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Figure 1
(Top panel) Surface velocities in Antarctica, generated from the data set in Rignot et al. (2011). Part of the domain shown consists of
floating ice. Clearly visible is the channelized structure of ice-stream flow. (Bottom panels) Cross sections of Antarctica, as shown by the
lines BB′ and CC′ in the map. The ice-sheet bed in West Antarctica is mostly below sea level. Cross-sectional images courtesy of Peter
Fretwell, British Antarctic Survey, based on the data set described in Lythe et al. (2001). Abbreviation: MSL, mean sea level.

2. ICE FLOW
Most models for ice flow assume a relatively simple rheology with a strain-rate-dependent viscosity.
We let u = (u1, u2, u3) = (u, v, w) be the velocity field in the ice relative to a Cartesian coordinate
system (x1, x2, x3) = (x, y, z), with σij and τij denoting the stress tensor and its deviatoric part, linked
through σij = τij − pδij, with p = −σkk/3, where we have applied the summation convention. Ice is
generally treated as incompressible with (under terrestrial conditions) inconsequential variations
in density owing to temperature and impurities:

∇ · u = 0. (1)
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floating ice. Clearly visible is the channelized structure of ice-stream flow. (Bottom panels) Cross sections of Antarctica, as shown by the
lines BB′ and CC′ in the map. The ice-sheet bed in West Antarctica is mostly below sea level. Cross-sectional images courtesy of Peter
Fretwell, British Antarctic Survey, based on the data set described in Lythe et al. (2001). Abbreviation: MSL, mean sea level.

2. ICE FLOW
Most models for ice flow assume a relatively simple rheology with a strain-rate-dependent viscosity.
We let u = (u1, u2, u3) = (u, v, w) be the velocity field in the ice relative to a Cartesian coordinate
system (x1, x2, x3) = (x, y, z), with σij and τij denoting the stress tensor and its deviatoric part, linked
through σij = τij − pδij, with p = −σkk/3, where we have applied the summation convention. Ice is
generally treated as incompressible with (under terrestrial conditions) inconsequential variations
in density owing to temperature and impurities:
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(Top panel) Surface velocities in Antarctica, generated from the data set in Rignot et al. (2011). Part of the domain shown consists of
floating ice. Clearly visible is the channelized structure of ice-stream flow. (Bottom panels) Cross sections of Antarctica, as shown by the
lines BB′ and CC′ in the map. The ice-sheet bed in West Antarctica is mostly below sea level. Cross-sectional images courtesy of Peter
Fretwell, British Antarctic Survey, based on the data set described in Lythe et al. (2001). Abbreviation: MSL, mean sea level.

2. ICE FLOW
Most models for ice flow assume a relatively simple rheology with a strain-rate-dependent viscosity.
We let u = (u1, u2, u3) = (u, v, w) be the velocity field in the ice relative to a Cartesian coordinate
system (x1, x2, x3) = (x, y, z), with σij and τij denoting the stress tensor and its deviatoric part, linked
through σij = τij − pδij, with p = −σkk/3, where we have applied the summation convention. Ice is
generally treated as incompressible with (under terrestrial conditions) inconsequential variations
in density owing to temperature and impurities:

∇ · u = 0. (1)

www.annualreviews.org • Ice-Sheet Dynamics 219

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 2

01
3.

45
:2

17
-2

39
. D

ow
nl

oa
de

d 
fro

m
 w

w
w

.a
nn

ua
lre

vi
ew

s.o
rg

by
 U

ni
ve

rs
ity

 o
f O

xf
or

d 
- B

od
le

ia
n 

Li
br

ar
y 

on
 0

1/
09

/1
3.

 F
or

 p
er

so
na

l u
se

 o
nl

y.
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Ice sheets in climate models

Most climate models have a static ice sheet

The ice sheet stores and releases water according to surface energy balance

Some interesting feedbacks are (at least potentially!) not captured



Models of ice sheet dynamics 
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Reduced models (depth-integrated)
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Shallow ice approximation

Shallow stream approximation
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Inverse methods



Inversion for basal slipperiness (frozen-time problem)

zs

zb

Dij =
1

2

✓
@ui

@xj
+

@uj

@xi

◆

D =
q

1
2DijDij

⌧ij = A�1/nD1/n�1Dij

Dij = A⌧n�1⌧ij

n ⇡ 3

A = A(T )

A = A(T,�)

