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GPS and borehole derived ice speeds
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Satellite-derived ice surface speeds
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Sliding / friction laws

- Numerical models

Classical sliding theory ( hard bed )
- Regelation
- Viscous deformation

- Cavitation

Soft bed sliding
- Till strength

- Bed deformation



Sliding law / Friction law

Stokes flow 0=-Vp+V -7+ p;g
V-u=0

To calculate ice flow, we need a basal
boundary condition.

Friction law relates basal shear stress 7, = |73| and basal speed U, = |uy| —J 5
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This is a parameterization of unresolved processes close to the bed.
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This is a parameterization of unresolved processes close to the bed.

Historically thought of as ‘sliding’ law U, = F(7,...)

0s

—>» May be multi-valued Shallow ice approximation 7, & —Pigh%

Modern view point 7, = f(U,,.. )





















Numerical ice-sheet models

Most numerical models use a friction law of the form | 7, = C|u,

The coefficient C = C(z,y) is usually
treated as a fitting parameter(s), chosen
to achieve a good fit with observations of
surface velocities.
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But the coefficient reflects properties of the bed that may vary with time.

—> We want to understand what physical processes govern the friction law.



Overview

Shear stress 7;,

uN

>
Sliding speed u,,

Hard-bed sliding Sliding with cavitation Soft-bed sliding

. u, 1/n _
7, = Cu, Tb=,uN<ub+/an) T, = UN



Hard-bedded sliding



Hard-bedded sliding  weertman 1957

Tbl\r:l> Uy

A film of water exists between ice and the underlying bedrock (a few microns thick).

Microscopically, free slip is allowed (i.e. 7 micro =0 ).

Macroscopic resistance comes from the roughness of the bedrock (7 macro = f(Up)).

Flow over roughness occurs via regelation and viscous (plastic) deformation.



Viscous flow and regelation

The ice deforms viscously around obstacles in the bed

Dimensional analysis, using Glen’s flow law
n
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Regelation: pressure difference across obstacles causes a temperature difference

- results in upstream melting and downstream freezing

high p low p

low T water flow high T .
Balance of conductive / latent heat flow
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Viscous flow and regelation

Combining these two mechanisms:

4

effective for LARGE bumps

effective for SMALL bumps

There is a ‘controlling obstacle size’ for which stress / speed cross over: a oc U, "~/ ("+V

2/(n+1
=> Weertman sliding law | m =1 RU/" | R
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Nye-Kamb theory Nye 1969, Kamb 1970

A more sophisticated approach to (Newtonian) viscous flow and regelation

'————> — 7CE - - Stokes flow Vi =0
Z ».“-r.,%d, ‘ﬂ‘?’_ \‘_/ . 0 Zb (aj)
e Z 2 %Mm_,, A // |
Surface z=zq (xy/ /Regelohon Heat equation V27 =0
BEDROCK- i layer
Kamb 1970
. . k2% Zy(k)K?
via Fourier transform Tp = anb— g( ) >dk
o k*+k:
effective ice viscosity n; ~ 1/A7'"" T
TN\ 1/2 regelation important
transitional wavenumber ks = (42}77) ~ 27 /50 cm for short wavelengths

A 1 ,
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SIiding with cavitation uiboutry 1968

i Di
Tb15> Uy

Cavitation occurs when pressure on downstream face of bumps reduces to critical level p.

Sliding law becomes dependent on effective pressure N =p;, — p, p; (Macroscopic) ice
normal stress

—=> 7, = f(Uy, N)

>

Ly 4
k 4 A Ice
N & w
Bed
Decreased Pc Increased p.

High IV Low IV



SIiding with cavitation Liboutry 1968, lken 1981,1983

Lliboutry suggested the sliding relationship was hon-monotonic - a ‘multivalued’ sliding law

Tbﬁ

»
Us

lken suggested there should be a maximum shear stress

o A associated with cavities ‘drowning’ the bed roughness.

