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Motivation: large-scale ice-sheet flow

The basal sliding law / friction law represents a (perhaps the) major uncertainty in 
current forecasts of sea-level rise. 
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Extended Data Figure 6 | Contributions of each basal friction law. a, b, Probability distributions of Antarctic dynamic mass losses in cm sea-level 
equivalent at 2100 (a) and 2200 (b) (as in Fig. 2b), showing the cumulative contributions of the basal friction laws.
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combination of topography (downsloping bedrock below sea level) and 
low friction (Extended Data Fig. 2c–e). Our 95% quantiles for the ASE 
are 25 cm at 2100 and 48 cm at 2200 (all values are sea-level equivalent 
and, unless specified otherwise, 95% quantiles). The Thwaites region, 
which includes the Smith and Kohler glaciers4, contributes the greater 
part of this: 58% at 2100 and 53% at 2200. This is partly due to the 
basin definition, but is also due to relatively rapid and substantial thin-
ning of Thwaites upstream of the grounding line (see Supplementary 
Video 1). The Peninsula and Marie Byrd Land hardly respond, 
despite being assigned the same probabilities of onset as the ASE  

(owing to observed grounding-line retreat and thinning4,16,17), because 
their bedrock is largely above sea level.

Although basin contributions depend partly on coastline length, sim-
ilar topographical limits are seen elsewhere: on the basis of projected 
ice-shelf surface and basal melting7,18, Princess Elizabeth Land and 
MacRobertson Land are assigned substantial probabilities of MISI but 
contribute only 1 cm by 2200, while Dronning Maud Land is assigned 
lower probabilities but contributes up to 4 cm by 2100 and 8 cm by 2200. 
Responses also vary across the three basins of the Ronne–Filchner sec-
tor, which are assigned identical onset dates on the basis of projected 
Circumpolar Deep Water intrusion6. Ellsworth shows widespread 
ungrounding, with the 95% quantile at 2200 approximately delin-
eating a previously deglaciated region19 (Fig. 1 and Extended Data  
Fig. 3a), and contributes 9 cm by 2200; Shackleton Range and Pensacola 
Mountains show much less retreat and contribute 6 cm and 4 cm, 
respectively.

For Totten Glacier in Wilkes Land, our results suggest that if cur-
rent dynamic thinning is MISI driven by Circumpolar Deep Water8, 
the region has some potential for ungrounding (up to 5 cm by 2200). 
The Siple Coast is assigned a small probability from ice-shelf basal 
melting18 but, when triggered, ungrounding is widespread owing to 
low basal friction (Extended Data Fig. 2c); we estimate that the total 
risk is small (up to 3 cm by 2200). These constraints are not absolute 
bounds—greater deglaciation has occurred in the past over longer time 
scales9—but appear to limit the amount of ice that can be lost in two 
centuries. Extended Data Figure 4 illustrates the effects of the two ice 
dynamical conditions, for example in George V Land, which is thought 
to be vulnerable in the long term5 (Supplementary Information,  
section 2.2.1).

The total continental contribution to sea level is relatively low in the 
first century and accelerates in the second (Fig. 2a), although a second 
mode emerges at 6 cm by 2200 (Fig. 2b). The probability of exceeding 
10 cm rises rapidly this century to 57% at 2100; for exceeding half a 
metre, it reaches only 33% at 2200 (Fig. 2c, d).

We find that the rate of sea-level rise from the ASE could be substan-
tial this century: up to 1.3 mm yr−1 by 2050 and 2.1 mm yr−1 by 2100  
(Fig. 3). However, many simulations stop (near zero mode at 2100 and 
local mode at 2200; Fig. 3b) or slow their retreat, particularly those with 
a linear–viscous friction law, so the 95% quantile at 2200 (1.1 mm yr−1) 
is half that at 2100. Narrow zones of higher friction (hard bedrock) 
situated a few tens of kilometres upstream impede further retreat 
(Extended Data Fig. 3b). Extended Data Figure 5 shows this and other 
threshold behaviour dependent on friction law.

The strong dependence of ASE response on basal friction law lies 
behind the bimodal projections for Antarctica at 2200 (Extended 
Data Fig. 6). Projections of MISI using one friction law2,3,10 may 
systematically under- or overestimate sea-level rise and will almost 
certainly underestimate its uncertainty. Although the sensitivity of 
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Figure 1 | Projected grounding-line retreat. a, b, Probability density 
estimates of grounding-line retreat at 2100 (a) and 2200 (b), overlaid on 
bedrock topography24. Red lines show 0.05 contour: an estimated 95% 
probability that retreat will be less extensive than this. c, d, ASE with Pine 
Island (PIG) and Thwaites glaciers.
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Figure 2 | Projected sea-level rise. a, Quantiles of Antarctic dynamic 
mass losses in cm sea-level equivalent as a function of time. b, Probability 
densities at 2100 and 2200. c, Probabilities of exceeding particular 

thresholds as a function of time. d, Probability of exceeding any threshold 
at 2100 and 2200.
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Using different sliding laws results in different modelled behaviour.

