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Why?

To aid understanding

To help check numerical models

To save computational costs



Please ask questions!



Fluid-mechanical model
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The boundary conditions at the upper surface z = s(x, t) are

w → u
ϖs

ϖx
=

ϖs

ϖt
→ a, →(→p+ ωxx)

ϖs

ϖx
+ ωxz = 0, →ωxz

ϖs

ϖx
+ (→p+ ωzz) = 0, (9)

and at the lower surface z = b(x, t)

w → u
ϖb

ϖx
=

ϖb

ϖt
→m, ub = F (ωb), (10)

where

ub =
u+ bxw

(1 + b2x)
1/2

, ωb =
1→ b

2
x

1 + b2x

ωxz +
2bx

1 + b2x

ωzz, (11)

and where we have temporarily used the notation bx = ϖb/ϖx. If is possible that the

friction law also depends on the normal stress at the bed, which for completeness we

note is
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Rheology

we can derive another simplified model if we assume that the lateral shear stress

dominates the e!ective viscosity. The approximate force balance becomes

ω
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)
εigH
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= 0. (86)

If we assume u = 0 at y = ±W , where W is the half-width of the ice shelf, the

solution is

u(y) =
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The velocity depends strongly on the width of the ice shelf. (Note the similarity to

the shallow ice approximation; this is essentially the same but with the dominant

shear in the y direction rather than the z direction, giving dependence on the width

rather than the depth). The width- and depth-averaged velocity is then

u =
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. (88)

It is also helpful to note the lateral shear stress,
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(89)

9 Marine ice sheets

We now give a more detailed consideration to marine ice sheets, for which the details

of the bed topography become more important. We start by recalling the equations

for an ice shelf.

Extra equations
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Depth-averaged 
velocity

Balance function

H

z = b

z = s

u

τb

a

We can perform a further integral to give the depth-integrated ice flux,

q =

∫ s

b

u dz = ubH +
2A(ωg)n

n+ 2
H

n+2

∣∣∣∣
εs

εx

∣∣∣∣
n→1 (

→εs

εx

)
. (19)

The corresponding depth-averaged velocity u is given by

u = ub +
2A(ωg)n

n+ 2
H

n+1

∣∣∣∣
εs

εx

∣∣∣∣
n→1 (

→εs

εx

)
= ub +

2A

n+ 2
H|ϑd|n→1

ϑd, (20)

in terms of which we can write the velocity as

u = ub +
n+ 2

n+ 1

[
1→

(
s→ z

H

)n+1
]
(u→ ub). (21)

In particular the surface velocity is

us = ub +
n+ 2

n+ 1
(u→ ub). (22)

We can also calculate the vertical velocity by integrating the mass conservation

equation over depth ∫ z

b

εu

εx
+

εv

εy
dz +

[
w
]z
b
= 0. (23)

With the kinematic boundary condition at the bed, this gives

w = →
∫ z

b

εu

εx
dz + ub

εb

εx
+

εb

εt
→m, (24)

an expression which is helpful if we want to reconstruct (and plot) the streamlines of

the ice flow.

Integrating all the way to the surface, and using Leibniz’s rule together with

the kinematic condition at the surface, gives the depth-integrated mass conservation

equation,
εH

εt
+

ε

εx
(uH) = ḃ = a→m, (25)

where again u is the depth-averaged velocity

u =
1

H

∫ s

b

u dz. (26)

We have written the right hand side here as the ‘balance rate’ ḃ, the net accumulation

minus melting, which would give the rate of change of the surface height in the absence

of ice motion. (This should not to be confused with the bed elevation b).

3 Equilibrium ice sheet with constant mass bal-

ance

For a steady state (an ice sheet in equilibrium) we must have

uH =

∫ x

0

ḃ dx, (27)
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Simplified force balance

ωij = 2εϑ̇ij (1)

ε =
1

2A
ω
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u =
1

H

∫ s

b

u dz (4)

z → x w → u ωxz ↑ ωxx (5)

1 Full equations

In two space time dimensions (vertical and horizontal) the Stokes equations are

ϖu

ϖx
+

ϖw

ϖz
= 0, (6)

0 = ↓ϖp

ϖx
+

ϖωxx

ϖx
+

ϖωxz

ϖz
, (7)

0 = ↓ϖp

ϖz
+

ϖωxz

ϖx
+

ϖωzz

ϖz
↓ ϱig. (8)

The deviatoric stress components are related to the strain rates by

ωxx = 2ε
ϖu

ϖx
, ωxz = ε

(
ϖu

ϖz
+

ϖw

ϖx

)
, ωzz = 2ε

ϖw

ϖz
, (9)

in which the e!ective viscosity ε can be written either in terms of the stress or the

strain rates as

ε =
1

2A

(
ω
2
xx + ω

2
xz

)→(n→1)/2
=

1

2A1/n

((
ϖu
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)2

+
1

4

(
ϖu

ϖz
+

ϖw

ϖx

)2
)→(n→1)/2n
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The boundary conditions at the upper surface z = s(x, t) are

w ↓ u
ϖs

ϖx
=

ϖs

ϖt
↓ a, ↓(↓p+ ωxx)

ϖs

ϖx
+ ωxz = 0, ↓ωxz

ϖs

ϖx
+ (↓p+ ωzz) = 0, (11)

and at the lower surface z = b(x, t)

w ↓ u
ϖb

ϖx
=

ϖb

ϖt
↓m, ub = F (ωb), (12)

where

ub =
u+ bxw

(1 + b2x)
1/2

, ωb =
1↓ b

2
x

1 + b2x

ωxz +
2bx

1 + b2x

ωzz, (13)

and where we have temporarily used the notation bx = ϖb/ϖx. If is possible that the

friction law also depends on the normal stress at the bed, which for completeness we

note is

ςb = ↓p+
1↓ b

2
x

1 + b2x

ωzz ↓
2bx

1 + b2x

ωxz. (14)
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Shallow ice approximation (SIA)

2 Shallow ice approximation

For the shallow ice approximation, we assume that the aspect ratio of the flow is small,

so that variations in the horizontal direction are generally smaller than those in the

vertical direction, which allows us to neglect certain terms on the basis that they

are expected to be small. In particular, in this approximation we suppose that the

vertical shear stress ωxz is larger than the other deviatoric stress components, which

are therefore neglected from the equations. This is a reasonable approximation in

many situations, especially for grounded ice that does not slide too fast. Floating ice,

and rapidly moving ice streams, are not so well described by this model. As well as

the assuming the vertical shear stress dominates, the shallow ice approximation also

assumes that the slope of the bed and ice surface are small, and the vertical velocity

w is correspondingly smaller than the horizontal velocity u.

Note that the neglected terms (stress components in this case) are not actually

assumed to be zero; they are simply assumed to be small enough that their role in

the equations representing the dominant force balance can be neglected.

For the shallow ice approximation, the equations become

εu

εx
+

εw

εz
, 0 = →εp

εx
+

εωxz

εz
, 0 = →εp

εz
→ ϑg, (15)

where
εu

εz
= 2A|ωxz|n→1

ωxz. (16)

The surface boundary conditions are

p = ωxz = 0 at z = s(x, t), (17)

and the basal boundary conditions are

w → u
εb

εx
=

εb

εt
→m, u = F (ωb) at z = b(x, t), (18)

where ωb = ωxz|z=b.