N =




SI |d|ng Wlth cavitation rowler 1986, Schoof 2005, Gagliardini et al 2007, Helanow et al 2019

Fowler suggests cavities never really ‘drown’ bed - stress is just transferred to larger bumps

/\ /N A

—=> ‘Generalized’ Weertman law | 7, = CUJ N \ 0<pqg<l1 - /7\7”
b

(Budd et al 1979)

Some experimental support for this law with p =¢ = 3

1/n
—> Regularised ‘Coulomb’ law % = u ( Ve )




LabO I"atO I")’ eXPe I"iments Ilverson & Zoet 2015
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Field measurements
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Some field work shows a definite relationship between ice speed
and borehole water pressure eg. Bindschadler 1983, Iken & Bindschadler 1986

However, a consistent relationship is not always observed
eg. Sugiyama & Gudmundsson 2004, Harper et al 2007, Howat et al 2008, Fudge et al 2009
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Field measurements

Measurements from west Greenland suggest diurnal variations in ice velocity correlate with
water pressure in moulins, but are out of phase with pressure in boreholes.
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Soft-bedded sliding



Soft-bedded slidin g  Boulton & Hindmarsh 1987, Kamb 1991, Tulaczyk 2000, Clarke 2005, Iverson & Zoet 2015

Subglacial till has a complicated rheology (more complicated than ice?)

Laboratory experiments suggest plastic behaviour,

i.e. no deformation beneath a yield stress o. =P —p, effective stress
~ N
T = CH 1+ Uo . . L.
F= g8+ poe p=tany ~ 04 Coefficient of friction
co ~ 3kPa Cohesion

. . 0.8
... and almost strain-rate independent | (A)
behaviour above the yield stress .

049 —— Cowden till (Tika and others, 1994)

- = =+ Lower Cromer till (Tika and others, 1994)
——= Storglaciaren till (Iverson and others, 1998)
—-= Two Rivers till (lverson and others, 1998)
0.2 - ----=- Des Moines Lobe till (Iverson, 2010)

Till ultimate strength / effective pressure
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Soft-bedded slidin g  Boulton & Hindmarsh 1987, Kamb 1991, Tulaczyk 2000, Clarke 2005, Iverson & Zoet 2015

Subglacial till has a complicated rheology (more complicated than ice?)

Laboratory experiments suggest plastic behaviour,

i.e. no deformation beneath a yield stress o. =P —p, effective stress
~ N
T = CH 1+ Uo . . L.
F= g8+ poe p=tany ~ 04 Coefficient of friction
co ~ 3kPa Cohesion

. . 0.8
... and almost strain-rate independent | (A)
behaviour above the yield stress .

049 —— Cowden till (Tika and others, 1994)

- = =+ Lower Cromer till (Tika and others, 1994)
——= Storglaciaren till (Iverson and others, 1998)
—-= Two Rivers till (lverson and others, 1998)
0.2 - ----=- Des Moines Lobe till (Iverson, 2010)

Till ultimate strength / effective pressure

This suggests a ‘perfectly plastic’ sliding law

0.0

10° 102 103 104 10° 106

Shear strain rate, y'1
‘ 7 = uN I lverson & Zoet 2015




Laboratory experiments zoet & iverson 2020
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lce-sheet modelling and basal inversions



Inverse methods

—
Forward model eg SSA
Oh
a + V- (hu) = a

1 ot b
0= —pghVs—Clu/" "u+V-(hT) T=n 3_$+@y 23—%+4&
oy Ox Ox oy

Maps input parameters to outputs F: P —Y

Running the model gives y = F(p) which we can compare with observations Yy

Inverse methods used to find input parameters that best fit observations

(or to find a ‘posterior’ probability distribution)

C . . 1
Minimise a cost function J(p) = 3 /Q Y — Yors)® dS + R(p)




Inferred basal friction coefficient
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Model resolution

The ‘correct’ friction law and coefficients depend on the resolution of your model
(the friction law is to describe unresolved processes!)
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The importance of ‘form drag’

The sliding law in numerical models needs to account for
all sub-grid scale ‘roughness’.

That often includes larger scales than those for which

cavitation / bed deformation are relevant.

Uy

Uy + AN

T T

Small-scale cavitation  Larger-scale

/ bed deformation form drag
Shear T,

stress
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Sliding speed u;,



The importance of ‘form drag’

The sliding law in numerical models needs to account for
all sub-grid scale ‘roughness’.

That often includes larger scales than those for which

cavitation / bed deformation are relevant.
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Summary

Shear stress 75, 4

uN

>
Sliding speed 4,

Hard-bed sliding Sliding with cavitation Soft-bed sliding
y 1/n
= Cullon T, = uiN ( U, +b,1Nn ) T, = uN

The dependence on effective pressure suggests a need to think about subglacial hydrology...