@zs
@t

+ u
@zs
@x

+ v
@zs
@y

= w + a

u
@zb
@x

+ v
@zb
@y

= w �m

(�ij � ninj)⌧jknk = f(Ub)
(�ij � ninj)ui

Ub

Ub = |(�ij � ninj)ui|

f(Ub) = �Ub

⌧b = f(Ub)

⌧ij = 2⌘Dij

D = A⌧n

A(T ) n

0 = �rp+r · ⌧ + ⇢ig

"̇ = A(T )⌧n�1⌧

19

Assume a linear friction law

Basal boundary condition

Forward problem: given geometry, temperature & basal slipperiness, determine ice velocity
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Inverse problem: use observed ice velocity to infer basal slipperiness
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Fig. 3. Solution of inverse problem of inferring the Antarctic basal sliding parameter field from InSAR surface velocity observations. For visualization pur-
poses, the cube root of the exponential of the basal sliding coefficient is plotted; the actual Robin coefficient exp(β) of the basal sliding boundary condition 
varies over nine orders of magnitude. Low (red) and high (blue) values for the basal sliding parameter represent low and high resistance to sliding, and 
correlate with fast and slow ice flow regions, respectively. (For interpretation of the references to color in this figure, the reader is referred to the online 
version of this article.)

Fig. 4. Observed (top) and reconstructed via solution of the inverse problem (bottom) surface velocity fields. In the top image, we also highlight the names 
and locations of the largest ice shelves, the extensions of the ice sheet onto the ocean. Most of the mass from the fast flowing ice streams contributes 
to ice shelves, and this mass is, over time, released to the ocean due to melting and iceberg calving. (For interpretation of the references to color in this 
figure, the reader is referred to the online version of this article.)

approximation of the Hessian of the data misfit) that permits very large parameter dimensions. We then present expressions 
that show how the low-rank approximation of this Hessian can be computed for the ice sheet inverse problem, and discuss 
properties of the Hessian that, in combination with the proposed algorithm, permit computation of the uncertainty in 
the inverse solution in a fixed number of forward/adjoint solves, independent of the parameter dimension. Finally, the 
methodology is applied to the large-scale Antarctic ice sheet inverse problem.
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Figure 1 | Bed elevation of the Greenland ice sheet colour-coded between �500 and +2,000m, with submarine areas in blue. Details of the large-scale
map for Upernavik Isstrøm and Nunatakassaap Sermia (a), Hayes Gletscher, Allison Gletscher and Illullip Sermia (b), Petermann, Steensby and Ryder
Gletscher (c), Marie Sophie Gletscher, Academy Gletscher and Hagen Bræ (d), F. Graae, Charcot and Daugaard-Jensen (e), and Kangerlussuaq Gletscher
(f); glaciers are listed in clockwise order. The white contour line delineates the limit of land ice. The mass conservation method is employed for the glaciers.
Kriging is used to map the interior regions.

fundamental geometric constraint on the past, present and future
evolution of the ice-sheet flow.

Ice is channelized to the ocean through a narrow set of flux gates
along the periphery. Only 8% of the total length of these flux gates
corresponds to ice grounded below sea level, yet this small fraction
controls 88% of the total ice discharge of Greenland. The subglacial
troughs extend tens to hundreds of kilometres inland, and channel
ice flow over considerable distances (Supplementary Information).

Particularly revealing, the three main branches of Upernavik
Isstrøm (Fig. 1a), in West Greenland, coincide with three troughs
with a submarine bed more than 80 km inland of their present
termini, and for the southern arm more than 140 km. Previous
mappings identify no trough (B2001, ref. 7), or reveal a glacier below
sea level for 25 km (B2013, ref. 16), with large deviations (200m) in
bed elevation due to interpolation artefacts (Fig. 2). Farther north,
near Hayes Gletscher, several unnamed glaciers share a common
trough that is 15 km wide, 2 km deep and grounded below sea level
for more than 120 km (Fig. 1b). Many glaciers of the northwest
coast are grounded several hundred metres below sea level at their

termini and remain so for 10–50 km inland. This contrasts with
existing bed maps that indicate ice fronts grounded at sea level, not
in contact with the ocean (Supplementary Information). Up north,
Humboldt Gletscher is submarine 140 km inland of its terminus,
and Petermann Gletscher (Fig. 1c) is underlaid by a submarine
channel that connects to the ice-sheet interior, except for a narrow
passage above sea level21.