Integrating the force balance equations with the zero-stress conditions at the

surface gives

p = ϑig(s→ z), ωxz = →ϑig(s→ z)
εs

εx
. (19)

The basal shear stress in the shallow ice approximation is therefore equal to

ωb = ωd := →ϑigH
εs

εx
, (20)

where H = s→b is the ice thickness, and we have labelled this quantity more generally

as the ‘driving stress’ ωd (the driving stress is important outside of the shallow ice

approximation too, though it is not always equal to the basal shear stress in that

case). We can insert the shear stress to the flow law, and assuming that the flow-law

coe!cient A is constant in z, we can integrate to give

u = ub +
2A(ϑg)n

n+ 1

[
H

n+1 → (s→ z)n+1
] ∣∣∣∣

εs

εx

∣∣∣∣
n→1 (

→εs

εx

)
, (21)
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Vertical force balance

2 Shallow ice approximation

For the shallow ice approximation, we assume that the aspect ratio of the flow is small,

so that variations in the horizontal direction are generally smaller than those in the

vertical direction, which allows us to neglect certain terms on the basis that they

are expected to be small. In particular, in this approximation we suppose that the

vertical shear stress ωxz is larger than the other deviatoric stress components, which

are therefore neglected from the equations. This is a reasonable approximation in

many situations, especially for grounded ice that does not slide too fast. Floating ice,

and rapidly moving ice streams, are not so well described by this model. As well as

the assuming the vertical shear stress dominates, the shallow ice approximation also

assumes that the slope of the bed and ice surface are small, and the vertical velocity

w is correspondingly smaller than the horizontal velocity u.

Note that the neglected terms (stress components in this case) are not actually

assumed to be zero; they are simply assumed to be small enough that their role in

the equations representing the dominant force balance can be neglected.

For the shallow ice approximation, the equations become

εu

εx
+

εw

εz
, 0 = →εp

εx
+

εωxz

εz
, 0 = →εp

εz
→ ϑg, (15)

where
εu

εz
= 2A|ωxz|n→1

ωxz. (16)

The surface boundary conditions are

p = ωxz = 0 at z = s(x, t), (17)

and the basal boundary conditions are

w → u
εb

εx
=

εb

εt
→m, u = F (ωb) at z = b(x, t), (18)

where ωb = ωxz|z=b.

Integrating the force balance equations with the zero-stress conditions at the

surface gives

p = ϑig(s→ z), ωxz = →ϑig(s→ z)
εs

εx
. (19)

The basal shear stress in the shallow ice approximation is therefore equal to

ωb = ωd := →ϑigH
εs

εx
, (20)

where H = s→b is the ice thickness, and we have labelled this quantity more generally

as the ‘driving stress’ ωd (the driving stress is important outside of the shallow ice

approximation too, though it is not always equal to the basal shear stress in that

case). We can insert the shear stress to the flow law, and assuming that the flow-law

coe!cient A is constant in z, we can integrate to give

u = ub +
2A(ϑg)n

n+ 1

[
H

n+1 → (s→ z)n+1
] ∣∣∣∣

εs

εx
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n→1 (

→εs

εx

)
, (21)
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Horizontal force balance

2 Shallow ice approximation

For the shallow ice approximation, we assume that the aspect ratio of the flow is small,

so that variations in the horizontal direction are generally smaller than those in the

vertical direction, which allows us to neglect certain terms on the basis that they

are expected to be small. In particular, in this approximation we suppose that the

vertical shear stress ωxz is larger than the other deviatoric stress components, which

are therefore neglected from the equations. This is a reasonable approximation in

many situations, especially for grounded ice that does not slide too fast. Floating ice,

and rapidly moving ice streams, are not so well described by this model. As well as

the assuming the vertical shear stress dominates, the shallow ice approximation also

assumes that the slope of the bed and ice surface are small, and the vertical velocity

w is correspondingly smaller than the horizontal velocity u.

Note that the neglected terms (stress components in this case) are not actually

assumed to be zero; they are simply assumed to be small enough that their role in

the equations representing the dominant force balance can be neglected.

For the shallow ice approximation, the equations become

εu

εx
+

εw

εz
, 0 = →εp

εx
+

εωxz

εz
, 0 = →εp

εz
→ ϑg, (15)

where
εu

εz
= 2A|ωxz|n→1

ωxz. (16)

The surface boundary conditions are

p = ωxz = 0 at z = s(x, t), (17)

and the basal boundary conditions are

w → u
εb

εx
=

εb

εt
→m, u = F (ωb) at z = b(x, t), (18)

where ωb = ωxz|z=b.

Integrating the force balance equations with the zero-stress conditions at the

surface gives

p = ϑig(s→ z), ωxz = →ϑig(s→ z)
εs

εx
. (19)

The basal shear stress in the shallow ice approximation is therefore equal to

ωb = ωd := →ϑigH
εs

εx
, (20)

where H = s→b is the ice thickness, and we have labelled this quantity more generally

as the ‘driving stress’ ωd (the driving stress is important outside of the shallow ice

approximation too, though it is not always equal to the basal shear stress in that

case). We can insert the shear stress to the flow law, and assuming that the flow-law

coe!cient A is constant in z, we can integrate to give

u = ub +
2A(ϑg)n

n+ 1

[
H

n+1 → (s→ z)n+1
] ∣∣∣∣

εs
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2

Constitutive law (rheology)

2 Shallow ice approximation

For the shallow ice approximation, we assume that the aspect ratio of the flow is small,

so that variations in the horizontal direction are generally smaller than those in the

vertical direction, which allows us to neglect certain terms on the basis that they

are expected to be small. In particular, in this approximation we suppose that the

vertical shear stress ωxz is larger than the other deviatoric stress components, which

are therefore neglected from the equations. This is a reasonable approximation in

many situations, especially for grounded ice that does not slide too fast. Floating ice,

and rapidly moving ice streams, are not so well described by this model. As well as

the assuming the vertical shear stress dominates, the shallow ice approximation also

assumes that the slope of the bed and ice surface are small, and the vertical velocity

w is correspondingly smaller than the horizontal velocity u.

Note that the neglected terms (stress components in this case) are not actually

assumed to be zero; they are simply assumed to be small enough that their role in

the equations representing the dominant force balance can be neglected.

