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Introduction

Dandelion Energy

Geothermal systems for heating and 
ventilation are increasing in popularity. 

Geothermal power plant, Iceland

In some locations energy is sourced from 
deep inside the earth (e.g. Iceland), but in 
most places it is extracted from the (solar-
derived) heat content at shallower depths.

The same system can be used for both 
heating and cooling, with geothermal 
energy extracted for heating in winter and 
injected to provide cooling in summer.

Ideally, heat extraction and injection 
balance out.  If not, how does 
performance of the system evolve?



- What is the temperature of the carrier 
fluid?  


- What is the distribution of heat flux into 
the borehole?  


- How is the temperature surrounding 
the borehole affected?

July 24, 2018

⇢fcf


Af

@T1

@t
+ Vf

@T1

@z

�
= q1 (1)

⇢fcf


Af

@T2

@t
� Vf

@T2

@z

�
= q2 (2)

qi =

Z

@Pi

krT · n ds (3)

T2 = T1 at z = D +H (4)

Q(t) =

Z D+H

D

q(z, t) dz (5)

q = q1 + q2 (6)

⇢c
@T

@t
= r · (krT ) (7)

T = Ts(t) = T0 ��Ts exp (i!t) (8)

Q(t) = Q0 +�Q exp (i!t) (9)

⇢fcfVf (T2 � T1) = Q at z = D (10)

T1 = T2 = Tm(t) (11)

r · (krT ) = 0 (12)

T = T1 on @P1 (13)

T = T2 on @P2 (14)

T ⇠ q

2⇡k
ln r as r ! 1 (15)

T ⇠ q

2⇡k
ln

✓
r

rb

◆
+ Tb + o(1) as r ! 1 (16)

˜T (1)
(

˜

x) (17)

r2
˜T (1)

= 0 (18)

˜T (1)
=

˜T
(1)
1 on @S1 (19)

˜T (1)
=

˜T
(1)
2 on @S2 (20)

˜T (1) ⇠ 1

2⇡
ln r + o(1) as r ! 1 (21)

1

July 23, 2018

⇢fcf


Af

@T1

@t
+ Vf

@T1

@z

�
= q1 (1)

⇢fcf


Af

@T2

@t
� Vf

@T2

@z

�
= q2 (2)

qi =

Z

@Si

krT · n ds (3)

T2 = T1 at z = D +H (4)

Q(t) =

Z D+H

D

q(z, t) dz (5)

q = q1 + q2 (6)

⇢c
@T

@t
= r · (krT ) (7)

T = Ts(t) = T0 ��Ts exp (i!t) (8)

Q(t) = Q0 +�Q exp (i!t) (9)

⇢fcfVf (T2 � T1) = Q at z = D (10)

T1 = T2 = Tm(t) (11)

r · (krT ) = 0 (12)

T = T1 on @S1 (13)

T = T2 on @S2 (14)

T ⇠ q

2⇡k
ln r as r ! 1 (15)

T ⇠ q

2⇡k
ln

✓
r

rb

◆
+ Tb + o(1) as r ! 1 (16)

˜T (1)
(

˜

x) (17)

r2
˜T (1)

= 0 (18)

˜T (1)
=

˜T
(1)
1 on @S1 (19)

˜T (1)
=

˜T
(1)
2 on @S2 (20)

˜T (1) ⇠ 1

2⇡
ln r + o(1) as r ! 1 (21)

1

July 24, 2018

⇢fcf


Af

@T1

@t
+ Vf

@T1

@z

�
= q1 (1)

⇢fcf


Af

@T2

@t
� Vf

@T2

@z

�
= q2 (2)

qi =

Z

@Pi

krT · n ds (3)

T2 = T1 at z = D +H (4)

Q(t) =

Z D+H

D

q(z, t) dz (5)

q = q1 + q2 (6)

⇢c
@T

@t
= r · (krT ) (7)

T = Ts(t) = T0 ��Ts exp (i!t) (8)

Q(t) = Q0 +�Q exp (i!t) (9)

⇢fcfVf (T2 � T1) = Q at z = D (10)

T1 = T2 = Tm(t) (11)

r · (krT ) = 0 (12)

T = T1 on @P1 (13)

T = T2 on @P2 (14)

T ⇠ q

2⇡k
ln r as r ! 1 (15)

T ⇠ q

2⇡k
ln

✓
r

rb

◆
+ Tb + o(1) as r ! 1 (16)

˜T (1)
(

˜

x) (17)

r2
˜T (1)

= 0 (18)

˜T (1)
=

˜T
(1)
1 on @S1 (19)

