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Greenland



How does meltwater penetrating to the bed affect ice-sheet motion?

What implications does this have for ice loss (sea level)?



For every deglaciation event/pulse in the past 500 kyr, we
compare relative ice volume at the start of each event/pulse with
the maximum sea-level rise rates per event/pulse (Fig. 3b,
Fig. 4a,b). We also include values for meltwater pulse (MWP)
1a (4.6±0.6 m per century (m cy! 1), based on U/Th-dated corals
from offshore Tahiti)32, which was a well-documented, rapid sea-
level rise during the last deglaciation. Our data suggest that, for
both ‘event’ and ‘pulse’ scenarios, natural rise rates do not exceed
B2 m cy! 1 and are mostly r1 m cy! 1 for ice volumes up to
about twice as large as present-day values (Fig. 4a,b). For larger
ice volumes, substantially higher rise rates may be attained. The
highest value (4.0–5.7 m cy! 1 at 95% confidence limits)
corresponds to termination 4 (T4) at B334 kyr (Fig. 3b). In
comparison, MWP-1a is not exceptional, especially in view of the
0.5-kyr smoothing in our method.

Further insight is gained by considering the lag between
the onset of sea-level rise and the time of peak rise rates, for
both deglaciation ‘events’ (Fig. 4c) and ‘pulses’ (Fig. 4d)
(Supplementary Table 4). In both cases, longer (shorter) lags
tend to be associated with higher (lower) sea-level rise rates, but
this is not always the case. Our data also show that while
‘ramping up’ periods–from the start of deglaciation to maximum

melting–may last for several millennia (up to B8 kyr, excluding
the less reliable value for T1), they may also be considerably
shorter (for example, B3 kyr for T2; Fig. 4c). Furthermore, a
large proportion (85%) of all melting episodes reaches maximum
sea-level rise rates within 1.5 kyr (Fig. 4c), and the final melting
‘pulse’ within a deglaciation episode is rapid relative to the
ramping up period (r0.6 and r1.1 kyr lag for 85 and 95% of
cases, respectively; Fig. 4d; Supplementary Table 4). Such
observations provide important constraints for validating
model-based assessments of ice-volume variability.

Clearly, our observations of sea-level rise rates depend on the
smoothing function applied to each RSL realization. However, as
explained above, if smoothing is too low/high our conclusions
will not be robust. Nevertheless, for completeness, we repeated
our sea-level rise analyses for 250, 375, 750, 1,000 and 2,000-year
smoothings (Supplementary Figs 15–17). A straightforward
comparison of sea-level rise rates at glacial terminations, based
on different smoothings (Supplementary Fig. 18), shows that the
2,000-year smoothing fails to capture real variations between
termination rise rates (Supplementary Fig. 15). Considering,
therefore, the 250! 1,000-year smoothings, we find that our
ice-volume ‘threshold’ observation (that is, natural rise rates do
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Figure 3 | Sea-level and orbital time series with simulated Asian monsoon records. (a) Red Sea RSL record (from Fig. 2) (probability maximum,
blue; 95% confidence interval of the RSL dataset, light grey). (b) Rates of RSL change (dRSL, blue; ±2s, grey) with marked points of Fig. 4 dRSL data
(yellow dots) and MWP-1a (green dot). (c) Eccentricity (E, dashed), precession (P, hairline) and obliquity (O, solid)56. (d) d18Osanbao (grey) and
MLR simulation of d18Osanbao (red). (e) Grain-size record from the Chinese Loess Plateau (MGSQ, grey34) and MLR simulation of MGSQ (black).
(f) Antarctic temperature (green20, purple26). Vertical dashed lines indicate peak sea-level rise rates at glacial terminations.
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The glacial period is punctuated by several periods of rapid sea level rise (~1m/century)

Time

Sea level history

Global sea level has been at least 6m higher in previous interglacials.



Antarctic Ice Sheet

Net mass loss currently ~100 Gt/yr  (~0.3 mm/yr sea level rise)

Current volume ~27x106 km3  (~58m sea level equivalent)



Net mass loss currently ~200 Gt/yr  (around 0.6 mm/yr sea level rise)

Greenland Ice Sheet

Current volume ~2.7x106 km3  (~7m sea level equivalent)

Timescale ~10,000 years



Laura Stevens



M. R. van den Broeke et al.: Greenland ice sheet and sea level rise 1943
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Figure 9. Annual values of D, SMB and MB integrated over the contiguous GrIS. Dashed lines indicate 1991–2015 trends. The equivalent
sea level rise (eq. SLR) for negative MB is provided on the right axis.