For the shallow ice approximation, the equations become

εu

εx
+

εw

εz
, 0 = →εp

εx
+

εωxz

εz
, 0 = →εp

εz
→ ϑg, (15)

where
εu

εz
= 2A|ωxz|n→1

ωxz. (16)

The surface boundary conditions are

p = ωxz = 0 at z = s(x, t), (17)

and the basal boundary conditions are

w → u
εb

εx
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εb

εt
→m, u = F (ωb) at z = b(x, t), (18)

where ωb = ωxz|z=b.
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surface gives
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εs
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. (19)

The basal shear stress in the shallow ice approximation is therefore equal to

ωb = ωd := →ϑigH
εs

εx
, (20)

where H = s→b is the ice thickness, and we have labelled this quantity more generally

as the ‘driving stress’ ωd (the driving stress is important outside of the shallow ice

approximation too, though it is not always equal to the basal shear stress in that

case). We can insert the shear stress to the flow law, and assuming that the flow-law
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1/2
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2ωi
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↔ 20 m (102)
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ḃ↓ ϑH

ϑt

)
dx (112)
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Key point:  Ice velocity depends primarily on ice thickness and surface slope







Equilibrium ice-sheet shape (SIA)
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n→1
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, (8)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (9)

p↓ ωzz = ϖig(s↓ z) (10)

u ↔ u ωxz → ωxx (11)

0 = ↓ϖigH
ϱs

ϱx
+

ϱ

ϱx
(2Hωxx)↓ C|u|m→1

u, (12)

ωd = ↓ϖigH
ϱs

ϱx
ωxx = A

→1/nϱu

ϱx
(13)

1 Full equations

In two space time dimensions (vertical and horizontal) the Stokes equations are

ϱu

ϱx
+

ϱw

ϱz
= 0, (14)

0 = ↓ϱp

ϱx
+

ϱωxx

ϱx
+

ϱωxz

ϱz
, (15)

0 = ↓ϱp

ϱz
+

ϱωxz

ϱx
+

ϱωzz

ϱz
↓ ϖig. (16)

The deviatoric stress components are related to the strain rates by

ωxx = 2ε
ϱu

ϱx
, ωxz = ε

(
ϱu

ϱz
+

ϱw

ϱx

)
, ωzz = 2ε

ϱw

ϱz
, (17)

1

(no sliding, flat bed)

Equilibrium ice sheet (steady state) with constant ·b

We can also calculate the vertical velocity by integrating the mass conservation

equation over depth ∫ z

b

ωu

ωx
+

ωv

ωy
dz +

[
w
]z
b
= 0. (35)

With the kinematic boundary condition at the bed, this gives

w = →
∫ z

b

ωu

ωx
dz + ub

ωb

ωx
+

ωb

ωt
→m, (36)

an expression which is helpful if we want to reconstruct (and plot) the streamlines of

the ice flow.

Integrating all the way to the surface, and using Leibniz’s rule together with

the kinematic condition at the surface, gives the depth-integrated mass conservation

equation,
ωH

ωt
+

ω

ωx
(uH) = ḃ = a→m. (37)

We have written the right hand side here as the ‘balance rate’ ḃ, the net accumulation

minus melting, which would give the rate of change of the surface height in the absence

of ice motion. (This should not to be confused with the bed elevation b).

For a steady state (an ice sheet in equilibrium) we must have

uH =

∫ x

0

ḃ dx, (38)

where we take the x = 0 to be the ‘centre’ of the ice sheet at which we may take

the ice velocity to be zero (by symmetry). Together with the expression for u this

provides a first-order di!erential equation for the steady state ice thickness H(x),

which requires one more boundary condition to be solved. If we assume that the ice

sheet ends at x = L, it seems natural to take H = 0 there.

As a simple example, suppose the ice sheet has a flat bed, b = 0, at which there

is no sliding, ub = 0, and that the balance rate ḃ is constant. We then have

H =

[
2(n+ 2)1/n

(2A)1/nεg

] n
2(n+1)

ḃ
1

2(n+1)L
1/2

[
1→

(
x

L

)n+1
n

] n
2(n+1)

. (39)

This is often referred to as the Vialov profile ?. Note that this idealised profile must

have an infinite velocity at x = L where H = 0, since the ice flux there is non-zero (by

global mass conservation, it must equal the balance rate integrated over the domain,

ḃL). We could imagine that this represents the ice flowing into the ocean at x = L

(in a thin and fast-moving layer).

If instead the motion is dominated by sliding (C is relatively small), we instead

have

H =

[
(m+ 2)C

(m+ 1)εg

] 1
m+2

ḃ
m

m+2L
m+1
m+2

[
1→

(
x

L

)m+1
] 1

m+2

. (40)

In either case, if we take the limit n ↑ ↓, or m ↑ 0 (with the corresponding

values of the coe”cients A→1/n ↑ ϑi or C ↑ ϑi), we recover the plastic ice limit,

H = H
1/2
0 (L→ x)1/2 , (41)

where H0 = 2ϑi/εig.
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We can perform a further integral to give the depth-integrated ice flux,

q =

∫ s

b

u dz = ubH +
2A(ωg)n

n+ 2
H

n+2

∣∣∣∣
εs

εx

∣∣∣∣
n→1 (

→εs

εx

)
. (19)

The corresponding depth-averaged velocity u is given by

u = ub +
2A(ωg)n

n+ 2
H

n+1
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εs

εx

∣∣∣∣
n→1 (

→εs

εx

)
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2A
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ϑd, (20)

in terms of which we can write the velocity as

u = ub +
n+ 2

n+ 1

[
1→

(
s→ z

H

)n+1
]
(u→ ub). (21)

In particular the surface velocity is

us = ub +
n+ 2

n+ 1
(u→ ub). (22)

We can also calculate the vertical velocity by integrating the mass conservation
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an expression which is helpful if we want to reconstruct (and plot) the streamlines of

the ice flow.

Integrating all the way to the surface, and using Leibniz’s rule together with

the kinematic condition at the surface, gives the depth-integrated mass conservation

equation,
εH

εt
+

ε

εx
(uH) = ḃ = a→m, (25)

where again u is the depth-averaged velocity

u =
1

H

∫ s

b

u dz. (26)

We have written the right hand side here as the ‘balance rate’ ḃ, the net accumulation

minus melting, which would give the rate of change of the surface height in the absence

of ice motion. (This should not to be confused with the bed elevation b).

3 Equilibrium ice sheet with constant mass bal-

ance

For a steady state (an ice sheet in equilibrium) we must have

uH =

∫ x

0

ḃ dx, (27)
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p↓ ωzz = εig(s↓ z) (103)
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(2Hωxx)↓ C|u|m→1

u, (105)
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ωxx = A

→1/nϑu
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(106)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
εi

εm
H (107)
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Key point:  Ice thickness depends on ice-sheet extent ( ) and (weakly) on balance rate ( )   L1/2 ·b1/(n+1)
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Perfect plastic approximation (PPA)

Pioneered by Nye (1952).  Subsequently explored by Weertman (1961, 1976), Oerlemans (1981), and others.  

2 Shallow ice approximation

For the shallow ice approximation, we assume that the aspect ratio of the flow is small,

so that variations in the horizontal direction are generally smaller than those in the

vertical direction, which allows us to neglect certain terms on the basis that they

are expected to be small. In particular, in this approximation we suppose that the

vertical shear stress ωxz is larger than the other deviatoric stress components, which

are therefore neglected from the equations. This is a reasonable approximation in

many situations, especially for grounded ice that does not slide too fast. Floating ice,

and rapidly moving ice streams, are not so well described by this model. As well as

the assuming the vertical shear stress dominates, the shallow ice approximation also

assumes that the slope of the bed and ice surface are small, and the vertical velocity

w is correspondingly smaller than the horizontal velocity u.

Note that the neglected terms (stress components in this case) are not actually

assumed to be zero; they are simply assumed to be small enough that their role in

the equations representing the dominant force balance can be neglected.