We’d like to understand more about what controls ice-sheet sliding



606 R. S. W. van de Wal et al.: Self-regulation of ice flow varies across the ablation area

by assuming an ice density of 900 kgm�3 and a latent heat
of fusion of 335 kJ kg�1. Estimated standard deviations for
errors in the daily totals of turbulent and radiation fluxes are
about 6 and 2%. As radiation usually dominates melt rates,
daily mean errors are estimated to be 5%. As the region stud-
ied is an ablation zone with low accumulation rates and the
period of interest is mainly summer, we do not distinguish
between melt rates and run-off. Refreezing is only a small
fraction in this area.

4 Velocities, melt and water pressures on short time
scales

Year-round basal water pressure measurements are obtained
from a pair of boreholes near SHR (Smeets et al., 2012). The
two boreholes, located 5m apart, yielded almost identical
records over the first year of measurements, and data indicate
a connection to the subglacial system. Further proof of an im-
mediate connection to the active subglacial system was the
sudden drop in water level when drilling the first bore hole.
Previous observations of water pressure variations in combi-
nation with velocity measurements in Alpine glacier environ-
ments (e.g. Iken and Bindschadler, 1986) and in Jakobshavn
Isbræ (Iken et al., 1993) revealed insight into the relation
between sliding velocity and water pressure. For Greenland,
first data by Meierbachtol et al. (2013) indicated a very vari-
able pattern in time and space in the ablation zone over sum-
mer. Here, we provide the first year-round record of water
pressure variations beneath the Greenland ice sheet, which
in combination with detailed ablation information and GPS
data help to constrain hypotheses about the links between
surface meltwater production and dynamic response.
Results presented in Fig. 5 show that at the onset of the

ablation season at the beginning of July, there is a short-lived
peak in subglacial water pressure above the slowly increasing
late-winter values, associated with a sharp rise in ice velocity.
This is interpreted as the result of a strong imbalance between
melt water supply and drainage capacity, leading to a water
pressure higher than the overburden pressure and reduction
of bed traction, called the spring event (Bartholomew et al.,
2011; Fitzpatrick et al., 2013; Sundal et al., 2011; Cowton
et al., 2013; Iken et al., 1983). Following the spring event,
the simultaneous drop in ice velocity and pressure clearly in-
dicates the transition of the drainage system into an efficient
network of channels. The rapid increase of melt water supply
during early summer enlarges conduits due to wall melting
that develop into efficient channels. The increasing transport
capacity leads to lowering of the pressure in the hydraulic
system in the vicinity of the channels (Schoof, 2010). This
is in agreement with our observations in Fig. 5 and confirms
that our pressure probes are connected to an active part of the
hydrological system in the vicinity of a channel.
During the period dominated by channels, there is a clear

relation between melt, water pressure and velocities on daily

Figure 5. Seasonal cycle of water pressure, melt and velocity at
SHR starting in January 2011. Note how the onset of significant
melt leads to high magnitude acceleration and a short period of wa-
ter pressure in excess of the overburden pressure (horizontal grey
line), which implies floatation. Later, the ablation season variability
in the water pressure remains visible but the amplitude is dimin-
ished. During the ablation season the hydraulic system of channels
develops (phase 1 in the figure) and closes once the melt decreases
(phase 3). Note that even in autumn and early winter, single melt
events affect water pressure and ice velocity. Ablation rates are lin-
early from 0 to 8.5 cm w.e. per day. The percentages indicate the
pressure scaled by the overburden pressure.

time scales. To highlight this we selected a 3-week period in
July 2010 to study the diurnal cycle in detail (Fig. 6). Wa-
ter pressure and ice velocity are direct measurements, and
melt is calculated from weather station data. All data are
from the site SHR. Melt rates attain their maximum during
mid-afternoon, coinciding with the temperature maximum
and just after the maximum in shortwave radiation. This is
followed by a maximum in water pressure 2 h later as the hy-
draulic system is not capable of handling the maximum melt
peak immediately. Coinciding with the maximumwater pres-
sure, we observe that the velocity increases to 50% above
the mean for a short period, subsequently followed by more
or less constant values overnight until 10 a.m. (Local Time),
where after the increase in water pressure and melt leads to
a decrease in friction and an acceleration of the ice veloc-
ity. Water pressure keeps decreasing overnight as the water
input decreases due to melt but picks up a little later than
the onset of the melt in the early morning again once the
system is filled again. Hence the capacity of the subglacial
drainage system continuously adapts to time-varying water
inputs (Schoof, 2010; Bartholomew et al., 2012). Later in the
season, when melt ceases, the channels close and the clear
relation between melt, water pressure and velocity becomes
less distinct as the system returns to an inefficient, distributed
system in autumn (Schoof, 2010).
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Sliding is strongly affected by the presence of water at the ice-bed interface.

