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•Temperate ice (at the pressure melting point, containing 
small amounts of liquid water) is widespread in mountain 
glaciers, and near the base of ice sheets.

•The water content of temperate ice reduces its effective vis-
cosity, with potentially important dynamical consequences.

•Models of polythermal ice need to account for the evolution 
and transport of water content as well as sensible heat. 
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Figure 1. Parallel-sided slab setup. Arrows indicate the bed-parallel velocity, and shading indicates the potential

region of temperate ice.
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where H is the ice thickness, S = sin✓ is the slope, and A is treated as constant (Greve and Blatter,

2009; Kleiner et al., 2015). The corresponding effective viscosity and viscous dissipation rate for245

this problem are

⌘ =
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2A(⇢gS)n�1(H � z)n�1
, ⌧ij "̇ij = 2A(⇢gS)n+1(H � z)n+1. (23)

For a genuinely parallel moving slab the normal velocity w is zero; however we also consider cases

where w is non-zero (but uniform), corresponding to the ice being accumulated at the top surface and

melted from the bottom surface (if w is negative), or vice versa (if w is positive). We take g =�gez ,250

ignoring the slight correction due to the slope.

The top surface z =H is prescribed to be at temperature T = Ts < Tm, and the bottom surface

z = 0 is prescribed to be at the melting point T = Tm. If viscous dissipation is large enough, this

setup gives rise to a layer of temperate ice at the bottom of the slab. In the case of a positive nor-

mal velocity w, the additional condition �= �m is prescribed there (the porosity of frozen-on ice,255

although it may be better to treat this as a numerical test problem rather than to ascribe too much

physical meaning to it). For the enthalpy gradient methods, this condition on � is needed regardless

of the direction of ice flow.

One of the reasons for exploring this simple setup is that semi-analytical solutions are possible,

allowing the algorithms to be tested. Constructing these solutions involves straightforward algebraic260

manipulations and solution of a transcendental equation for the position of the cold-temperate tran-

sition (details may be found, for example, in Greve and Blatter (2009)).

Figure 2 shows the comparison between the three models: compaction pressure, standard enthalpy

gradient, and modified enthalpy gradient. The numerical solutions are all run to the steady state,
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Figure 2. Steady-state solutions for the parallel-sided slab, showing temperature and porosity as a function

of height. Normal velocities are (a) w =�0.2 m y�1, (b) w = 0 m y�1, and (c) w = 0.2 m y�1. In each

case, orange triangles show the standard enthalpy gradient method, yellow squares show the standard enthalpy

gradient model method with drainage, purple circles show the modified enthalpy method, and blue dots show

the compaction pressure model. Solid black lines show the semi-analytical solutions for the case of no relative

water transport. Shading shows the region of temperate ice for the compaction pressure model. Parameter values

are as in table 1, together with H = 200 m, S = sin4�, Ts =�1�C, Tm = 0�C, �m = 1%.

and we compare them with the semi-analytical solution for no relative water transport (j = 0). This265

solution provides a clear illustration of the different behaviour that can occur at the cold-temperate

interface as a result of (10): for downward moving ice (referred to as a ‘melting’ interface by Greve

(1997)), the temperature gradient is zero on the cold side and the porosity increases continuously

from zero on the temperate side (panel (a)); for upward moving ice (a ‘freezing’ interface), the

porosity is finite on the temperate side and there is a corresponding finite temperature gradient on270

the cold side (panel (c)); and for neither upward nor downward advection, the temperature gradient

is zero but there can be finite porosity on the temperate side (in fact, there is no steady solution for

the no-water-flux problem in this case).

The standard enthalpy gradient model closely approximates the no-water-flux solution for both

downward and upward moving ice, the diffusive term naturally smoothing out the discontinuity in275

porosity at the freezing interface (provided ⌫ is small enough). In the case w = 0 (panel (b)), it

produces a quite different result.

For the case of downwards moving ice (panel (a)), the location of the cold-temperate boundary

is almost identical between all the models. This is reassuring, since the location of the interface in

this case should be determined by the twin conditions T = Tm, rT ·n = 0, and is thus independent280

of what happens in the temperate region (Schoof and Hewitt, 2015). The effect of gravity-driven

drainage is to reduce the porosity compared to the no-water-flux solution, and this reduction is es-

sentially the same in both the compaction pressure and the modified enthalpy gradient models, except

very close to the bottom.
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•Finite volume method naturally incorporates conditions at cold-temperate bound-
aries
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•We derive three different models, incorporating different descriptions of water 
transport, including gravity-driven drainage.

•We compare predictions of porosity and cold-temperate boundary locations.

•All the models are simple enough to incorporate in existing ice-sheet models 
with little modification.

Take home points

Figure 6. Ice cap setup. Solid lines show ice streamlines, red shading shows the magnitude of viscous dis-

sipation, and blue shading shows the potential region of temperate ice. Here Zb(x) = 0 m and Zs(x) =

1500(1� (x/L)2) m, with L= 100 km.

Figure 7. Ice cap solutions for (a,b) the standard enthalpy gradient model without and with drainage, (c) mod-

ified enthalpy gradient model, (d) compaction pressure model. Shading shows temperature and porosity. Solid

white lines show ice streamlines. The lower panels show water flux from the ice at the bed; dashed lines are repli-

cas of that from (b) for comparison. Parameter values are as in table 1, together with Ts =�10 C, Tm = 0 C,

and pe = 0 at z = 0.

The upper surface z = Zs is prescribed to be at temperature T = Ts < Tm, and the lower surface

z = 0 is at the melting point T = Tm. For the enthalpy gradient models, we also prescribe �= 0

on the lower surface. Since the ice velocity there is zero, no condition on the porosity is needed

for the compaction pressure model, and we just have to prescribe the effective pressure pe, which350

is set to 0. As in section 4.2, a more complete model could by coupled with a surface firn model

and a subglacial drainage model. One could also compute the temperature below the bed, and thus

have regions of the bed that are frozen (if the geothermal heat flux is large enough the entire bed

will be temperate, as assumed here, though the ice above is not necessarily temperate, as seen in the

solutions).355

Figure 7 shows the steady-state solutions for the standard enthalpy gradient model, with and with-

out a drainage function, the modified enthalpy gradient model, and the compaction pressure model.
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