For the shallow ice approximation, the equations become

εu

εx
+

εw

εz
, 0 = →εp

εx
+

εωxz

εz
, 0 = →εp

εz
→ ϑg, (15)

where
εu

εz
= 2A|ωxz|n→1

ωxz. (16)

The surface boundary conditions are

p = ωxz = 0 at z = s(x, t), (17)

and the basal boundary conditions are

w → u
εb

εx
=

εb

εt
→m, u = F (ωb) at z = b(x, t), (18)

where ωb = ωxz|z=b.

Integrating the force balance equations with the zero-stress conditions at the

surface gives

p = ϑig(s→ z), ωxz = →ϑig(s→ z)
εs

εx
. (19)

The basal shear stress in the shallow ice approximation is therefore equal to

ωb = ωd := →ϑigH
εs

εx
, (20)

where H = s→b is the ice thickness, and we have labelled this quantity more generally

as the ‘driving stress’ ωd (the driving stress is important outside of the shallow ice

approximation too, though it is not always equal to the basal shear stress in that

case). We can insert the shear stress to the flow law, and assuming that the flow-law

coe!cient A is constant in z, we can integrate to give

u = ub +
2A(ϑg)n

n+ 1

[
H

n+1 → (s→ z)n+1
] ∣∣∣∣

εs

εx

∣∣∣∣
n→1 (

→εs

εx

)
, (21)
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as the ‘driving stress’ ωd (the driving stress is important outside of the shallow ice

approximation too, though it is not always equal to the basal shear stress in that

case). We can insert the shear stress to the flow law, and assuming that the flow-law
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Vertical force balance

Horizontal force balance

Yield stress  reached at bedτi
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ωb = C|ub|m→1
ub (96)

z → x w → u ωxz ↑ ωxx (97)

ub =
(
εg

C

)1/m

H
1/m

∣∣∣∣
ϑs

ϑx

∣∣∣∣
1/m→1 (

↓ϑs

ϑx

)
(98)

u = ↓2A(εig)n

n+ 2
H

n+1

∣∣∣∣
ϑH

ϑx

∣∣∣∣
n→1

ϑH

ϑx
, (99)

u =
(
εg

C

)1/m

H
1/m

∣∣∣∣
ϑH

ϑx

∣∣∣∣
1/m→1 (

↓ϑH

ϑx

)
(100)

H = H
1/2
0 (L↓ x)1/2 , H0 =

2ωi
εig

(101)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (102)

p↓ ωzz = εig(s↓ z) (103)

u ↔ u ωxz → ωxx (104)

0 = ↓εigH
ϑs

ϑx
+

ϑ

ϑx
(2Hωxx)↓ C|u|m→1

u, (105)

ωd = ↓εigH
ϑs

ϑx
ωxx = A

→1/nϑu

ϑx
(106)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
εi

εm
H (107)

εm

s = rmH, rm = 1↓ εi

εm
↔ 0.7 (108)

↓εigH
ϑs

ϑx
= ωi (109)

u =
1

H

∫ x

0

(
ḃ↓ ϑH

ϑt

)
dx (110)
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no sliding 

!L 0 L

Distance x

0
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o
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z

perfect plasticity

ωij = 2εϑ̇ij (1)

ε =
1

2A
ω
1→n =

1

2A1/n
ϑ̇
1/n→1

ω =
(
ωijωij

2

)1/2

ϑ̇ =

(
ϑ̇ij ϑ̇ij

2

)1/2

(2)

ωY (3)

u =
1

H

∫ s

b

u dz (4)

ωb = C|ub|m→1
ub (5)

z → x w → u ωxz ↑ ωxx (6)

ub =
(
ϖg

C

)1/m

H
1/m

∣∣∣∣
ϱs

ϱx

∣∣∣∣
1/m→1 (

↓ϱs

ϱx

)
(7)

u = ↓2A(ϖig)n

n+ 2
H

n+1

∣∣∣∣
ϱH

ϱx

∣∣∣∣
n→1

ϱH

ϱx
, (8)

u =
(
ϖg

C

)1/m

H
1/m

∣∣∣∣
ϱH

ϱx

∣∣∣∣
1/m→1 (

↓ϱH

ϱx

)
(9)

H = H
1/2
0 (L↓ x)1/2 , H0 =

2ωi
ϖig

(10)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (11)

p↓ ωzz = ϖig(s↓ z) (12)

u ↔ u ωxz → ωxx (13)

0 = ↓ϖigH
ϱs

ϱx
+

ϱ

ϱx
(2Hωxx)↓ C|u|m→1

u, (14)

ωd = ↓ϖigH
ϱs

ϱx
ωxx = A

→1/nϱu

ϱx
(15)

1 Full equations

In two space time dimensions (vertical and horizontal) the Stokes equations are

ϱu

ϱx
+

ϱw

ϱz
= 0, (16)

0 = ↓ϱp

ϱx
+

ϱωxx

ϱx
+

ϱωxz

ϱz
, (17)

0 = ↓ϱp

ϱz
+

ϱωxz

ϱx
+

ϱωzz

ϱz
↓ ϖig. (18)

1

Weertman sliding 

Equilibrium ice-sheet shape (PPA)

We can perform a further integral to give the depth-integrated ice flux,

q =

∫ s

b

u dz = ubH +
2A(ωg)n

n+ 2
H

n+2

∣∣∣∣
εs

εx

∣∣∣∣
n→1 (

→εs

εx

)
. (19)

The corresponding depth-averaged velocity u is given by

u = ub +
2A(ωg)n

n+ 2
H

n+1

∣∣∣∣
εs

εx

∣∣∣∣
n→1 (

→εs

εx

)
= ub +

2A

n+ 2
H|ϑd|n→1

ϑd, (20)

in terms of which we can write the velocity as

u = ub +
n+ 2

n+ 1

[
1→

(
s→ z

H

)n+1
]
(u→ ub). (21)

In particular the surface velocity is

us = ub +
n+ 2

n+ 1
(u→ ub). (22)

We can also calculate the vertical velocity by integrating the mass conservation

equation over depth ∫ z

b

εu

εx
+

εv

εy
dz +

[
w
]z
b
= 0. (23)

With the kinematic boundary condition at the bed, this gives

w = →
∫ z

b

εu

εx
dz + ub

εb

εx
+

εb

εt
→m, (24)

an expression which is helpful if we want to reconstruct (and plot) the streamlines of

the ice flow.

Integrating all the way to the surface, and using Leibniz’s rule together with

the kinematic condition at the surface, gives the depth-integrated mass conservation

equation,
εH

εt
+

ε

εx
(uH) = ḃ = a→m, (25)

where again u is the depth-averaged velocity

u =
1

H

∫ s

b

u dz. (26)

We have written the right hand side here as the ‘balance rate’ ḃ, the net accumulation

minus melting, which would give the rate of change of the surface height in the absence

of ice motion. (This should not to be confused with the bed elevation b).

