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1. Subglacial drainage systems as a compacting/reacting porous 
medium

2. Two-phase mechanics of temperate ice
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Figure 1
(Top panel) Surface velocities in Antarctica, generated from the data set in Rignot et al. (2011). Part of the domain shown consists of
floating ice. Clearly visible is the channelized structure of ice-stream flow. (Bottom panels) Cross sections of Antarctica, as shown by the
lines BB′ and CC′ in the map. The ice-sheet bed in West Antarctica is mostly below sea level. Cross-sectional images courtesy of Peter
Fretwell, British Antarctic Survey, based on the data set described in Lythe et al. (2001). Abbreviation: MSL, mean sea level.

2. ICE FLOW
Most models for ice flow assume a relatively simple rheology with a strain-rate-dependent viscosity.
We let u = (u1, u2, u3) = (u, v, w) be the velocity field in the ice relative to a Cartesian coordinate
system (x1, x2, x3) = (x, y, z), with σij and τij denoting the stress tensor and its deviatoric part, linked
through σij = τij − pδij, with p = −σkk/3, where we have applied the summation convention. Ice is
generally treated as incompressible with (under terrestrial conditions) inconsequential variations
in density owing to temperature and impurities:

∇ · u = 0. (1)
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lines BB′ and CC′ in the map. The ice-sheet bed in West Antarctica is mostly below sea level. Cross-sectional images courtesy of Peter
Fretwell, British Antarctic Survey, based on the data set described in Lythe et al. (2001). Abbreviation: MSL, mean sea level.

2. ICE FLOW
Most models for ice flow assume a relatively simple rheology with a strain-rate-dependent viscosity.
We let u = (u1, u2, u3) = (u, v, w) be the velocity field in the ice relative to a Cartesian coordinate
system (x1, x2, x3) = (x, y, z), with σij and τij denoting the stress tensor and its deviatoric part, linked
through σij = τij − pδij, with p = −σkk/3, where we have applied the summation convention. Ice is
generally treated as incompressible with (under terrestrial conditions) inconsequential variations
in density owing to temperature and impurities:
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Fretwell, British Antarctic Survey, based on the data set described in Lythe et al. (2001). Abbreviation: MSL, mean sea level.
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Scene setting



Introduction

Ice is a polycrystalline material. It deforms through a combination of 
diffusion and dislocation creep.

Models usually treat ice sheets as a shear-thinning viscous fluid, with 
effective viscosity dependent on temperature.

Basal boundary condition is crucial

Ice temperature controlled by: radiation, advection, conduction, shear 
heating, basal friction and geothermal heat flux.

Bedrock

Cold Ice

Temperate Ice

Schoof & Hewitt 2013,  Ann. Rev. Fluid Mech.
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Fig. 3. Solution of inverse problem of inferring the Antarctic basal sliding parameter field from InSAR surface velocity observations. For visualization pur-
poses, the cube root of the exponential of the basal sliding coefficient is plotted; the actual Robin coefficient exp(β) of the basal sliding boundary condition 
varies over nine orders of magnitude. Low (red) and high (blue) values for the basal sliding parameter represent low and high resistance to sliding, and 
correlate with fast and slow ice flow regions, respectively. (For interpretation of the references to color in this figure, the reader is referred to the online 
version of this article.)

Fig. 4. Observed (top) and reconstructed via solution of the inverse problem (bottom) surface velocity fields. In the top image, we also highlight the names 
and locations of the largest ice shelves, the extensions of the ice sheet onto the ocean. Most of the mass from the fast flowing ice streams contributes 
to ice shelves, and this mass is, over time, released to the ocean due to melting and iceberg calving. (For interpretation of the references to color in this 
figure, the reader is referred to the online version of this article.)

approximation of the Hessian of the data misfit) that permits very large parameter dimensions. We then present expressions 
that show how the low-rank approximation of this Hessian can be computed for the ice sheet inverse problem, and discuss 
properties of the Hessian that, in combination with the proposed algorithm, permit computation of the uncertainty in 
the inverse solution in a fixed number of forward/adjoint solves, independent of the parameter dimension. Finally, the 
methodology is applied to the large-scale Antarctic ice sheet inverse problem.

Subglacial effective pressure Inferred basal slipperiness

Isaac et al 2015

Evidence suggests that basal slipperiness 
depends on subglacial water pressure
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A distributed drainage model
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⌃Ŝ

⌃t
= Ubhr � ÂŜNn +
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Figure 1: An illustration of the di⇥erent regions of the drainage system. Note this is just
an illustration; the sheet is defined in an average sense, so the distinction between di⇥erent
regions is not actually made at the scale of the roughness.
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Figure 2: Perhaps a better diagram.

