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How does surface melting affect ice flow?
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• Background subglacial hydrology

• A few observations

• Modelling melt water lubrication

• Discussion
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Subglacial drainage
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Modelling ice flow

Drainage model needed to calculate the  . . .  for friction law
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eg effective pressure for

Current ice-sheet models

Fit spatially varying roughness to observed surface velocities 

Drawback - no dynamics!

f(x, y)

Lubrication changes can be parameterized Parizek & Alley 2004, Shannon et al 2013



Modelling subglacial hydrology
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Figure 1: An illustration of the different regions of the drainage system. Note this is just

an illustration; the sheet is defined in an average sense, so the distinction between different
regions is not actually made at the scale of the roughness.
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hhwhr

Figure 2: Perhaps a better diagram.

Sheet model

The hydraulic potential is

φ = ρwgzb + pw = φ0 −N, where φ0 = pi + ρwgzb ≈ ρigzs +∆ρgzb, (1)

where ρw is water density, g is gravitational acceleration, pw is water pressure, pi is ice

pressure, ρi is ice density, zs is ice surface elevation and zb is the bed elevation (for the

moment we ignore hydrostatic pressure due to depth of water layer). N is the effective
pressure.

Overpressurisation happens if N ≤ 0, equivalently φ ≥ φ0. Underpressurisation happens

if pw = 0 (atmospheric), equivalently, φ = φm = ρwgzb. We ignore the fact that the water

pressure may exceed the ice pressure and assume that if N reaches 0, it readily lifts up the ice

with minimal excess pressure; thus φ = φ0 in this case (we are therefore assuming negligible

elastic resistance of the ice, which would require a finite overpressure to lift it).

Water occupies an average depth of bed hw, the average depth of the drainage system is

h, and hw = h unless the system is underpressured. Continuity requires

∂hw
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Melting

Effective pressure

• Basal melting due to geothermal heat flux, frictional heating, turbulent
dissipation. Typical rates 5 mm yr−1.

• Surface melting during summer. Typical rates 1000 mm yr−1.

• Surface melt water provides the dominant source of water (different
from Antarctica - more like mountain glaciers).

• Ways in which water affects sliding. Effective pressure.

• What happens to water and how to model it.

q ∝ −∇φ

φ = ρwgz + pw

At surface elevation z = s,

φ = ρwgs

At bed elevation z = b,

φ = ρigs+ (ρw − ρi)gb+N

Effective pressure N = pi − pw. pi and pw are averaged over some repre-
sentative area.

Surface z = s
Bed z = b

N ∝ |∇φ|11/24Q1/12

t ∝ 1

|∇φ|11/8Q1/4

∂h

∂t
+∇ · q = m+ r

N ∝ u1/3
b |∇φ|1/9

Q1/9

τb = f
� ub

Nn

�
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Need some physics to relate these



Moulin

Supraglacial stream

Subglacial channel

Ice flow

Crevasse

Erosional deposit



Greenland

Net mass loss 215 [157-274] Gt/yr for 2002-2011  (around 0.6 mm/yr sea level rise)

- part due to increased surface melting

- part due to dynamic thinning (i.e. ice movement)



35.1 cm/day around 9 August 1997, of 40.1
cm/day around 10 July 1998, and of 38.6 cm/
day around 30 July 1999. After these periods of
accelerating flow, the velocity decreased mark-
edly to a minimum of 28.9 cm/day around 18
September 1997, of 29.8 cm/day around 19
August 1998, and of the lowest value of 27.6
cm/day around 29 August 1999. After the ve-
locity minima, the ice slowly accelerated again
over several fall months to return to the mid-
winter values.

The cumulative additional motion (Fig. 3)
caused by the summer accelerations was com-
puted as the difference between the measured
positions and the calculated along-track posi-

tions that would have occurred under a constant
velocity of 31.33 cm/day. At the transition from
accelerating flow to decelerating flow in early
September 1997, the ice had moved an addi-
tional 3.0 m relative to the baseline rate. At the
1998 and 1999 transitions, the respective net
additional displacements were 4.7 m and 6.0 m.
During periods of slower flow in the fall, after
the transitions, the additional displacement was
reduced by about 45 to 65% (24).

From a 21-year record of Greenland surface
melting from passive microwave data, the sum-
mer of 1996 was the second-lowest melt year
since 1979, the summer of 1997 was slightly
below the 21-year average, and the summers of

1998 and 1999 were well above average (25).
We investigated relationships between the avail-
ability of summer meltwater for basal lubrica-
tion and changes in the ice velocity using the
cumulative positive degree-days (PDDs) (26) at
the camp, as shown in Fig. 3C. For the four
summers (1996 to 1999), the respective total
PDDs were 47.6, 60.8, 116.5, and 94.7. The
corresponding mean areas of melt from June
through September in the Jacobshavn region
from passive microwave data were 28.2, 52.0,
79.6, and 74.5 ! 103 km2, which show similar
year-to-year variations as the PDDs (27). The
quality of PDDs as an indicator of ablation and
consequent meltwater production was shown by
Braithwaite and Olesen (28), who obtained a
0.96 correlation coefficient between annual ice
ablation and PDDs, even though variations in
radiation and other energy-balance factors such
as wind speed also affect the rate of ice ablation
(29).

Correlations Between Acceleration
and Surface Melting
In all years, correlations are evident be-
tween the changes in ice velocity and both
the intensities and timings of surface melt-
ing. For the summers of 1998 and 1999, the
respective ratios of the increases in velocity
of 8.8 and 7.3 cm/day to the PDDs of 116.5
and 94.7 are nearly the same (0.076 and
0.077), whereas the ratios in 1996 and 1997
are somewhat smaller (0.032 and 0.063).
For the summer of 1999, the melting period
was shorter in duration, but of greater in-
tensity in the month of July than in the
other summers.

Although melting downstream of the equi-
librium line begins a few days to several weeks
earlier than at the camp, comparison of the
timing of the acceleration and melting is based
on the melt record at the camp (30). Although
some melting usually occurs in May, more-
continuous melting does not usually begin until
the beginning of June. In 1997, the onsets of ice
acceleration and melting were nearly simulta-
neous in mid-June. In 1998, the acceleration
onset (also in mid-June) lagged the melting
onset by about 2 weeks. In 1999, although a
small temporary increase in velocity appeared
in May, the major ice acceleration and the
melting onset were both delayed until the be-
ginning of July. Correlations between the tim-
ing of the transitions from acceleration to de-
celeration and the cessations of melting were
also good, particularly in 1997 and 1999 when
the respective transitions at the beginning of
September and mid-August were nearly coinci-
dent with the end of melting. In 1998, some
melting continued after the transition in early
August. In 1996, the year of minimal accelera-
tion, the ice accelerated in July and early Au-
gust until the end of a period of minimal
melting in late August when the transition to
deceleration occurred.