3 Equilibrium ice sheet with constant mass bal-

ance

For a steady state (an ice sheet in equilibrium) we must have

uH =

∫ x

0

ḃ dx, (27)

3

ωb = C|ub|m→1
ub (96)

z → x w → u ωxz ↑ ωxx (97)

ub =
(
εg

C

)1/m

H
1/m

∣∣∣∣
ϑs

ϑx

∣∣∣∣
1/m→1 (

↓ϑs

ϑx

)
(98)

u = ↓2A(εig)n

n+ 2
H

n+1

∣∣∣∣
ϑH

ϑx

∣∣∣∣
n→1

ϑH

ϑx
, (99)

u =
(
εg

C

)1/m

H
1/m

∣∣∣∣
ϑH

ϑx

∣∣∣∣
1/m→1 (

↓ϑH

ϑx

)
(100)

H = H
1/2
0 (L↓ x)1/2 , H0 =

2ωi
εig

(101)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (102)

p↓ ωzz = εig(s↓ z) (103)

u ↔ u ωxz → ωxx (104)

0 = ↓εigH
ϑs

ϑx
+

ϑ

ϑx
(2Hωxx)↓ C|u|m→1

u, (105)

ωd = ↓εigH
ϑs

ϑx
ωxx = A

→1/nϑu

ϑx
(106)

↓εigH
ϑH

ϑx
= ωi (107)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
εi

εm
H (108)

εm

s = rmH, rm = 1↓ εi

εm
↔ 0.7 (109)

↓εigH
ϑs

ϑx
= ωi (110)

u =
1

H

∫ x

0

(
ḃ↓ ϑH

ϑt

)
dx (111)

uH = ḃx (112)
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(flat bed)

ωb = C|ub|m→1
ub (96)

z → x w → u ωxz ↑ ωxx (97)

ub =
(
εg

C

)1/m

H
1/m

∣∣∣∣
ϑs

ϑx

∣∣∣∣
1/m→1 (

↓ϑs

ϑx

)
(98)

u = ↓2A(εig)n

n+ 2
H

n+1

∣∣∣∣
ϑH

ϑx

∣∣∣∣
n→1

ϑH

ϑx
, (99)

u =
(
εg

C

)1/m

H
1/m

∣∣∣∣
ϑH

ϑx

∣∣∣∣
1/m→1 (

↓ϑH

ϑx

)
(100)

H = H
1/2
0 (L↓ x)1/2 , H0 =

2ωi
εig

↔ 20 m (101)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (102)

p↓ ωzz = εig(s↓ z) (103)

u ↔ u ωxz → ωxx (104)

0 = ↓εigH
ϑs

ϑx
+

ϑ

ϑx
(2Hωxx)↓ C|u|m→1

u, (105)

ωd = ↓εigH
ϑs

ϑx
ωxx = A

→1/nϑu

ϑx
(106)

↓εigH
ϑH

ϑx
= ωi (107)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
εi

εm
H (108)

εm

s = rmH, rm = 1↓ εi

εm
↔ 0.7 (109)

↓εigH
ϑs

ϑx
= ωi (110)

u =
1

H

∫ x

0

(
ḃ↓ ϑH

ϑt

)
dx (111)

uH = ḃx (112)
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ωb = C|ub|m→1
ub (96)

z → x w → u ωxz ↑ ωxx (97)

ub =
(
εg

C

)1/m

H
1/m

∣∣∣∣
ϑs

ϑx

∣∣∣∣
1/m→1 (

↓ϑs

ϑx

)
(98)

u = ↓2A(εig)n

n+ 2
H

n+1

∣∣∣∣
ϑH

ϑx

∣∣∣∣
n→1

ϑH

ϑx
, (99)

u =
(
εg

C

)1/m

H
1/m

∣∣∣∣
ϑH

ϑx

∣∣∣∣
1/m→1 (

↓ϑH

ϑx

)
(100)

H = H
1/2
0 (L↓ x)1/2 , (0 < x < L) H0 =

2ωi
εig

↔ 20 m (101)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (102)

p↓ ωzz = εig(s↓ z) (103)

u ↔ u ωxz → ωxx (104)

0 = ↓εigH
ϑs

ϑx
+

ϑ

ϑx
(2Hωxx)↓ C|u|m→1

u, (105)

ωd = ↓εigH
ϑs

ϑx
ωxx = A

→1/nϑu

ϑx
(106)

↓εigH
ϑH

ϑx
= ωi (107)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
εi

εm
H (108)

εm

s = rmH, rm = 1↓ εi

εm
↔ 0.7 (109)

↓εigH
ϑs

ϑx
= ωi (110)

u =
1

H

∫ x

0

(
ḃ↓ ϑH

ϑt

)
dx (111)

uH = ḃx (112)
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Greenland ice sheet



Antarctic ice sheet

→ωigH
εH

εx
= ϑi (110)

∣∣↑(H2)
∣∣ = 2ϑi

ωig
(111)

(n ↓ ↔ with A
→1/n ↓ ϑi)

(m ↓ 0 with C ↓ ϑi)

b = b0 →
ωi

ωm
H (112)

ωm

s = rmH, rm = 1→ ωi

ωm
↗ 0.7 (113)

→ωigH
εs

εx
= ϑi (114)

u =
1

H

∫ x

0

(
ḃ→ εH

εt

)
dx (115)

uH = ḃx (116)

=
dV

dt
= H

1/2
0 L

1/2dL

dt
(117)

H
1/2
0 L

1/2dL

dt
= ϖ

(
2

3
H

1/2
0 L

3/2 → seL

)
. (118)

dL

dt
=

ϖL
1/2

H
1/2
0

(
2

3
H

1/2
0 L

1/2 → se

)
. (119)

H
1/2
0 L

1/2

21/2
dL

dt
=

∫ L

L/2

ḃ dx =
ϖL

2

[
21/2

3
H

1/2
0 L

1/2 → se0 →
3

4
ϱL

]
, (120)

dL

dt
=

ϖL
1/2

(2H0)1/2

[
21/2

3
H

1/2
0 L

1/2 → se0 →
3

4
ϱL

]
, (121)

b = b0 → Sx (122)

h ↗ ϑi

ωigS
(123)

∫ L

0

ḃ dx ↗ ϖ

(
b0 → se →

S

2
L

)
L (124)

L =
2(b0 → se)

S
(125)

εL

εse
= → 2

S
(126)
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Glacial isostasy

Simplest model for isostasy

!L 0 L

Distance x

0

E
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o
n

z

ωij = 2εϑ̇ij (1)

ε =
1

2A
ω
1→n =

1

2A1/n
ϑ̇
1/n→1

ω =
(
ωijωij

2

)1/2

ϑ̇ =

(
ϑ̇ij ϑ̇ij

2

)1/2

(2)

ωY (3)

u =
1

H

∫ s

b

u dz (4)

ωb = C|ub|m→1
ub (5)

z → x w → u ωxz ↑ ωxx (6)

ub =
(
ϖg

C

)1/m

H
1/m

∣∣∣∣
ϱs

ϱx

∣∣∣∣
1/m→1 (

↓ϱs

ϱx

)
(7)

u = ↓2A(ϖig)n

n+ 2
H

n+1

∣∣∣∣
ϱH

ϱx

∣∣∣∣
n→1

ϱH

ϱx
, (8)

u =
(
ϖg

C

)1/m

H
1/m

∣∣∣∣
ϱH

ϱx

∣∣∣∣
1/m→1 (

↓ϱH

ϱx

)
(9)