˜T (1)
=

˜T
(1)
2 on @S2 (20)

˜T (1) ⇠ 1

2⇡
ln r + o(1) as r ! 1 (21)

1

July 24, 2018

r = rb (1)

⇢fcf


Af

@T1

@t
+ Vf

@T1

@z

�
= q1 (2)

⇢fcf


Af

@T2

@t
� Vf

@T2

@z

�
= q2 (3)

qi =

Z

@Pi

krT · n ds (4)

T2 = T1 at z = D +H (5)

Q(t) =

Z D+H

D

q(z, t) dz (6)

q = q1 + q2 (7)

⇢c
@T

@t
= r · (krT ) (8)

T = Ts(t) = T0 ��Ts exp (i!t) (9)

Q(t) = Q0 +�Q exp (i!t) (10)

⇢fcfVf (T2 � T1) = Q at z = D (11)

T1 = T2 = Tm(t) (12)

r · (krT ) = 0 (13)

T = T1 on @P1 (14)

T = T2 on @P2 (15)

T ⇠ q

2⇡k
ln r as r ! 1 (16)

T ⇠ q

2⇡k
ln

✓
r

rb

◆
+ Tb + o(1) as r ! 1 (17)

˜T (1)
(

˜

x) (18)

r2
˜T (1)

= 0 (19)

˜T (1)
=

˜T
(1)
1 on @S1 (20)

1

July 24, 2018

r = rb (1)

⇢fcf


Af

@T1

@t
+ Vf

@T1

@z

�
= q1 (2)

⇢fcf


Af

@T2

@t
� Vf

@T2

@z

�
= q2 (3)

qi =

Z

@Pi

krT · n ds (4)

T2 = T1 at z = D +H (5)

Q(t) =

Z D+H

D

q(z, t) dz (6)

q = q1 + q2 (7)

⇢c
@T

@t
= r · (krT ) (8)

T = Ts(t) = T0 ��Ts exp (i!t) (9)

Q(t) = Q0 +�Q exp (i!t) (10)

⇢fcfVf (T2 � T1) = Q at z = D (11)

T1 = T2 = Tm(t) (12)

r · (krT ) = 0 (13)

T = T1 on @P1 (14)

T = T2 on @P2 (15)

T ⇠ q

2⇡k
ln r as r ! 1 (16)

T ⇠ q

2⇡k
ln

✓
r

rb

◆
+ Tb + o(1) as r ! 1 (17)

˜T (1)
(

˜

x) (18)

r2
˜T (1)

= 0 (19)

˜T (1)
=

˜T
(1)
1 on @S1 (20)

1

July 24, 2018

r = rb (1)

⇢fcf


Af

@T1

@t
+ Vf

@T1

@z

�
= q1 (2)

⇢fcf


Af

@T2

@t
� Vf

@T2

@z

�
= q2 (3)

qi =

Z

@Pi

krT · n ds (4)

T2 = T1 at z = D +H (5)

Q(t) =

Z D+H

D

q(z, t) dz (6)

q = q1 + q2 (7)

⇢c
@T

@t
= r · (krT ) (8)

T = Ts(t) = T0 ��Ts exp (i!t) (9)

Q(t) = Q0 +�Q exp (i!t) (10)

⇢fcfVf (T2 � T1) = Q at z = D (11)

T1 = T2 = Tm(t) (12)

r · (krT ) = 0 (13)

T = T1 on @P1 (14)

T = T2 on @P2 (15)

T ⇠ q

2⇡k
ln r as r ! 1 (16)

T ⇠ q

2⇡k
ln

✓
r

rb

◆
+ Tb + o(1) as r ! 1 (17)

˜T (1)
(

˜

x) (18)

r2
˜T (1)

= 0 (19)

˜T (1)
=

˜T
(1)
1 on @S1 (20)

1

July 24, 2018

r = rb `! Vf (1)

⇢fcf


Af

@T1

@t
+ Vf

@T1

@z

�
= q1 (2)

⇢fcf


Af

@T2

@t
� Vf

@T2

@z

�
= q2 (3)

qi =

Z

@Pi

krT · n ds (4)

T2 = T1 at z = D +H (5)

Q(t) =

Z D+H

D

q(z, t) dz (6)

q = q1 + q2 (7)

⇢c
@T

@t
= r · (krT ) (8)

T = Ts(t) = T0 ��Ts exp (i!t) (9)

Q(t) = Q0 +�Q exp (i!t) (10)

⇢fcfVf (T2 � T1) = Q at z = D (11)

T1 = T2 = Tm(t) (12)

r · (krT ) = 0 (13)

T = T1 on @P1 (14)

T = T2 on @P2 (15)

T ⇠ q

2⇡k
ln r as r ! 1 (16)

T ⇠ q

2⇡k
ln

✓
r

rb

◆
+ Tb + o(1) as r ! 1 (17)

˜T (1)
(

˜

x) (18)

r2
˜T (1)

= 0 (19)

˜T (1)
=

˜T
(1)
1 on @S1 (20)

1

Setup of the problem

Fluid is circulated through a U-shaped 
pipe in a vertical borehole.