Fig. 3. (A) Horizontal ice velocity (red curve) along a smoothed line of motion showing ice
accelerations during the summer melt seasons and the abrupt transitions to deceleration around
the times of melt cessation. The cumulative additional motion (horizontal residual, black) relative
to a wintertime-average velocity of 31.33 cm/day is 6.0 m by the time of the maximum velocity
in 1999. (B) The vertical residual (blue) indicates a 50-cm uplift at the time of the 1997 transition
from accelerating flow to decelerating flow. (C) Cumulative PDDs and PDDs for 10-day intervals
(10d DD, red) from temperatures measured at the Swiss Camp, showing correlations of the melting
with the intensity and timing of the ice accelerations and decelerations (units are degree-days).
Vertical dotted lines mark May 1, July 1, and September 1 for each year.
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Greenland surface velocity

Diurnal variations due to surface melting 
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bed-parallel motion is about 0.8 mm d!1 (see Appendix A).
The total horizontal ice motion during the summer is <50 m,
and the ice thickness (>500 m) is such that bed features with
wavelengths less than the ice thickness are not expressed at
the ice surface [Gudmundsson, 2003]. As a consequence, we
assume that a is constant over the short distances traveled
during one season. We assume that any change in observed
surface velocity from background is due to increased sliding.
Accordingly, our velocity data indicate that ub increases
during most of the summer, but we cannot reliably deter-
mine the component of the observed background surface
velocity due to sliding. Therefore we make an assumption
that is conservative for the calculation of ċ as a residual from
equation (5) and assume that during the background time
period ub,bg = us,bg, which minimizes the increase in mag-
nitude that we subsequently apply to ub tan a during the
summer. Because a slopes downward in the direction of
flow or is close to zero at all stations, this minimizes our
calculation of elevation lowering due to bed parallel motion
and, therefore, may underpredict uplift due to ċ.
[20] We integrate equation (5) in time to calculate the

displacement due to bed separation, Dċ as a residual using
Dt = 1d

Dċ ¼ ċDt ¼ Dzs ! us=us;bg
! "

ub;bg tanaDt ! D! ð7Þ

where Dzs is the observed surface displacement.
[21] We estimate the uncertainty in calculated cumulative

bed separation to be %6.5 mm during the background time
period, followed by an increase of %3 mm d!1. By day 191
this results in 10 cm and, by day 223, 20 cm of uncertainty in
bed separation (see Appendix A). Additional unquantifiable
uncertainty is introduced by assumptions that vertical strain
rates are constant with depth, the station pair spacing used
for calculating strain rates is appropriate, and uplift due to till
dilation is negligible (see Appendix A). For these reasons,

we consider the estimated time-series of bed separation to
be broadly indicative of increases or decreases in the volume
of water stored at the bed, and we consider the relative
magnitude and timing to be more reliable than the
absolute values.

3. Results and Analysis

3.1. Seasonal Description
3.1.1. Surface Hydrology
[22] PDD in the region began around day 152 (1 June) and

terminated around day 244 (1 September) of 2007 (Figures 2
and 3); the two weather stations reported similar variations in
air temperature during the summer. Three prolonged periods
of elevated PDD occurred in the middle of the summer:
days 175–182, 185–210, and 222–233 (Figure 2). However,
due to the upglacier migration of the snowline during the
summer (Figure 4), late-summer modeled melt rates tend
to be higher. For example, the highest temperatures of the
season occurred around day 190. In the downglacier region
ice was exposed at this time, leading to the highest modeled
melt rates of the summer. In the midglacier and upglacier
regions, the highest modeled melt rates occurred during
somewhat lower temperatures later in summer as the underly-
ing ice was exposed in those regions. Modeled melt decreased
with distance upglacier due to both fewer PDD and prolonged
snow cover. Modeled melt for the entire summer was 1.9, 1.1,
and 0.4 m w.e. in the downglacier, midglacier and upglacier
regions, respectively.
[23] In 2007 there were 15 lakes within 5 km of our GPS

stations in our downglacier region, 28 in the midglacier
region, and 19 in the upglacier region. Of these 62 lakes,
45 (73%) had a diameter greater than 0.25 km, and 25 (40%)
had a diameter greater than 0.50 km. Lake filling in all
regions began shortly after the onset of melt and nearly all
lakes were identifiable before snow cover became patchy,

Figure 3. Six-hr mean horizontal velocity (dark blue, green, and red lines) and hourly air temperature
(gray) for GPS stations. (top) Stations 107, 207 and 307 overlying temperature from JAR1. (middle)
Stations 407, 507 and Wild1 overlying temperature from Swiss Camp. (bottom) Stations 607, 707
and 807 overlying temperatures extrapolated to mean elevation in this region. Velocity has been
normalized with respect to the background velocity (Table 1) at the beginning of the data collection
period (days 133–158). Note the change in horizontal and vertical scales from Figure 2.
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Figure 7. Thickness of the basal temperate ice layer for the control run (left) and the cold-mode run (right). Values are in meters and

contour interval is 25m. The dashed line is the cold-temperate transition surface. Dotted areas indicate where the bed is temperate but

the ice immediately above is cold.
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mm yr-1

oC

Basal melting  ~5 mm yr-1 Surface runoff  ~1000 mm yr-1

4136 56 km3 yr21 (1.16 0.2 mm SLE yr21) in 1960–69
to 5726 53 km3 yr21 (1.66 0.2 mmSLEyr21) in 2000–10,
following the trends in air temperature and precipita-
tion (Table 2 and Figs. 2a,b). The runoff simulations
indicated that 69% of the runoff to the surrounding
seas originated from the GrIS and 31% originated from
the land area (Table 2; for division between the GrIS
and the land area, see Fig. 1a). For the land area, the
trend in simulated runoff was constant (Fig. 2d), and
the average runoff was 1486 41 km3 yr21 (Table 2). A
possible reason for the minimal change in slope of the
land-area runoff (0.1 km3 yr21) in the Fig. 2d curve is
because the glaciers and ice caps are already melting all
summer, and an enhanced melt season and melt extent
were therefore not possible. In contrast, simulated
GrIS runoff, on average, has increased 3.9 km3 yr21

since 1960 (Table 2), and there has been enhanced
surface melt extent (Fettweis et al. 2011; Mernild
et al. 2011b). Runoff values resolved previously for
all of east Greenland indicated a 60% origin from the
GrIS and 40% from the land area (Mernild et al.
2008b): these east Greenland runoff values are similar

to the Greenland runoff values simulated in the current
study.
In Fig. 2d, 1960–2010 simulated runoff time series

from both the GrIS and all of Greenland are illustrated.
The impact on runoff variability due to major episodic
volcanic eruptions, such as Agung (1963), El Chichón
(1982), and Mt. Pinatubo (1991) (Fig. 2d), and in the
years immediately after do not appear to be systematic.
For the year immediately after Agung and Pinatubo,
simulated annual runoff values decreased, and they in-
creased after El Chichón. The simulated Greenland
runoff variations seems to be due to a combination of
annual variations in both temperature and precipita-
tion that are controlled by factors other than volcanic
activity. Hanna et al. (2005) stated that global dust
veils generated by volcanic activity might cool the
polar regions and suppress ice sheet melt, but clearly
there are other aspects of the climate system that may
offset the volcanic signal. In contrast, the general cli-
mate forcing conditions captured by variations in the
smooth AMO index time series (Fig. 2b) can be traced
in the overall Greenland runoff pattern (Fig. 2d). In