H = H
1/2
0 (L↓ x)1/2 , H0 =

2ωi
ϖig

(10)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (11)

p↓ ωzz = ϖig(s↓ z) (12)

u ↔ u ωxz → ωxx (13)

0 = ↓ϖigH
ϱs

ϱx
+

ϱ

ϱx
(2Hωxx)↓ C|u|m→1

u, (14)

ωd = ↓ϖigH
ϱs

ϱx
ωxx = A

→1/nϱu

ϱx
(15)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
ϖi

ϖm
H (16)

s = rmH,

(
1↓ ϖi

ϖm

)
(17)

1

ωij = 2εϑ̇ij (1)

ε =
1

2A
ω
1→n =

1

2A1/n
ϑ̇
1/n→1

ω =
(
ωijωij

2

)1/2

ϑ̇ =

(
ϑ̇ij ϑ̇ij

2

)1/2

(2)

ωY (3)

u =
1

H

∫ s

b

u dz (4)

ωb = C|ub|m→1
ub (5)

z → x w → u ωxz ↑ ωxx (6)

ub =
(
ϖg

C

)1/m

H
1/m

∣∣∣∣
ϱs

ϱx

∣∣∣∣
1/m→1 (

↓ϱs

ϱx

)
(7)

u = ↓2A(ϖig)n

n+ 2
H

n+1

∣∣∣∣
ϱH

ϱx

∣∣∣∣
n→1

ϱH

ϱx
, (8)

u =
(
ϖg

C

)1/m

H
1/m

∣∣∣∣
ϱH

ϱx

∣∣∣∣
1/m→1 (

↓ϱH

ϱx

)
(9)

H = H
1/2
0 (L↓ x)1/2 , H0 =

2ωi
ϖig

(10)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (11)

p↓ ωzz = ϖig(s↓ z) (12)

u ↔ u ωxz → ωxx (13)

0 = ↓ϖigH
ϱs

ϱx
+

ϱ

ϱx
(2Hωxx)↓ C|u|m→1

u, (14)

ωd = ↓ϖigH
ϱs

ϱx
ωxx = A

→1/nϱu

ϱx
(15)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
ϖi

ϖm
H (16)

ϖm

s = rmH, rm = 1↓ ϖi

ϖm
↔ 0.7 (17)

1

mantle density

ωij = 2εϑ̇ij (1)

ε =
1

2A
ω
1→n =

1

2A1/n
ϑ̇
1/n→1

ω =
(
ωijωij

2

)1/2

ϑ̇ =

(
ϑ̇ij ϑ̇ij

2

)1/2

(2)

ωY (3)

u =
1

H

∫ s

b

u dz (4)

ωb = C|ub|m→1
ub (5)

z → x w → u ωxz ↑ ωxx (6)

ub =
(
ϖg

C

)1/m

H
1/m

∣∣∣∣
ϱs

ϱx

∣∣∣∣
1/m→1 (

↓ϱs

ϱx

)
(7)

u = ↓2A(ϖig)n

n+ 2
H

n+1

∣∣∣∣
ϱH

ϱx

∣∣∣∣
n→1

ϱH

ϱx
, (8)

u =
(
ϖg

C

)1/m

H
1/m

∣∣∣∣
ϱH

ϱx

∣∣∣∣
1/m→1 (

↓ϱH

ϱx

)
(9)

H = H
1/2
0 (L↓ x)1/2 , H0 =

2ωi
ϖig

(10)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (11)

p↓ ωzz = ϖig(s↓ z) (12)

u ↔ u ωxz → ωxx (13)

0 = ↓ϖigH
ϱs

ϱx
+

ϱ

ϱx
(2Hωxx)↓ C|u|m→1

u, (14)

ωd = ↓ϖigH
ϱs

ϱx
ωxx = A

→1/nϱu

ϱx
(15)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
ϖi

ϖm
H (16)

ϖm

s = rmH, rm = 1↓ ϖi

ϖm
↔ 0.7 (17)

↓ϖigH
ϱs

ϱx
= ωi (18)

uH =

∫ x

0

(
ḃ↓ ϱH

ϱt

)
dx (19)

1

ωij = 2εϑ̇ij (1)

ε =
1

2A
ω
1→n =

1

2A1/n
ϑ̇
1/n→1

ω =
(
ωijωij

2

)1/2

ϑ̇ =

(
ϑ̇ij ϑ̇ij

2

)1/2

(2)

ωY (3)

u =
1

H

∫ s

b

u dz (4)

ωb = C|ub|m→1
ub (5)

z → x w → u ωxz ↑ ωxx (6)

ub =
(
ϖg

C

)1/m

H
1/m

∣∣∣∣
ϱs

ϱx

∣∣∣∣
1/m→1 (

↓ϱs

ϱx

)
(7)

u = ↓2A(ϖig)n

n+ 2
H

n+1

∣∣∣∣
ϱH

ϱx

∣∣∣∣
n→1

ϱH

ϱx
, (8)

u =
(
ϖg

C

)1/m

H
1/m

∣∣∣∣
ϱH

ϱx

∣∣∣∣
1/m→1 (

↓ϱH

ϱx

)
(9)

H = H
1/2
0 (L↓ x)1/2 , H0 =

2ωi
ϖig

(10)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (11)

p↓ ωzz = ϖig(s↓ z) (12)

u ↔ u ωxz → ωxx (13)

0 = ↓ϖigH
ϱs

ϱx
+

ϱ

ϱx
(2Hωxx)↓ C|u|m→1

u, (14)

ωd = ↓ϖigH
ϱs

ϱx
ωxx = A

→1/nϱu

ϱx
(15)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
ϖi

ϖm
H (16)

ϖm

s = rmH, rm = 1↓ ϖi

ϖm
↔ 0.7 (17)

↓ϖigH
ϱs

ϱx
= ωi (18)

uH =

∫ x

0

(
ḃ↓ ϱH

ϱt

)
dx (19)

1

For a flat bed, when s = H, this can be integrated with H = 0 at x = L to give

H
2 =

2ωi
εig

(L→ x), (50)

which we write as

H = H
1/2
0 (L→ x)1/2, H0 =

2ωi
εig

. (51)

If we assume the simplest model for glacial isostasy, the weight of the ice sheet

causes the crust on which it rests to sink into the underlying mantle, until it is

counteracted by the buoyancy force. Following Archimedes’s principle the depression

of the bed ϑb is given by

!b =
εi

εm
H, (52)

where εm is the density of the mantle, and where we have ignored any bending forces

in the crust so that this balance is entirely dependent on the local ice thickness (in

reality, the crust bends in response to the weight of the ice over some neighbourhood

and not just the ice immediately above). So if the bed were originally (in the absence

of the ice) at z = b0(x), it is now at z = b0(x) → !b, and the ice surface is at

z = s(x, t) = b0 + (1 → εi/εm)H. For an otherwise flat bed, b0 = 0, this means the

stress balance is simply modified by the factor rm = 1→ εi/εm,

→rmεigH
ϖH

ϖx
= ωi. (53)

The solution is the same except for this factor,

H = r
→1/2
m H

1/2
0 (L→ x)1/2, s = r

1/2
m H

1/2
0 (L→ x)→1/2

. (54)

Note that rm < 1 (the mantle is around 3 to 4 times denser than ice, so rm ↑ 0.7), so

the e”ect of isostacy is to make the surface elevation lower, but the ice thicker (than

it otherwise would have been).