Few ice-covered, submarine valleys exist in the northernmost
sector of Greenland. In the northeast, two large troughs more than
100 km long and 10 km wide host Academy Gletscher and Hagen
Bræ (Fig. 1d). In central East Greenland, the bed is generally more
than 1,000m above sea level, so the glacial troughs in that sector
are deeper and narrower than elsewhere in Greenland, but they
do not extend far below sea level and far inland. We attribute this
to the presence of a more resistant bedrock and the presence of
a colder-based ice sheet22. Among them, Daugaard-Jensen Glacier
(Fig. 1e) is grounded below sea level for 70 km, before its bed rises
quickly above sea level over a broad plateau that would prevent
any sort of rapid glacier retreat. Ice thickness is shallow on the

NATURE GEOSCIENCE | VOL 7 | JUNE 2014 | www.nature.com/naturegeoscience 419

Inversion for bed topography (assumes steady state)

Morlighem et al 2014



Future

Assimilate time-dependent observations

Make use of more observations - eg. internal radar layers

Duncan Young / UTIG



Sliding



Microscopic view of a ‘hard’ bed
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A film of water exists between ice and the underlying bedrock, allowing slip

Resistance comes from the roughness of the bedrock

⌥S

⌥t
=

1

⇤iL

⇥
kcS

�

����
⌥⇧

⌥s

����
⇥+1

+ lrkh
�

����
⌥⇧

⌥s

����
⇥+1

⇤
� K̂S|N |n�1N

Q = �kcS
�|�|⇥�1�

Q = �kcS
�

����
⌥⇧

⌥s

����
⇥�1 ⌥⇧

⌥s

Q = �kcS
�|⇤s⇧|⇥�1⇤s⇧

⌥S

⌥t
=

kcS�|⇤s⇧|⇥+1

⇤iL
+ lr

kh�|⇤⇧|⇥+1

⇤iL
� K̂S|N |n�1N

zs

zb

⌃̇ = A⌅n

A(T ) n

0 = �⇤p+⇤ · �

⇥̇ = A(T )⌅n�1�

⇤ · u = 0

ub = f(x, ⌅b, N)� b

ub = f � b

� b = f ub

� b = � ub

⌥T

⌥t
+ u ·⇤T = ⇥⇤2T

pi ⇥ ⇤ig(zs � zb)

5

⌥S

⌥t
=

1

⇤iL

⇥
kcS

�

����
⌥⇧

⌥s

����
⇥+1

+ lrkh
�

����
⌥⇧

⌥s

����
⇥+1

⇤
� K̂S|N |n�1N

Q = �kcS
�|�|⇥�1�

Q = �kcS
�

����
⌥⇧

⌥s

����
⇥�1 ⌥⇧

⌥s

Q = �kcS
�|⇤s⇧|⇥�1⇤s⇧

⌥S

⌥t
=

kcS�|⇤s⇧|⇥+1

⇤iL
+ lr

kh�|⇤⇧|⇥+1

⇤iL
� K̂S|N |n�1N

zs

zb

⌃̇ = A⌅n

A(T ) n

0 = �⇤p+⇤ · �

⇥̇ = A(T )⌅n�1�

⇤ · u = 0

ub = f(x, ⌅b, N)� b

ub = f � b

� b = f ub

� b = � ub

⌥T

⌥t
+ u ·⇤T = ⇥⇤2T

pi ⇥ ⇤ig(zs � zb)

5

‘Cavitation’ occurs in the lee of bumps



Nye’s sliding theory

Take Fourier transform
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Stokes flow
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Fourier transform of bed profile, i.e. power spectrum

⌥ = ⌥f

Ub = hTA⌥
a
b N

b

Ub = C⌥ab N
b

⌥b = µN

z = Zb(x)

⇥2T = 0

⇥4 = 0

⌥b = ⇥iUb
k2
⇥
⇧

⌅ ⌅

0
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Nye 1969, Fowler 1986, Schoof 2005
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Stokes flow
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Theory can be extended to account for cavitation Riemann-Hilbert problem
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Newtonian ice
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Heat equation
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Ẑb(k) = lim
M⇤⌅

1

M

����
⌅ M

�M

Zb(x)e
ikx dx

����

⌥b = Nf

⇥
Ub

N

⇤

⌥b = Nf

⇥
Ub

Nn

⇤

⌥b/N

Ub/N
n

Ub = C⌥ pbN
q

0 < p, q < 1

⌥b = �2Ub

�2(x, y)

p = q = 1
3

⌥b
N

= µ

⇥
Ub

Ub + ⇤ANn

⇤1/n

⌥b = µN

⇥
Ub

Ub + ⇤ANn

⇤1/n

7

⌥ = ⌥f

Ub = hTA⌥
a
b N

b

Ub = C⌥ab N
b

⌥b = µN

z = Zb(x)