Sheet model

The hydraulic potential is

⇥ = �wgzb + pw = ⇥0 �N, where ⇥0 = pi + �wgzb ⌅ �igzs +��gzb, (1)

where �w is water density, g is gravitational acceleration, pw is water pressure, pi is ice
pressure, �i is ice density, zs is ice surface elevation and zb is the bed elevation (for the
moment we ignore hydrostatic pressure due to depth of water layer). N is the e⇥ective
pressure.

Overpressurisation happens if N ⇥ 0, equivalently ⇥ ⇤ ⇥0. Underpressurisation happens
if pw = 0 (atmospheric), equivalently, ⇥ = ⇥m = �wgzb. We ignore the fact that the water
pressure may exceed the ice pressure and assume that if N reaches 0, it readily lifts up the ice
with minimal excess pressure; thus ⇥ = ⇥0 in this case (we are therefore assuming negligible
elastic resistance of the ice, which would require a finite overpressure to lift it).

Water occupies an average depth of bed hw, the average depth of the drainage system is
h, and hw = h unless the system is underpressured. Continuity requires
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+⇧ · q = m, (2)

where q is the discharge and m is the melt supply rate. q is given by
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Sliding Creep closure

Melting

Walder 1986, Fowler 1986, Kamb 1987, Schoof et al 2012
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Melting
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A distributed drainage model
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Evolution law

Mass conservation
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Viscous creep

Melting

A conduit drainage model

Röthlisberger 1972, Nye 1976

Cross-sectional area evolution
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Melting
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Mass conservation

Flux law
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Mass conservation prevents unbounded growth
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ABSTRACT. Polythermal conditions are found on all scales, from small valley glaciers to

ice sheets. Conventional temperature-based “cold-ice” methods do not, however, account for

the latent heat stored as liquid water within temperate ice. Such schemes are not energy-

conserving when temperate ice is present. Temperature and liquid water fraction are, how-

ever, functions of a single enthalpy variable: A small enthalpy change in cold ice is a change in

temperature, while a small enthalpy change in temperate ice is a change in liquid water frac-

tion. The unified enthalpy formulation described here models the mass and energy balance

for the three-dimensional ice fluid, for a surface runo↵ layer, and for a subglacial hydrology

layer all coupled together in a single energy-conserving framework. It is implemented in

the Parallel Ice Sheet Model. Results for the Greenland ice sheet are compared with those

from a cold-ice scheme. This paper is intended to be an accessible foundation for enthalpy

formulations in glaciology.

1. INTRODUCTION
Polythermal glaciers contain both cold ice (temperature be-
low the pressure melting point) and temperate ice (temper-
ature at the pressure melting point). This poses a thermal
problem similar to that in metals near the melting point and
to geophysical phase transition processes such as in mantle
convection or permafrost thawing. In such problems part of
the domain is below the melting point (solid) while other
parts are at the melting point and are solid/liquid mixtures.
Generally the liquid fraction may flow through the solid phase.
For ice specifically, viscosity depends both on temperature
and liquid water fraction, leading to a thermomechanically-
coupled and polythermal flow problem.

Distinct thermal structures in polythermal glaciers have
been observed (Blatter and Hutter, 1991). Glaciers with ther-
mal layering as in Figure 1a are found in cold regions such
as the Canadian Arctic (Blatter, 1987; Blatter and Kappen-
berger, 1988), so it is referred to as Canadian-type in the
following. The bulk of ice is cold except for a temperate layer
near the bed which exists mainly due to dissipation (strain)
heating. The Greenlandic and the Antarctic ice sheets exhibit
such a thermal structure (Lüthi and others, 2002; Siegert and
others, 2005; Motoyama, 2007; Parrenin and others, 2007).
Figure 1b illustrates a thermal structure commonly found on
Svalbard (e.g. Björnsson and others, 1996; Moore and oth-
ers, 1999) and in the Scandinavian mountains (e.g. Schytt,
1968; Hooke and others, 1983; Holmlund and Eriksson, 1989),
where surface processes in the accumulation zone form tem-
perate ice. This type will be called Scandinavian.