FIG. 3. (a)Mean annual simulatedGrIS dry-snow line (dotted lines; the maximum average decadal boundary betweenmelt and nomelt
on the glacier surface) (for definition, see Cuffey and Paterson 2010) on decadal intervals from 1960–69 through 2000–10. The percentages
in brackets express the average annual melt extent on decadal scale for GrIS (time series of simulated meanmelt extent 1960–2010 can be
found inMernild et al. 2011b). (b) Annual average simulatedGreenland spatial surface runoff on decadal intervals for the decade with the
lowest (1970–79) and highest (2000–10) runoff and mean (1960–2010). (c) The difference between the 2000–10 annual simulated
Greenland runoff and the 1960–69 runoff and between the 2000–10 annual simulated runoff and the 1960–2010 mean.
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a number of their boundaries are incomplete due to limitations in the
extent of the InSAR elevation model, our data cover almost all of the
area from which runoff occurs (the equilibrium line is located at
~1500 m (van de Wal et al., 2008)). Within the five smallest
catchments (QIG, KAU, AKS, ORK, PER), the area weighted mean
late-summer speedup was 12%; within the five largest catchments
(INU, AVA, AKN, ISU, RG), the area weighted mean late-summer
speedupwas 37%. We find also that at the majority of sites included in
a recent GPS survey of the ice sheet motion (van de Wal et al., 2008)
there is no significant speedup in late-summer (Fig. 3 and Table 1).

To investigate the relationship between ice flow and the degree of
surface melting in more detail, we compared the late-summer
speedup recorded within each catchment to the area, modelled

runoff, and to the number of topographic sinks present within each
catchment (Table 1). The quantity of modelled runoff and the number
of sinks present within each catchment (Fig. 5)are both highly
correlatedwith the catchment area (r=0.97 and 0.96, respectively) in
this sector of the Greenland Ice Sheet. According to our data, both the
number of topographic sinks and the estimated quantity of runoff
over the 5 days preceding the velocity observations are positively
correlated with the degree of ice speedup within each catchment
(r=0.78 and 0.79, respectively). We find a positive correlation of
similar significance (r=0.77) between the number of sinks and the
degree of ice speedup, and a weaker correlation (r=0.72) between
the area of each catchment and the degree of ice speedup.

4. Discussion

Our results show that parts of the western margin of the GrIS
exhibit faster ice flow in late-summer than in winter, and that this
effect extends far inland. Although our InSAR data cover a smaller

Fig. 4. Mean speedup binned at 100 m elevation intervals for late-spring (dotted blue
line) and late-summer (solid red line). Unavailable late-spring data below 800 m and
above 1500 m is indicated with a grey dashed line.

Table 1
Basin area, average late-summer speedup, number of sinks and modelled runoff
accumulated during the 5 days preceding the late-summer velocity observations for
each of the catchments shown in Fig. 3.

Catchment Area
(km2)

Summer speedup
(%)

Number
of sinks

Runoff
(106 m3)

Inugpait quat (INU) 430 47 19 52
Avangnardleq (AVA) 1500 31 40 81
Qigssertaq (QIG) 98 17 1 12
Kautorissat isuat (KAU) 140 18 4 13
Akuliaruserssuq north (AKN) 900 25 22 58
Akuliaruserssuq south (AKS) 130 17 3 18
Isunnguata sermia (ISU) 2400 48 45 154
Russell glacier (RG) 1200 32 28 105
Orkendalen (ORK) 60 1 1 9
Perserajut (PER) 110 1 3 18
Total/area weighted mean 6968 35 166 522

Fig. 3. Supra-glacial hydrological catchments (white lines, Table 1) superimposed on a map of seasonal (late-summer minus winter-average) velocity change (colour scale). Also
shown are melt-water streams (black lines), topographic sinks (coloured black), and the location of the K-transect (white stars). The data in Fig. 2 were extracted at the location of
the purple circle.
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Fig. 2. a. Velocity records for poles near the centre line of the glacier. Broken lilies indicate mean 
velocities over periods when no short-interval measurements were made. 
b. Top: velocity 0/ two poles 0/ profile c. Broken lines indicate mean velocities over periods whell no 
short-interval measurements were made. 
Upper middle: depth of the water level below surface in four bore holes. 
Lower middle: discharge of the terminal stream ( by courtesy of Grande Dixence. S.A .). Broken line: a 
dam had broken alld discharge data refer to only part of the outlet stream. 
Bol/om: thick line: air temperature near the glacier terminus ( by courtesy of Grande Dixence. S.A. ). 
Thin line: temperature of the free atmosphere at the 700 mbar level near Payerne (by courtesy 0/ 
Schwei;;erische Meteorologische Anstalt). 

the water level was very roughly, that is within 
approximately 10 m, at the same depth below surface in all 
of them. This applies also to holes 8 and 9 during the brief 
period when they had connections. 

In the two semi-marginal holes, I and 5, where the ice 
is only 110 and 85 m thick, respectively, the water levels 
tended to be somewhat deeper. That is, the piezometric sur-
face, which approximately paralleled the ice surface in the 
central part of the glacier, appeared to drop slightly towards 
the margin; transverse profiles over the ice surface were al-
most horizontal in the study area. The record of hole 5, 

Fig. 3. Longitudinal sections through the part of glacier 
studied. (a) Vertical section along a straight line through 
bore h07es 1. 7, and 10. Poles or bore holes which were 
located at a significant distance from this section are 
indicated with broken lines. (b) Section following 
approximately the Talweg of the glacier and passing 
through bore hole 4. 
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Iken and Bindschadler: Subglacial water pressure and surface velocity 
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Fig. 6. Velocity of pole C3 as a function of the subglacial 
water pressure (shown as depth of water level below 
surface). The water pressure. equal to the ice-overburden 
pressure 00 at the centre line . corresponds to a depth of 
water level of 18 m below the surface. Different symbols 
refer to different periods: 

o large open symbols indicate that the scatter of depths of 
water levels in different bore holes was small. as well as 
the scatter of velocity values at profiles B to D. 