⇥2T = 0

⇥4� = 0

⌥b = ⇥iUb
k2
⇥
⇧

⌅ ⌅

0
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Basal water

‘Water table’

Ice surface



10 m



Turbulent dissipation causes channelisation 
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‘Wormholing’

Mechanical erosion

Chemical erosion (eg limestone caves)

Analogues



Cordillera Blanca, Peru



Creep

Melting

Subglacial conduits

Röthlisberger 1972, Nye 1976

Cross-sectional area evolution

⇤xz = �⇥ig(s� z)
⇧s

⇧x
+

⇧

⇧x

⌅� s

z

(2⇤xx + ⇤yy) dz

⇧
+

⇧

⇧y

⌅� s

z

⇤xy dz

⇧

⇤yz = �⇥ig(s� z)
⇧s

⇧y
+

⇧

⇧y

⌅� s

z

(⇤xx + 2⇤yy) dz

⇧
+

⇧

⇧x

⌅� s

z

⇤xy dz

⇧

�̃ = 1
2A

�1 �
⇤̃ 2xz + ⇤̃ 2yz + ⇤ 2xy + ⇤ 2xx + ⇤xx⇤yy + ⇤ 2yy

⇥(1�n)/2

⇤̃xz = �⇥ig(s� z)
⇧s

⇧x
and ⇤̃yz = �⇥ig(s� z)

⇧s

⇧y

� = 1
2A

�1 �
⇤ 2xz + ⇤ 2yz + ⇤ 2xy + ⇤ 2xx + ⇤xx⇤yy + ⇤ 2yy

⇥(1�n)/2

⇧S

⇧t
+

⇧Q

⇧s
= M + qin

⇧S

⇧t
=

⇥w
⇥i

M � 2A

nn
S|N |n�1N

M =
1

⇥wL

⇤⇤⇤⇤Q
⇧⌅

⇧s

⇤⇤⇤⇤

Q = �KcS
�c

⇤⇤⇤⇤
⇧⌅

⇧s

⇤⇤⇤⇤
�1/2 ⇧⌅

⇧s

⇥w � ⇥i
⇥i

KcS
�c

⇤⇤⇤⇤
⇧⌅

⇧s

⇤⇤⇤⇤
3/2

� 2A

nn
S|⌅0 � ⌅|n�1(⌅0 � ⌅) +

⇧

⇧s

⌃
KcS

�c

⇤⇤⇤⇤
⇧⌅

⇧s

⇤⇤⇤⇤
�1/2 ⇧⌅

⇧s

⌥
= qin

15

⇤xz = �⇥ig(s� z)
⇧s

⇧x
+

⇧

⇧x

⌅� s

z

(2⇤xx + ⇤yy) dz

⇧
+

⇧

⇧y

⌅� s

z

⇤xy dz

⇧

⇤yz = �⇥ig(s� z)
⇧s

⇧y
+

⇧

⇧y

⌅� s

z

(⇤xx + 2⇤yy) dz

⇧
+

⇧

⇧x

⌅� s

z

⇤xy dz

⇧

�̃ = 1
2A

�1 �
⇤̃ 2xz + ⇤̃ 2yz + ⇤ 2xy + ⇤ 2xx + ⇤xx⇤yy + ⇤ 2yy

⇥(1�n)/2

⇤̃xz = �⇥ig(s� z)
⇧s

⇧x
and ⇤̃yz = �⇥ig(s� z)

⇧s

⇧y

� = 1
2A

�1 �
⇤ 2xz + ⇤ 2yz + ⇤ 2xy + ⇤ 2xx + ⇤xx⇤yy + ⇤ 2yy

⇥(1�n)/2

⇧S

⇧t
+

⇧Q

⇧s
= M + qin

⇧S

⇧t
=

⇥w
⇥i

M � 2A

nn
S|N |n�1N

M =
1

⇥wL

⇤⇤⇤⇤Q
⇧⌅

⇧s

⇤⇤⇤⇤

Q = �KcS
�c

⇤⇤⇤⇤
⇧⌅

⇧s

⇤⇤⇤⇤
�1/2 ⇧⌅

⇧s

⇥w � ⇥i
⇥i

KcS
�c

⇤⇤⇤⇤
⇧⌅

⇧s

⇤⇤⇤⇤
3/2

� 2A

nn
S|⌅0 � ⌅|n�1(⌅0 � ⌅) +

⇧

⇧s

⌃
KcS

�c

⇤⇤⇤⇤
⇧⌅

⇧s

⇤⇤⇤⇤
�1/2 ⇧⌅

⇧s

⌥
= qin

15

Melting
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Unstable equilibrium

