1.4 is chosen for this purpose. Using the values in table 1,
this corresponds to a distance approximately 15 km downstream of the grounding line,
which is on the order of the high melt region under the Petermann ice tongue (Rignot &
Ste↵en 2008).

The e↵ect of ice deformation in isolation, depicted in figure 5, is to cause perturbations
to decay downstream from their grounding line value. This decay rate, however, is largely
independent of wavenumber k, and does not provide su�cient smoothing to prevent
channelization when the plume dynamics are included. In that case, but without including
di↵usion (⌫ = 0), the growth of perturbations is unbounded as k ! 1 (we show below
that the growth is exponential in k1/2 ).

The inclusion of the eddy di↵usivity ⌫ = 0.02 has the expected e↵ect of limiting
the development of high wavenumber perturbations. The amplitude at given position
x increases in k for small k, but there is a local maximum k

max

corresponding to the
mode that has been amplified the greatest amount. As k ! 1, the mode amplitude
tends toward that given purely by the ice deformation. For a smaller value ⌫ = 0.002,
the selected wavenumber k

max

is larger, and the peak is an order of magnitude larger.
Note that the value of k

max

depends slightly on the value of x at which the amplitude is
measured; we always measure it at x = X/2 for consistency.

Our final numerical experiment regards the thus far neglected buoyancy correction term
�. While the inclusion of this term moderates the exponential growth of perturbations,
it does not cut o↵ the unbounded growth for large k. The numerical results for � = 0.036
(using the value from table 1) are included in figure 5 for each of the previous values of
⌫; it does not qualitatively a↵ect the behaviour.

Ice depth perturbation
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Figure 5. Numerical computation of the amplitude of a kth mode perturbation at the end of
the shelf, given a unit amplitude at the grounding line: (a) the evolution along the ice shelf, for a
given wavenumber k = 10; (b) the magnitude of perturbations at a given position x = X/2 shows
that unregularized (zero di↵usion) leads to unbounded growth as k ! 1, while the inclusion of
di↵usion smooths out high wavenumber perturbations, leading to a selected wavenumber k

max

where growth is largest; (c) the unregularized numerical and WKB approximation (5.4), with
⌫ = � = 0, grow exponentially in k

1/2 as k ! 1; (d) Numerically computed values of the
wavenumber k

max

selected by positive ⌫, asymptotically fit a �2/3 power-law as ⌫ ! 0, as
shown on a logarithmic scale. The coe�cient ↵ = 0.91 is determined by fitting a power law to
the two smallest values of ⌫.

5.2. Asymptotic results

These numerical results may be understood in light of the asymptotic behaviour of the
system (4.2) in the limit that wavenumber k is large. From the two stress equations for
the ice flow (4.2b) and (4.2c), the ice velocity components ũ and ṽ must be of order k�2h̃
and k�1h̃, respectively. This is consistent with the magnitudes seen in the numerical
solution plotted in figure 4 for k = 10. Combining (4.2a) and (4.2c) results in

uh̃0 +

✓
2h+

1

2
u0
◆
h̃ = uh̃0 +

5

2
u0h̃ = ��Ũ +O(k�1), k ! 1, (5.1)

where we have used u0 = h from the base state solution (3.7). The second term on the
left hand side represents decay of perturbations due to both transverse flow (the h term)
and stretching (the u0 term). For large k, (5.1) may be used in place of (4.2a–c).

Amplitude of perturbation

Wave number of perturbation

- Perturbations at grounding line grow downstream, driven by transverse flow into 
channels and enhanced buoyancy-driven acceleration.

- Stabilisation of small wavelengths is due to turbulent mixing in the plume layer.

- Transverse ice flow is relatively ineffective at smoothing out channels.
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Summary

Subglacial drainage channels are likely to trumpet out near 
grounding line.

Expect a smooth transition from subglacial melting 
(potential energy) to frontal melting (ocean heat).

Uneven spatial distribution of discharge and/or basal 
topography at grounding line can cause channelisation 
due to enhanced melting of the shelf.

Primary factors in channelisation are flow-focussing and 
buoyancy-driven acceleration, counteracted by turbulent 
mixing.


