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Fig. 1.1. Dramatization of the Faraday cage effect. This image shows the giant Van de Graaff
generator at the Museum of Science in Boston. (Photo c⃝ Steve Marsel, courtesy of the Museum
of Science, Boston.)

converges rapidly not to zero, but to the solution of a homogenized problem involving
a continuum boundary condition. Physically, the boundary condition expresses the
property that the boundary has limited capacitance since it takes work to push charge
onto small wires.

This paper analyzes the Faraday cage phenomenon from several points of view,
and we do not want the reader to lose sight of the main results. Accordingly, the
results are presented in relatively short sections 3–6, with some of the mathematical
details deferred to Appendices A–C. The discrete model of Section 6 is simple enough
to be used in teaching, and indeed, it was assigned to 70 Oxford graduate students in
the course “Scientific Computing for DPhil Students” in November 2014.

We note that another paper about Faraday shielding has been published by Paul
Martin after discussion with us about some of our results [16].

2. 2D electrostatic model. Our study focusses on a simple 2D electrostatic
model, which we now describe.2 Given a bounded simply connected open subset of
the plane with smooth boundary Γ, suppose that n disks of radius r (representing the
wires) are positioned along Γ at constant separation between neighboring disk centers
(measured with respect to arc length along Γ). For convenience we will identify the
x-y plane with the complex z-plane. Our primary example will be the case where Γ
is the unit circle and the wires are situated at the nth roots of unity. An illustration

2We work throughout in dimensionless variables, scaling lengths with some typical cage dimen-
sion.
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1. Introduction. Everybody has heard of the Faraday cage effect, whereby a
wire mesh or metal screen serves to block electric fields and electromagnetic waves.
Faraday reported his experiments with a twelve-foot mesh cube in 1836 [10]1, and
engineers and physicists have used metal shielding to isolate circuits and systems ever
since. A familiar example is the door of a microwave oven with its metal screen with
holes. The screen keeps the microwaves from getting out while allowing light, with
its much shorter wavelength, to pass through. Science museums sometimes dramatize
the effect with electric sparks, as illustrated in Figure 1.1.

One would imagine that there must a standard mathematical analysis of electro-
static or electromagnetic screening to be found in physics and engineering textbooks,
or at least in more specialized monographs, or in the journal literature. It seems that
this is not so. There may be an analysis known to a specialized community somewhere,
but we have consulted with enough people on this subject to be confident that no such
treatment is widely known. The effect is mentioned in passing in some books, but
usually with no equations. An impression is sometimes given that the strength of the
effect is exponential or nearly exponential as a function of distance from the screen,
a claim we have been unable to justify. One of the few mathematical treatments we
have found is in Sec. 7-5 of v. 2 of The Feynman Lectures on Physics [11], where so
far as we can tell, the analysis is incorrect. Feynman considers equal charges rather
than equal potentials, his wires are of infinitesimal radius, there is no wavelength or
indeed external field in his discussion, and the strength of the effect is predicted to
be exponential.

We shall see that there is rapid convergence in the Faraday cage effect, but it is
not what one might expect. As the wire spacing decreases, the field inside the cage
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1The absence of field inside a continuous metal shell was noted by Benjamin Franklin as early as
1755 [13, §2-18].

1

‘A slight cubical wooden frame was constructed, and copper 
wire passed along and across it in various directions… I went 
into the cube and lived in it, and using lighted candles, 
electrometers, and all other tests of electrical states, I could not 
find the least influence upon them, … though all the time the 
outside of the cube was powerfully charged, and large sparks 
and brushes were darting off from every part of its outer 
surface.’  Experimental Researches In Electricity (1837), art 1173,1174
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Applications

Electronic devices

Microwave ovens

Cars / Aeroplanes

The Faraday cage effect is widely used for electrostatic and electromagnetic shielding

Optical shielding

identical, and the gaps between the adjacent nanowires
are equal. For TM polarization (the electric field parallel
to nanowires’ axes), the incident plane wave can be
written as Einc ¼ âzE0 exp½−iωtþ i2πλ−1r cosðφÞ&, where
φ is the polar angle in cylindrical coordinates. Using the
multipole expansion method [30,31], the total field in the
layer l of an L-layered individual multilayer nanowire
can be presented as