(a) (b)

Figure 10. Modelled 1991–2015 minus 1961–1990 difference in
2–10 m average firn temperature (a) and change in firn air content
(b) for the contiguous GrIS. Dashed contours are 500 m elevation
intervals; thick solid contour represents glacier mask.

when the 11 km field is statistically downscaled to 1 km reso-
lution (Nöel et al., 2016). This unresolved mass loss is likely
in part error-compensated by snowfall in RACMO2.3 being
underestimated in some regions of the ice sheet (Overly et al.,
2016). In a recent study, it was moreover demonstrated that
while RACMO2.3 tends to time drifting snow events well,
the model likely overestimates drifting snow transport and
therewith drifting snow sublimation (Lenaerts et al., 2012).

This leads to uncertainties in SMB of 60–100 Gt yr�1, clearly
dominating the uncertainty in MB (Fig. 9).

To reduce these biases and increase our diagnostic and pre-
diction skills of GrIS MB, it is imperative that SMB and firn
models are further improved and their horizontal resolution
enhanced. This can be achieved through statistical/dynamical
downscaling in combination with targeted in situ observa-
tions. Examples of important processes that are poorly or not
at all represented in current models are interactive snow/ice
darkening by future enhanced dust/black carbon deposition
or microbiological processes (Stibal et al., 2012), and sub-,
supra- and englacial hydrology, including vertical and hori-
zontal flow of meltwater in firn or over ice lenses (De la Peña
et al., 2015; Machguth et al., 2016). Other emerging research
topics of GrIS melt climate are the impact of atmospheric
circulation changes on Greenland melt (Hanna et al., 2013a,
2014, 2016; McLeod and Mote, 2016; Tedesco et al., 2013),
the impact of rain on ice sheet motion (Doyle et al., 2015), the
effect of liquid water clouds on the surface energy balance
and melt (Bennartz et al., 2013; Van Tricht et al., 2016) and
the increased role of turbulent heat exchange during strong
melting episodes over the margins of the GrIS (Fausto et al.,
2016). Finally, it is desirable that, once developed and tested,
a single, sophisticated snow model is used to simulate both
the deep firn layer over the ice sheet and the seasonal snow
cover over the tundra.

5 Data availability

All data presented in this study are available without condi-
tions from the authors.
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Surface balance

Discharge

 accumulation - runoff

Greenland ice sheet mass balance

calving

Greenland is losing mass due to decreased SMB and increased discharge



Satellite-derived ice surface speeds



Greenland ice sheet velocities

Summer drainage of surface meltwater to the bed causes large fluctuations in ice speed.

606 R. S. W. van de Wal et al.: Self-regulation of ice flow varies across the ablation area

by assuming an ice density of 900 kgm�3 and a latent heat
of fusion of 335 kJ kg�1. Estimated standard deviations for
errors in the daily totals of turbulent and radiation fluxes are
about 6 and 2%. As radiation usually dominates melt rates,
daily mean errors are estimated to be 5%. As the region stud-
ied is an ablation zone with low accumulation rates and the
period of interest is mainly summer, we do not distinguish
between melt rates and run-off. Refreezing is only a small
fraction in this area.

4 Velocities, melt and water pressures on short time
scales

Year-round basal water pressure measurements are obtained
from a pair of boreholes near SHR (Smeets et al., 2012). The
two boreholes, located 5m apart, yielded almost identical
records over the first year of measurements, and data indicate
a connection to the subglacial system. Further proof of an im-
mediate connection to the active subglacial system was the
sudden drop in water level when drilling the first bore hole.
Previous observations of water pressure variations in combi-
nation with velocity measurements in Alpine glacier environ-
ments (e.g. Iken and Bindschadler, 1986) and in Jakobshavn
Isbræ (Iken et al., 1993) revealed insight into the relation
between sliding velocity and water pressure. For Greenland,
first data by Meierbachtol et al. (2013) indicated a very vari-
able pattern in time and space in the ablation zone over sum-
mer. Here, we provide the first year-round record of water
pressure variations beneath the Greenland ice sheet, which
in combination with detailed ablation information and GPS
data help to constrain hypotheses about the links between
surface meltwater production and dynamic response.
Results presented in Fig. 5 show that at the onset of the