A theory of polythermal glaciers and ice sheets based on
mixture concepts is now relatively well understood (Fowler
and Larson, 1978; Hutter, 1982; Fowler, 1984; Hutter, 1993;
Greve, 1997a). Mixture theories assume that each point in

⇤Present address: Arctic Region Supercomputing Center, Univer-
sity of Alaska Fairbanks, Fairbanks, USA.

a)

b)

temperate cold

Figure 1. Schematic view of the two most commonly found poly-
thermal structures: a) Canadian-type and b) Scandinavian-type.
The dashed line is the cold-temperate transition surface, a level
set of the enthalpy field.

a body is simultaneously occupied by all constituents and
that each constituent satisfies balance equations for mass,
momentum, and energy (Hutter, 1993). Exchange terms be-
tween components couple these equations. Here we derive an
enthalpy equation from a mixture theory which uses sepa-
rate mass and energy balance equations, but which specifies
momentum balance for the mixture only. This is suitable for
most polythermal ice masses. For wholly-temperate glaciers,
however, a mixture approach with separate momentum bal-
ances might be more appropriate (Hutter, 1993).

Two types of thermodynamical models of ice flow can be
distinguished. So-called “cold-ice” models approximate the
energy balance by a di↵erential equation for the temperature
variable. The thermomechanically-coupled models compared

Aschwanden et al (2012)

‘Canadian type’

‘Scandinavian type’
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Calving icebergs indicate a thick layer of temperate
ice at the base of Jakobshavn Isbræ, Greenland

The puzzling fact that Jakobshavn Isbræ, West Greenland, is
flowing very fast but without any significant seasonal velocity
changes, despite big amounts of surface-derived meltwater
entering the ice stream (Echelmeyer and Harrison, 1990),
has been explained by a combination of different types of
measurements. It is now well established from seismic meas-
urements and radio-echo sounding that Jakobshavn Isbræ
flows through a deeply eroded subglacial trench that, even
50km inland of the grounding line, extends as far as 1500m
below sea level (Clarke and Echelmeyer, 1996; Legarsky and
Huang, 2006). Temperature measurements in boreholes
down to 65% of the 2500m thick ice stream at site B, some
50km upstream of the calving front (Fig. 1b; Iken and others,
1993), were used to infer the presence of a substantial layer
of temperate ice, the thickness of which was estimated to be
at least 300m by modeling and matching internal layering
structures (Funk and others, 1994; Lüthi and others, 2002).
The presence of a thick layer of temperate ice under very high
driving stress allows for high ice-deformation rates, which
contribute substantially to the observed fast flow velocities.
Basal motion, while certainly important, seems to be barely
influenced by the seasonal meltwater input (Echelmeyer and
Harrison, 1990).

Fig. 1. (a) An iceberg with a thick layer of blue ice, the boundary
of which is indicated with a blue line. Natural targets B1–B4 are
marked with red points. The inset shows the whole berg, where
the line B1–B2 was horizontal and B2–B4 was approximately ver-
tical before calving. Numbers next to red lines indicate measured
distances. Elevation above sea level is 116, 147, 132 and 29m for
B1–B4, respectively. (b) Map showing the positions of the iceberg
(red square), the glacier terminus 3 days before the calving event
(orange curve), the origin of the iceberg (red curve), the camera
(yellow triangle) and the drill sites A–D (orange). The ice-stream
outlines (dotted) are shown superimposed on a 2005 ASTER satellite
image.

Since the 1990s the geometry of the calving front has
changed completely (Podlech and Weidick, 2004). The
15 km long floating tongue, from which kilometer-scale
tabular icebergs used to break off, disintegrated in 2002/03.
In recent years a smaller floating tongue forms during the
winter months and is rapidly removed in spring (Joughin and
others, 2008). During most of the summer a substantial part
of the calving front is grounded, as is evident from sediments
at the bottom of rotated calving icebergs, and the lack of tidal
vertical motion (Amundson and others, 2008).
The iceberg shown in Figures 1 and 2 is one of many

icebergs that displayed intensely blue ice just after calving.
The calving event started on 13 July at 04:47:46 UTC (on-
set of seismic signal registered at a seismometer next to the
camera in Fig. 1b) from a retreated front position (red curve
in Fig. 1b). The time-lapse photography shown in Figure 3
(color-enhanced due to poor lighting conditions) shows how
the berg rotated backwards during calving, with the basal
portion being lifted into the flow direction (towards the left
in the image). From the distance scale in Figure 3 (discussed
below) we can deduce that the initial vertical extent of the
iceberg was ∼900m. After rotating, the iceberg moved at
3.6m s−1 away from the calving front, as determined by
tracking features B1–B4. The trace of point B1 (black dots
in Fig. 3) shows that the iceberg was rocking with an under-
damped harmonic oscillation of 70 s period, from which an
average vertical (initially horizontal) extent of ∼600m can
be calculated (e.g. Sommerfeld, 1994, p. 40, equation 16).
During calving, this iceberg displayed a zone of intensely