6

with isostasy

without isostasy

ωb = C|ub|m→1
ub (96)

z → x w → u ωxz ↑ ωxx (97)

ub =
(
εg

C

)1/m

H
1/m

∣∣∣∣
ϑs

ϑx

∣∣∣∣
1/m→1 (

↓ϑs

ϑx

)
(98)

u = ↓2A(εig)n

n+ 2
H

n+1

∣∣∣∣
ϑH

ϑx

∣∣∣∣
n→1

ϑH

ϑx
, (99)

u =
(
εg

C

)1/m

H
1/m

∣∣∣∣
ϑH

ϑx

∣∣∣∣
1/m→1 (

↓ϑH

ϑx

)
(100)

H = H
1/2
0 (L↓ x)1/2 , (0 < x < L) H0 =

2ωi
εig

↔ 20 m (101)

u = ub +
2A

n+ 2
H|ωd|n→1

ωd, (102)

p↓ ωzz = εig(s↓ z) (103)

u ↔ u ωxz → ωxx (104)

0 = ↓εigH
ϑs

ϑx
+

ϑ

ϑx
(2Hωxx)↓ C|u|m→1

u, (105)

ωd = ↓εigH
ϑs

ϑx
ωxx = A

→1/nϑu

ϑx
(106)

↓εigH
ϑH

ϑx
= ωi (107)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
εi

εm
H (108)

εm

s = rmH, rm = 1↓ εi

εm
↔ 0.7 (109)

↓εigH
ϑs

ϑx
= ωi (110)

u =
1

H

∫ x

0

(
ḃ↓ ϑH

ϑt

)
dx (111)

uH = ḃx (112)
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Integrating the mass conservation over the whole length of the one-dimensional

ice sheet we can obtain a ‘global’ mass balance equation

dV

dt
=

∫ L

0

ḃ dx, (43)

where

V =

∫ L

0

H dx =
2

3
H

1/2
0 L

3/2
, (44)

is the total ice volume (in fact area, per unit width into the third dimension, but it is

helpful to think of this as volume). Note that in deriving (45) we have assumed that

the ice flux vanishes at the edge of the ice sheet. This is the correct assumption for

a land-terminating ice sheet. But if the ice flows into the ocean at a calving front, or

if it flows into an ice shelf across a grounding line at x = L, then we instead obtain

dV

dt
=

∫ L

0

ḃ dx→Q, (45)

where

Q =

(
u→ dL

dt

)
H

∣∣∣∣
x=L

(46)

is the ice flux across the calving front or grounding line.

5 Isostasy

The weight of the ice sheet causes the crust on which it rests to sink into the under-

lying mantle, until it is counteracted by the buoyancy force. The simplest model is

that of isostatic compensation; the depression of the bed !b is given by

!b =
ωi

ωm
H, (47)

where ωm is the density of the mantle, and where we have ignored any bending forces in

the crust so that this balance is entirely dependent on the local ice thickness (in reality,

the crust bends in response to the weight of the ice over some neighbourhood and not

just the ice immediately above). So if the bed were at z = b0(x) in the absence of any

ice, it is now at z = b0(x)→!b, and the ice surface is at z = s(x, t) = b0+(1→ωi/ωm)H.

For an otherwise flat bed, b0 = 0, this means the stress balance is simply modified

by the factor,

rm = 1→ ωi

ωm
↑ 0.7, (48)

with

s = rmH, (49)

and hence

→rmωigH
εH

εx
= ϑi. (50)

The solution is the same except for the factor of rm, giving

H = r
→1/2
m H

1/2
0 (L→ x)1/2, s = r

1/2
m H

1/2
0 (L→ x)1/2. (51)

7

Key point:  Isostasy results in an ice sheet having larger ice volume (than if it were neglected)



Melt - elevation feedback

!L 0 L

Distance x

0

E
le
va

ti
o
n

z

|→H
2| = 2ωi

εig
(20)

ḃ = ϑ(s↑ se) (21)

1 Full equations

In two space time dimensions (vertical and horizontal) the Stokes equations are

ϖu

ϖx
+

ϖw

ϖz
= 0, (22)

0 = ↑ϖp

ϖx
+

ϖωxx

ϖx
+

ϖωxz

ϖz
, (23)

0 = ↑ϖp

ϖz
+

ϖωxz

ϖx
+

ϖωzz

ϖz
↑ εig. (24)

The deviatoric stress components are related to the strain rates by

ωxx = 2ϱ
ϖu

ϖx
, ωxz = ϱ

(
ϖu

ϖz
+

ϖw

ϖx

)
, ωzz = 2ϱ

ϖw

ϖz
, (25)

in which the e!ective viscosity ϱ can be written either in terms of the stress or the

strain rates as

ϱ =
1

2A

(
ω
2
xx + ω

2
xz

)→(n→1)/2
=

1

2A1/n

((
ϖu

ϖx

)2

+
1

4

(
ϖu

ϖz
+

ϖw

ϖx

)2
)→(n→1)/2n

. (26)

The boundary conditions at the upper surface z = s(x, t) are

w↑u
ϖs

ϖx
=

ϖs

ϖt
↑a+ms, ↑(↑p+ωxx)

ϖs

ϖx
+ωxz = 0, ↑ωxz

ϖs

ϖx
+(↑p+ωzz) = 0, (27)

and at the lower surface z = b(x, t)

w ↑ u
ϖb

ϖx
=

ϖb

ϖt
↑mb, ub = F (ωb), (28)

where

ub =
u+ bxw

(1 + b2x)
1/2

, ωb =
1↑ b

2
x

1 + b2x

ωxz +
2bx

1 + b2x

ωzz, (29)

and where we have temporarily used the notation bx = ϖb/ϖx. If is possible that the

friction law also depends on the normal stress at the bed, which for completeness we

note is

ςb = ↑p+
1↑ b

2
x

1 + b2x

ωzz ↑
2bx

1 + b2x

ωxz. (30)

2

se

Simplest model to encode the fact that melt rate decreases with elevation

equilibrium line (ELA)

Warmer climate higher  se
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Total mass balance

Figure 2: Perfectly plastic solutions for an ice sheet profile with (thicker lines) and

without (thinner/dashed lines) isostasy, assuming an otherwise flat bed and a given

ice-sheet extent L.

Since the mantle is around 3 to 4 times denser than ice, rm → 0.7, so the e!ect of

isostasy is to make the surface elevation lower, but the ice thicker (than it otherwise

would have been).

The solution with and without isostasy is shown in figure 2.

6 Melt-elevation feedback

We take the balance rate to be

ḃ = ω(s↑ se), (52)

where ω is a constant, s represents surface elevation, and se represents the elevation

above which there is net accumulation and below which there is net ablation, averaged

over a year. This is often called the ‘equilibrium line’ altitude, or ‘ELA’. The constant

ω is a sort of ‘lapse rate’, representing how sensitive the mass balance is to elevation.

This is the simplest possible expression for ḃ that has the property of being positive

above se and negative below.