ablation season at the beginning of July, there is a short-lived
peak in subglacial water pressure above the slowly increasing
late-winter values, associated with a sharp rise in ice velocity.
This is interpreted as the result of a strong imbalance between
melt water supply and drainage capacity, leading to a water
pressure higher than the overburden pressure and reduction
of bed traction, called the spring event (Bartholomew et al.,
2011; Fitzpatrick et al., 2013; Sundal et al., 2011; Cowton
et al., 2013; Iken et al., 1983). Following the spring event,
the simultaneous drop in ice velocity and pressure clearly in-
dicates the transition of the drainage system into an efficient
network of channels. The rapid increase of melt water supply
during early summer enlarges conduits due to wall melting
that develop into efficient channels. The increasing transport
capacity leads to lowering of the pressure in the hydraulic
system in the vicinity of the channels (Schoof, 2010). This
is in agreement with our observations in Fig. 5 and confirms
that our pressure probes are connected to an active part of the
hydrological system in the vicinity of a channel.
During the period dominated by channels, there is a clear

relation between melt, water pressure and velocities on daily

Figure 5. Seasonal cycle of water pressure, melt and velocity at
SHR starting in January 2011. Note how the onset of significant
melt leads to high magnitude acceleration and a short period of wa-
ter pressure in excess of the overburden pressure (horizontal grey
line), which implies floatation. Later, the ablation season variability
in the water pressure remains visible but the amplitude is dimin-
ished. During the ablation season the hydraulic system of channels
develops (phase 1 in the figure) and closes once the melt decreases
(phase 3). Note that even in autumn and early winter, single melt
events affect water pressure and ice velocity. Ablation rates are lin-
early from 0 to 8.5 cm w.e. per day. The percentages indicate the
pressure scaled by the overburden pressure.

time scales. To highlight this we selected a 3-week period in
July 2010 to study the diurnal cycle in detail (Fig. 6). Wa-
ter pressure and ice velocity are direct measurements, and
melt is calculated from weather station data. All data are
from the site SHR. Melt rates attain their maximum during
mid-afternoon, coinciding with the temperature maximum
and just after the maximum in shortwave radiation. This is
followed by a maximum in water pressure 2 h later as the hy-
draulic system is not capable of handling the maximum melt
peak immediately. Coinciding with the maximumwater pres-
sure, we observe that the velocity increases to 50% above
the mean for a short period, subsequently followed by more
or less constant values overnight until 10 a.m. (Local Time),
where after the increase in water pressure and melt leads to
a decrease in friction and an acceleration of the ice veloc-
ity. Water pressure keeps decreasing overnight as the water
input decreases due to melt but picks up a little later than
the onset of the melt in the early morning again once the
system is filled again. Hence the capacity of the subglacial
drainage system continuously adapts to time-varying water
inputs (Schoof, 2010; Bartholomew et al., 2012). Later in the
season, when melt ceases, the channels close and the clear
relation between melt, water pressure and velocity becomes
less distinct as the system returns to an inefficient, distributed
system in autumn (Schoof, 2010).
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Ice speed (GPS)

Runoff

Time

suggests potential for significant changes in ice velocity



began around 2002, and, despite interannual variability, there was a
robust overall trend of 21.5 m yr22 during 2002–14 (P , 0.01).
Meanwhile, we can divide surface meltwater production (Fig. 2a) into
three statistically significant periods (see Methods): a sustained ‘low’
melt of 2.1 water equivalent (w.e.) m yr21 during 1985–93; a rising
melt during 1993–2002; and a sustained high melt of 3.2 w.e. m yr21

during 2002–14, coincident with the slowdown in ice motion. Overall
there was a 49.8% rise in surface meltwater production across our
study area between 1985–94 and 2007–14.

We explored temporal variability in ice motion along three transects
(Fig. 1), selected to represent different ice-marginal conditions.
Transect A extends 80 km inland from the Nordenskjöld glacier, which
has a lacustrine-terminating margin; transect B extends about 30 km
inland from a land-terminating margin; and transect C extends about
30 km inland from the marine-terminating Alangordliup sermia.
Transects A and B slowed down during 2000–14 to attain velocities,
averaged along the transect, that were respectively 19% and 18% slower
in 2013–14 than during 1985–94 (Fig. 3a, b). Ice-motion characteristics
at the marine-terminating transect C were more complex (Fig. 3c). The
transect slowed on average from the mid-2000s to 2014, although ice
motion within 10 km of the margin sped up in the late 2000s following
earlier slowdown, and by 2013–14 was flowing up to about 50 m yr21

faster than during the 1985–94 reference period. Such behaviour is in
line with other tidewater glaciers that have recently accelerated5.