blue ice (left in Fig. 1, dark in Fig. 3), which was located close
to the bottom before rotation, while the rest of the iceberg
was whitish in appearance. Whether the blue ice contained
liquid water or was frozen could not be determined. The blue
color vanished during the next day, presumably by the action
of solar radiation.
Positions of four natural targets on the iceberg were meas-

ured by triangulation with two theodolites (Leica TM1800

Fig. 2. Close-up view of the lowest part of the iceberg shown in
Figure 1. Clearly visible are sediments (S), grayish-green ice (G),
blue ice (B), folded blue ice (BF), the fold hinge line (H) and a plane
(P) separating blue and green ice. The natural target B1 is marked
with a red point.

Lüthi et al (2009)

Temperature of glaciers and ice sheets

Many mid-latitude alpine glaciers are entirely ‘temperate’.

In high latitudes many glaciers are ‘polythermal’.

Most of the large ice-sheets (Antarctica & Greenland) 
are ‘cold’, but may be locally temperate near base

Temperate = in thermodynamic equilibrium at
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POLYTHERMAL GLACIERS 101 

temperature on salt concentration is so weak (Lliboutry, 1976), that 
the salt migration problem is uncoupled from the interior flow, and 
consequently is not of primary interest: it is conceivable to have a 
pure glacier. 

In studying the hydrology of glaciers, it is not clearly feasible to 
construct a detailed continuum mechanical model for situations in 
which water-filled crevasses, moulins, etc. dominate the nature of the 
flow; in such cases, a more ad hoc approach might be more useful. 
On the other hand, many “Arctic” type glaciers which maintain an 
average surface temperature below 0°C. have been found to have 
temperate zones adjoining the base (Clarke and Goodman, 1975; 
Jarvis and Clarke, 1975), and the dynamic nature of such temperate 
zones should be well represented by the kind of model considered 
here. In particular, this is of interest in the examination of possible 
thermal runaway type instabilities in cold glaciers (Clarke et al., 
1977), which if relevant, could have important consequences for ice 
age dynamics (Schubert and Yuen, 1982). 

For these reasons, we will primarily focus on the situation shown 
in Figure 1. We will consider an (Arctic) glacier whose annual mean 

occumulot ion 

I 
cold 

temperote 
melting 
s u r f a c e  
Y = Y M  

FIGURE 1 Schematic representation of an Arctic-type polythermal glacier. 
Streamlines are indicated by arrows. In this figure, boundaries of temperate ice are 
aV, at the bedrock, a& at cold ice. If the temperate surface extended to the surface, 
the boundary at the atmosphere is denoted by aV,. 
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FIGURE 1 Geometry of an ice sheet with grounded and floating portion (schematic). 

“cold” and “temperate”, in which the ice is respectively below and at the 
melting point. In the cold zone heat generated by internal friction will 
affect the temperature distribution, and the latter in turn will influence the 
motion. In the temperature zone, on the other hand, frictional heat will melt 
some ice. Hence, whereas for cold glaciers a fluid model of a heat 
conducting viscous body may be an appropriate thermomechanical model, 
such cannot be for temperate ice whose description must bear some 
notion of a binary mixture of ice with percolating or trapped water. In a 
polythermal ice mass there are therefore four different boundaries (see 
Figure l), namely the base y = y d x ) ,  the free surface y=ys(x,t) ,  the ice- 
water interface at the floating portions, y = y w ( x , t ) ,  and finally, the 
transition surface between cold and temperate ice, y = y d x , t ) .  It is my 
goal to formulate, firstly, the field equations in the cold and temperate 
portions of the ice mass and secondly, to establish suitable boundary 
conditions for the four different bounding surfaces. Clearly, existence of 
cold and temperate subregions in the entire ice mass complicates the 
formulation. In the cold zone energy balance serves as an evolution 
equation for temperature and forms a crucial physical statement. In the 
temperate zone, on the other hand, energy balance is not as crucial except 
that production of internal energy governs the mass production of the 
constituents ice and water. Here it is the balance of mass of water, which 
replaces the energy equation. Further, the separating surface between cold 
and temperate ice is non-material, in general, and thus capable of 
propagating at its own speed. Depending on the thermal conditions, such 
surfaces may be created or annihilated. Strictly, speaking, the remaining 
boundary surfaces are also non-material. For instance, at the free surface 
ice is added or subtracted by accumulation and surface ablation, 
respectively; a similar statement also holds for the ice-water interface 
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will be at a lower temperature; heat will flow from (1) and (2) towards (3), and (1) and (2) will 
close by freezing while (3) expands by melting. Thus (3), with the lower melting point, is the 
stable form, 