Mass conservation prevents unbounded growth
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Ice-sheet acceleration driven by melt supply
variability
Christian Schoof1

Increased ice velocities in Greenland1 are contributing signifi-
cantly to eustatic sea level rise. Faster ice flow has been associated
with ice–ocean interactions in water-terminating outlet glaciers2

and with increased surface meltwater supply to the ice-sheet bed
inland. Observed correlations between surface melt and ice accel-
eration2–6 have raised the possibility of a positive feedback in which
surface melting and accelerated dynamic thinning reinforce one
another7, suggesting that overall warming could lead to accelerated
mass loss. Here I show that it is not simply mean surface melt4 but
an increase in water input variability8 that drives faster ice flow.
Glacier sliding responds to melt indirectly through changes in
basal water pressure9–11, with observations showing that water
under glaciers drains through channels at low pressure or through
interconnected cavities at high pressure12–15. Using a model that
captures the dynamic switching12 between channel and cavity
drainage modes, I show that channelization and glacier decelera-
tion rather than acceleration occur above a critical rate of water
flow. Higher rates of steady water supply can therefore suppress
rather than enhance dynamic thinning16, indicating that the melt/
dynamic thinning feedback is not universally operational. Short-
term increases in water input are, however, accommodated by the
drainage system through temporary spikes in water pressure. It is
these spikes that lead to ice acceleration, which is therefore driven
by strong diurnal melt cycles4,14 and an increase in rain and surface
lake drainage events8,17,18 rather than an increase in mean melt
supply3,4.
The effective pressure in the subglacial drainage system, defined as

overburdenminus basal water pressure, controls coupling between ice
and bed: lower effective pressure weakens the ice–bed contact and
permits faster sliding9–11. Effective pressure is controlled by subglacial
drainage, which occurs through two principal types of conduit (Fig. 1):
Röthlisberger channels19,20 are kept open by a balance between a
widening of the channel by wall melting due to heat dissipation in
the water flow, and a narrowing that results from the inward creeping
motion of the surrounding ice. By contrast, cavities11,21,22 are formed
where ice is forced upwards by horizontal sliding over protrusions on
the glacier bed. This opens a gap in the lee of the protrusion, with gap
size controlled by the opening rate due to sliding and by creep closure
of the cavity roof.
An increase in effective pressure leads to faster creep closure. In an

equilibrium channel, this must be balanced by greater wall melt.
Greater wall melt in turn requires higher discharge and, thus, a larger
channel. Röthlisberger channels therefore increase in sizewith increas-
ing effective pressure (decreasing water pressure). This causes water
flow fromsmaller channels into larger ones, favouring the formation of
an arterial network with few main channels at low water pressure19,23.
Cavities differ from channels as their size is not controlled by wall melt
and increases rather than decreaseswithwater pressure. A reduction in
effective pressure suppresses creep closure and allows larger cavities to
form11,22.This favoursmacroporousbehaviour24with spatiallydistributed
drainage along the ice–bed interface and water discharge increasing with
water pressure. The abundance of channels relative to cavities therefore

determines whether water pressure is low or high in the steady state:
channels canefficiently transportwater athigheffectivepressurewhereas
cavities require low effective pressure to transport the same flux. Past
models23,25, however, donot capture switches fromcavities to channels in
spatially extended drainage or the formation of an arterial network, and
cannot predict the spatial configuration of the drainage system.
Here I unify the description of cavities and channels and predict

how spatially extended drainage systems can switch from cavities to
channels and back. The basic physics of cavities and channels can be
captured in a single equation for the cross-sectional area, S, of a sub-
glacial conduit, which can be a channel or cavity (Supplementary
Information and Fig. 1):

dS
dt

~c1QYzubh{c2NnS ð1Þ

where Q is the water discharge, Y is the hydraulic gradient along the
conduit and N5 pi2 pw is the effective pressure in the conduit (ice