• small . full symbols indicate a larger scatter. 
upward pointing arrows indicate that cavities were 
presumably shrinking (water levels were dropping) . In 
this case. the sliding is too small compared to the steady 
state. 
downward pointing arrows indicate that cavities were 
presumably growing. In this case. the sliding velocity is 
too large compared to the steady state. 

The lower part of the figure is an enlarged section. 

c is shown at the top of Figure 2b. (The method of calcul-
ation of short-term velocities and of the estimation of 
tolerances is described in Appendix I.) 

Velocity variations of longer duration and larger 
amplitude were in general similar at profiles B to D. (An 
obvious exception is the marked velocity peak occurring at 
profile D on 7 June.) Velocities measured at profile c, 
which was in the centre of the study area, correlate best 
with the water-level data, also shown in Figure 2b. In Fig-
ure 6, the velocity of pole C3 is plotted against the mean 
depth of water levels in bore holes 3, 4, 6, and 11, which 
were all between 160 and 175 m deep. The points of this 
plot were selected subject to certain conditions, as explained 
in Appendix 11. The plot shows some remarkable features 
from which important conclusions can be drawn: 

(I) The points cluster along a distinct curve which 
appears to have an asymptote where the subglacial 
water pressure approaches the ice-overburden pressure 
or a value close to that. (At its centre line, the glacier 
is 180 m deep and the ice-overburden pressure is 
equivalent to that of a column of water 162 m in 
height; the corresponding water level is 18 m below the 
surface). 

(2) A functional relationship is still distinct down to 
water levels as low as 80 m below the surface. 

(3) Data points of different periods, indicated by 
different symbols, are approximately on the same curve. 
This applies even to the data from the pilot study in 
June 1980. (Exceptions are the low-pressure points of 
the period 30 May-4 June 1982.) 

The first feature will be discussed in a later paragraph. 
Feature (2) permits a definite conclusion to be drawn on 
the mechanism of water-pressure dependent motion rele-
vant in the study area. There is no doubt that it is the 
sliding motion which is affected by the water pressure, and 
that the short-term variations of measured surface velocity 
are related to those of the sliding velocity. Possible mechan-
isms are: 

(a) Growth of water-filled cavities at the glacier sole 
as a function of subglacial water pressure (e.g . 
L1iboutry, 1968, 1978, 1979; Iken, 1981) or, in 
Weertman's (1979) terminology with some modification 
non-uniform growth of a water layer which has 
non-uniform and locally substantial thickness. 

(b) Decoupling of glacier sole and bed where the 
glacier is afloat. 

(c) Increased sliding when the pore pressure in 
subglacial sediments is large enough that deformation of 
subglacial sediments can take place (Boulton, 1979). 

In the study area the glacier is up to 180 m thick. It 
can only be afloat if the water level is not deeper than 
18 m below the surface. Clearly, mechanism (b) above is ID-
adequate to explain most of the velocity variations. 

Deformation of granular sediments (c) is possible if 

(I) 

where T is the shear stress, 09 the overburden pressure, Pw 
the pore pressure in the sediment, and F r is the friction 
factor, a constant. 

For densely packed granular sediments, F r is in the 
range of 0.8-1.1; for loose packing Fr is between 0.6 and 
0.7 (Lambe and Whitman, 1979). Near the centre line, at 
the glacier sole, 0 0 15.9 bar - 15.9 x 105 Pa and 
T I bar !OS Pa. 

(The latter figure was estimated from glacier geometry. 
Assuming that the sliding velocity is constant along a trans-
verse profile, one finds with a geometric shape factor of 
0.58 and a mean surface slope, taken over 2 km, of 6.5 0 

that T 1.05 bar. Assuming, alternatively, that the basal 
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Kamb 1991, Tulaczyk 2000

Sliding depends on effective pressure

• Basal melting due to geothermal heat flux, frictional heating, turbulent
dissipation. Typical rates 5 mm yr−1.

• Surface melting during summer. Typical rates 1000 mm yr−1.

• Surface melt water provides the dominant source of water (different
from Antarctica - more like mountain glaciers).

• Ways in which water affects sliding. Effective pressure.

• What happens to water and how to model it.

q ∝ −∇φ

φ = ρwgz + pw

At surface elevation z = s,

φ = ρwgs

At bed elevation z = b,

φ = ρigs+ (ρw − ρi)gb+N

Effective pressure N = pi − pw. pi and pw are averaged over some repre-
sentative area.

Surface z = s
Bed z = b

N ∝ |∇φ|11/24Q1/12

t ∝ 1

|∇φ|11/8Q1/4

∂h

∂t
+∇ · q = m+ r

N ∝ u1/3
b |∇φ|1/9

Q1/9

τb = f
� ub

Nn

�

1

Lower effective pressure Less drag, More sliding



Subglacial drainage

Saturated sediments ‘Distributed’ systems

- linked cavities

- canals

- uneven water films

Walder & Fowler 1994

Alley 1989, Creyts & Schoof 2009

Walder 1986, Fowler 1986, Kamb 1987

Röthlisberger 1972, Nye 1976

‘Channel’ systems

- porous films
Flowers & Clarke 2002, Hewitt 2011



Steady state theory

Channel theory

Cavity theory

CreepSliding

Creep

Melting
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= ÃN

n

ε̇ = Aτn

∂S

∂t
=

ρw
ρi

M − ÃSN
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Observations suggest the system is rarely in a steady state

Evolution and transient behaviour is important



Large scale modelling

Saturated sediments ‘Distributed’ systems ‘Channel’ systems
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Sheet depth related directly to pressure

h(pw, pi)

or sheet depth evolves according to some law 

∂h

∂t
= . . .



Sliding Creep closure

Distributed drainage model

Walder 1986
Fowler 1986
Kamb 1987
Hewitt 2011
Schoof et al 2012
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Figure 1: An illustration of the different regions of the drainage system. Note this is just

an illustration; the sheet is defined in an average sense, so the distinction between different
regions is not actually made at the scale of the roughness.
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Water
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Figure 2: Perhaps a better diagram.

Sheet model

The hydraulic potential is

φ = ρwgzb + pw = φ0 −N, where φ0 = pi + ρwgzb ≈ ρigzs +∆ρgzb, (1)

where ρw is water density, g is gravitational acceleration, pw is water pressure, pi is ice

pressure, ρi is ice density, zs is ice surface elevation and zb is the bed elevation (for the

moment we ignore hydrostatic pressure due to depth of water layer). N is the effective
pressure.