For 60° •< <p< 70° 32', the stable form is a tetrahedron at a four-grain intersection having 
spherical faces concave outwards. (That this spherical-faced tetrahedron is stable against the 
faces becoming aspherical seems very likely, but we know of no proof.) When <p — 70° 32', the 
edges of the tetrahedron are straight lines and they meet at the corners at 60° to one another. 
But as the dihedral angle between the faces (q>) decreases, the edges, which are arcs of circles, 
meet at a finer angle, and when <p =60° it may be shown that they meet tangentially. For 
<p < 60° no spherical-faced tetrahedron exists ; the stable configuration is a tetrahedron with 
non-spherical faces and with open corners; the corners open into channels along the three-grain 
intersections (Fig. 3). The channels have almost cylindrical faces that are concave outwards. 
A small local shrinkage promotes melting and the channels are 
therefore stable against pinching off. The precise geometry of 
the tetrahedra and the channels is governed by the condition 
that the sum of the two principal curvatures at each point 
must be constant and that the dihedral angle condition must 
be met along all the edges. 

If for <p >70°32' we consider two convex tetrahedra of 
unequal size, the smaller one will have the higher melting 
point ; there is thus an instability favouring the growth of a 
few large tetrahedra and the freezing-up of smaller ones. For 
§ < 70° 32' this tendency is reversed and the tetrahedra tend 
to be uniform in size. In the same way for q> < 60° the in- Fig. 3. A junction between four water 

.. J t r- j i i i j x j i • veins in polycrystal-line ice. 
terconnectmg network of veins and tetrahedra tends to uni- The figure is a tetrahedron with 
f r i r r n j + v non-spherical faces and with 
l u i i i i n y . o p e n c o r n e r s 

Beyond <p =0° the liquid in the channels breaks through 
down the grain boundaries themselves and no edges between 
liquid and grain boundary are left. All the results of Table I follow directly, without detailed 
calculation, from the principles (a), (b), (c) and (d) ; detailed calculations of the ratios of sur-
face area to volume for different configurations, which can be tedious, are not necessary in 
considering the equilibrium position of the liquid phase in the structure. 

According to the recent measurements of Ketcham and Hobbs (1969) on ice and water, 
<p =20° ±10°, and therefore the stable form in ice at the melting point should be channels 
of water at the three-grain intersections (Fig. 2), joining together in fours at the four-grain 
intersections in non-spherical-faced concave tetrahedra (Fig. 3). This accords with what was 
observed by Professor Shreve and the authors (and very likely by many others before us). The 
implication is that, contrary to Steinemann's conclusion, ice at the melting point is permeable 
to water. 
2. Flow through the vein system 

Ketcham and Hobbs' measured angle applies to carefully purified water and would there-
fore seem to be appropriate for glacier ice—but we ought, in prudence, to add that we have not 
studied in detail the possible influence of impurities on our results. It is plausible to suppose 
that the pressure in the veins of water between the grains in a temperate glacier is close to the 
mean of the three principal compressive stresses in the ice, and, as a first approximation, we 
shall take this to be Qtgy, where gt is the density of the ice (taking into account the water content), 
g is the gravitational acceleration and y is the depth. We note that, if the stress in the ice were 

History

Lliboutry (1971,1976), Nye & Frank (1973) - permeability

Fowler & Larson (1978) - continuum formulation, no 
moisture movement

Hutter (1982) - mixture theory, diffusive moisture 
transport

Fowler (1984) - two-phase theory, Darcy’s law for 
moisture transport
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Hutter 1982

Fowler 1984
Greve (1997),  Aschwanden et al (2012) - computation, 
enthalpy methods

Duval (1977) - melt-dependent viscosity
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• Velocity from shallow ice approximation (thermodynamically decoupled).

Figure 6. Ice cap setup. Solid lines show ice streamlines, red shading shows the magnitude of viscous dis-

sipation, and blue shading shows the potential region of temperate ice. Here Zb(x) = 0 m and Zs(x) =

1500(1� (x/L)2) m, with L= 100 km.