The slowdown signal across our predominantly land-terminating
region extends up to about 1,100 m.a.s.l. (Fig. 1), where the mean ice
thickness is roughly 850 m (ref. 24). The clear deceleration in ice
motion requires a decrease in rates of either internal ice deformation,
or basal motion, or both. Melting has caused marginal thinning of the
GIS25–27. During 1993–98, land-terminating glaciers on the west GIS
margin thinned by 0.02–0.23 m yr21 below 1,000 m.a.s.l. (ref. 25). Our
study area thinned by about 0.2 m yr21 during 2003–07 (ref. 26) and
this rate increased to 1–1.5 m yr21 during 2011–14 (ref. 27). We mod-
elled the velocity change that would be caused by 10–20 m of ice
thinning (and the associated gradient changes) along transect A over
the 1985–2014 study period (see Methods), corresponding to a max-
imum thinning rate of about 0.6 m yr21. The resulting change in driv-
ing stress can explain only around 17–33% of the observed overall 12%
slowdown signal beyond 10 km from the ice-sheet margin, and can
explain none of the slowdown beyond 50 km from the margin
(Extended Data Fig. 5c). Thus, while a component of the observed
slowdown can be explained by changes in driving stress through
ice thinning, the majority of the slowdown (that is, the remaining
67–83%) must be the result of processes operating at the ice–bed
interface that cause a reduction in basal motion.

Previous studies have suggested that the coupling between surface
melting and basal motion is self-regulating, such that there is no stat-
istically significant relationship between melting and ice motion over
annual timescales2,20. In agreement with these studies, we find no
relationship between annual melt volume and annual ice motion
(R2 5 0.08). There is, however, a significant relationship between ante-
cedent melt volumes and ice motion (Extended Data Table 1). The
mean melt volume from each observation period and the previous year
combined explain 23% of ice motion (P , 0.05), increasing to 44%
when the previous four years of melt are included. Moreover, melt
volumes explain 50% of ice motion when the mean melt volume is
calculated using only the previous three years’ data (P , 0.01).

We therefore suggest that sustained high production of surface
meltwater (Fig. 2a) is responsible for the slowdown. Observations from
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Figure 1 | Study area in the ablation zone of the western GIS. In the main
figure, the colour scale shows the percentage change in ice velocities during the
2007–14 reference period compared with the 1985–94 reference period (see
main text). Transects A, B and C correspond to data in Fig. 3. Ice surface
contours (pale grey lines) are from ref. 30. Grey shading denotes areas where ice
velocities cannot be resolved; green shading denotes land areas; light blue
shading denotes inland and coastal waters. Inset: a, percentage changes in ice
velocities in 4% bins; b, median percentage change in each 100-m elevation
band between 400 m.a.s.l. and 1,100 m.a.s.l., 61s (see Methods).
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Figure 2 | Surface melting and ice motion averaged over the study area.
a, Annual mean modelled surface melt (grey), smoothed with a five-year
moving mean (black), both in water equivalent (w.e.) m per year (see Methods).
b, Median ice velocities during each period (black boxes) calculated using the
common sampling pixels across the time series, 61s (see Methods). The width
of each box corresponds to the total timespan of the pairs of Landsat images
acquired during each period. The height of each box corresponds to 61s (see
Methods). Blue and red lines illustrate the trends in ice velocity computed by
segmented linear regression weighted by 1s. c, Altitudinal distribution of the
common sampling pixels used to compute the velocities in b.
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began around 2002, and, despite interannual variability, there was a
robust overall trend of 21.5 m yr22 during 2002–14 (P , 0.01).
Meanwhile, we can divide surface meltwater production (Fig. 2a) into
three statistically significant periods (see Methods): a sustained ‘low’
melt of 2.1 water equivalent (w.e.) m yr21 during 1985–93; a rising
melt during 1993–2002; and a sustained high melt of 3.2 w.e. m yr21

during 2002–14, coincident with the slowdown in ice motion. Overall
there was a 49.8% rise in surface meltwater production across our
study area between 1985–94 and 2007–14.