Existing sliding models relate basal shear stress to sliding speed and effective pressure  

- the relationship does not agree all that well with observations  

Motivation: subglacial water

Borehole water 
pressure



variations, longer-term decreases in ice velocity are potentially due to
decreasing water pressure in the unchannelized regions of the subgla-
cial hydrologic system.

As observed in alpine glaciers, isolated components of the subglacial
hydrologic system may act to resist ice acceleration21. Previous studies
demonstrate that high (above overburden) water pressures out of phase
with ice velocity may be caused by transfer of mechanical support from
channelized regions of the bed to isolated regions7,17,19,22. However, the
diurnal range of borehole hydraulic heads is more strongly anti-correlated
with the diurnal range of ice velocity than with the diurnal range of
water pressure in nearby active regions of the bed (Methods), suggest-
ing that borehole hydraulic head variability is at least partly the result of
non-locally generated sliding21. In this proposed mechanism, pressur-
ization of neighbouring regions of the bed that have an efficient con-
nection to the channelized system induces sliding, which is transmitted
to these unconnected areas by stress transfer laterally within the ice. In
turn, water pressure in unconnected regions of the bed decreases as the
volume of bedrock cavities increases through sliding21 or as basal sedi-
ments deform24,25 without a commensurate water influx. A combination
of these processes results in a dynamic water pressure environment,
despite the apparent hydraulic isolation of these regions of the bed.

Negative feedback between increased ice velocity and decreased water
pressure in unconnected regions can act to limit sliding20,21 and poten-
tially control minimum ice velocity. This resistance to sliding probably
varies both spatially and temporally, owing to changes in connectivity
within the isolated system17,22. Although borehole hydraulic heads are
typically anti-correlated with ice velocity, some boreholes experienced
infrequent periods when pressures are in phase with ice velocity follow-
ing large melt events (for example, on days 211–218 of 2011 in borehole 6,

Fig. 2a). These in-phase periods may indicate ephemeral connections
to the unchannelized but interconnected parts of the drainage system,
which occur when the hydraulic capacity of the subglacial drainage
system is overwhelmed and water flows out of conduits into the sur-
rounding unchannelized system4,12,14,26.

While long-term decreases in ice velocity have previously been attrib-
uted to decreasing subglacial water pressure caused by increased chan-
nelization1,9,10, our results suggest that during the latter part of the melt
season, the spatial extent of the unchannelized system is a primary control
on ice velocity. Basal traction is a function of both the interconnected and
isolated regions of the unchannelized system21. Therefore, increasing the
spatial extent of the interconnected system, at the expense of the isolated
system, should result in a larger fraction of the bed at lower water pres-
sures. Gradually increasing the connectivity of the isolated system (that is,
opening or enlargement of flow pathways) would have a similar result.

These processes could increase basal traction and decrease ice velocity
without a change in the efficiency of the channelized system21. Indeed,
we observe a gradual decrease in water pressure in two of three bore-
holes (boreholes 4 and 6; Figs 3d; Extended Data Fig. 1), implying increas-
ing connectivity to active regions of the bed. This process is also observed
at a second field site in 2011 (Methods). These reductions in subglacial
pressure match well with velocity trends (Fig. 3d), suggesting that system-
atically decreasing pressures within the isolated system are occurring.
The observed decreases in water pressure may result in a higher spa-
tially averaged basal traction at the end of the melt season that persists
after meltwater inputs cease. Consequently, this mechanism could explain
the winter mediation of summer acceleration9,10.