Figure 7. Ice cap solutions for (a,b) the standard enthalpy gradient model without and with drainage, (c) mod-

ified enthalpy gradient model, (d) compaction pressure model. Shading shows temperature and porosity. Solid

white lines show ice streamlines. The lower panels show water flux from the ice at the bed; dashed lines are repli-

cas of that from (b) for comparison. Parameter values are as in table 1, together with Ts =�10 C, Tm = 0 C,

and pe = 0 at z = 0.

The upper surface z = Zs is prescribed to be at temperature T = Ts < Tm, and the lower surface

z = 0 is at the melting point T = Tm. For the enthalpy gradient models, we also prescribe �= 0

on the lower surface. Since the ice velocity there is zero, no condition on the porosity is needed

for the compaction pressure model, and we just have to prescribe the effective pressure pe, which350

is set to 0. As in section 4.2, a more complete model could by coupled with a surface firn model

and a subglacial drainage model. One could also compute the temperature below the bed, and thus

have regions of the bed that are frozen (if the geothermal heat flux is large enough the entire bed

will be temperate, as assumed here, though the ice above is not necessarily temperate, as seen in the

solutions).355

Figure 7 shows the steady-state solutions for the standard enthalpy gradient model, with and with-

out a drainage function, the modified enthalpy gradient model, and the compaction pressure model.
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Slab glacier test case

• Greve & Blatter (2009), Kleiner et al (2015), Blatter & Greve (2015)

T = Ts

T = Tm

x

z

Figure 1. Parallel-sided slab setup. Arrows indicate the bed-parallel velocity, and shading indicates the potential

region of temperate ice.
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Hn+1 � (H � z)n+1

�
, (22)

where H is the ice thickness, S = sin✓ is the slope, and A is treated as constant (Greve and Blatter,

2009; Kleiner et al., 2015). The corresponding effective viscosity and viscous dissipation rate for245

this problem are

⌘ =
1

2A(⇢gS)n�1(H � z)n�1
, ⌧ij "̇ij = 2A(⇢gS)n+1(H � z)n+1. (23)

For a genuinely parallel moving slab the normal velocity w is zero; however we also consider cases

where w is non-zero (but uniform), corresponding to the ice being accumulated at the top surface and

melted from the bottom surface (if w is negative), or vice versa (if w is positive). We take g =�gez ,250

ignoring the slight correction due to the slope.

The top surface z =H is prescribed to be at temperature T = Ts < Tm, and the bottom surface

z = 0 is prescribed to be at the melting point T = Tm. If viscous dissipation is large enough, this

setup gives rise to a layer of temperate ice at the bottom of the slab. In the case of a positive nor-

mal velocity w, the additional condition �= �m is prescribed there (the porosity of frozen-on ice,255

although it may be better to treat this as a numerical test problem rather than to ascribe too much

physical meaning to it). For the enthalpy gradient methods, this condition on � is needed regardless

of the direction of ice flow.

One of the reasons for exploring this simple setup is that semi-analytical solutions are possible,

allowing the algorithms to be tested. Constructing these solutions involves straightforward algebraic260

manipulations and solution of a transcendental equation for the position of the cold-temperate tran-

sition (details may be found, for example, in Greve and Blatter (2009)).

Figure 2 shows the comparison between the three models: compaction pressure, standard enthalpy

gradient, and modified enthalpy gradient. The numerical solutions are all run to the steady state,
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Slab glacier test case

• Solutions for no relative water transport

Stefan condition



Figure 2. Steady-state solutions for the parallel-sided slab, showing temperature and porosity as a function

of height. Normal velocities are (a) w =�0.2 m y�1, (b) w = 0 m y�1, and (c) w = 0.2 m y�1. In each

case, orange triangles show the standard enthalpy gradient method, yellow squares show the standard enthalpy

gradient model method with drainage, purple circles show the modified enthalpy method, and blue dots show

the compaction pressure model. Solid black lines show the semi-analytical solutions for the case of no relative

water transport. Shading shows the region of temperate ice for the compaction pressure model. Parameter values

are as in table 1, together with H = 200 m, S = sin4�, Ts =�1�C, Tm = 0�C, �m = 1%.

and we compare them with the semi-analytical solution for no relative water transport (j = 0). This265

solution provides a clear illustration of the different behaviour that can occur at the cold-temperate

interface as a result of (10): for downward moving ice (referred to as a ‘melting’ interface by Greve

(1997)), the temperature gradient is zero on the cold side and the porosity increases continuously

from zero on the temperate side (panel (a)); for upward moving ice (a ‘freezing’ interface), the

porosity is finite on the temperate side and there is a corresponding finite temperature gradient on270

the cold side (panel (c)); and for neither upward nor downward advection, the temperature gradient

is zero but there can be finite porosity on the temperate side (in fact, there is no steady solution for

the no-water-flux problem in this case).