1Department of Earth and Ocean Sciences, University of British Columbia, 6339 Stores Road, Vancouver, British Columbia V6T 1Z4, Canada.
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Figure 1 | Properties of a single conduit. a, b, Physics of channels (a) and
cavities (b). c, Conduit opening rate, c1QY1 ubh (dashed line), and closure
rate, c2N

nS (solid line), plotted against S. d, Steady-stateN versusQ in a conduit
(equation (2)). Parameter values are given inMethods Summary. Each conduit
can generally attain one of two equilibria (points of intersection given as circles
in c). These can be identified as channel and cavity. The larger (channel)
equilibrium is prone to instability20: if perturbed to slightly larger size, the
conduit will continue to grow (opening rate exceeds closing rate to the right of
the intersection). In a network of conduits, this eventually leads to one channel
growing at the expense of all other nearby ones. The cavity equilibrium, by
contrast, is stable, and cavities of similar size can coexist. In the steady state,
effective pressure increases with discharge in a channel (increasingNmakes the
closure curve steeper,moving the channel intersection in c to larger values of S),
and decreases with discharge in a cavity. A conduit becomes a channel above a
critical discharge, Qc (dashed curve in d), and remains a cavity below Qc.
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WERDER ET AL.: A 2-D SUBGLACIAL DRAINAGE SYSTEM MODEL

Table 3. Summary of Water Sources for Synthetic Model Runs

Spatial Temporal
Model Run Water Input Dependence Dependence

SHEET sheet elevation none
MOULINS moulins elevation none
DIURNAL moulins elevation diurnal
Sensitivity tests sheet none none

2.9. Numerical Solution
[38] We use an irregular triangular mesh to partition the

domain !, and use the edges of these elements to form the
unstructured channel network " . Equation (33) can be con-
sidered a parabolic equation for #, which is solved using
the finite element method [e.g., Elman et al., 2005]. First-
order elements are used to discretize # and h, while S is
discretized with a constant value along each edge. The inte-
grals in the first sum of (33), over !i, are discretized in
the standard way. The integrals in the second sum, over "j,
are unusual because, in standard partial differential equation
problems, integrals along the one-dimensional edges vanish.
In this problem, however, they provide an essential contri-
bution and require the integration of derivatives along mesh
edges. This is relatively straightforward to implement with
piecewise linear finite elements.

[39] Time stepping is performed either with a fully
implicit time step, using the MATLAB ode15s solver, or
with an operator splitting scheme. For the latter, first the #-
equation (33) is stepped forward by ıt with a backward Euler
step; then, using the new values for #, the two evolution
equations (25) and (27) for h and S are advanced by ıt using
a forward Euler step, a second-order leapfrog step, or—if
there is no storage—with the MATLAB ode113 solver. For
the first two, a simple assessment scheme is used to adapt
the time step ıt according to a local error estimate. The
model is coded in MATLAB and the meshes are generated
using Triangle [Shewchuk, 1996], which produces meshes
with uniformly distributed edge orientations.

3. Synthetic Model Experiments
[40] We perform model experiments on a 60 km by 20 km

rectangular domain with a synthetic topography comprising
a flat bed (B = 0) and a parabolic surface profile (H / p

x)
such that the ice thickness increases from zero at x = 0 to
1500 m at x = 60 km. The scale is similar to a smaller catch-
ment of the Greenland Ice Sheet, such as the Leverett glacier
catchment of !600 km2 [Bartholomew et al., 2012]. Zero
flow is imposed on the three interior boundaries, while the
water pressure is prescribed to be atmospheric at the fourth

0

5

10

15

20

t = 50d

a

4

8

8

0 10 20 30 40 50
0

5

10

15

20

t = 500d

c

4 8

x (km)

0

5

10

15

20

t = 150d

b

4

8

y 
(k

m
)

60

0 10 20 30 40 50 60

Figure 2. Time evolution of model run SHEET: map view of domain with terminus at x = 0 km show-
ing snapshots of the development of the channel system at 50, 150, and 500 days with contours of the
hydraulic potential (interval 1 MPa). Thick lines are plotted for larger channels (Q " 20 m3s–1), and thin
lines for smaller channels (20 > Q " 1 m3s–1). The steady state configuration of the channel system is
shown in Figure 3a.
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inland extent of hydrologically forced velocity variations
[Bartholomew et al., 2011a]. In 2010 and 2011, when the
May–August mean temperatures at site 7 were 2.9°C and
2.7°C warmer than in 2009, increases in summer motion rel-
ative to MWV were 7.2% and 6.9%, respectively, indicating
that ice flow variations propagate further into the ice sheet in
warmer years (Figure 3a).
[10] The summer flow enhancement does not however