We explored temporal variability in ice motion along three transects
(Fig. 1), selected to represent different ice-marginal conditions.
Transect A extends 80 km inland from the Nordenskjöld glacier, which
has a lacustrine-terminating margin; transect B extends about 30 km
inland from a land-terminating margin; and transect C extends about
30 km inland from the marine-terminating Alangordliup sermia.
Transects A and B slowed down during 2000–14 to attain velocities,
averaged along the transect, that were respectively 19% and 18% slower
in 2013–14 than during 1985–94 (Fig. 3a, b). Ice-motion characteristics
at the marine-terminating transect C were more complex (Fig. 3c). The
transect slowed on average from the mid-2000s to 2014, although ice
motion within 10 km of the margin sped up in the late 2000s following
earlier slowdown, and by 2013–14 was flowing up to about 50 m yr21

faster than during the 1985–94 reference period. Such behaviour is in
line with other tidewater glaciers that have recently accelerated5.

The slowdown signal across our predominantly land-terminating
region extends up to about 1,100 m.a.s.l. (Fig. 1), where the mean ice
thickness is roughly 850 m (ref. 24). The clear deceleration in ice
motion requires a decrease in rates of either internal ice deformation,
or basal motion, or both. Melting has caused marginal thinning of the
GIS25–27. During 1993–98, land-terminating glaciers on the west GIS
margin thinned by 0.02–0.23 m yr21 below 1,000 m.a.s.l. (ref. 25). Our
study area thinned by about 0.2 m yr21 during 2003–07 (ref. 26) and
this rate increased to 1–1.5 m yr21 during 2011–14 (ref. 27). We mod-
elled the velocity change that would be caused by 10–20 m of ice
thinning (and the associated gradient changes) along transect A over
the 1985–2014 study period (see Methods), corresponding to a max-
imum thinning rate of about 0.6 m yr21. The resulting change in driv-
ing stress can explain only around 17–33% of the observed overall 12%
slowdown signal beyond 10 km from the ice-sheet margin, and can
explain none of the slowdown beyond 50 km from the margin
(Extended Data Fig. 5c). Thus, while a component of the observed
slowdown can be explained by changes in driving stress through
ice thinning, the majority of the slowdown (that is, the remaining
67–83%) must be the result of processes operating at the ice–bed
interface that cause a reduction in basal motion.

Previous studies have suggested that the coupling between surface
melting and basal motion is self-regulating, such that there is no stat-
istically significant relationship between melting and ice motion over
annual timescales2,20. In agreement with these studies, we find no
relationship between annual melt volume and annual ice motion
(R2 5 0.08). There is, however, a significant relationship between ante-
cedent melt volumes and ice motion (Extended Data Table 1). The
mean melt volume from each observation period and the previous year
combined explain 23% of ice motion (P , 0.05), increasing to 44%
when the previous four years of melt are included. Moreover, melt
volumes explain 50% of ice motion when the mean melt volume is
calculated using only the previous three years’ data (P , 0.01).

We therefore suggest that sustained high production of surface
meltwater (Fig. 2a) is responsible for the slowdown. Observations from
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Figure 1 | Study area in the ablation zone of the western GIS. In the main
figure, the colour scale shows the percentage change in ice velocities during the
2007–14 reference period compared with the 1985–94 reference period (see
main text). Transects A, B and C correspond to data in Fig. 3. Ice surface
contours (pale grey lines) are from ref. 30. Grey shading denotes areas where ice
velocities cannot be resolved; green shading denotes land areas; light blue
shading denotes inland and coastal waters. Inset: a, percentage changes in ice
velocities in 4% bins; b, median percentage change in each 100-m elevation
band between 400 m.a.s.l. and 1,100 m.a.s.l., 61s (see Methods).

1

2

3

4

M
el

t (
w

.e
. m

 y
r−1

)

a

1985 1990 1995 2000

Year

2005 2010 2015

40

50

60

70

80

90

100

110

120

Ve
lo

ci
ty

 (m
 y

r−1
)

–0.1 m yr−2, P = 0.80

–1.5 m yr−2, P < 0.01R2 = 0.79

b
400 600 800 1,000
Elevation (m.a.s.l.)