The standard enthalpy gradient model closely approximates the no-water-flux solution for both

downward and upward moving ice, the diffusive term naturally smoothing out the discontinuity in275

porosity at the freezing interface (provided ⌫ is small enough). In the case w = 0 (panel (b)), it

produces a quite different result.

For the case of downwards moving ice (panel (a)), the location of the cold-temperate boundary

is almost identical between all the models. This is reassuring, since the location of the interface in

this case should be determined by the twin conditions T = Tm, rT ·n = 0, and is thus independent280

of what happens in the temperate region (Schoof and Hewitt, 2015). The effect of gravity-driven

drainage is to reduce the porosity compared to the no-water-flux solution, and this reduction is es-

sentially the same in both the compaction pressure and the modified enthalpy gradient models, except

very close to the bottom.
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Figure 2. Steady-state solutions for the parallel-sided slab, showing temperature and porosity as a function

of height. Normal velocities are (a) w =�0.2 m y�1, (b) w = 0 m y�1, and (c) w = 0.2 m y�1. In each

case, orange triangles show the standard enthalpy gradient method, yellow squares show the standard enthalpy

gradient model method with drainage, purple circles show the modified enthalpy method, and blue dots show

the compaction pressure model. Solid black lines show the semi-analytical solutions for the case of no relative

water transport. Shading shows the region of temperate ice for the compaction pressure model. Parameter values

are as in table 1, together with H = 200 m, S = sin4�, Ts =�1�C, Tm = 0�C, �m = 1%.

and we compare them with the semi-analytical solution for no relative water transport (j = 0). This265
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interface as a result of (10): for downward moving ice (referred to as a ‘melting’ interface by Greve

(1997)), the temperature gradient is zero on the cold side and the porosity increases continuously

from zero on the temperate side (panel (a)); for upward moving ice (a ‘freezing’ interface), the

porosity is finite on the temperate side and there is a corresponding finite temperature gradient on270

the cold side (panel (c)); and for neither upward nor downward advection, the temperature gradient

is zero but there can be finite porosity on the temperate side (in fact, there is no steady solution for

the no-water-flux problem in this case).

The standard enthalpy gradient model closely approximates the no-water-flux solution for both

downward and upward moving ice, the diffusive term naturally smoothing out the discontinuity in275

porosity at the freezing interface (provided ⌫ is small enough). In the case w = 0 (panel (b)), it

produces a quite different result.

For the case of downwards moving ice (panel (a)), the location of the cold-temperate boundary

is almost identical between all the models. This is reassuring, since the location of the interface in

this case should be determined by the twin conditions T = Tm, rT ·n = 0, and is thus independent280

of what happens in the temperate region (Schoof and Hewitt, 2015). The effect of gravity-driven

drainage is to reduce the porosity compared to the no-water-flux solution, and this reduction is es-

sentially the same in both the compaction pressure and the modified enthalpy gradient models, except

very close to the bottom.

10

Standard enthalpy 
gradient model

Compaction pressure 
model

• If gravity-driven drainage opposes advection, leads to formation of high porosity bands.

Slab glacier test case

• Comparison of different models

• Bands can descend as porosity waves.



• Velocity from shallow ice approximation (thermodynamically decoupled).

Figure 6. Ice cap setup. Solid lines show ice streamlines, red shading shows the magnitude of viscous dis-

sipation, and blue shading shows the potential region of temperate ice. Here Zb(x) = 0 m and Zs(x) =

1500(1� (x/L)2) m, with L= 100 km.

Figure 7. Ice cap solutions for (a,b) the standard enthalpy gradient model without and with drainage, (c) mod-

ified enthalpy gradient model, (d) compaction pressure model. Shading shows temperature and porosity. Solid

white lines show ice streamlines. The lower panels show water flux from the ice at the bed; dashed lines are repli-

cas of that from (b) for comparison. Parameter values are as in table 1, together with Ts =�10 C, Tm = 0 C,

and pe = 0 at z = 0.