Some units designed for heat extraction 
(for central heating / hot water), some for 
annual heat exchange.

Heat extracted from fluid (via refrigeration 
unit) at prescribed rate
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Heat flux     and ‘apparent’ borehole temperature      will be required to match with 
the time-dependent ‘outer’ solution further from the borehole (see shortly).
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This ‘inner’ problem provides a relationship between       and     ,      and      , as well 
as expressions for      and     . 
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Local borehole problem

In terms of these canonical solutions,
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where

The ‘resistances’        and      are related to the       . They encode the borehole geometry.
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Recall the pipe-flow energy balances:

To relate     to       we must match the inner borehole solution with the outer solution.
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Matching to the time-dependent problem

The inner ‘borehole’ solution had far-field behaviour
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Numerical solution - periodic heat exchange



Approximate solutions - periodic heat exchange

Radial conduction dominates, so
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Applying the matching condition,

Combining with the pipe-flow problem                            we can solve (analytically) 
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Comparison of numerical and approximate solutions
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Dependence on borehole design

Faster fluid flow

Rapid circulation in the pipes leads to uniform pipe temperature and 
almost uniform heat exchange across the depth of the borehole.
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Dependence on borehole design
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More efficient thermal connection between pipes leads to a concentration of 
heat exchange near the top of the borehole (and larger temperature excursions).
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Numerical solution - constant heat extraction



Early time behaviour

For early times radial conduction dominates 
and the solution is approximately independent 
of depth, with

The two-dimensional line-source solution applies:

Applying the matching condition,
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q(ẑ, ˆt)

8
<

:
exp

⇣
� (z�ẑ)2+r2
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Steady state

For long times axial conduction plays 
a significant role and the solution 
approaches a steady state.

The heat flux is ultimately delivered 
from the surface (i.e. from the sun).
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Borehole arrays
For arrays of boreholes, the long-time approach to a steady state involves interaction 
of neighbouring boreholes.
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Use a multiple-scales approach:
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to heat equation with line sources:
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where             is the borehole density.
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i.e. the mean temperature field ‘sees’ the boreholes as a diffuse source/sink.

Carrier fluid temperature            is determined by the constraint
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Summary

Accurate models of borehole heat exchangers are required for their appropriate design.

Boreholes effectively act as line sources / sinks of heat, with strength related to the 
temperature of the circulating fluid,

For given heat extraction rates, fluid temperature scales with length of borehole and 
logarithm of borehole radius, and depends on arrangements of pipes in borehole.

Too slow circulation of the fluid in the pipes leads to non-uniform temperature and 
heat extraction, with potential problems due to freezing and operation of heat pump.
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The temperature field in/around an array of boreholes can be approximated using a 
homogenised model.
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!We provide a review and introduction
to analytic models for ground heat
exchangers.
! We evaluate various models in a time

and space scale framework.
! We compare six analytic G-functions
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a b s t r a c t

Ground (or geothermal) heat exchangers are attracting a great deal of attention as a way of using shallow
geothermal energy. This paper provides not only a critical review but also a thorough introduction to the
analysis of heat transfer by borehole and foundation pile ground heat exchangers, with an emphasis on
different analytical models. The literature is reviewed in a time-scale framework because of the diversity
of the time and space scales involved in the thermal processes of ground heat exchangers. We summarize,
discuss, and evaluate major advances in this field, including heat-source models, short-time models,
models for energy piles, in situ thermal-response tests, indoor sandbox experiments, and parameter esti-
mation as an inverse problem. Of particular note is that the unit-step temperature response (i.e., G-func-
tion) of a ground heat exchanger with one U-shaped pipe is calculated; and six analytical models are
compared: an infinite cylinder-source model, two infinite line-source models, two finite line-source mod-
els, and a composite-medium line-source model. This paper closes by identifying several unsolved prob-
lems that require solutions.
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NOMENCLATURE 
thermal diffusivity 
smallest distance between two 
boreholes at r = D + H/2 
largest distance between two 
boreholes 
heat capacity of ground 
heat capacity of heat carrier fluid 
depth of thermally insulated upper part 
of the borehole 
borehole length over which heat 
extraction takes place 
heat extraction rate, W/m 
geothermal heat flow, W/m2 
radial distance 
radial distance from borehole i 
borehole radius 
inner radius of plastic tube 