0

1,000

2,000

N

c

0

40

80

120 A
rea (km

2)

Figure 2 | Surface melting and ice motion averaged over the study area.
a, Annual mean modelled surface melt (grey), smoothed with a five-year
moving mean (black), both in water equivalent (w.e.) m per year (see Methods).
b, Median ice velocities during each period (black boxes) calculated using the
common sampling pixels across the time series, 61s (see Methods). The width
of each box corresponds to the total timespan of the pairs of Landsat images
acquired during each period. The height of each box corresponds to 61s (see
Methods). Blue and red lines illustrate the trends in ice velocity computed by
segmented linear regression weighted by 1s. c, Altitudinal distribution of the
common sampling pixels used to compute the velocities in b.

2 9 O C T O B E R 2 0 1 5 | V O L 5 2 6 | N A T U R E | 6 9 3

LETTER RESEARCH

G2015 Macmillan Publishers Limited. All rights reserved

Tedstone et al 2015

Greenland ice sheet velocities

Longer term measurements show a slight decreasing trend in average velocity, 
while runoff shows an increasing trend.

suggests possible negative relationship between runoff and average velocity?



Evolution of the subglacial drainage system

Increased efficiency of drainage

Isolated water pockets
High average water pressure Large melt-enlarged channels

Lower average water pressure



Time

Ice speedSubglacial discharge
(areal m2/s)

Hewitt 2013, EPSL
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1 Grounding lines

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x, t) z = s(x, t) h(x, t) = s� b (1)

h = s� b (2)

Mass conservation for incompressible fluid

@u

@x

+
@w

@z

= 0 (3)

kinematic boundary conditions at the upper and lower surfaces

@s

@t

+ u

@s

@x

= w + a (4)

@b

@t

+ u

@b

@x

= w +m (5)

where a is net surface accumulation (negative for melting), and m is net basal melting
(positive for refreezing).

Stokes equations
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i

g (7)

with stress free boundary conditions at upper surface, and either a no-slip condition
or a friction law at the bed b.

Ignoring the small vertical shear component, the vertical momentum equation
imply that the vertical stress is hydrostatic

p� ⌧

zz

= ⇢

i

g(s� z) (8)

and since ⌧

xx

= �⌧
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, the horizontal momentum equation gives

0 = 2
@⌧

xx

@x

+
@⌧

xz

@z

� ⇢

i

g

@s

@x

(9)

Integrating this equation over the depth of the ice gives
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and the depth-integrated extensional stress is
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Integrating the mass conservation equation over the depth of the ice with the kinetic
boundary conditions gives

@h

@t

+
@q

@x

= a (12)

q = hu =

Z
s

b

u dx (13)
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Mathematical model
1 Grounding lines

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) (1)

h = s� b (2)

Mass conservation for incompressible fluid
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kinematic boundary conditions at the upper and lower surfaces
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Theory and some measurements suggest a friction / slip law of the form
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to be applied to the large-scale ice flow
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1 Grounding lines

Surface and basal elevations are given by s and b respectively, with ice thickness
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Mass conservation for incompressible fluid
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with stress free boundary conditions at upper surface, and either a no-slip condition
or a friction law at the bed b.

Ignoring the small vertical shear component, the vertical momentum equation
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If friction law is invertible,                     , and bed topography relatively flat, 
the problem is seemingly diffusive
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However, the diffusion coefficient may be highly non-linear, and accumulation 
rate varies with ice thickness. 
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1 Grounding lines

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x, t) z = s(x, t) h(x, t) = s� b (1)

h = s� b (2)

Mass conservation for incompressible fluid
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where a is net surface accumulation (negative for melting), and m is net basal melting
(positive for refreezing).
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with stress free boundary conditions at upper surface, and either a no-slip condition
or a friction law at the bed b.

Ignoring the small vertical shear component, the vertical momentum equation
imply that the vertical stress is hydrostatic
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equilibrium line altitude (ELA)e.g.

generic behaviour is ‘blow-up’ (cf. reaction-diffusion problems)
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1 Grounding lines

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x, t) z = s(x, t) h(x, t) = s� b (1)

h = s� b (2)

Mass conservation for incompressible fluid
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where a is net surface accumulation (negative for melting), and m is net basal melting
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with stress free boundary conditions at upper surface, and either a no-slip condition
or a friction law at the bed b.