The upper surface z = Zs is prescribed to be at temperature T = Ts < Tm, and the lower surface

z = 0 is at the melting point T = Tm. For the enthalpy gradient models, we also prescribe �= 0

on the lower surface. Since the ice velocity there is zero, no condition on the porosity is needed

for the compaction pressure model, and we just have to prescribe the effective pressure pe, which350

is set to 0. As in section 4.2, a more complete model could by coupled with a surface firn model

and a subglacial drainage model. One could also compute the temperature below the bed, and thus

have regions of the bed that are frozen (if the geothermal heat flux is large enough the entire bed

will be temperate, as assumed here, though the ice above is not necessarily temperate, as seen in the

solutions).355

Figure 7 shows the steady-state solutions for the standard enthalpy gradient model, with and with-

out a drainage function, the modified enthalpy gradient model, and the compaction pressure model.
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Figure 9. The same as in Figure 7 but for x = 5, 10, 20, and 30% (from left to right).

water produced at shallow depths never accumulates there and is transported very efficiently downward to
the internal water ocean.

For higher values of x (20% and 30%), which correspond to less efficient convection and thus more effi-
cient warming of the ice shell, the two distinct melting regions form again (Figures 9c, 9d, 9g, and 9h). Since
the tidal heating rate is higher, melting starts earlier and more water is produced (Figure 8a, blue and cyan
color). On the other hand, both regions coalesce earlier permitting water outflow already at approximately
120 kyr and 85 kyr, respectively. When the value of x is decreased to 10%, corresponding to enhanced con-
vective cooling and slower warming of the ice shell, melting occurs only in the lower half of the ice shell
(Figures 9b and 9f) and less water is produced (Figure 8a, green color). For an even smaller value of x (5%)
melting occurs only at the base of the ice shell during the whole simulation (Figures 9a and 9e), resulting
in a very small amount of water produced (Figure 8a, violet color). For all tested values of x, the maximum
porosity at shallow depths stays well below 1% and thus no water accumulates there (Figure 8b). To summa-
rize, either no melt is produced in the subsurface region at all due to insufficient heating (x = 5 and 10%),
or both the subsurface and bottom temperate regions become connected within a few tens of thousands of
years, allowing rapid water transport toward the bottom boundary.
4.2.2. Strike-Slip Fault Setup
The results for the strike-slip fault simulation with H0

s = 2×10−4 W m−3, ds = 3 km, and !s = 45 are displayed
in Figure 10 (for the values of other parameters see Table 1). As in the previous section, first melt appears
at the bottom boundary and the water flows freely from the domain to the underlying ocean without cre-
ating waves. After approximately 90 kyr, melting begins also at a depth of about 2 km where the melting
temperature is reached due to the enhanced shear heating. Since the ice below is cold (T ≪ TM, Figure 10a)
and assumed free of fractures, no water propagates downward. Even though the heating in the subsur-
face temperate ice region decreases rapidly due to the increasing porosity (1 order of magnitude reduction
per 5% of porosity increase, Figure 10b), the liquid water is trapped there and its amount gradually grows
(Figure 10c). As the initial temperature in the upper half of the ice shell is rather low and the volumetric heat-
ing (equation (27)) is not very efficient there, the cold impermeable zone separating the subsurface water
lens from the bottom temperate zone is preserved throughout the simulation (300 kyr). A closer inspection
of the upper right corner of Figure 10b reveals that at the end of simulation the thickness of the domain is
reduced by 1 km, which is mostly due to the matrix melting in the shallow region.

The time evolution of water column height is depicted in Figure 11a (red color, full line). With its maxi-
mum reaching almost 600 m, the amount of water produced in the strike-slip fault model is much larger
than in the previous hot plume model. Figure 11b shows the maximum value of porosity within the shear
zone (d ≤ ds). Once melting starts, it grows rapidly—after approximately 50 kyr it exceeds 95% and stays
above this value during the rest of the simulation. As discussed in section 5, our calculations do not take into
account possible initiations of Rayleigh-Taylor instabilities due to accumulation of dense liquids above ice or
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Something different - partial melting on Europa

Tidal heating results in partial melting of ice shell

Melt drains gravitationally into underlying ocean



Summary

Subglacial drainage systems exhibit similar behaviour to compacting 
mantle - compaction, porosity waves, reactive feedbacks

Partially molten ice has porosity-weakening viscosity - may be 
dynamically important for ice sheets 

Two phase compaction equations useful to understand moisture 
distribution in temperate ice sheets