thermal resistance, Km/W; see 
Fig. 2 (P = 1, 2, 12) 
time 
temperature in ground 
temperature at borehole wall 
temperature in fluid channel I 
particular solution for borehole i 
average air temperature at ground 
surface 
one-dimensional vertical solution 
pumping rate, m3/s 
horizontal coordinates 
vertical coordinate 
axial coordinate for borehole i 
thermal conductivity of ground 
density of ground 
angle around axis of borehole i 

pumps. Dimensioning rules and analytical studies of a single borehole are presented 
in 131 and [4]. The model presented in this paper was used extensively in [ 5 ] ,  which 
provides dimensioning or design rules for thermally interacting boreholes. 

HEAT FLOW PROBLEM 
Single Borehole 
A single vertical borehole in an infinite homogeneous ground is shown in Fig. 

1. A shallow upper part of depth D is regarded as thermally insulated. The cold 
borehole extracts heat over the active borehole depth H from the ground by pure 
heat conduction. 

The thermal process around the borehole is cylindrically symmetric. Local dis- 

Fig. 1 Heat extraction using a deep borehole 

Eskilson & Claesson 1988 - early numerical model

has a reduced impact compared to trenching [17,23]. Also, locating
the piping deep in the ground, where the temperature is constant
year round, allows consistent heat pump performance and reduces
overall loop length [20,23]. The main disadvantage of using a ver-
tical system is the installation costs, since drilling is normally more
costly than horizontal trenching. Consequently, vertical loop sys-
tems are normally more economic for larger applications [9].

2.3.1.1.2. Horizontal closed loop. In horizontal closed loop systems,
which are common where ample ground area is available, the
ground loop is laid out horizontally slightly below the earth’s sur-
face in backfilled trenches. The arrangement of the loops can vary
depending on heat transfer requirements and land availability. The
three most common configurations are basic loop (Fig. 5), series
loop (Fig. 6), and parallel (Fig. 7). The basic layout usually requires
a substantially larger land surface area than the series and parallel
setups. The series layout is common for its reduced land require-

ment and simplicity [9]. Series and parallel loops can also be com-
bined, increasing the flexibility horizontal installations. Horizontal
heat exchange systems are normally more cost effective than ver-
tical for residential installations, through lower costs involved with
trenching compared to drilling [9].

The trenches that house the piping usually do not exceed more
than a couple meters below the surface, but in areas of frost they
are located below the frost line. With shallow depths, there is in-
creased interaction between the soil and the ambient environment,
which results in daily and annual variation in ground tempera-
tures, which affects the heat transfer and system performance.
Other factors that affect heat transfer characteristics include rain,
snow, vegetation growth and shade [9]. These factors usually cause
horizontal systems to require more piping than vertical arrange-
ments. Horizontal arrangements require a water/antifreeze mix
to protect against freezing during winter in cold climates [9].

2.3.1.1.3. Closed spiral loop. Spiral loop arrangements are similar to
conventional horizontal loops, as they are typically horizontally
oriented within shallow trenches. But the piping is laid out in cir-
cular loops within the trench. The end of each spiral has a straight
return pipe to the heat pump [9,24]. Spiral loops require less area
than conventional horizontal loops and have lower trenching
requirements, but they need greater piping lengths for a fixed load
[20].

A variation of the spiral-loop system involves placing the loops
upright in narrow vertical trenches. The main advantage of this
vertical-loop layout is reduced horizontal area requirements,
which allow different trenching equipment to be used, sometimes
yielding advantageous economics [17]. Note that spiral loops can
reduce initial costs when trenching constitutes a substantial por-
tion of the GHP system cost, but not necessarily when materials
costs are high [21]. Other disadvantages of spiral loops are as for
horizontal setups, including poorer heat transfer and greater area
requirements. Spiral loops have greater pumping requirements
than other horizontal systems due to the added pipe length, lower-
ing system COP.

2.3.1.1.4. Closed pond loop. Closed pond loops, which are the least
common of the closed loop heat exchange systems, are essentially
a spiral loop systems submerged in a water body. The coiled piping
is attached to framework and submerged using concrete anchors.
The framework is typically supported 23–48 cm above the pond
bottom to allow for convective flow around the piping [21]. The
loop is normally at least 1.8 m below the water surface. It is neces-
sary to assure sufficient thermal mass is maintained during low
water conditions and prolonged draughts, and to ensure the tem-
perature of the water immediately surrounding the loop never
drops below the freezing point of water during cold seasons. Rivers
are not ideal for this application due to their unpredictable behav-
iors, including flooding and draughts that can damage systems as
well as hazards due to moving debris [9,24].