El
total ¼ âzE0 exp½−iωt&

×
Xþ∞

n¼−∞
ein½φþðπ=2Þ&½τlnJnðβlrÞ þ ρlnH

ð1Þ
n ðβlrÞ&; ð1Þ

where βl ¼ ð2π=λÞ
ffiffiffiffiffiffiffiffiffiffi
ϵlðλÞ

p
, E0 is the incident-plane-wave

amplitude, Jn and H
ð1Þ
n are the nth order Bessel and Hankel

functions of the first kind, respectively; n is the mode
number, l is Lþ 1 for the surrounding material (we
consider air), ϵlðλÞ is the dielectric constant of the lth
layer at the wavelength λ, and r is the radius. Coefficients
for partial waves in the lth layer, τln and ρln are found
by satisfying the boundary conditions for the tangential
components Ez and Hφ. Additionally, we put ρ1n ¼ 0 to
avoid singularity of Hankel functions in the center of the
nanowires, and τLþ1

n ¼ 1 for each mode to describe the

incident plane wave expansion through the cylindrical
waves. For the TE polarization, an expression similar to
Eq. (1) can be written for Hl

total and the expansion
coefficients can be found by satisfying the boundary
conditions for the tangential components of the fields,
Hz and Eφ [32]. We also consider the small-size effect in
plasmonic nanoparticles, which leads to corrections in the
dielectric constants as compared to the bulk materials as a
result of the collision frequency modification [33,34].
As the first step, we solve the boundary condition

equations for an individual nanowire and find the expan-
sion coefficients [30,31]. Solving boundary-value equa-
tions, we find τln and ρln. As the second step, we employ
the multiple scattering problem solution, to consider the
interaction between the nanowires [35–39]. The scattered
field from one cylinder contributes to an incident wave on
the other cylinders in addition to the incident plane wave.
This leads to modified expansion coefficients ρairn for every
nanowire. As the third step, we calculate the fields inside
the nanowires by modifying τln and ρln coefficients for all
the layers of each nanowire by satisfying the boundary
conditions.
We start with analyzing a single, three-layer nanowire

made of gallium arsenide [40] and silver [41], as shown
in Fig. 2(a). The choice of materials is discussed in the
Supplemental Material [29] along with the material param-
eters used in the simulations. Figure 2(a) represents the
cross section of a three-layer nanowire. The power flow is
shown along with the calculated saddle point and the
separatrices [42,43]. The separatrices indicate the boundary
of two regions marked in Fig. 2(a): (i) a region in which
energy flow streamlines pass through the nanowire, leading
to the absorption of light, and (ii) a region where the energy
flows around the structure without being absorbed.
Our main idea is to form metacages with large gaps

between the elements, but still scattering and absorbing
most of the light by making an array of nanowires, as
demonstrated schematically in Fig. 2(b). Overlapping the
separatrices of individual nanowires eliminates the energy
flow that is not affected by the nanoparticles [region 2 of
Fig. 2(a)]. Such an array of nanowires can block the
electromagnetic waves propagating through the structure.
In general, not all this energy is scattered or absorbed by
the nanowires, and this causes some power leakage. This
effect can be quantified, and a careful design of nanowire
structures allows us to maximize the absorption and to
decrease considerably the energy penetrating through the
shield.
The joint separatrices and the formation of a shielding

structure is demonstrated in Fig. 2(c). This figure shows
the functionality of a shielding metawall in the middle of
an array made of twelve nanowires separated by gaps
which are larger than their radius. Once the separatrices
are overlapped, by keeping the gap size below a certain
threshold value, the shielding array operates independently

FIG. 1 (color online). Demonstration of metacage functional-
ities for an arbitrary shape (here is an outline of Australia) made
of multilayer nanowires. (a) Radiation of a point source placed
inside the metacage is contained within the structure. (b) A
volume inside the metacage is screened from an incident plane
wave. Three-layer Si-Ag-Si nanowires are used to form the
metacage. The amplitude of the electric field is plotted at
λ ¼ 378 nm, using the commercial software CST Microwave
Studio. The design parameters are found by an analytical
approach, and are summarized in Table I (see also [29]).
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Concentrate on wavelengths much larger than spacing between wires.

Background physics
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Electrostatic solutions

Free field 20 wires

20 smaller wires

10 wires



Numerical method
Cmk = Amk + iBmk
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Boundary layer solution
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Canonical solution with behaviour

Figure 9: Solutions to the Dirichlet cell problem (15)-(18) for (a) disk-shaped wires with radius δ,
(b) infinitely thin perpendicular line segments with length 2δ, and (c) square wires with side length√
2δ. Upper panels show contours of Φ+(N,S) for δ = 0.2. Lower panels show the constants σ and

τ in the far field expansion, as a function of δ. Dashed lines show asymptotic behaviour of σ and τ
as δ approaches 0 and 1

2 (or δ → ∞ in (b) - here the asymptotic and numerical curves are almost
indistinguishable). In (a), the higher-order correction σ̃ from (99) is also shown, for Model 1 (solid)
and Model 2 (dashed), and in (c) the magenta curve shows σ = τ for a tangential line segment of
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Transmission coefficients encode wire size and shape�
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Comparison with numerical solution
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Alternative matching conditions - small wires