Ignoring the small vertical shear component, the vertical momentum equation
imply that the vertical stress is hydrostatic
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A reduced ‘plastic bed’ model

We return to this case below.
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equilibrium line altitude (ELA)

Goal: Consider effect of a long-term changes in       and
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In this case the velocity is determined from the mass conservation equation; since the
shape is controlled by force balance, the ice must evolve (e↵ectively instantaneously)
to accommodate whatever climate forcing it receives. In particular, the ice flux is
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an ODE for the evolution of ice volume
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with stress free boundary conditions at upper surface, and either a no-slip condition
or a friction law at the bed b.
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1 Grounding lines

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x, t) z = s(x, t) h(x, t) = s� b (1)

h = s� b (2)

Mass conservation for incompressible fluid

@u

@x

+
@w

@z

= 0 (3)

kinematic boundary conditions at the upper and lower surfaces

@s

@t

+ u

@s

@x

= w + a (4)

@b

@t

+ u

@b

@x

= w +m (5)

where a is net surface accumulation (negative for melting), and m is net basal melting
(positive for refreezing).
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with stress free boundary conditions at upper surface, and either a no-slip condition
or a friction law at the bed b.

Ignoring the small vertical shear component, the vertical momentum equation
imply that the vertical stress is hydrostatic
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Integrating the mass conservation equation over the depth of the ice with the kinetic
boundary conditions gives
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For the shallow shelf approximation, we can just start with the approximations
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1 Grounding lines

Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b (1)

h = s� b (2)

Mass conservation for incompressible fluid
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+
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kinematic boundary conditions at the upper and lower surfaces

@s
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+ u
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@x

= w + a (4)
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+ u

@b
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= w +m (5)

where a is net surface accumulation (negative for melting), and m is net basal melting
(positive for refreezing).

Stokes equations
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with stress free boundary conditions at upper surface, and either a no-slip condition
or a friction law at the bed b.

Ignoring the small vertical shear component, the vertical momentum equation
imply that the vertical stress is hydrostatic

p� ⌧

zz

= ⇢

i

g(s� z) (8)

and since ⌧

xx

= �⌧

zz

, the horizontal momentum equation gives

0 = 2
@⌧

xx

@x

+
@⌧

xz

@z

� ⇢

i

g

@s

@x

(9)

Integrating this equation over the depth of the ice gives
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and the depth-integrated extensional stress is

Z
s

b

�p+ ⌧

xx

dx =
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Integrating the mass conservation equation over the depth of the ice with the kinetic
boundary conditions gives
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= a (12)
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Calving flux

an ODE for the evolution of ice volume
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Marine terminating glacier
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Marine terminating glacier

An increase in bed strength results in initially decreased velocities 
… but this initiates terminus retreat and acceleration.
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and since ⌧
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1 Grounding lines
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⇠ 10�3 (2)

Surface and basal elevations are given by s and b respectively, with ice thickness
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Mass conservation for incompressible fluid
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We return to this case below.
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Surface and basal elevations are given by s and b respectively, with ice thickness

z = b(x) z = s(x, t) h(x, t) = s� b u(x, z, t) u(x, t) (3)

h = s� b (4)

z = 0 z = h

f

(x) = �⇢

o

⇢

i

b(x) x

m

(5)

Mass conservation for incompressible fluid

@u

@x

+
@w

@z

= 0 (6)

kinematic boundary conditions at the upper and lower surfaces

@s

@t

+ u

@s

@x

= w + a (7)

@b

@t

+ u

@b

@x

= w +m (8)

where a is net surface accumulation (negative for melting), and m is net basal melting
(positive for refreezing).

Stokes equations

0 = �@p

@x

+
@⌧

xx

@x

+
@⌧

xz

@z

(9)

0 = �@p

@z

+
@⌧

xz

@x

+
@⌧

zz

@z

� ⇢

i

g (10)

with stress free boundary conditions at upper surface, and either a no-slip condition
or a friction law at the bed b.
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Surface and basal elevations are given by s and b respectively, with ice thickness
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12

and since ⌧
xx

= �⌧
zz

, the horizontal momentum equation gives

0 = 2
@⌧

xx

@x
+

@⌧
xz

@z
� ⇢

i

g
@s

@x
(50)

Integrating this equation over the depth of the ice gives

0 =
@

@x
(2h⌧

xx

)� ⌧
b

� ⇢
i

gh
@s

@x
(51)

and the depth-integrated extensional stress is
Z

s

b

�p+ ⌧
xx

dx =
1

2
⇢
i

gh2 + 2h⌧
xx

(52)