Pond loops are gaining popularity partly because they poten-
tially require less piping than other closed loop systems, due to

Fig. 5. Basic horizontal loop configuration for a geothermal heat pump.

Fig. 6. Horizontal loop piping in series for a geothermal heat pump.

Fig. 7. Horizontal loop with piping in parallel for a geothermal heat pump.

Fig. 4. Vertical closed loop heat exchange system for a geothermal heat pump.
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has a reduced impact compared to trenching [17,23]. Also, locating
the piping deep in the ground, where the temperature is constant
year round, allows consistent heat pump performance and reduces
overall loop length [20,23]. The main disadvantage of using a ver-
tical system is the installation costs, since drilling is normally more
costly than horizontal trenching. Consequently, vertical loop sys-
tems are normally more economic for larger applications [9].

2.3.1.1.2. Horizontal closed loop. In horizontal closed loop systems,
which are common where ample ground area is available, the
ground loop is laid out horizontally slightly below the earth’s sur-
face in backfilled trenches. The arrangement of the loops can vary
depending on heat transfer requirements and land availability. The
three most common configurations are basic loop (Fig. 5), series
loop (Fig. 6), and parallel (Fig. 7). The basic layout usually requires
a substantially larger land surface area than the series and parallel
setups. The series layout is common for its reduced land require-

ment and simplicity [9]. Series and parallel loops can also be com-
bined, increasing the flexibility horizontal installations. Horizontal
heat exchange systems are normally more cost effective than ver-
tical for residential installations, through lower costs involved with
trenching compared to drilling [9].

The trenches that house the piping usually do not exceed more
than a couple meters below the surface, but in areas of frost they
are located below the frost line. With shallow depths, there is in-
creased interaction between the soil and the ambient environment,
which results in daily and annual variation in ground tempera-
tures, which affects the heat transfer and system performance.
Other factors that affect heat transfer characteristics include rain,
snow, vegetation growth and shade [9]. These factors usually cause
horizontal systems to require more piping than vertical arrange-
ments. Horizontal arrangements require a water/antifreeze mix
to protect against freezing during winter in cold climates [9].

2.3.1.1.3. Closed spiral loop. Spiral loop arrangements are similar to
conventional horizontal loops, as they are typically horizontally
oriented within shallow trenches. But the piping is laid out in cir-
cular loops within the trench. The end of each spiral has a straight
return pipe to the heat pump [9,24]. Spiral loops require less area
than conventional horizontal loops and have lower trenching
requirements, but they need greater piping lengths for a fixed load
[20].

A variation of the spiral-loop system involves placing the loops
upright in narrow vertical trenches. The main advantage of this
vertical-loop layout is reduced horizontal area requirements,
which allow different trenching equipment to be used, sometimes
yielding advantageous economics [17]. Note that spiral loops can
reduce initial costs when trenching constitutes a substantial por-
tion of the GHP system cost, but not necessarily when materials
costs are high [21]. Other disadvantages of spiral loops are as for
horizontal setups, including poorer heat transfer and greater area
requirements. Spiral loops have greater pumping requirements
than other horizontal systems due to the added pipe length, lower-
ing system COP.

2.3.1.1.4. Closed pond loop. Closed pond loops, which are the least
common of the closed loop heat exchange systems, are essentially
a spiral loop systems submerged in a water body. The coiled piping
is attached to framework and submerged using concrete anchors.
The framework is typically supported 23–48 cm above the pond
bottom to allow for convective flow around the piping [21]. The
loop is normally at least 1.8 m below the water surface. It is neces-
sary to assure sufficient thermal mass is maintained during low
water conditions and prolonged draughts, and to ensure the tem-
perature of the water immediately surrounding the loop never
drops below the freezing point of water during cold seasons. Rivers
are not ideal for this application due to their unpredictable behav-
iors, including flooding and draughts that can damage systems as
well as hazards due to moving debris [9,24].

Pond loops are gaining popularity partly because they poten-
tially require less piping than other closed loop systems, due to

Fig. 5. Basic horizontal loop configuration for a geothermal heat pump.

Fig. 6. Horizontal loop piping in series for a geothermal heat pump.

Fig. 7. Horizontal loop with piping in parallel for a geothermal heat pump.

Fig. 4. Vertical closed loop heat exchange system for a geothermal heat pump.
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Self et al 2014 - review of practical application

Hermanns & Perez 2014 - asymptotic methods