For very small wires
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Leading order matching conditions in that case become
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Comparison with numerical solution
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Matching condition

Figure 10: Solutions to the Neumann cell problem (32)-(35) for (a) disk-shaped wires with radius δ,
(b) infinitely thin line segments with length 2δ, and (c) square wires with side length

√
2δ. Upper

panels show contours of Ψ(N,S) for δ = 0.3. Lower panels show the constant λ in the far field
expansion, as a function of δ. The dashed lines in (a) show the approximations λ ∼ πδ2 and
λ ∼ πδ2/(1 − (πδ)2/3) [22], and in (b) show the behaviour as δ approaches 0 and 1

2 (here the
asymptotic and numerical curves are almost indistinguishable).

These have limiting behaviour σ ∼ τ ∼ −(1/2π) log(πδ) as δ → 0 (so that in particular a0 = log 2),
and σ ∼ −δ + (1/π) log 2, τ ∼ (1/π)e−2πδ as δ → ∞, as shown in Figure 9(b).

For the wires arranged tangentially along Γ we obtain

Φ+(N,S) = ℜ
{

1

2π
log

[
eiπδ + ζ

e−iπδ − ζ

]}
, ζ =

[
sinπ(iZ + δ)

sinπ(iZ − δ)

]1/2
, Z = N + iS, (123)

from which we find

σ = τ = − 1

2π
log (sinπδ) . (124)

This again has σ ∼ τ − (1/2π) log(πδ) as δ → 0 (so a0 = log 2), while σ ∼ τ ∼ 1
4π(

1
2 − δ)2 as δ → 1

2 .

B.2 Neumann problems

Example solutions for the Neumann cell problem (32)-(35) are shown in Figure 10.
The circular wire case is again calculated numerically, although the asymptotic behaviour for

small and large circles provides a good fit over the whole range of δ. For δ → 0, the solution away
from the wire can be written approximately as

Ψ(N,S) ∼ ℜ
{
Z +

δ2π

tanhπZ

}
, Z = N + iS, (125)

which gives λ ∼ πδ2 as δ → 0. (The strength of the singularity here is again determined by matching
to an inner region close to the wire, as in [3, §B], where Ψ ∼ ℜ

{
Z + δ2/Z

}
). We remark that the
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Canonical solution
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At leading order, recover the ‘free field’ solution.
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Electromagnetic solutions

Thicker wires

How do location and peak amplitude of resonances depend on number of wires 
and wire shape?
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Boundary layer problem as for electrostatic case, so matching conditions as before.
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Electromagnetic problem

If source located outside cage, leading order interior problem 
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unless           is a resonant wavenumber for which 
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Next order interior problem

The solvability condition on this problem determines 
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Resonance
In fact, the peak amplitude occurs at a slightly shifted wavenumber.
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First order interior problem
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First order exterior problem
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Second order interior problem
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Implications for the original problem
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Homogenised

Comparison with numerical solution
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Figure 8: Solutions for the wave problem for disk-shaped wires arranged around the unit square
with source at z0 = −0.5. (a) Numerically calculated amplitudes of the wave field at z = 2 for
varying wavenumber k, with parameters M = 32 (ε = 0.125), δ = 0.1. Vertical grey lines indicate
the unperturbed resonances for the unit square, and vertical red dashed lines show the shifted
resonances calculated using the O (ε) perturbation from (68). (b) Wavenumber giving maximum
amplitude close to the first resonance for varying ε, together with (c) the maximum amplitude (at
z = 0) for that wavenumber. Solid black lines/dots show maxima from the numerical solutions, and
dotted red lines show the asymptotic solutions for k∗+εk̃∗ from (68) and for I8/(τ−τ+ε2ℑ(I4)) from
(84) with the modification in (85). (d)-(e) Example numerical solutions showing ℜ(φ(z)), away from
resonance, and close to one of the resonant wavenumbers.
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Example - square mesh with interior source



Generalisations

Finite resistivity of wires

Three-dimensional problem

Energy dissipated on the wires - expect to limit amplitude of resonant solutions.

Split electromagnetic field into different polarisations.

Wires shield parallel polarisation, but little effect on perpendicular polarisation. 

Modified boundary layer ‘cell’ problem.

Electrostatic problem essentially the same as two-dimensional result.

Smaller wavelengths

Modified boundary layer ‘cell’ problem - can obtain cell resonance.

Induction



Summary

Derived equivalent conditions for the homogenised shielding problem for 
arbitrarily shaped wires. 

Established relationship between shielded field strength and cage properties.
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Given a mathematical analysis of the shielding effect of a Faraday cage.