Integrating the mass conservation equation over the depth of the ice with the kinetic
boundary conditions gives

@H

@t
+

@Q

@x
= a (53)

Q = hu u ⇡ u
b

q(x, t) = hu =

Z
s

b

u dz (54)

q =

Z
s

b

u dz (55)

h � 0 (56)

a  0 (57)

h = 0 (58)

For the shallow shelf approximation, we can just start with the approximations

p ⇡ ⇢
i

g(s� z) (59)

⌧
xz

⇡ �⇢
i

g(s� z)
@s

@x
(60)

In many cases a good approximation of the horizontal momentum equation is to
ignore the extensional stresses, from which we have

⌧
xz

⇡ �⇢
i

g(s� z)
@s

@x
(61)

and

⌧
b

⇡ ⌧
xz

��
z=b

⇡ �⇢
i

gh
@s

@x
(62)

⌧
b

⇡ �⇢
i

gh

✓
@b

@x
+

@h

@x

◆
(63)

Since approximately

⌧
xz

= ⌘
i

@u

@z
(64)

we have

u = �⇢
i

g

2⌘
i

�
(s� b)2 � (s� z)2

� @s

@x
(65)

6

r2T = 0 (168)

T ! T
m

as Y ! �1 (169)

T = T
m

� � (P � 2⌘
i

V
Y

) on Y = 0 (170)

kT
Y

= mL on Y = 0 (171)

⌧
b

= Cu C =
⌘
i

2⇡

Z 1

�1

k2
⇤k

3B̂(k)2

k2
⇤ + k2

dk (172)

k⇤ =

✓
⇢
i

L

4k�⌘
i

◆1/2

(173)

dV

dt
= A�M �Q

h � h
f

⌘ �⇢
o

⇢
i

b (174)

x

z

Q

Q
c

Q
m

Q
in

V

x
m

h
m

w
m

q

q
c

q
m

q
in

H
m

dx
m

dt
= Q

m

�Q
c

h
m

dx
m

dt
= q

m

� q
c

Q
c

⇡ Q
m

= Q
m

(H
m

)

Q
c

⇡ Q
m

= Q
m

(H
m

, H
f

)

H
m

= H
f

⌧
b

⇡ �⇢
i

gh
@s

@x
⌧
b

⇡ �⇢
i

ghrs

q(x, t)

q(x, t) =

Z
s

b

u dz

11

⌧
b

= �
ij

n
j

� (n
k

�
kj

n
j

)n
i

u

b

= u
i

� (u
k

n
k

)n
i

p
a

@h

@t
+r · q = a

h = s� b

q = hu =

Z
s

b

u dx

0 = �⇢ghrs� ⌧
b

+r · (h⌧ )

⌧ =

✓
2⌧

xx

+ ⌧
yy

⌧
xy

⌧
xy

⌧
xx

+ 2⌧
yy

◆

0 = �⇢
i

gh
@s

@x
� ⌧

b

+

@

@x

✓
4h⌘

i

@u

@x

◆

u ⇡ u
b

⌧
b

= ⌧⇤ u > 0

h = fh
f

f � 1

h
f

= �⇢
o

⇢
i

b

⌧
b

= min

�
⌧
0

, µ⇢
i

g(h� h
f

)

�

dV

dt
=

Z
xm

0

a dx� q
c

q
c

=

⇢
i

g

⌘
i

µ
ˆQ(f)h3

f

V =

Z
xm

0

h dx

V = V (x
m

, ⌧
0

)

9

1 Grounding lines

Re =
⇢

i

[u][x]

⌘

i

⇠ 10�8 (1)

[h]

[x]
⇠ 10�3 (2)

Surface and basal elevations are given by s and b respectively, with ice thickness
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Mass conservation for incompressible fluid
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We return to this case below.
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An essentially indistinguishable response occurs to an increase in calving 
or an increase in ELA 
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Summary

Subglacial meltwater can both increase and decrease average ice 
speeds. Changes in either direction have potential to influence ice loss.

A simplified model suggests ice-sheet slow down can help induce tidewater-
glacier retreat, and hence may facilitate rapid ice loss. 

Recent retreat and speed-up of tidewater glaciers in Greenland may be as much a 
response to inland forcing as ocean forcing.