Overpressurisation happens if N ≤ 0, equivalently φ ≥ φ0. Underpressurisation happens

if pw = 0 (atmospheric), equivalently, φ = φm = ρwgzb. We ignore the fact that the water

pressure may exceed the ice pressure and assume that if N reaches 0, it readily lifts up the ice

with minimal excess pressure; thus φ = φ0 in this case (we are therefore assuming negligible

elastic resistance of the ice, which would require a finite overpressure to lift it).

Water occupies an average depth of bed hw, the average depth of the drainage system is

h, and hw = h unless the system is underpressured. Continuity requires

∂hw

∂t
+∇ · q = m, (2)

where q is the discharge and m is the melt supply rate. q is given by

q = −khα
w|∇φ|β−2∇φ (3)
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Mass conservation
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Dissipative heating
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overburden, pi, minus water pressure, pw). Q is related to S and Y
through the Darcy–Weisbach law26, Q5 c3S

ajYj21/2Y, where
a5 5/4 and c3 is related to the Darcy–Weisbach friction factor. The
first term in equation (1) is the rate of conduit opening due to wall
melting, the second is the rate of opening due to sliding of ice at speed

ub over bed protrusions of size h and the third is conduit roof closure
due to viscous creep; c1, c2 and n are constants related to the latent heat
of fusion and ice viscosity.
In the steady state, the effective pressure and discharge in a conduit

are then related through (Fig. 1d)

Nn~
c1QYzubh

c2c
{1=a
3 Q1=aY{1=(2a)

ð2Þ

At low discharge, Q, the effective pressure, N, decreases with Q, as is
expected for cavities, whereas at higher discharge, N increases with Q
and the conduit behaves as a Röthlisberger channel. The switch-over in
behaviour occurs at a critical discharge

Qc~
ubh

c1 a{1ð ÞY
Below Qc, the conduit is kept open mainly by ice flow over bed pro-
trusions; above Qc, it is kept open by wall melting.
A linear stability analysis (Supplementary Information) also shows

that discharge becomes concentrated into a few conduits when the
meanwater discharge through an array of laterally connected conduits
exceeds Qc: driven by wall melting, a single conduit will grow into a
large channel (with the properties of a Röthlisberger channel, its size, S,

d
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C
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Figure 2 | Steady-state drainage systems. a, b, Example of a drainage system
formed spontaneously through the channelizing instability. a, Conduit sizes.
Channels aremuch larger (dark blue and purple) than the surrounding cavities.
b, Channels are shown in blue and effective pressure contours are shown at
0.05-MPa intervals. The pressure distribution reveals how channel–cavity
interactions control the drainage pattern. Channels are at higher effective
pressure than the surrounding cavities. Local water pressure maxima (minima
ofN) separate the channels, driving water flow towards them. c, d, Steady-state
drainage system characteristics as functions of water supply rate,m. c, Channel
density (average number of channels per unit width of the domain) plotted
against m. d, Mean of N over the domain plotted against m. Red triangles
correspond to channelized systems; blue circles correspond to unchannelized
ones. Open circles show unstable unchannelized systems (which will evolve
into a channelized state if perturbed). Instability first occurs at a critical water
supply, mc, corresponding to a critical discharge, Qc. Mean effective pressure
decreases with water supply (and, hence, discharge) for stable unchannelized
systems, and increases with water supply for channelized ones. For some
intermediate values ofm (betweenmc and a lower limit,mm, that corresponds
to a critical lower discharge, Qm), both channelized and unchannelized states
are possible: their lowwater pressure allows channels to suck in enoughwater to
keep themselves open, but the discharge through the system is too low for an
unchannelized system to channelize spontaneously. A video animation is
included in Supplementary Information.
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Figure 3 | Idealized seasonal evolution of the drainage system. a, The spatial
mean of effective pressure, N (red lines), plotted against time. The simulations
shown are forced by a sharp increase (over 1 d) in water supply,m (black line),
from a wintertime value of 0.33 cmd21 to a summertime value of 10 cmd21

(solid lines) and 20 cmd21 (dashed lines). This is followed by steady supply for
100d and a gradual return to 0.33 cmd21. The dots marked b–e correspond to
the spatial drainage configurations shown in panels b–e, respectively. b–e, The
drainage system starts close to an unchannelized steady state with small
conduits (b). The abrupt increase inm leads to a sharp drop in effective pressure
(a ‘spring event’9), which opens the drainage conduits to accommodate the
additional discharge but does not immediately channelize the system
(c). Efficient channelization causes effective pressure to increase only after some
time (d), reaching values above those of wintertime. The final drop inm causes
a temporary jump in effective pressure that leads the system to shut down for
winter (e). Both simulations in panel a show qualitatively the same response.
However, the larger jump in water supply (dashed lines in a) leads to a shorter
and less pronounced period of low effective pressure than the smaller jump
(solid lines in a). A video animation is included in Supplementary Information.
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Ice-sheet acceleration driven by melt supply
variability
Christian Schoof1

Increased ice velocities in Greenland1 are contributing signifi-
cantly to eustatic sea level rise. Faster ice flow has been associated
with ice–ocean interactions in water-terminating outlet glaciers2

and with increased surface meltwater supply to the ice-sheet bed
inland. Observed correlations between surface melt and ice accel-
eration2–6 have raised the possibility of a positive feedback in which
surface melting and accelerated dynamic thinning reinforce one
another7, suggesting that overall warming could lead to accelerated
mass loss. Here I show that it is not simply mean surface melt4 but
an increase in water input variability8 that drives faster ice flow.
Glacier sliding responds to melt indirectly through changes in
basal water pressure9–11, with observations showing that water
under glaciers drains through channels at low pressure or through
interconnected cavities at high pressure12–15. Using a model that
captures the dynamic switching12 between channel and cavity
drainage modes, I show that channelization and glacier decelera-
tion rather than acceleration occur above a critical rate of water
flow. Higher rates of steady water supply can therefore suppress
rather than enhance dynamic thinning16, indicating that the melt/
dynamic thinning feedback is not universally operational. Short-
term increases in water input are, however, accommodated by the
drainage system through temporary spikes in water pressure. It is
these spikes that lead to ice acceleration, which is therefore driven
by strong diurnal melt cycles4,14 and an increase in rain and surface
lake drainage events8,17,18 rather than an increase in mean melt
supply3,4.
The effective pressure in the subglacial drainage system, defined as