We can think of se as a control parameter representing the background climate.

A warmer climate in general corresponds to a larger value of se, and a cooler climate

to a smaller value (though the relationship is not necessarily straightforward; warmer

climates generally give rise to more snowfall as well as more melting). For a very cold

climate in which there is rarely any melting, se may be negative.

If we make use of the plastic ice approximation, we can calculate the net mass

balance ∫ L

0

ḃ dx = ω

(
2

3
H

1/2
0 L

1/2 ↑ se

)
L = ω (s↑ se)L, (53)

where s is the average surface height. We can see that provided se > 0 there could

be a steady state (equal amounts of accumulation and ablation) with

L =
9s2e
4H0

. (54)
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εg

C

)1/m

H
1/m
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ϑs

ϑx

∣∣∣∣
1/m→1 (

↓ϑs

ϑx

)
(98)

u =
2A(εig)n

n+ 2
H

n+1

∣∣∣∣
ϑs

ϑx

∣∣∣∣
n→1 (

↓ϑs

ϑx

)
, (99)
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H
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ϑH

ϑx
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n→1 (

↓ϑH

ϑx

)
, (100)
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C
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u ↔ u ωxz → ωxx (105)
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ϑs

ϑx
+

ϑ

ϑx
(2Hωxx)↓ C|u|m→1

u, (106)
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ϑs

ϑx
ωxx = A

→1/nϑu

ϑx
(107)

↓εigH
ϑH

ϑx
= ωi (108)

(n ↗ ↘ with A
→1/n ↗ ωi)

(m ↗ 0 with C ↗ ωi)

b = b0 ↓
εi

εm
H (109)

εm

s = rmH, rm = 1↓ εi

εm
↔ 0.7 (110)

↓εigH
ϑs

ϑx
= ωi (111)

u =
1

H

∫ x

0

(
ḃ↓ ϑH

ϑt

)
dx (112)

uH = ḃx (113)

=
dV

dt
= H

1/2
0 L

1/2dL

dt
(114)
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Key point:  An ice sheet on a flat bed is inherently unstable; it wants to shrink or to grow

se

→ωigH
εH

εx
= ϑi (110)

(n ↑ ↓ with A
→1/n ↑ ϑi)

(m ↑ 0 with C ↑ ϑi)

b = b0 →
ωi

ωm
H (111)

ωm

s = rmH, rm = 1→ ωi

ωm
↔ 0.7 (112)

→ωigH
εs

εx
= ϑi (113)

u =
1

H

∫ x

0

(
ḃ→ εH

εt

)
dx (114)

uH = ḃx (115)

=
dV

dt
= H

1/2
0 L

1/2dL

dt
(116)

H
1/2
0 L

1/2dL

dt
= ϖ

(
2

3
H

1/2
0 L

3/2 → seL

)
. (117)

dL

dt
=

ϖL
1/2

H
1/2
0

(
2

3
H

1/2
0 L

1/2 → se

)
. (118)

H
1/2
0 L

1/2

21/2
dL

dt
=

∫ L

L/2

ḃ dx =
ϖL

2

[
21/2

3
H

1/2
0 L

1/2 → se0 →
3

4
ϱL

]
, (119)

dL

dt
=

ϖL
1/2

(2H0)1/2

[
21/2

3
H

1/2
0 L

1/2 → se0 →
3

4
ϱL

]
, (120)

b = b0 → Sx (121)

h ↔ ϑi

ωigS
(122)

∫ L

0

ḃ dx ↔ ϖ

(
b0 → se →

S

2
L

)
L (123)

L =
2(b0 → se)

S
(124)

εL

εse
= → 2

S
(125)

19



Melt - elevation feedback

Bifurcation diagram

Warmer climate

0

Equilibrium line se

0

Lm

L
en

g
th

L

Maximum extent

Ic
e-

sh
ee

t s
ize



Melt - elevation feedback

Bifurcation diagram

Warmer climate

0

Equilibrium line se

0

Lm

L
en

g
th

L

Maximum extent

Ic
e-

sh
ee

t s
ize
Antarctic ice sheet

Greenland ice sheet



0 200 400 600 800 1000

Length L (km)

-100

-50

0

50

100

G
ro

w
th

ra
te

(m
/
y
)

Latitude-dependence of equilibrium line

0 L

Distance x

0

E
le
va

ti
o
n

z

Weertman 1976

Figure 5: Example solutions for a finite-sized domain with a constant equilibrium

line altitude given by the dotted line. The dashed line shows an unstable equilibrium

ice-sheet with zero net mass balance. The solid line shows an ice sheet with net

accumulation that must be assumed to be balanced by flow into the ocean at x = L.

A bifurcation diagram illustrating this is shown in figure 4, and example solutions

are shown in figure 5.

To consider the spatial dependence of the equilibrium line, we suppose x represents

latitude and take se = se0 + ωx, so that

ḃ = ε(s→ se0 → ωx) = εs→ εω(x→ xe). (60)

Here ω represents the slope of the equilibrium line with latitude, se0 is its height

at x = 0, and the equilibrium line therefore passes through zero at the point xe =

→se0/ω. We can think of either se0 or xe as the control parameter in this problem.

Larger se0 or smaller xe corresponds to a warmer climate.

We’ll also abandon the assumption of symmetry about x = 0 and suppose that

one end of the ice sheet is fixed at x = 0. (This model rather crudely represents

the Greenland or Laurentide ice sheet, with the northern boundary fixed at the

edge of the Arctic Ocean basin). The ice-sheet geometry from the perfectly plastic

approximation is then

H =

{
H

1/2
0 x

1/2 0 < x ↑ 1
2L,

H
1/2
0 (L→ x)1/2 1

2L < x < L,

(61)

and the corresponding volume is V = (21/2/3)H1/2
0 L

3/2.

For a steady state, we need the mass balance to integrate to zero over both ‘halves’

of the ice sheet, 0 < c < L/2 and L/2 < x < L. We need to allow some mass flux Q

to the ocean at x = 0, which in fact must simply balance the net accumulation over

the first half,

Q =

∫ L/2

0

ḃ dx =
εL

2

[
21/2

3
H

1/2
0 L

1/2 → se0 →
1

4
ωL

]
. (62)

Meanwhile, the net mass balance over the second half is
∫ L

L/2

ḃ dx =
εL

2

[
21/2

3
H

1/2
0 L

1/2 → se0 →
3

4
ωL

]
, (63)
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line altitude given by the dotted line. The dashed line shows an unstable equilibrium

ice-sheet with zero net mass balance. The solid line shows an ice sheet with net

accumulation that must be assumed to be balanced by flow into the ocean at x = L.

A bifurcation diagram illustrating this is shown in figure 4, and example solutions

are shown in figure 5.
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ωd, (105)
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Latitude-dependence of equilibrium line

Key point: Changing climate potentially cause irreversible changes in ice-sheet size (hysteresis)

Bifurcation diagram
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ḃ→ ϑH

ϑt

)
dx (114)
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Summary

Analytical / simplified models help to understand and communicate processes
(complementing numerical models)

Melt - elevation feedback (nonlinear)

Ice-sheet thickness depends more on ice-sheet size than on accumulation rate

Isostasy results in a larger ice volume and lower surface height