typically result in increased annual ice displacement
(Figure 3d) because warmer summers are generally followed
by reduced winter ice flow. This is demonstrated by a signif-
icant negative correlation (r =!0.55, p< 0.05; Figure 3c)
between normalized winter ice velocity and late summer melt
(as characterized by Positive Degree Days (PDD)). Ice
velocity typically reaches a minimum in early winter before
recovering to within a few percent of MWV by the start of
the next melt season (e.g., Figure 2f, 2011). This pattern of
ice motion can also be explained by hydrodynamic coupling.
The reduced sensitivity of ice flow to variations in meltwater
input toward the end of each melt season, shown by our data
and observed previously [e.g., Bartholomew et al., 2011a],
indicates that efficient channels extended beneath much of
our transect during the late summer of each year. Such

channels are however likely to be spatially limited to areas
downstream from surface meltwater sources, with ineffi-
cient drainage elsewhere [Hewitt, 2011]. Once surface
melting ceases at the end of the summer, the subglacial
channels will operate at low pressure. We postulate that
the resulting hydraulic gradient will drain water from
adjacent areas of higher water pressure to the low pressure
subglacial channels as observed over diurnal timescales at
Alpine glaciers [Hubbard et al., 1995], leading to a net
reduction in basal water pressure and consequent decline
in ice velocity [Hewitt, 2011]. By the end of each winter,
measured ice velocities return to within a few percent of
MWV at all our sites, presumably due to gradual
repressurization of the subglacial hydraulic system from
basal melting and channel creep closure [Zwally et al.,
2002]. We suggest that enhanced surface melting associ-
ated with warmer conditions in late summer is able to sus-
tain larger and more widespread low-pressure subglacial
channels. This in turn promotes more extensive and
prolonged drainage of high pressure water from adjacent
regions resulting in a greater drop in net basal water
pressure and reduced displacement over the subsequent
winter (Figure 3c).

Figure 2. (a) Cumulative PDD at site 1 showing summer PDD sums (PDD calculated as described in the supporting infor-
mation). (b) Discharge hydrograph for Leverett Glacier catchment with the cumulative discharge between 7 May and 27
August (delimited by the hollow grey box) for each year. (c–i) 24 h horizontal velocity at sites 1–7 for 2009, 2010, 2011,
and the early part of 2012. Mean 2009–2010, 2010–2011, and 2011–2012 winter velocities for each site (MWV = grey dashed
line) are also shown.

SOLE ET AL.: INTERANNUAL GREENLAND ICE FLOW CHANGES

3942

Seasonal ice velocity modulation 

Sole et al 2013
Time

Ice speed



R
un

of
f

[ m
m

 / 
d 

]

Time
J A J O J

Subglacial drainage model coupled to ice flow model

Annual cycle of surface melt runoff routed into moulins

t ⇤ Q1/3

ub|⌅⇧|1/3

⌧ b = f

�
Ub

Nn

⇥
ub

Ub

⌅b = RU1/m
b

⌅b = RU1/n
b

⌅b = CU1/3
b N1/3

⌅b = CUp
bN

q

⌅b = µN

⌅b = µN

�
Ub

Ub + ⇥Nn

⇥1/n

⌧ b ⇥ �⇤igH⌅s

⌧ s = 0

⌧ b = f (Ub, N+)
ub

Ub

⌧ b = f (Ub, . . .)
ub

Ub

⌅b = CUbN

q = �Kh3⌅⇧

⌃h

⌃t
+⌅ · q = m+ r

⌃h

⌃t
=

⇤w
⇤i

m+
hr

lr
Ub � �AhNn

h = he(N)

S N ⇧ ⇧0 h b s H

2



Time

Ice speedSubglacial discharge
(areal m2/s)

Hewitt 2013, EPSL



Landforms



Bridgenorth Esker



topography is likely to experience more change than a similar ice
sheet flowing over more homogeneous terrain.

Within Shield areas, there are also places where eskers are
noticeably absent, particularly in the locations of the Keewatin and
Labrador ice domes (Fig. 6). Evidently, this is not related to the
underlying geology, but rather ice and meltwater dynamics. Melt-
water channels are unlikely to form beneath ice divides because
any meltwater there would need to accumulate for a certain dis-
tance before it was able to form channels (e.g. Flowers et al., 2003).
Furthermore, the ice is likely to have been cold-based until the final
stages of deglaciation (Kleman and Glasser, 2007), thus routing
surface-generated meltwater over and across the ice and prevent-
ing it from reaching the bed. The absence of esker ridges at the final
location of ice divides is rather abrupt (Fig. 6), and the total width of
the esker-free area is relatively constant at 100e150 km. This dis-
tance may relate to an underlying control on how far from ice di-
vides eskers can form, perhaps related to the hydraulic potential
and meltwater supply, or the availability of a sufficient quantity of
sediment to build eskers.