overburdenminus basal water pressure, controls coupling between ice
and bed: lower effective pressure weakens the ice–bed contact and
permits faster sliding9–11. Effective pressure is controlled by subglacial
drainage, which occurs through two principal types of conduit (Fig. 1):
Röthlisberger channels19,20 are kept open by a balance between a
widening of the channel by wall melting due to heat dissipation in
the water flow, and a narrowing that results from the inward creeping
motion of the surrounding ice. By contrast, cavities11,21,22 are formed
where ice is forced upwards by horizontal sliding over protrusions on
the glacier bed. This opens a gap in the lee of the protrusion, with gap
size controlled by the opening rate due to sliding and by creep closure
of the cavity roof.
An increase in effective pressure leads to faster creep closure. In an

equilibrium channel, this must be balanced by greater wall melt.
Greater wall melt in turn requires higher discharge and, thus, a larger
channel. Röthlisberger channels therefore increase in sizewith increas-
ing effective pressure (decreasing water pressure). This causes water
flow fromsmaller channels into larger ones, favouring the formation of
an arterial network with few main channels at low water pressure19,23.
Cavities differ from channels as their size is not controlled by wall melt
and increases rather than decreaseswithwater pressure. A reduction in
effective pressure suppresses creep closure and allows larger cavities to
form11,22.This favoursmacroporousbehaviour24with spatiallydistributed
drainage along the ice–bed interface and water discharge increasing with
water pressure. The abundance of channels relative to cavities therefore

determines whether water pressure is low or high in the steady state:
channels canefficiently transportwater athigheffectivepressurewhereas
cavities require low effective pressure to transport the same flux. Past
models23,25, however, donot capture switches fromcavities to channels in
spatially extended drainage or the formation of an arterial network, and
cannot predict the spatial configuration of the drainage system.
Here I unify the description of cavities and channels and predict

how spatially extended drainage systems can switch from cavities to
channels and back. The basic physics of cavities and channels can be
captured in a single equation for the cross-sectional area, S, of a sub-
glacial conduit, which can be a channel or cavity (Supplementary
Information and Fig. 1):

dS
dt

~c1QYzubh{c2NnS ð1Þ

where Q is the water discharge, Y is the hydraulic gradient along the
conduit and N5 pi2 pw is the effective pressure in the conduit (ice

1Department of Earth and Ocean Sciences, University of British Columbia, 6339 Stores Road, Vancouver, British Columbia V6T 1Z4, Canada.
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Figure 1 | Properties of a single conduit. a, b, Physics of channels (a) and
cavities (b). c, Conduit opening rate, c1QY1 ubh (dashed line), and closure
rate, c2N

nS (solid line), plotted against S. d, Steady-stateN versusQ in a conduit
(equation (2)). Parameter values are given inMethods Summary. Each conduit
can generally attain one of two equilibria (points of intersection given as circles
in c). These can be identified as channel and cavity. The larger (channel)
equilibrium is prone to instability20: if perturbed to slightly larger size, the
conduit will continue to grow (opening rate exceeds closing rate to the right of
the intersection). In a network of conduits, this eventually leads to one channel
growing at the expense of all other nearby ones. The cavity equilibrium, by
contrast, is stable, and cavities of similar size can coexist. In the steady state,
effective pressure increases with discharge in a channel (increasingNmakes the
closure curve steeper,moving the channel intersection in c to larger values of S),
and decreases with discharge in a cavity. A conduit becomes a channel above a
critical discharge, Qc (dashed curve in d), and remains a cavity below Qc.
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Melting Creep

Parabolic system for pressure

Solved with backward Euler nonlinear discretized system for 
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Large scale modelling

Saturated sediments ‘Distributed’ systems ‘Channel’ systems
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Surface runoff 
into moulins

Model of subglacial 
drainage system Model of ice velocity

Friction law

Surface mass 
balance

Ice sheet 
evolution

Modelling seasonal velocity changes

Hewitt 2013, Earth Plan. Sci. Lett.

Vertically-integrated
Hindmarsh 2004, 
Schoof & Hindmarsh 2010, 
Goldberg 2011
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Steady states

Ice flow

Water flux

Effective
pressure

Ice velocity
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Basal melting only
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Movie: seasonal cycle
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Seasonal cycle: surface melt dependence

More melting generally leads to faster ice speed, but effect is limited by expansion of drainage system.
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Difficulties

‘Average’ water pressure / effective pressure in distributed hydrology models is

an average over the connected drainage system

It cannot be expected to be the same as pressure in unconnected regions

Comparison with borehole measurements is very difficult!

?

Increase pressure



Summary

• Surface melt water can accelerate or decelerate ice flow with a complex spatial pattern.

• Rapid drainage events (lakes) and consequent ‘over’-pressure are an issue.

• Models must include evolution of drainage space to show similar behaviour.

Challenges

• Sediment transport and erosion may be crucial, giving ‘memory’ to drainage system.

• Subglacial discharge from marine terminating glaciers also influences melting/calving.

• Understanding hydrology also important for floods and erosion.
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Mass conservation

Channels

Water flow 
parameterizations

Evolution 
parameterizations

2 Hewitt, I.J.: Subglacial channel spacing

x

y
z

Fig. 1. The drainage system configuration considered in this paper.
Water produced from basal melting and from surface runoff moves
through a distributed system (the light grey section of the bed).
As discharge increases further down glacier a low pressure channel
may form, and water from the surrounding distributed system is
drawn into it.

in terms of the effective pressure N = pi − pw. The potential

gradient can then be written

Ψ+∇N, (2)

where

Ψ = −∇pi − ρwg∇zb ≈ −ρig∇zs − (ρw − ρi)g∇zb, (3)

and the approximation follows from the fact that the ice pres-

sure is approximately cryostatic: pi ≈ ρigH, with ρi the den-

sity of the ice, and H = zs − zb its depth (deviatoric stresses

in the ice are being ignored here). Ψ is the component of the

potential gradient that depends only on the geometry of the

bed and ice, while N depends on the nature of water flow.

Typical sizes for the potential gradient may be in the range

Ψ0 ∼ 10−1000 Pa m
−1

, the smaller values being appropriate

for a large ice sheet. In all casesΨ is typically larger than∇N ,

and is sometimes described as the ‘driving potential gradient’.

We will be interested primarily in looking for steady-state

flow configurations, assuming that the melt water supply does

not vary too much in time. It is doubtful that this is ever the

case beneath alpine glaciers when there is a strong seasonal

and diurnal signal, so our attention will mostly focus on ice

sheets. The model itself could apply to alpine glaciers too,

but with a largely varying melt supply the behaviour may be

qualitatively different from that studied here.