Our results suggest that the subglacial drainage system consists of three
components that exert varying control on ice velocity over different
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Figure 3 | Relationships between hydraulic head and ice-surface velocity.
a, Linear regression between the magnitude of diurnal changes in ice velocity
and borehole and moulin hydraulic head for 2011 (p , 0.05; borehole 4 n 5 48,
borehole 6 n 5 59, borehole 7 n 5 50). b, Linear regression between the
magnitude of diurnal changes in ice velocity and borehole and moulin
hydraulic head between days 192 and 240 in 2012 (p , 0.05; borehole 4 n 5 80,

borehole 6 n 5 79, borehole 7 n 5 75, moulin 3 n 5 85). Days when borehole
hydraulic head and ice velocity are in phase are excluded. c, Daily maximum
and minimum moulin hydraulic head plotted against associated ice velocity for
2012. d, Normalized daily minimum hydraulic heads and ice velocity as a
percentage of winter background for 2012. The minimum values are smoothed
over 5 days.
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Velocity changes are roughly in phase with changes in moulin water pressure, 
but out of phase with changes in borehole water pressure

Motivation: field measurements (Greenland ice sheet)

Investigate hydrologically-controlled sliding in more detail
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Water-filled cavities form downstream of bedrock bumps, where local normal stress is low

Previous modelling work: Lliboutry 1968, Iken 1981, Kamb 1987, Fowler 1986, 1987, 
Schoof 2005, Gagliardini et al 2007, Helanow et al 2019

Existing models assume a steady state

Laboratory-based experimental work: Zoet & Iverson 2015

Subglacial cavitation

10 m

This is inconsistent with an evolving subglacial hydrological system 
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Assume zero shear stress microscopically 

Macroscopic shear stress arises from 
local variations of normal stress:
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Mathematical formulation



Finite-element calculations

Formulate viscous contact problem as a variational inequality. 
Contact conditions enforced using a Lagrange multiplier.  

with Gonzalo Gonzalez de Diego & Patrick Farrell

cf. Gagliardini et al 2007
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Figure 5.5: (Left) The results obtained with Algorithm 1 are presented. In the top figure shows the friction law for a sinusoidal bed of
amplitude 0.08 and a linear rheology. In the middle figure, cavity shapes are shown for some points in the friction law and, in the lower
figure, the basal stresses � = �nn are plotted for those points. (Right) The analogous results obtained in [24].
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figure, the basal stresses � = �nn are plotted for those points. (Right) The analogous results obtained in [24].
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figure, the basal stresses � = �nn are plotted for those points. (Right) The analogous results obtained in [24].
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Figure 5.1: Cavity roof ✓h at di↵erent time instants and variation of the basal shear stress
⌧b with time. These results were computed for ne = 64 elements along the lower boundary
and �t = 0.01.

drops below 10�5.

In Figure 5.1 we present the shape of the cavity roof ✓h at di↵erent time instants and

the variation of the basal shear stress ⌧b with time. Here, ⌧b is computed with equation

(2.8) by setting �nn = �. Hence, in the discrete setting, we have

⌧b = � 1

L

Z

�c

�hnx ds.

Interestingly, ✓h evolves rapidly in the first two time units of the simulation. In particular,

up to about t = 1.2, the ice sheet detaches from the bedrock and the basal shear stress

drops to a minimum. After this minimum is reached, the ice sheet reattaches to the bedrock

and the basal shear stress increases. After some oscillations in ⌧b between t = 2 and t = 4,

further change cannot be observed in either ✓h or ⌧b.

An important point to consider is how the numerical results change with the refinement

of the mesh. In particular, we will focus on the position of the contact points and on

the normal stress distribution along the base computed with the di↵erent meshes. Let ne

denote the number of cells along the lower boundary. We will consider 4 di↵erent meshes

with ne = 32, 64, 128 and 144. To avoid blow-up, the time step had to be reduced with

increasing refinement. The values �t = 0.025 and 0.01 were used for ne = 32 and 64

respectively; for ne = 128 and 144, we set �t = 0.0075.
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Effective pressure

Fowler 1987, Schoof 2005, Hewitt 2018 unpub.
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Viscous flow in a half plane - 

solve using complex variable methods

Evolution of 
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Alternatively, in terms of 
cavity volume (average 
water sheet thickness    )hw
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Effective pressure forced to oscillate, basal shear stress held constant.
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Compare to steady-state sliding law:Causes oscillations in sliding speed:



Effective pressure forced to oscillate, basal shear stress held constant.

Normal stress

Opening velocity

Time-dependent fluctuations

0 2 4 6
0.8

1

1.2

1.4

N

ub

Time

Compare to steady-state sliding law:Causes oscillations in sliding speed:



More rapid fluctuations
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Summary

The usual ‘steady-state’ sliding law relates shear stress and sliding 
speed for given effective pressure or given cavity volumes.

Forced fluctuations in water pressure do not seem to result in too 
large perturbations from the steady-state law.

However, many cavities may be hydraulically isolated, and are 
constrained by cavity volume, rather than effective pressure.  


This acts as a ‘brake’ on surface-meltwater-driven velocity changes.
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The importance of ‘form drag’

The sliding law in numerical models needs to account for 
all sub-grid scale ‘roughness’.


That often includes larger scales than those for which 
cavitation / bed deformation are relevant.
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