Theoretical work has shown that the ice surface topography
(and, to a lesser extent, the basal topography) dictates the potential
gradient followed by englacial and subglacial meltwater channels
(Shreve, 1972). Moreover, Shreve (1985a; b) and Syverson et al.
(1994) demonstrated that esker paths are likely to be dictated, at
least in part, by the potential gradient. Whilst it is beyond the scope
of the present paper to match esker paths to reconstructed po-
tential gradients, it is likely that the ice surface exerted an influence
on esker locations, most likely in associationwith the other controls

discussed above. We emphasise this as an important area for future
work (see Section 5.7).

No instances of cross-cutting eskers were found in the mapping,
which contrasts markedly with the abundance of cross-cutting
lineations found on the LIS bed (e.g. Boulton and Clark, 1990;
Stokes et al., 2009; Brown et al., 2011). This suggests that eskers
have a low potential for preservation beneath dynamic ice sheets,
and/or that they form very close to final deglaciation. Elsewhere,
eskers have been shown to survive entire glaciations beneath
frozen beds (Lagerb€ack and Robertsson, 1988; Kleman, 1994) and
frozen beds have been inferred beneath parts of the LIS (Kleman
and H€attestrand, 1999; Kleman and Glasser, 2007), although the
subglacial thermal regime changes through time to almost entirely
warm-based (e.g. Marshall and Clark, 2002). As a result of these
significant changes in thermal regime, as well as significant
changes in ice dynamics (e.g. Boulton and Clark, 1990), it is unlikely
that eskers in Canada would survive an entire glacial cycle. More-
over, eskers require a significant input of meltwater in order to
form, meaning that this is more likely to occur during deglaciation,
when surface melting is a significant process (Mooers, 1989;
Carlson et al., 2009) and the probability of preservation at this
time is also largest, since there is no subsequent ice flow to erode
them. For these reasons, eskers are frequently interpreted as
deglacial landforms and are often used to reconstruct deglaciation
(e.g. Dyke and Prest, 1987; Dyke et al., 2003; Stokes et al., 2009;
Margold et al., 2011, 2013; Clark et al., 2012).

In summary, the pattern of eskers on the bed of the LIS points to
a dichotomy between complex ice dynamics in the outer reaches of

Fig. 11. Map of interpolated eskers classified by length. Note the radial pattern of long eskers around the Keewatin (west) and Labrador (east) sectors.
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Summary

Lots of interesting fluid phenomena going on in ice sheets!

Inverse methods increasingly useful for fitting models to data 
- assimilating over time is the next step

Forecasting models still do not resolve important feedbacks 
- detailed studies of these needed





Temperature



Figure 6. Ice cap setup. Solid lines show ice streamlines, red shading shows the magnitude of viscous dis-

sipation, and blue shading shows the potential region of temperate ice. Here Zb(x) = 0 m and Zs(x) =

1500(1� (x/L)2) m, with L= 100 km.

Figure 7. Ice cap solutions for (a,b) the standard enthalpy gradient model without and with drainage, (c) mod-

ified enthalpy gradient model, (d) compaction pressure model. Shading shows temperature and porosity. Solid

white lines show ice streamlines. The lower panels show water flux from the ice at the bed; dashed lines are repli-

cas of that from (b) for comparison. Parameter values are as in table 1, together with Ts =�10 C, Tm = 0 C,

and pe = 0 at z = 0.

The upper surface z = Zs is prescribed to be at temperature T = Ts < Tm, and the lower surface

z = 0 is at the melting point T = Tm. For the enthalpy gradient models, we also prescribe �= 0

on the lower surface. Since the ice velocity there is zero, no condition on the porosity is needed

for the compaction pressure model, and we just have to prescribe the effective pressure pe, which350

is set to 0. As in section 4.2, a more complete model could by coupled with a surface firn model

and a subglacial drainage model. One could also compute the temperature below the bed, and thus

have regions of the bed that are frozen (if the geothermal heat flux is large enough the entire bed

will be temperate, as assumed here, though the ice above is not necessarily temperate, as seen in the

solutions).355

Figure 7 shows the steady-state solutions for the standard enthalpy gradient model, with and with-

out a drainage function, the modified enthalpy gradient model, and the compaction pressure model.
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