Channelised flow
Much of subglacial water transport occurs in channels in-

cised into the ice, which are governed by a balance between

viscous creep closure of the ice roof and melting due to tur-

bulent heating. These are often termed Röthlisberger chan-

nels and the equations governing them have been well devel-

oped (Röthlisberger, 1972; Nye, 1976). The most important

point about such channels is that they are very efficient at

transporting water and operate at low water pressures; they

naturally tend to draw in surrounding water and therefore

form branching arterial networks, aligned predominantly in

the down glacier direction. A simple model for a channel

aligned with the ice flow comprises: conservation of water

mass, a turbulent flow law (here chosen to be Manning’s law),

a kinematic condition for the channel walls (here with a lin-

ear ice rheology), and an energy balance which determines

the melting rate:

∂S
∂t

+
∂Q
∂x

=
M

ρw
+ Ω, (4)

FQ
2
= S

8/3
�
Ψ+

∂Nc

∂x

�
, (5)

∂S
∂t

=
M

ρi
− SNc

ηi
, (6)

ML = Q

�
Ψ+

∂Nc

∂x

�
. (7)

Here S is the cross-sectional area, Q is the volume flux, M

(kg m
−1

s
−1

) is the melting rate of the walls, Ω (m
2
s
−1

)

is the influx from the surrounding bed, Nc is the effective
pressure in the channel, Ψ is the potential gradient in the x

direction, F = ρwgn
�2
(2(π+2)

2
/π)2/3 is a constant related to

the cross-section shape and the Manning friction coefficient

n
�
, ηi is the ice viscosity, and L is the latent heat. For the

sake of clarity we have ignored the pressure dependence of

the melting temperature and heat transport along the chan-

nel, so (7) assumes instantaneous local energy transfer from

dissipation to melting the walls.

Distributed flow
Many other types of water flow could be described as ‘dis-

tributed’, in the sense that water remains spread over a large

part of the bed rather than being localised into narrow chan-

nels. Water can flow through a system of linked cavities which

are opened by ice flow over bumps in the bed (Lliboutry,

1968; Walder, 1986; Kamb, 1987), through a system of canals

eroded into underlying sediment (Walder & Fowler, 1994),

through thin patchy films (Alley, 1989), or it could flow through

porous till or an underlying aquifer (Alley and others, 1986;

Boulton and others, 2007a).

Models for these types of drainage are less standard be-

cause they tend to depend upon the precise nature of the

drainage elements considered. The approach we take here is to

avoid the specifics and describe such systems in a generalised

sense; the obvious way to do this is as an effective porous

medium, with a permeability that characterises how easily

the water can move. The drainage system is envisaged as a

porous ‘sheet’, characterised by an effective depth h, which is

defined as the average depth of water over a sufficiently large

representative area of the bed; this can be thought of as com-

prising patchy films, Nye channels, canals and linked cavities.

Such an approach is not new; Flowers and Clarke (2002, Flow-

ers and others, 2004), for instance, describe a ‘macroporous’

sheet in a similar vein.

We attempt to avoid too much empiricism and suggest a

model based, at least phenomenologically, on the physical

processes that are thought to be important. This means we

should construct the model, as for the channel in (4)-(7),

to include: (a) mass conservation, (b) a parameterization of

water flow, (c) an equation to describe how drainage space

opens and closes, and (d) energy conservation. By describing

the flow in this way, some of the finer details are inevitably

lost or approximated; but since there is often little knowledge

of such details, it is not clear this is necessarily a bad thing.
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Figure 9. Run of melt season 2007 for Gornergletscher. Snapshot of the trunk on 13 May (a) and day
19 July (b) at the time of peak input, showing contours of hydraulic potential φ (MPa), effective pressure
N , the channel discharge Q and moulin size (dots). The dark lines indicate inflow boundaries. Bottom
panels show time series of (c) N at location marked by cross and (d) total input and proglacial outflow.
The vertical lines indicate the time of the two snapshots. (see supplement for animation)

this difference does not alter the fundamental conclusion
that the steady state effective pressure in the channelized
region increases with increasing discharge downstream.

It is perhaps worth pointing out that the prediction of
long parallel channels contrasts with typical subaerial water-
sheds, which often have more arborescent structures. The
channel network of subareal watersheds has been modeled
quite successfully with landscape evolution models (see e.g.
Tucker and Hancock [2010] for a review). For example
Braun and Sambridge [2003] produce arborescent channel
networks from initial topographies with no lateral varia-
tion, contrasting to the networks of our synthetic model runs
that are hardly arborescent. The difference stems from the
fact that subaerial streams erode the topography and thus
can significantly modify the background hydraulic potential
that controls their direction. Conversely, an R channel can
only achieve a slight pressure reduction from its surround-
ings which is set by the ice overburden pressure. Thus the
predominante hydraulic gradient will be aligned with the
surface slope. Another very notable difference is that R
channels can lie on hydraulic potential ridges, leaking dis-
charge into the sheet (Fig. 6a), whereas subaerial drainage
channels will always lie along the thalweg and capture dis-
charge from the surroundings.

The leaky channels emanating from the moulins at higher
elevations show that channels are not favored if the discharge
and surface slope are not large enough. Such leaky channels,
which lie on pressure ridges and not valleys, have not been
discussed before and they contradict the common notion
that channelized drainage necessarily leads to lower pres-
sures than distributed drainage, even in steady states. For
time varying input (Fig. 7c1,c2), the water pressure in the
channels is not always lower than in the surrounding sheet,
e.g. at midday, the water pressure is highest in the channels,
in particular close to the moulins. On average, however, the
time varying case still has the lowest water pressures in the
largest channels, and there is little difference from the case
of a constant input, at least for the parameters presented.

5.2. Mesh dependence

Using a different numerical mesh for the computations in
SHEET results in channels in different locations. We found
that with distributed input and with no topography to guide

the channels, just changing the mesh can produce consider-
able variation in the average channel spacing.

However, realistic topography and moulin inputs will
likely introduce larger perturbations than the mesh and thus
fix the channel locations. This is illustrated in Figure 12
where three model runs with fixed moulin locations on dif-
ferent meshes but otherwise identical to the MOULINS run
are shown. The channel network is similar between the runs
with 4–6 major outlet channels. The metric of mean effective
pressure is the same within less than one percent and the
maximal discharge carried by any channel is within two per-
cent. We suspect that the errors introduced by mesh effects
are small compared to errors introduced by uncertainties in
parameters and other inputs. Nevertheless, when running
the model for a real setting it will be prudent to run it with
a few different meshes to quantify the mesh dependence.

ToDo: update text. Mean N for run MOULINS is 1.7468
MPa

5.3. Parameter dependencies

ToDo: move to results
The model contains several parameters, some of which

vary spatially, that are poorly constrained (Table 1). The
values used in the model runs presented in the last sec-
tion were chosen for illustration of the general behavior, and
choosing other values can lead to qualitative as well as quan-
titative differences. We describe and explore some of the
parameter dependencies, at least for steady states. To this
extent, we present a few suites of model runs on a mesh with
4000 nodes with a spatially and temporally uniform input
into the sheet (i.e. no moulins and no elevation dependence)
with the same total input of ∼600m3s−1as for the previous
model runs. Parameter defaults are as in Table 1 with a
chosen parameter varied over some range.
5.3.1. Discharge and topography

For a given set of parameters, channels occur when the
discharge forced through the system is large enough. Fig-
ure 10a–c shows the channel network for variations of the
melt input by two orders of magnitude, which changes the
network from almost nonexistent to very arborescent. The

Unstructured meshes
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for some functions w and v, which parameterize the rate
of cavity opening and closing, respectively [Walder , 1986;
Kamb, 1987]. The opening is due to sliding over bumps in
the bed, and is related to the basal sliding speed ub through

w(h) =
ub

lr
(hr − h), (7)

where hr is the typical bedrock bump height and lr the typ-
ical horizontal cavity spacing. Thus this type of hydrology
model would allow a two-way coupling to an ice-flow model
through ub and φ. The cavities close by viscous ice defor-
mation which is related to the effective pressure N by

v(h,N) = Ãh |N |n−1 N, (8)

where Ã is the rheological constant of ice multiplied by an
order-one geometrical factor that depends on the shape of
the cavities, and n is the exponent in Glen’s law.

Other functional relations for the opening and closing
rates are possible, corresponding to other types of dis-
tributed subglacial drainage. However, we must ensure that
these terms do not lead to localization of the water flow (i.e.
channelization), as that process is deliberately accounted
for separately within the channel network. For this reason,
opening due to melting is not included in the sheet, but will
be accounted for in the channels (see below).

Note that we impose no restrictions on the values that
the water pressure can attain. This is in contrast to the
model in Schoof et al. [2012] and Hewitt et al. [2012], which
assumes that an air/vapour gap forms when the pressure
drops to zero, and sudden uplift occurs when pressure ex-
ceeds overburden. However, the numerical procedure used
in that study is prohibitively expensive to use in 2D.

2.2. Englacial storage

The sheet described above can store water but potentially
not enough and on a relatively long time scale, i.e. the time
it takes to open a cavity due to sliding (Eq. (7)). This is not
fast enough to explain many storage phenomena observed
on glaciers, such as the delay between maximal surface melt
and peak proglacial discharge, so we also include a faster

Figure 1. A view of part of a network Γ with a moulin
connecting to one of the nodes. Network has edges Γj and
nodes Λk, partitioning the domain Ω into subdomains Ωi.
The channels are constrained to lie on the edges and the
sheet occupies the subdomains. The moulins connects
to a node of the channel network. Qs surface water in-
put, Vm moulin volume and Qm moulin discharge into
network node.

storage mechanism in which the volume of water stored is a
function of water pressure. The stored volume per unit area
of the bed, he, needs to be included in the mass conservation
equation (Eq. (4))

∂h
∂t

+
∂he

∂t
+∇ · q = m. (9)

Specifically we envisage that this storage occurs in an
englacial aquifer with a void ratio ev [e.g. Fountain et al.,
2005; Huss et al., 2007], for which

he(pw) = he(φ− φm) = ev
φ− φm

ρwg
. (10)

2.3. Channel model

We first describe the equations governing a single chan-
nel, and then show how the channels are connected to each
other and to the sheet. Channels are modeled as R chan-
nels [Röthlisberger , 1972; Nye, 1976] which close due to ice
creep, just like the sheet, but which enlarge due to melting.
Melting is driven by dissipation of potential energy in the
water flow, and by changes of the pressure melting point of
the ice.

For a single channel mass conservation demands

∂S
∂t

+
∂Q
∂s

=
Ξ−Π
ρwL

+mc, (11)

where S is the channel cross-sectional area (assumed always
to be filled with water), Q is the discharge, s is the horizon-
tal coordinate along the channel1, Ξ is the potential energy
dissipated (per unit length and time), Π is the change in sen-
sible heat due to the change of the pressure melting point
of ice (per unit length and time), and L is the latent heat
of fusion. The source term mc represents water entering the
channel from the adjacent sheet.

The discharge is again related to the hydraulic potential
gradient via a turbulent flow parameterization,

Q = −kcS
αc

����
∂φ
∂s

����
βc−2 ∂φ

∂s
, (12)

where kc is a constant. As for the sheet, this is equivalent
to the Darcy-Weisbach relation for our choice of the param-
eters αc = 5/4 and βc = 3/2, and for a semicircular channel
kc can be related to the friction factor fr by2

k2
c =

8

ρwfr(2/π)1/2(π + 2)
. (13)

Alternatively, a Manning relation could be used instead by
setting αc = 4/3 and k2

c = [ρw g n�2(2/π)2/3(π + 2)4/3]−1,
where n� is the Manning friction factor.

The time evolution of S is given by

∂S
∂t

=
Ξ−Π
ρiL

− vc (14)

with opening rate (Ξ−Π)/ρiL and closure rate vc. The po-
tential energy dissipated per unit length and time is given
by

Ξ =

����Q
∂φ
∂s

����+
����lcqc

∂φ
∂s

���� , (15)

where qc = −khα
�� ∂φ
∂s

��β−2 ∂φ
∂s is approximately the discharge

in the sheet flowing in the direction of the channel. The
first term in (15) represents the contribution from the wa-
ter flowing in the channel, and the second term represents
a contribution from the water flowing in a width lc of the

Gornergletscher - 2007 melt forcing

Werder et al in press



y [ km ]

x 
[ k

m
 ]

 

 

4 2 0 2 4

0

5

10

15

20

N [ MPa ]
1 1.5 2 2.5

y [ km ]

 

 

4 2 0 2 4

0

5

10

15

20

h [ cm ]
0 2 4

0 100 200

0

5

10

15

20

S [ m2 ]

Single channel model
Variable input to isolated moulin

y [ km ]

N
 [ 

M
Pa

 ]

 = 0

4 2 0 2 4
0

1

2

3

y [ km ]

 = 0.1

4 2 0 2 4
0

1

2

3

y [ km ]

 = 0.2

4 2 0 2 4
0

1

2

3

y [ km ]

 = 0.3

4 2 0 2 4
0

1

2

3

0 5 10 15 20
40

45

50

55

60

x [ km ]

S 
[ m

2  ]

0 5 10 15 20
0

1

2

3

x [ km ]

N
 [ 

M
Pa

 ]

 

 

 = 0
 = 0.1
 = 0.2
 = 0.3

Effective pressure transects

Increasing amplitude of diurnal input

Sheet depthEffective pressure

Average effective pressure

Su
rf

ac
e 

gr
ad

ie
nt


